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Abstract

This paper is devoted to the existence of periodic solutions for the one-dimensional
p-Laplacian equation

~(Pp (W) =1(t,W),

where ¢, (u) = [ulPu (1 < p<+o0), f € C([0,27] x R, R). By using some asymptotic
u

. . . f ) ”

interaction of the ratios |5|%Lu2)u and pfolu(lgs)ds with the Fucik spectrum of —(¢h,(u"))’

related to periodic boundary condition, we establish a new existence theorem of

periodic solutions for the one-dimensional p-Laplacian equation.

Keywords: periodic solutions; p-Laplacian; Fucik spectrum; Leray-Schauder degree;
Borsuk theorem

1 Introduction and main results
In this paper, we are concerned with the existence of solutions for the following periodic

boundary value problem:

(@) =f (&, ),
u(0) = u(2m),

(1.1)
u'(0) = u'(2m),

where ¢, (1) = luP2u (1 < p < +00), f € C([0,27] x R,R). A solution u of problem (1.1)
means that # is C! and ¢,(/') is absolutely continuous such that (1.1) is satisfied for a.e.
te[0,2m].

Existence and multiplicity of solutions of the periodic problems driven by the p-
Laplacian have been obtained in the literature by many people (see [1-5]). Many solv-

ability conditions for problem (1.1) were established by using the asymptotic interaction
S xu)

|ulP~2u

ary condition (see e.g,, [2, 4, 6-9]). In [6], Del Pino, Manésevich and Murua firstly defined

at infinity of the ratio with the Fucik spectrum for (¢,(x))’ under periodic bound-

the Fucik spectrum for (¢,('))’ under periodic boundary value condition as the set %,

consisting of all the pairs (A,,1_) € R? such that the equation

(@) = 2w ()
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admits at least one nontrivial 27 -periodic solution (see [10] for p = 2). Let

1 1 _1 1
np=2(p—1)1’/(; (1-#) Pdt=2(p—1)1’psin(%).

By [6], it follows that

5 1 27 N
{()\“/\ )eR np<w W) < keZ}

Then they applied the Sturm’s comparison theorem and Leray-Schauder degree theory to
prove that problem (1.1) is solvable if the following relations hold:

S(&u) S(&u)
< liminf <limsup s
P = U +00 |M|p 2y Y 400 |u|p 2y =p
t, t,
¢ <liminf S u) <limsup f(—u =g

u—-o0 |y|P~ u—s—co |UlP~2u

uniformly for a.e. ¢ € [0,27] with p1,q1,p2, g2 > O satisfying

27 1 LR S S
(k+ 1), © »{’/— v um ga k) ‘

Clearly, in this case, we have ([p1,q1] X [p2,42]) N E, = ¥, which is usually called that the

nonlinearity f is nonresonant with respect to the Fuc¢ik spectrum X,,. In [11], Anane and

Dakkak obtained a similar result by using the property of nodal set for eigenfunctions. If f

is resonant with respectto ¥,, i.e., there exists (A,,A_) € ¥, such thatlim,_, .« Iju( ‘(‘ ) Ay
ftu)

|ulP=2u
type condition, Jiang [9] obtained the existence of solutions of (1.1) by applying the vari-

lim,_, _so = A_ uniformly for a.e. ¢ € [0,27], together with the Landesman-Lazer

ational methods and symplectic transformations. In these works, either f is resonant or
nonresonant with respect to %,, the solvability of problem (1.1) was assured by assuming

that the ratio If I(P') stays at infinity in the pointwise sense asymptotically between two

consecutive curves of ¥,. Note that

t, .. 2F(t . 2F(t, . t,
liminff( 2 <liminf ©.9) <limsup ©.9) < hmsupM,
s—+o00 S s—+o00 52 s> 400 S2 s—+00 S

F(t s)

we can see that the conditions on the ratio 2 are more general than that on the ratio

= Recently, Liu and Li [2] studied the nondlsSIpatlve p-Laplacian equation

~(¢p(u)) = c(dp () +2@) - p(2), (1.2)

where ¢ > 0 is a constant. Define G(u fo s)ds. They proved that (1.2) is solvable under
the following assumptions:

(1) There exist b,d;,d> > 0 such that d; < P ‘p 2 <d, for all |u| > b;

(2) lim,_ .o Pljfp> = Ay, limy, o 2 ( = A_with (A,, 1) ¢ Z,,.

