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Abstract The particle distribution function that describes
two interpenetrating plasma streams is re-investigated. It is
shown how, based on the Maxwell–Boltzmann–Jüttner dis-
tribution function, which has been derived almost a century
ago, a counterstreaming distribution function can be derived
that uses velocity space. Such is necessary for various an-
alytical calculations and numerical simulations that are re-
liant on velocity coordinates rather than momentum space.
The application to the electrostatic two-stream instability il-
lustrates the differences caused by the use of the relativistic
distribution function.
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1 Introduction

Plasma physics—both MHD (magnetohydrodynamics) and
kinetic theory—is based on the knowledge of a distribu-
tion function that provides statistics about the average ve-
locity direction (bulk flow) and the deviation from that mean
value (known as temperature). Whereas MHD calculations
are based on the use of a Maxwellian velocity distribution,
such is not the case in kinetic theory, where the distribu-
tion function can be calculated using, e.g., the Vlasov equa-
tion. Kinetic theory (e.g., Schlickeiser 2003) is mostly used
when dilute plasmas are considered that do not satisfy the
condition of frequent binary particle collisions, so that no
Maxwellian velocity distribution is established.
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In various places in already historical work, the classic
Maxwellian velocity distribution has been generalized to a
relativistic gas (see, e.g., Jüttner 1911a, 1911b; Synge 1957;
Frankel et al. 1979). The result was the MBJ (Maxwell–
Boltzmann–Jüttner) distribution function (Jüttner 1911a,
1911b), which is essentially given through

f ∝ exp
(−α

√
1 + p2

)
(1)

where α is a temperature-related parameter.
However, there are cases when the use of a distribution

function in momentum space is (i) not suitable for the ana-
lytical calculations at hand; and/or (ii) not implemented in
the numerical (simulation) code.

A recent example is the investigation of LIDAR (LIght
Detection And Ranging) Thomson scattering systems in
ITER (International Thermonuclear Experimental Reactor)
plasmas (Beausang and Prunty 2008). The calculation was
based on a formula (Huchinson 1987) for the scattered
power per unit solid per unit angular frequency, and thus the
particle distribution function had to be expressed in terms of
velocity variables rather than momentum variables.

Another example is the PIC (Particle-In-Cell) simulation
code TRISTAN (originally, Bunemann 1993, see also, e.g.,
Sakai et al. 2004), which is used for the investigation of
plasma instabilities in the context of astrophysical scenarios
such as the generation of magnetic fields at shock wave sites.
A basic example of such instabilities is the generalized fil-
amentation (or, originally, Weibel) instability (Weibel 1959;
Fried 1959).

In this short Note, particle distribution functions are con-
sidered that describe two interpenetrating plasma streams.
Such distributions are widely used in plasma astrophysics,
because in the right reference frame, all outflow motion into
ambient media and shock wave sites can be described by
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counterstreaming flows (e.g., Tautz and Schlickeiser 2005a).
Examples are solar, stellar, and galactic winds, and the inter-
action of relativistic jets such as that from GRBs (gamma-
ray bursts) and AGNs (active galactic nuclei) with the in-
terstellar medium. Especially in the latter cases, one needs
a distribution function that accounts for the relativistic ef-
fects, which can modify the instability rates significantly
(Schaefer-Rolffs and Tautz 2008).

In Sect. 2, it will be shown how the relativistic distribu-
tion function for counterstreams in momentum space, which
has been derived (Tautz and Schlickeiser 2005a) from the
MBJ distribution above, can be rewritten in terms of veloc-
ity variables. In Sect. 3, the application to the two-stream
instability will illustrate the significant differences between
the relativistic and the non-relativistic counterstreaming dis-
tribution. Finally, the results are summarized in Sect. 4.

