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Abstract Nonparametric estimation of the gap time distribution in a simple renewal
process may be considered a problem in survival analysis under particular sampling
frames corresponding to how the renewal process is observed. This note describes
several such situations where simple product limit estimators, though inefficient, may
still be useful.

Keywords Kaplan–Meier estimator · Cox–Vardi estimator · Laslett’s line segment
problem · Nonparametric maximum likelihood · Markov process

1 Introduction

This note is about two classical problems in nonparametric statistical analysis of recur-
rent event data, both formalised within the framework of a simple, stationary renewal
process.

We first consider observation around a fixed time point, i.e., we observe a backward
recurrence time R and a forward recurrence time S. It is well known that the nonpara-
metric maximum likelihood estimator of the gap-time distribution is the Cox–Vardi
estimator (Cox 1969; Vardi 1985) derived from the length-biased distribution of the
gap time R + S. However, Winter and Földes (1988) proposed to use a product-limit
estimator based on S, with delayed entry given by R. Keiding and Gill (1988) clarified
the relation of that estimator to the standard left truncation problem. Unfortunately
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this discussion was omitted from the published version (Keiding and Gill 1990). Since
these simple relationships do not seem to be on record elsewhere, we offer them here.

The second observation scheme considers a stationary renewal process observed in
a finite interval where the left endpoint does not necessarily correspond to an event.
The full likelihood function is complicated, and we briefly survey possibilities for
restricting attention to various partial likelihoods, in the nonparametric case again
allowing the use of simple product-limit estimators.

2 Observation of a stationary renewal process around a fixed point

Winter and Földes (1988) studied the following estimation problem. Consider n inde-
pendent renewal processes in equilibrium with underlying distribution function F ,
which we shall assume absolutely continuous with density f , minimal support inter-
val (0,∞), and hazard β(t) = f (t)/(1 − F(t)), t > 0. The reason for our uncon-
ventional choice β for the hazard rate belonging to F will become apparent later.
Corresponding to a fixed time, say 0, the backward and forward recurrence times
Ri and Si , i = 1, . . . , n, are observed; their sums Qi = Ri + Si are length-biased
observations from F , i.e., their density is proportional to t f (t). Let (R, S, Q) denote
a generic triple (Ri , Si , Qi ). We quote the following distribution results: let μ be the
expectation value corresponding to the the distribution F ,

μ =
∞∫

0

u f (u)du =
∞∫

0

(1 − F(u))du,

then the joint distribution of R and S has density f (r + s)/μ , the marginal distribu-
tions of R and S are equal with density (1 − F(r))/μ, and the marginal distribution
of Q = R + S has density q f (q)/μ, the length-biased density corresponding to f .

Winter and Földes considered the product-limit estimator

1 − F̃(t) =
∏

i :Qi ≤t

(
1 − 1

Y (Qi )

)

where

Y (t) =
n∑

i=1

I {Ri < t ≤ Ri + Si }

is the number at risk at time t . This estimator is the same as the Kaplan–Meier estimator
for iid survival data Q1, . . . , Qn left-truncated at R1, . . . , Rn (Kaplan and Meier 1958;
Andersen et al. 1993). Winter and Földes showed that 1 − F̃ is strongly consistent for
the underlying survival function 1 − F .

We shall show how the derivation of this estimator follows from a simple Markov
process model similar to the one used by Keiding and Gill (1990) to study the random
truncation model.
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First notice that the conditional distribution of Q = R + S given that R = r has
density

f (q)/μ

(1 − F(r))/μ
, r < q < ∞

that is, intensity (hazard) f (q)/(1 − F(q)), q > r , which is just the hazard β(q)

corresponding to the underlying distribution F left-truncated at r . Now define
corresponding to (R, S, Q) a stochastic process U on [0,∞] with state space {0, 1, 2}
by

U (t) =
⎧⎨
⎩

0, t < R,

1, R ≤ t < R + S,

2, R + S ≤ t.

Note that it takes in successsion the values 0, 1 and 2. For U (t) = 0,

P{U (t + h) = 1|U (u), 0 ≤ u ≤ t}
= P{R ≤ t + h|R > t}
= α(h)h + o(h),

where α is the hazard rate of the marginal distribution of R. For U (t) = 1 (and hence
R ≤ t)

P{U (t + h) = 2|U (u), 0 ≤ u ≤ t}
= P{R + S ≤ t + h|R = r ≤ t, R + S > t}
= f (t)

1 − F(t)
h + o(h)

by the above result on the conditional hazard of R + S given R. For U (t) = 0,

P {U (t + h) = 2 | U (u), 0 ≤ u ≤ t} = o(h).

