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ABSTRACT: We study the thermoelectric conductivities of a strongly correlated system
in the presence of a magnetic field by the gauge/gravity duality. We consider a class
of Einstein-Maxwell-Dilaton theories with axion fields imposing momentum relaxation.
General analytic formulas for the direct current (DC) conductivities and the Nernst signal
are derived in terms of the black hole horizon data. For an explicit model study, we analyse
in detail the dyonic black hole modified by momentum relaxation. In this model, for small
momentum relaxation, the Nernst signal shows a bell-shaped dependence on the magnetic
field, which is a feature of the normal phase of cuprates. We compute all alternating current
(AC) electric, thermoelectric, and thermal conductivities by numerical analysis and confirm
that their zero frequency limits precisely reproduce our analytic DC formulas, which is a
non-trivial consistency check of our methods. We discuss the momentum relaxation effects
on the conductivities including cyclotron resonance poles.
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1 Introduction

Strongly coupled electron systems show many interesting phases such as non-Fermi liquid,
high T, superconductor and pseudo gap phase. Some of the most important and basic
experimental observables in investigating those systems are the conductivities: electric (o),
thermoelectric (o, @), and thermal (&) conductivity. Therefore, it is essential to develop a
theoretical method to compute conductivities to explain and guide experiments. However,
due to strong coupling, the perturbative analysis of quantum field theory does not work
and we don’t have a reliable systematic tool to compute them.

Gauge/gravity duality is an approach for such strong coupling problems, and it has
been developed as a method for conductivity [1, 2]. Some early works treated systems
which have translation invariance. However, at finite charge density the direct current
(DC) conductivities in such systems are infinite. To solve this problem, it is essential to
introduce momentum relaxation. For this, several ideas have been proposed.

The most straightforward way is to impose inhomogeneous boundary conditions of the
bulk fields to break translation invariance [3-8]. Massive gravity models studied in [9-
13] give mass terms to gravitons, which break the spatial diffeomorphisms (not the radial
and temporal ones), and consequently break momentum conservation of the boundary
field theory with translational invariance unbroken [11]. Holographic Q-lattice models and
those with massless linear dilaton/axion fields [14-23] take the advantage of a continuous
global symmetry of the bulk theory. Some other models utilise a Bianchi VIIj symmetry



to construct black holes dual to helical lattices [24-27]. All these models yield finite DC
conductivities as desired.

However, all models with momentum relaxation, except [23], did not include the mag-
netic field. Since the transport properties at finite magnetic field such as the quantum Hall
effect, the Nernst effect, and the Hall angle, are also important basic probes for strongly
correlated electron system, it is timely and essential to develop the methods for them in the
presence of momentum relaxation. Indeed, the holographic analysis on conductivities at fi-
nite magnetic field was one of the pioneering themes opening up the AdS/CMT (condensed
matter theory) [28-30]. The purpose of our paper is to extend them by implementing mo-
menturm relaxation holographically.! This paper is also a companion of [19, 32, 33], where
all DC/AC electric (o), thermoelectric (o, &), and thermal (%) conductivities are analysed
thoroughly in the absence of magnetic field.

We consider a general class of Einstein-Maxwell-dilaton theories with axion fields im-
posing momentum relaxation. First, we derive the analytic formulas for DC electric (o),
thermoelectric (a, @), and thermal (k) conductivity in terms of black hole horizon data
following the method developed in [34]. Based on these formulas we discuss the model
independent features of the Nernst signal. Notice that the Nernst signal (2.55)

ey =—(07" - a)y

is zero in the holographic model without momentum relaxation, since the electric conduc-
tivity is infinite. Thus, momentum relaxation is essential for the Nernst effect. The Nernst
signal has interesting properties which could support the existence of the quantum critical
point (QCP). As we approach to the QCP or the superconducting domain, the strength
of the Nernst signal becomes stronger and shows a non-linear dependence on the mag-
netic field, which is different from the expectation based on the Fermi liquid theory [35].2
See [29, 31], for pioneering works on the Nernst effect by the holographic approach and
the magnetohydrodynamics with a small impurity effect. We deal with similar topics by
means of a general class of holographic models encoding momentum relaxation, where we
assume that momentum relaxation is related to finite impurity density, which could be
large. Note, however, that this relation is not proven yet.

After discussions on a class of models, we study in detail the dyonic black hole back-
ground [28-30], modified by the specific axion fields introduced in [16]. We numerically
compute AC electric (o), thermoelectric (o, &), and thermal (k) conductivity and confirm
their zero frequency limits agree to the DC formulas that we have derived analytically. It
recovers the results in [28] if momentum relaxation vanishes. We discuss the momentum
relaxation effect on the conductivities including the cyclotron resonance poles, which was
first observed in [30].

This paper is organized as follows. In section 2, we consider a general class of Einstein-
Maxwell-dilaton theories with axion fields and derive general formulas for the DC electric,
thermoelectric, and thermal conductivity at finite magnetic field as well as the Nernst

In [31], momentum relaxation is introduced perturbatively in the hydrodynamic limit.
2These anomalous behavior may be described by a liquid of quantized vortices and anti-vortices in
non-superconducting phase. See [37] for a speculative point of view.



signal. In section 3, as an explicit example, we analyse the dyonic black brane with the axion
hair and discuss the Hall angle and the Nernst effect. In section 4, we continue our analysis
on the model introduced in section 3. We compute the AC electric, thermoelectric, and
thermal conductivity numerically. The momentum relaxation effect on AC conductivities
and the cyclotron resonance poles are discussed. We compare the zero frequency limit of
our numerical AC conductivities with the DC analytic formulas derived in section 3. In
section 5 we conclude.