2 Counterstreaming distribution

In momentum space, the two components of the relativistic
counterstreaming distribution function can be constructed
intuitively from the Maxwell–Boltzmann–Jüttner distrib-
ution function (Jüttner 1911a, 1911b; Schlickeiser 2004;
Schaefer-Rolffs and Schlickeiser 2005; Tautz and Schlick-
eiser 2005a) as

f ∓ = C exp
[−α

√
1 + (p‖ ∓ p0)2 + p2⊥

]
, (2)

where α = mc2/(kBT ) is proportional to the inverse temper-
ature. Equation (2) is valid only for a non-relativistic coun-
terstreaming velocity, i.e., p0/m ≈ v0 � c. By replacing
over the whole velocity space, the normalization constant
C can be evaluated (Schlickeiser 2004) to

C = α

4π(mc)3K2(α)
, (3)

where K2 denotes the modified Bessel function of the sec-
ond kind of order two (e.g., Abramowitz and Stegun 1974).
Note that (2) does not allow for anisotropic temperatures
(i.e., thermal velocities) in the directions parallel and per-
pendicular to the counterstream. There are several ways to
implement such temperature anistropies in covariant (see,
e.g., Yoon 1989; Schlickeiser 2004; Tautz and Schlickeiser
2005a) and semi-relativistic (e.g., Zaheer and Murtaza 2007;
Tautz and Shalchi 2008) distribution functions; however,
there is no general agreement as to which form is best
suited. However, temperature anisotropies become increas-
ingly negligible for significant counterstreaming velocities
(Tautz and Schlickeiser 2007). Therefore, it is appropriate,
especially for relativistic distributions, to neglect tempera-
ture anistropies at least for the present.

To obtain a fully relativistic distribution function in ve-
locity space in the sense of (2) which is valid also for v0 � c,
use is made of the fact (Frankel et al. 1979) that

p2 d3p = γ 5v2 d3v, (4)

where p and v are momentum and velocity components, re-
spectively, and where

γ = 1
√

1 − (v2‖ + v2⊥)/c2
(5)

is the relativistic Lorentz factor. Thus, the transformed dis-
tribution function in velocity space reads

f ∓ = Cγ 5 exp

{ −α
√

1 − (c2 − v‖v0)−2[(v‖ ∓ v0)2 + v2⊥(1 − v2
0)]

}

(6)

where v‖, v⊥, v0 ∈ [−c, c] and where the total velocity,

vall = (
c2 ∓ v‖v0

)−2[
(v‖ ∓ v0)

2 − v2⊥
(
1 − v2

0

)]
(7)

is also limited by the speed of light, c. Note that the correct
relativistic addition theorem for velocities has been used and
that the perpendicular velocity is decreased if the counter-
streaming velocity, v0, is increased.

For small velocities and for non-relativistic temperatures,
i.e., v0 � c and vth � c, a series expansion of both the ar-
gument of the exponential function and the Bessel function
yields the well-known non-relativistic version of the distrib-
ution function (Tautz and Schlickeiser 2005a), namely

f ∓
nr = (

vth
√

π
)−3

exp

[
− (v‖ ∓ v0)

2 + v2⊥
vth

2

]
, (8)

where vth = √
2kBT/m = √

2/α is the non-relativistic ther-
mal speed, which is proportional to the inverse square root
of the temperature parameter α used for the relativistic dis-
tribution.

The total distribution function that describes two coun-
terstreaming plasma components is then combined to

f = εf − + (1 − ε)f +, (9)

where ε ∈ [0,1] denotes the relative intensity of forward and
backward stream. Both the parameters α and the counter-
stream velocity, v0, can be allowed to have different values
for the forward and the backward stream. In that case, how-
ever, v0 becomes dependent on α (or vice verse), because
of the overarching condition of vanishing zero-order current
that has to be fulfilled (Tautz and Lerche 2007).