Other transitions are impossible.
That these conditional probabilities depend on U (t) and t only, but not on U (u),

u < t , proves that U is a Markov process with intensities

α(t) = 1 − F(t)∫ ∞
t (1 − F(r))dr

(the marginal hazard of R, equal to the residual mean lifetime function of the under-
lying distribution F) and

β(t) = f (t)

1 − F(t)
,
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Fig. 1 Inhomogenous 3-state
Markov process, 2 allowed
transitions

0 1 2

see Fig. 1. The Markov process framework of Keiding and Gill (1990) now indicates
that (ignoring information about F in α, and just focussing on the transition with rate
β) the product limit estimator 1 − F̃ is a natural estimator of the survivor function
1− F of interest, and consistency and asymptotic normality may be obtained as shown
by Keiding and Gill (1990, Sect. 5).

Note that the backwards intensity

α(t) = α(t)
P {U (t) = 0}
P {U (t) = 1}

= α(t)
P {R > t}

P {R ≤ t < R + S}
= α(t)

μ−1
∫ ∞

t (1 − F(r))dr

μ−1
∫ t

0

∫ ∞
t−r f (r + s)dsdr

= 1 − F(t)∫ ∞
t (1 − F(r))dr

∫ ∞
t (1 − F(r))dr∫ t
0 (1 − F(t))dr

= 1

t
,

the backwards hazard-rate of a uniform distribution on a bounded interval (0, A),

A < ∞. Since it has been assumed that R has support interval (0,∞), this shows
that the present model may not be interpreted strictly as a left truncation model, which
would require that α(t) was the backwards hazard rate of some probability distribution
on (0,∞). However, this distinction is not important to our discussion.

The fact that α(t) does not depend on F corresponds to Winter and Földes’ state-
ment that (R, S) contains no more information than R + S about F . This already
follows from sufficiency since the joint density of (R, S) is f (r + s)/μ. The likeli-
hood function based on observation of (R1, S1), . . . (Rn, Sn) is

μ−n
n∏

i=1

f (ri + si )

from which the NPMLE of F is readily derived as

F̂(t) =
n∑

i=1

I {Ri + Si ≤ t}
Ri + Si

/ n∑
i=1

1

Ri + Si
,

that is the Cox–Vardi estimator in the terminology of Winter and Földes (Cox 1969;
Vardi 1985).

It follows that the estimator 1− F̃ is not NPMLE. The important difference between
the situation here and that of the random truncation model studied by Keiding and Gill
(1990, Sect. 3) is that not only the intensity β(t), but also α(t) depends only on the
estimand F .
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As already mentioned, weak convergence of 1 − F̃ is immediate from Keiding and
Gill (1990, Sect. 5). In particular, in order to achieve the extension to convergence on
[0, M] it should be required that

ε∫

0

d�(s)/ν2(s) < ∞

in the terminology of Keiding and Gill (1990, Sect. 5c), and using d�(t) = β(t)dt
and

ν2(t) = P {U (t) = 1} =
t∫

0

1 − F(s)

μ

1 − F(t)

1 − F(s)
ds = t

μ
(1 − F(t)),

the integrability condition translates into

ε∫

0

β(t)

P {U (t) = 1}dt < ∞

or finiteness of E(1/X) where X has the underlying (“length-unbiased”) interarrival
time distribution F . It may easily be seen from Gill et al. (1988) that the same condition
is needed to ensure weak convergence of the Cox–Vardi estimator.

A variation of the observation scheme of this section would be to allow also right
censoring of the Si . This can be immediately included in the Markov-process/count-
ing process approach leading to the inefficient product-limit type estimator 1 − F̃ ; the
delayed-entry observations Si are simultaneously right-censored. See Vardi (1985,
1989) and Asgharian et al. (2002) for treatment of the full non-parametric maximum
likelihood estimator of F , extending the Cox–Vardi estimator to allow right censoring.

Other ad hoc estimators and the rich relationships with a number of other important
non-parametric estimation problems are discussed by Denby and Vardi (1985) and
Vardi (1989).