Here, the potential function G is nonresonant with respect to X, and the ratio

g(u)

lulP=2u
required to stay at infinity in the pointwise sense asymptotically between two consecutive

is not

branches of ¥, and it may even cross at infinity multiple Fu¢ik spectrum curves.


http://www.boundaryvalueproblems.com/content/2013/1/96

Chang and Qiao Boundary Value Problems 2013, 2013:96
http://www.boundaryvalueproblems.com/content/2013/1/96

In this paper, we want to obtain the solvability of problem (1.1) by using the asymp-
fxu) PF(tu)
e 20 Tp

for (¢,(#')) under periodic boundary condition. Here, F(¢, u) = fo f(ts) ds The goal is to
finity in the pointwise sense asymptotically between two consecutive branches of ¥, nor

the limits lim,_, 10 £ I (‘tp 1) exist. We shall prove that problem (1.1) admits a solution under

totic interaction at infinity of both the ratios with the Fucik spectrum

obtain the existence of solutions of (1.1) by requiring neither the ratio — stays at in-

the assumptions that the nonlinearity f has at most (p — 1)-linear growth at infinity and
S PF(tu)

lu Ip‘ [ulP
pointwise sense asymptotically between two consecutive branches of %,. Our result will

has a L! limit as # — 00, while the ratio 2

the ratio stays at infinity in the

complement the results in the literature on the solvability of problem (1.1) involving the
Fucik spectrum.

For related works on resonant problems involving the Fucik spectrum, we also refer the
interested readers to see [12—19] and the references therein.

Our main result for problem (1.1) now reads as follows.

Theorem 1.1 Assume that f € C([0,27] x R) and the following conditions hold:
(i) There exist constants C1, M > 0 such that

f&,w)] < Ci(1+[ul™?), ae tel0,2n],V|ul > M; 1.3)

(ii) There exists n* € L*(0,2m) such that

/27‘[
0

(ili) There exist constants py,p2,q1,q2 > 0 such that

St u)

|ulP—2u

— ni(t)‘ dt -0 asu— too; (1.4)

F(t,u) . PE(t,u)

< liminfp < limsup <p2 (1.5)
U—>+00 |u 4 U 400 |u
F(t, . F(z,
78} §liminfp L fhmsupp (&) <q (1.6)
U——00 |u|19 U —00 |M|P
hold uniformly for a.e. t € [0,2n] with
([p1,p2] X [quq21) N 5, = 0. (1.7)

Then problem (1.1) admits a solution.

Remark If f(¢,u) = a(®)|ulP2u* — b()|ulP~2u" + e(u) + h(t), where a, b, h € C[0,27] with
< a(t) < ps, q1 <b(t) < qp and p1,p2,q1, 42 > 0 satisfy (1.7), e is continuous on R and
limy,— 100 ﬁ =0, then lim,_ ;00 piﬁ;f‘) =a(t) and lim,_, o % = b(t). By Theorem 1.1,
it follows that problem (1.1) admits a solution. It is easily seen that the result of [16] cannot
be applied to this case. Note that one can also obtain the solvability of (1.1) in this case by

the result of [6], while in Theorem 1.1 we do not require the pointwise limit at infinity of
S(&u)

py A in [6].

the ratio

For convenience, we introduce some notations and definitions. L?(0,27) (1 < p < 00)
denotes the usual Sobolev space with inner product (-,-), and norm || - ||,, respectively.

Page 3 of 11
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C"0,27] (m € N) denotes the space of m-times continuous differential real functions

with norm

llllcm = max |x(t |+ max |x(6)] +---+  max ‘x m( ®)].
£€[0,27] €[0,27]

2 Proof of the main result
Denote by deg the Leray-Schauder degree. To prove Theorem 1.1, we need the following
results.

Lemma 2.1 [20] Let Q be a bounded open region in a real Banach space X. Assume that
K : Q — R is completely continuous and p ¢ (I — K)(3S2). Then the equation (I - K)(x) = p
has a solution in Q if deg(I - K, 2, p) #0.