Furthermore, the integral over the velocity space is then
transformed as

∫
d3v = 2π

∫ c

−c

dv‖
∫ √

c2−v2‖

0
dv⊥v⊥ (10)
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Fig. 1 The counterstreaming
distribution function as a
function of v‖/c for different
values of the normalized
temperature α and the streaming
velocity v0. Shown are the
relativistic version (solid line)
from (2) in comparison to the
non-relativistic version (dashed
line) from (8). Note that, for
small temperatures kBT � mc2

and small streaming velocities
v0 � c, the two distributions
agree (panel a), whereas, even
for kBT � mc2, no agreement at
all can be seen (panels c and d).
Note also that, in panel d, the
non-relativistic distribution is
superelevated by a factor of 50

so that the distribution function f from (9) is normalized to
unity. In that context, note that the normalization factor C

from (3), that was derived for the distribution function in
momentum space, (2), remains unchanged throughout the
transformation to velocity space.

3 Two-stream instability

To illustrate the use of the relativistic counterstreaming dis-
tribution function, (2), the electrostatic two-stream insta-
bility (see, e.g., Schlickeiser 2004; Tautz and Schlickeiser
2005b) is evaluated both for the non-relativistic and the
relativistic distribution functions. Parameters are chosen as
v0 = 0.5c and α = 10, thus one has vth = 0.45c. The relative
intensity of the two plasma streams is set to be equal to 1/2.
For the longitudinal mode, the dispersion relation is given
through

ω = ω2
p

∫ ∞

−∞
dp‖

∫ ∞

0
dp⊥

p⊥p‖
γ (k‖v‖ − ω)

∂f

∂p‖
, (11)

where ωp = √
4πnq2/m is the plasma frequency.

In the case of the non-relativistic distribution function,
the double integral in (11) can be expressed in terms of the
plasma dispersion function or Z function of Fried and Conte
(1961) (see also Tautz and Schlickeiser 2005b), whereas
such is hardly possible for the relativistic distribution func-
tion. Here, numerical integration methods are used instead.

The numerical solution of the dispersion relation is
shown in Fig. 2. Obviously, the growth rate, which is de-
fined as the (positive) imaginary part of the frequency ω(k),

Fig. 2 The growth rate for the longitudinal mode of the two-stream
instability, which is the solution of (11). The solid line shows the case
of the non-relativistic function from (8), whereas the dots show the
relativistic version, which uses (2). The solution of the dispersion rela-
tion for the relativistic distribution function is, numerically, both more
delicate and time-consuming and has therefore been limited to a few
sample points, indicated by the dots

is significantly increased if the relativistic distribution func-
tion is used. Furthermore, both the wavenumber of the max-
imum growth rate, kmax, and the wavenumber marking the
end of the unstable range, kend, are both larger than for the
non-relativistic distribution. This can be understood keeping
in mind that, from Fig. 1, one knows that the anisotropy is
much more clear-cut for the relativistic distribution.

4 Summary and conclusion

It has been known for a long time that, for relativistic tem-
peratures (or, to be more accurate, for relativistic thermal
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velocities), the classic Maxwellian distribution function be-
comes increasingly inaccurate. Such is especially the case
for distribution functions that describe plasmas streaming
with high velocities, as is the case for two counterpropagat-
ing components. Because there exist wide application ranges
of such distributions, it is both appropriate and necessary to
take care of a precise basic construction.

In this short Note, it has been shown how a particle dis-
tribution function that describes two interpenetrating plasma
streams can be generalized to relativistic velocities. Based
on the MJB distribution function, an expression has been
derived that explicitly uses velocity coordinates. Such is ad-
vantageous both for analytical calculations and for numeri-
cal simulations that rely on velocity coordinates.

As an example to illustrate the application of the relativis-
tic counterstreaming distribution and, at the same time, to
demonstrate the both qualitative and quantitative differences
that result from the use of a correct relativistic distribution
function, the electrostatic two-stream instability has been
chosen. It has been shown that, due to the sharply empha-
sized anisotropy profile of the relativistic distribution func-
tion, the growth rate is significantly higher and the unstable
wavenumber range is more extended than was the case for
the non-relativistic distribution.

In future work, the distribution function proposed here
should be applied mainly to numerical simulations. The dif-
ferences between non-relativistic, semi-relativistic, and fully
relativistic initial distribution functions have to be worked
out. Only then can one assess the necessity of a, for analyti-
cal calculations rather unwieldy, distribution function as that
proposed here.
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