3 Observation of a stationary renewal process in a finite interval

We consider again a stationary renewal process on the whole line and assume that
we observe it in some interval [t1, t2] determined independently of the process. Non-
parametric estimation of the gap time distribution F was definitively discussed by
Vardi (1982) in discrete time and by Soon and Woodroofe (1996) in continuous time.
Cook and Lawless (2007, Chap. 4) surveyed the general area of analysis of gap times
emphasizing that the assumption of independent gap times is often unrealistic.

We shall here nevertheless work under the assumption of the simplest possible
model as indicated above. Because the nonparametric maximum likelihood estima-
tor is computationally involved it may sometimes be useful to calculate less efficient
alternatives, and there are indeed such possibilities.

123



576 R. D. Gill, N. Keiding

Under the observation scheme indicated above we may have the following four
types of elementary observations

1. Times xi from one renewal to the next, contributing the density f (xi ) to the like-
lihood.

2. Times from one renewal T to t2, which are right-censored versions of 1., contrib-
uting factors of the form (1 − F(t2 − T )) to the likelihood.

3. Times from t1 to the first renewal T (forward recurrence times), contributing
factors of the form (1 − F(T − t1))/μ to the likelihood.

4. Knowledge that no renewal happened in [t1, t2] , actually a right-censored version
of 3., contributing factors of the form

∫ ∞
t2−t1

(1 − F(u))du/μ to the likelihood.

McClean and Devine (1995) studied nonparametric maximum likelihood estima-
tion in the conditional distribution given that there is at least one renewal in the interval,
i.e., that there are no observations of type 4.

Our interest is in basing the estimation only on complete or right-censored gap times,
i.e., observations of type 1 or 2. When this is possible, we have simple product-limit
estimators in the one-sample situation, and we may use well-established regression
models (such as Cox regression) to account for covariates. Peña et al. (2001) assumed
that observation started at a renewal (thereby defining away observations of type 3 and
4) and gave a comprehensive discussion of exact and asymptotic properties of prod-
uct-limit estimators with comparisons to alternatives, building in particular on results
of Gill (1980, 1981) and Sellke (1988). The crucial point here is that calendar time
and time since last renewal both need to be taken into account, so the straightforward
martingale approach displayed by Andersen et al. (1993) is not available. Peña et al.
also studied robustness to deviations from the assumption of independent gap times.

As noted by Aalen and Husebye (1991) in their attractive non-technical discussion
of observation patterns, observation does however often start between renewals. (In
the example of Keiding et al. (1998), auto insurance claims were considered in a fixed
calendar period). As long as observation starts at a stopping time, inference is still
valid, so by starting observation at the first renewal in the interval we can essentially
refer back to Peña et al. (2001). A more formal argument could be based on the con-
cept of the Aalen filter, see Andersen et al. (1993, p. 164). The resulting product-limit
estimators will not be fully efficient, since the information in the backward recurrence
time (types 3 and 4) is ignored. It is important to realize that the validity of this way of
reducing the data depends critically on the independence assumptions of the model.
Keiding et al. (1998), cf. Keiding (2002) for details, used this fact to base a goodness-
of-fit test on a comparison of the full nonparametric maximum likelihood estimator
with the product-limit estimator.

Similar terms appear in another model, called the Laslett line segment problem
(Laslett 1982). Suppose one has a stationary Poisson process, with intensity μ, of
points on the real line. We think of the real line as a calendar time axis, and the
points of the Poisson process will be called pseudo renewal times or birth times of
some population of individuals. Suppose the individuals have independent and iden-
tically distributed lifetimes, each one starting at the corresponding birth time. The
corresponding calendar time of the end of each lifetime can of course be called a
death time. Now suppose that all we can observe are the intersections of individuals’
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lifetimes (thought of as time segments on the time axis) with an observational window
[t1, t2]. In particular, we do not know the current age of an individual who is observed
alive at time t1. Again we have exactly the same four kinds of observations:

1. Complete proper lifetimes corresponding to births within [t1, t2] for which death
occurred before time t2.

2. Censored proper lifetimes corresponding to births within [t1, t2] for which death
occurred after time t2.

3. Complete residual lifetimes corresponding to births which occurred at an unknown
moment before time t1, and for which death occurred after t1 and before time t2.

4. Censored residual lifetimes corresponding to births which occurred at an unknown
moment before time t1, for which death occurred after time t2, and which are there-
fore censored at time t2.