Lemma 2.2 (Borsuk Theorem [20]) Assume that X is a real Banach space. Let Q be a sym-
metric bounded open region with 0 € Q. Assume that K : Q — R is completely continuous
and odd with 0 ¢ (I - K)(0K2). Then deg(I — K, 2,0) is odd.

Proof of Theorem 1.1 Take (A,,A_) € [p1,p2] X [q1,92]. Consider the following homotopy
problem:

—(p)) = (1= W) s @ P = A (@) h) + uf (8, u) = fu (8, w),
u(0) = u(2m), ' (0) = u'(2m),

where u € [0,1].
By (1.3) and the regularity arguments, it follows that € C'[0,2x], and furthermore
there exists a,b € R* such that, if u is a solution of problem (2.1), then

lullcr < allullo + b (2:2)

In what follows, we shall prove that there exists C > 0 independent of € [0,1] such that
ll£]lco < C for all possible solution u(¢) of (2.1). Assume by contradiction that there exist a

sequence of number {x,,} C [0,1] and corresponding solutions {u,} of (2.1) such that
[#nllooc = +00 asm— +00. (2.3)

Set z, = . Obviously, [|z,|lcc = 1. Define

IIu H

S (un)
25—, u,t)>M,
o, (t) = | luent P "

0, u,(t) <M

and

f(t,un)
8.(0) = | Tty ) <=M,
n =
0, u,(t) > -M.
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By (1.3), there exists My > 0 such that

’

|otu(®)|, | Bu(®)| < Mo, ae.t€[0,27].

Then there exist ag, By € L*°(0, 27r) such that
an(t) = ao(),  Balt) = Bo(t) inL¥(0,27). (2.4)

In addition, using (1.3) and the regularity arguments, there exists M; > 0 such that, for
each 1, we have ||z, |c1 < M, and thus there exists zy € C'[0,27] such that, passing to a

subsequence if possible,
z, — zo in C'[0,27]. (2.5)

Clearly, ||zo]lco = 1. In view of {1,,} C [0,1], there exists uo € [0,1] such that, passing to a
subsequence if possible,

Iy —> Lo AS 1 —> +00. (2.6)
Note that for u = 0, problem (2.1) has only the trivial solution, it follows that p¢ € (0,1].

Denote a(£) = (1 — f1o)A, + pocto(t), B(E) = (1 — two)A_ + 1o Po(t). It is easily seen that zg is a
nontrivial solution of the following problem:

~(¢p(20)) = a(D)(Z)P" - B(B)(z) Y,
20(0) = zo(27), z5(0) = z;(2m).

(2.7)

We now distinguish three cases:
(i) zo changes sign in [0, 27];
(ii) zo(¢) > 0, Vet € [0,27];
(iii) zo(¢) <0, Vt € [0,27].
In the following, it will be shown that each case leads to a contradiction.
Case (i). Let

I' ={t€[0,27] : z0(t) > 0},
I ={te[0,27] : z0(¢) < 0},

IO

{t €[0,27]:20(2) = 0}.
Then, as n — +00, we get

u,(t) - +oo, Vtel',

u,(t) > —oo, Vtel .
In addition, as shown in [11], we have |I°| = 0. Define

n(), tel,
TI+(L‘) =
ao(t), tel,
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and

ﬂO(t): EGI+,
n(), tel.

By (1.4) and (2.4), it follows that
ao(t) = n.(8), Bo(t) =n_(t), ae. tel0,2m].

Thus, z, satisfies

~(¢p(20)) = a@(z) " - BO(zp) ™,

(2.8)
20(0) =20(27),  24(0) = z5(27).
Here, @(t) = (1 - o)A+ + ton+(£), B(£) = (1 = o) - + pon-(2).
Now we prove that there exist # € Z* and 0 < k7 <1 < k3 such that
< <, V> (2.9)
—minu,

In fact, if not, we assume, by contradiction, that there exists a subsequence of {u,}, we still
denote it as {u,} with max u,, — oo and minu,, — —o0, such that

max u, max i,
— >0 or —— — +o0.
—min i, —min i,

Combing with (2.5), ||zo|lcc = 1 and the fact that zo changes sign, we obtain

Uy . u, max zo
X —/ —min — - >0
1t Ml oo 1zt |l o —minzg

A contradiction. Hence, (2.9) holds.
For any (¢, 1) € [0,27] x [0,1], define

fl(t; S, /’L) zfu(tf S) - &(t)sp_lx Vs e R+:

flt,r, ) =fut,r) - B@)|rP2r, VreR™

and
Fl(t:&ﬂ):/ﬁ(trr:/")drr Fg(t,f’,M)=/f2(f,T,/,L)d‘L'.
0 0

Denote s, = max u,, r, = minu,. Then by (2.9) it follows that s, — +oo and r, — —oo0.
Taking ¢, such that u,(£,) = s,, £ is the nearest point satisfying 0 < £, and u,(£2) = 0.
Since t%,¢, € [0,27], there exist £°, £ € [0, 27] such that

-0

0 —1°, t,— 1t asn— +00. (2.10)

Page 6 of 11
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By (2.5), we obtain zo(2°) = 0, zo(f) = max,c[0,2.] 20(t). Note that ||u,]« — +00, we have
u,(t) — +o00,Vt € (£°,7). Hence, together with ,, — 1o and (1.4), there exist subsequences
of {u,} and {u,}, we still denote them as {u,} and {u,}, such that, for a.e. t € [0,27],

fl(t; U (T), )

P 0, aerte(ti).

Using (1.3), fora.e. t € [0,27], {W} is uniformly bounded with respect to T € (£°,%),

we obtain by the Lebesgue dominated convergence theorem that
t

J

Thus,

I,
[0

n

Filt, n(0), 12)

RO dt — 0, uniformly fora.e. t € [0,2n].
Uy,

ﬁ(t’ u,(7), Mn) dr

(un(T))P1

A (0, 1) “Lile n(T), p1) o fit, n(T), 1)
- f, Faemlee L e o | et

— 0, uniformly fora.e. t € [0,2n]. (2.11)

dt

By (1.4) and (2.2), we get

’pFl(trSnr I‘Ln)’

= |pl_:1 (t: un(tn)1 Mn) _ppl(t¢ Uy (tg): Mn) }

/Onpfl (t, un(f): Mn)l/l;(f) dt

n

tn
<p [ o)) de ]
tn

—p / St 0(2), 1)

(un(T))Pt
< C/Otn ,fl(t’ U (T), L)

(uu(T))P1

|(2a () | d 1, 1251

’
Mnoo

drs’

ne

In view of (2.11), we obtain that

1 (£, Spy
|M -0 (2.12)

sh

holds uniformly for a.e. t € [0, 27r]. Similarly,

—-0 (2.13)

‘pPZ(t: rn,an)
[ l?

holds uniformly for a.e. t € [0,27].

Page 7 of 11
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On the other hand, for {s,}, {r,} satisfying (2.12)-(2.13), denoting

F t; n
£1(0) = limint P&

n—+00 |Sn |P

we obtain by (1.5)-(1.6) that
p1=&() <q1, P2 <&@E) <q aetel0,27] (2.14)
Using 1, — o, we have

. . ppl(t) Sn» /Ln)
liminf ———=

n— +00 |s, P

- liminf[(l I 2 LN &(t)]

n—+00 |Sn|p
= uo(&(0) - n.(@)), ae.te(0,27], (2.15)
. PEt )
liminf —————
n—+00 |77

= liminf[(l — M)A+ [y

n—+00

i -p)
= po (&) - n-(t)), ae.te[0,27]. (2.16)
We claim that there exists subinterval [; C [0,27] with |[;]| > O such that
&) -n.() 70, Vtel, (2.17)
or subinterval I, C [0,27] with |I;| > 0 such that

&) —n-(t) #0, Vtel. (2.18)

Indeed, if not, we assume that 1, (t) = & (¢), n_(¢) = &(¢), a.e. t € [0, 27]. Together with the
choosing of A, A_ and (2.14), we get

p<at)<q, pr<PpO)<q, aete0,2r]
Then by (1.7), it follows that zy = 0. A contradiction. Combining (2.12)-(2.13) with (2.15)-
(2.18), we obtain a contradiction.
Case (ii). In this case, we have

sy — +oo and {r,} is uniformly bounded.