The number of at least partially observed lifetimes (proper or residual) is random,
and Poisson distributed with mean equal to the intensity μ of the underlying Poisson
process of birth times, times the factor

t2 − t1 +
∞∫

0

(1 − F(y))dy.

This provides a fifth, “Poisson”, factor in the nonparametric likelihood function
for parameters μ and F , based on all the available data. Maximizing over μ and F ,
the mean of the Poisson distribution is estimated by the observed number of partially
observed lifetimes. Thus we find that the profile likelihood for F , and the marginal
likelihood for F based only on contributions 1.–4., are proportional to one another.

Nonparametric maximum likelihood estimation of F was studied by Wijers (1995)
and van der Laan (1996), cf. van der Laan and Gill (1999). Some of their results,
and the calculations leading to this likelihood, were surveyed by Gill (1994, p. 190).
The nonparametric maximum likelihood estimator is consistent; whether or not it con-
verges in distribution as μ tends to infinity is unknown, the model has a singularity
coming from the vanishing probability density of complete lifetimes just larger than
the length of the observation window corresponding to births just before the start of
the observation window and deaths just after its end. Van der Laan showed that a
mild reduction of the data by grouping or binning leads to a much better behaved
nonparametric maximum likelihood estimator. If the amount of binning decreases at
an appropriate rate as μ increases, this leads to an asymptotically efficient estimator
of F . This procedure can be thought of as regularization, a procedure often needed
in nonparametric inverse statistical problems, where maximum likelihood can be too
greedy.

Both “unregularized” and regularized estimators are easy to compute with the EM
algorithm; and the speed of the algorithm is not so painfully slow as in other inverse
problems, since this is still a problem where “root n” rate estimation is possible.

The problem allows, just as we have seen in earlier sections, all the same inefficient
but rapidly computable product-limit type estimators based on various marginal like-
lihoods. Moreover since the direction of time is basically irrelevant to the model, one
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can also look at the process “backwards”, leading to another plethora of inefficient
but easy estimators. One can even combine in a formal way the censored survival data
from a forward and a backward time point of view, which comes down to counting
all uncensored observations twice, all singly censored once, and discarding all doubly
censored data. (This idea was essentially suggested much earlier by Palmer and Cox,
cf. Palmer (1948)). The attractive feature of this estimator is again the ease of compu-
tation, the fact that it only discards the doubly censored data, and its symmetry under
reversing time. The asymptotic distribution theory of this estimator is of course not
standard, but using the nonparametric delta method one can fairly easily give formulas
for asymptotic variances and covariances. In practice one could easily and correctly
use the nonparametric bootstrap, resampling from the partially observed lifetimes,
where again a resampled complete lifetime is entered twice into the estimate.

The Laslett line segment problem has rather important extensions to observation
of line segments (e.g., cracks in a rock surface) observed through an observational
window in the plane. Under the assumption of a homogenous Poisson line segment
process one can write down nonparametric likelihoods, maximize them with the EM
algorithm; it seems that regularization may well be necessary to get optimal “root n”
behaviour but in principle it is clear how this might be done. Again, we have the same
plethora of inefficient but easy product-limit type estimators. van Zwet (2004) studied
the behaviour of such estimators when the line segment process is not Poisson, but
merely stationary. The idea is to use the Poisson process likelihood as a quasi likeli-
hood, i.e., as a basis for generating estimating equations, which will be unbiased but
not efficient, just as in parametric quasi-likelihood. Van Zwet shows that this proce-
dure works fine. Coming full circle, one can apply these ideas to the renewal process
we first described in this section, and the other models described in earlier sections.
All of them generate stationary line segment processes observed through a finite time
window on the line. Thus the nonparametric quasi-likelihood approach can be used
there too. Since in the renewal process case we are ignoring the fact that the intensity
of the point process of births equals the inverse mean life-time, we do not get full
efficiency. So it is disputable whether it is worth using an inefficient ad-hoc estimator
which is difficult to compute when we have the options of Soon and Woodroofe’s fully
efficient (but hard to compute) full nonparametric maximum likelihood estimator, and
the many inefficient but easy and robust product-limit type estimators of this paper.

Acknowledgements This research was partially supported by a grant (RO1CA54706-12) from the
National Cancer Institute and by the Danish Natural Sciences Council grant 272-06-0442 “Point process
modelling and statistical inference”.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.