Using similar arguments as in Case (i), by (1.4) and (2.4) it follows that ao(t) = n,(¢), Vt €
[0,27]. Takingj_”’r :f_l, F* = Fj,a.e. t € [0,2]. We can see that there exists subsequence
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of {s,}, which is still denoted by {s,}, such that

F+t:m n
’p &sw )| o (219)

sh

holds uniformly for a.e. t € [0, 27]. On the other hand, for {s,} satisfying (2.19), denoting

£*(0) = limint L&)

n—+00 |S,,, |P

we obtain by (1.5) that
=&MW <q, aetel0,2n] (2.20)

Using i, — o, we have

. PF(t, 80 1)
liminf ——

n—+00 |Sn |P

F(s,) .
- liminf[(l T LG a(t):|

Isul?
=po(E7(0) =04 (1)), ae.tel0,27]. (2.21)
We shall show that there exists subinterval I, C [0,27] with |I,| such that
EY(@)—n.(t) #0, Veel,. (2.22)
In fact, if not, we assume that n, (t) = £*(¢), a.e. t € [0, 27]. By the choosing of 1, and (2.20),

we get p1 < a(t) < qi, a.e. t € [0,27]. Thus, zp is a nontrivial solution of the following
problem:

~(Bp(2)) =@z,

(2.23)
20(0) = zo(27), z5(0) =z (27).
Taking 1 as test function in problem (2.23), we get
2w
0= / a2 de. (2.24)
0

By &(t) > p1 > 0 for a.e. t € [0,2x], it follows that z¢(¢) = O for a.e. t € [0,2x], which is
contrary to that ||zo|| o = 1. Hence, (2.22) holds. Clearly, (2.21)-(2.22) contradict (2.19).
Case (iii). In this case, 7, - —o0 and {s,,} is uniformly bounded. Similar arguments as in
Case (ii) imply a contradiction.
In a word, (2.3) cannot hold, and hence by (2.2) there exists C > 0 independent of u €
[0,1] such that, if u is a solution of problem (2.1), then

lullar < C. (2.25)

Page 9 of 11
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Note that, for each & € L*°(0,27), the problem

—(pp()) + ¢p(u) = h(2),
u(0) = u(2m), ' (0)=u'(2m)

(2.26)

has a unique solution G,(/) € C![0,27]. Clearly, the operator G, seen as an operator
from C[0,27] into C'[0,2r] is completely continuous. Define v : C'[0,27] — C[0,27]
by ¥ (u)(¢) = f(¢,u(t)). Then solving problem (1.1) is equivalent to finding solutions in
C![0,27] of the equation

u— Gp(I/f(u)) =0.

Let (&, B) € [p1, q1] X [p1,q2]. Define the operator T, 5 : C'[0,27] — C'[0,27] by T, 5(u) =
Gp(pp(u) + a(u )™ — B(u")P™). Denote B = {u € C'[0,27] : |lullar < R,R € R}. Clearly,
deg(I — T,,p,Bg,0) is well defined for all R > 0. Owing to A, - A_ > 0, there is a continu-
ous curve (1), B(z), T € [0,1], whose image is in R? \ %, and (A, 1) € R\ X, such that
(2(0), B(0)) = (Ay,A_), (@(1), B(1)) = (A, 1). From the invariance property of Leray-Schauder
degree under compact homotopies, it follows that the degree deg(I — Ty (r), (), Br, 0) is con-
stant for 7 € [0,1]. Obviously, the operator T; ; is odd. By the Borsuk’s theorem, it follows
that deg(/ — T5,5,Bg,0) #0 for all R > 0. Thus,

deg(I - T, ,Br,0)#0, VR>O.

Consider the following homotopy:
H(p, ) = Gy () + (1= ) (s (Y™ = 2 (Y7 + (),

for (u,u) € [0,1] x C'[0,27]. By (2.25), we can see that there exists Ry > 0 such that
H(w,u) #u, Yupel0,1],VYu € 0Bg,.

From the invariance property of Leray-Schauder degree, it follows that

deg(I - H(1,-), Br,y,0) = deg(I — H(0,-), Bg,,0)

= deg(l— TA+,A_’BR0’0) 7-/0.

Hence, problem (1.1) has a solution. The proof is complete. d
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