References

Aalen OO, Husebye E (1991) Statistical analysis of repeated events forming renewal processes. Stat Med
10:1227–1240

Andersen PK, Borgan Ø, Gill RD, Keiding N (1993) Statistical models based on counting processes.
Springer Verlag, New York

123



Product-limit estimators of the gap time distribution 579

Asgharian M, Wolfson DB, M’lan CE (2002) Length-biased sampling with right censoring: an uncondi-
tional approach. J Am Stat Assoc 97:201–209

Cook RJ, Lawless JF (2007) The statistical analysis of recurrent events. Springer Verlag, New York
Cox DR (1969) Some sampling problems in technology. In: Johnson NL, Smith H Jr New developments

in survey sampling. Wiley, New York, pp 506–527
Denby L, Vardi Y (1985) A short-cut method for estimation in renewal processes. Technometrics 27:

361–373
Gill RD (1980) Nonparametric estimation based on censored observations of a Markov renewal process.

Zeitschrift für Wahrscheinlichkeitstheorie und verwandte Gebiete 53:97–116
Gill RD (1981) Testing with replacement and the product-limit estimator. Ann Stat 9:853–860
Gill RD (1994) Lectures on survival analysis. Lecture notes in Mathematics, vol 1581. Springer, New York,

pp 115–241
Gill RD, Vardi Y, Wellner JA (1988) Large sample theory of empirical distributions in biased sampling

models. Ann Stat 16:1069–1112
Kaplan EL, Meier P (1958) Non-parametric estimation from incomplete observations. J Am Stat Assoc

53:457–481
Keiding N (2002) Two nonstandard examples of the classical stratification approach to graphically assessing

proportionality of hazards. In: Huber-Carol C, Balakrishnan N, Nikulin MS, Mesbah M Goodness-
of-fit tests and model validity. Birkhäuser, Boston, pp 301–308

Keiding N, Andersen C, Fledelius P (1998) The Cox regression model for claims data in non-life insurance.
ASTIN Bull 28:95–118

Keiding N, Gill RD (1988) Random truncation models and Markov processes. Report MS- R8817. Centre
for Mathematics and Computer Science, Amsterdam

Keiding N, Gill RD (1990) Random truncation models and Markov processes. Ann Stat 18:582–602
Laslett GM (1982) The survival curve under monotone density constraints with application to two-dimen-

sional line segment processes. Biometrika 69:153–160
McClean S, Devine C (1995) A nonparametric maximum likelihood estimator for incomplete renewal data.

Biometrika 82:791–803
Palmer RC (1948) The dye sampling method of measuring fibre length distribution (with an appendix by

R.C. Palmer and D.R. Cox). J Text Inst 39:T8–T22
Peña EA, Strawderman RL, Hollander M (2001) Nonparametric estimation with recurrent event data. J Am

Stat Assoc 96:1299–1315
Sellke T (1988) Weak convergence of the Aalen estimator for a censored renewal process. In: Gupta S,

Berger J Statistical decision theory and related topics IV, vol 2. Springer-Verlag, New York, pp 183–194
Soon G, Woodroofe M (1996) Nonparametric estimation and consistency for renewal processes. J Stat Plan

Inference 53:171–195
van der Laan MJ (1996) Efficiency of the NPMLE in the line-segment problem. Scand J Stat 23:527–550
van der Laan MJ, Gill RD (1999) Efficiency of NPMLE in nonparametric missing data models. Math

Methods Stat 8:251–276
van Zwet EW (2004) Laslett’s line segment problem. Bernoulli 10:377–396
Vardi Y (1982) Nonparametric estimation in renewal processes. Ann Stat 10:772–785
Vardi Y (1985) Empirical distributions in selection bias models. Ann Stat 13:178–203
Vardi Y (1989) Multiplicative censoring, renewal processes, deconvolution and decreasing density:

nonparametric estimation. Biometrika 76:751–761
Wijers BJ (1995) Consistent nonparametric estimation for a one-dimensional line-segment process observed

in an interval. Scand J Stat 22:335–360
Winter BB, Földes A (1988) A product-limit estimator for use with length-biased data. Can J Stat 16:

337–355

123


	Product-limit estimators of the gap time distribution of a renewal process under different sampling patterns                   
	Abstract
	1 Introduction
	2 Observation of a stationary renewal process around a fixed point
	3 Observation of a stationary renewal process in a finite interval
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