Note added. While this work was near completion, we noticed the appearance of [38—40]
which have some overlap with ours. [38] deals with a massive gravity model at finite mag-
netic field. [39] considers the same class of models as ours. [40] obtains general expressions
for conductivities at finite magnetic field using the memory matrix formalism.

2 General analytic DC conductivities at finite magnetic field

In this section, we will derive analytic formulas for the DC conductivities (o, a, &, k) in
the presence of a magnetic field, from a general class of Einstein-Maxwell-Dilaton theories
with axion fields (x1, x2)

@FQ

; (2.1)

5= [dey=g|R= 5002+ 81(0)0x0) + Ba(e)Ona)] - V(0) -
where F' = dA and all ®1(¢), P2(¢), and Z(¢) should be non-negative for the positive en-
ergy condition. Without the magnetic field, analytic formulas for conductivities (o, o, @, &)
were computed in [34] while, with the magnetic field, the electric conductivity o was pre-
sented in [23]. Here we compute all the other conductivities as well. We employ the
method developed in [8, 34], but a finite magnetic field poses some technical subtlety. We
will explain how to treat it. The action (2.1) yields equations of motion:

Z(9)

5 FhFpn =0, (22

Ryn— %QMN'C - %(5M¢) (Ono)— % > () (Onrxi) (Onxi) —
=12

Vm (Z(¢)FMY) = (2.3)

Var (®i(o VM Xi) = (2.4)
o, 1 0%i 5 y2_ OVI(9) 1.,0Z(¢)
\4 ¢_ 2i21:2%(aX1) aqb 4 aqb 07 (2'5)

where, £ is the Lagrangian density of the action (2.1).
To study the system at finite chemical potential with a background magnetic field (B),
we take the gauge potential as

B
A= Apyda™ = a(r)dt + = (xdy ydz) . (2.6)

We choose the axion fields
X1 = k?lﬂj, X2 = k?yu (27)



which break translational invariance and can give rise to momentum relaxation [14, 15]. A
metric anasatz consistent with the choice (2.6) and (2.7) is

1

00 dr? + et dz? 4 ev2(Mdy?, (2.8)

ds? = GyndeMdzy = —U(r)dt? +

with ¢ = ¢(r). We consider the case in which the black hole solution exists and its horizon
is located at r = 7, i.e. U(r,) = 0. We further assume the ansatz

D1 (¢) = Do) =: ®(0), v1(r) = va(r) =: v(r), ki =ky=: 8. (2.9)

First, the Maxwell equation (2.3) yields a conserved charge p in the r-direction

p=VIZ()F™ = Z(9)e" (1), (2.10)

which is identified with the number density in the boundary field theory. The axion equa-
tion (2.4) is trivially satisfied. The Einstein equation (2.2) and scalar equation (2.5) become

1

V'(r) = —5(2/(7“)2 +¢'(r)?), (2.11)
U0) = gt [ 4 2OV (0)2(6) + B2 (67

+ e 2(9)(28°0(9) + DU (V) - 9(1)2)] . (212)
U'(r) = 76_2U(T)'02 + B2 2 7(¢) + e 320 () + uir) V' (r)? — ¢ (r)? 2.13

by which we can obtain the background solutions for given Z(¢) and V(¢). For example,
if we choose

¢(r) = constant , d(p) =1, Z(p)=1, V(p) = —6/L% (2.14)

the background becomes the AdS-dynonic black hole geometry with the momentum relax-
ation. We will discuss it in section 3 in detail.

To compute the conductivities for the general background, we consider small pertur-
bations around the background obtained by (2.11)—(2.13)

6A; = t3 £ (r) + dai(r),
0Gy; = t8 £ (r) + dgu(r),
0G,; = e”(r)dgm(r) ,

Oxi = oxi(r),

2.16
2.17
2.18

~—~~ ~~ ~~
~— ~— ~— —

where ¢ = 1,2 and t denotes the time coordinate. (5fi(1)(r) and 5fi(2) (r) are chosen

0f0(r) = —E; + Galr), 2.19)
5P () = —GU(r), (2.20)

—



where Fj; is the electric field and —(; is identified with the temperature gradient [34]. In
spite of the explicit ¢ dependence in (2.15) and (2.16) all equations of motion of fluctuations
turn out to be time-independent, which is the reason to introduce the specific forms of (2.19)
and (2.20). Furthermore, the electric current and heat current can be computed as the
boundary (r — oo) values of Ji(r) and Q*(r),

JH(r) = Z(¢)V=g F" (r) (2.21)
= —Z(¢){U(r)( — eidegrj(r) + 0% (5@9(7“)) +d(r)6" (5gtj} , (2.22)
Q'(r) = U%(r) 670, (5(9;1(7{;)) —a(r)J(r), (2.23)

which were identified in [34] at B = 0 and they are still valid at finite B.
Our task is to plug the solutions of the fluctuation equations into (2.21) and (2.23)
and read off the coefficients of E; and (;. First, the Maxwell equation yields

0=0m(Z(¢)v/—g F™M)
=0, (Z(O)V=g F") + 0:(Z(9)/—g F") (2.24)
= 9,J" — Béle "¢ Z(6) .

Therefore, the current at the boundary is given by
Ji(00) = Ji(ry) + Be'¢; / dr'e=") Z (o(r"))
Th
= J'(ry) + B (% . (2.25)

Next, let us turn to the heat current, Q°, (2.23). It is convenient to start with the derivative

of Q.

0,Q" = 2U ()60, (5(g}tj(£§)> + U%(r)6" 92 (553(7{;')) —d(r)J" — a(r)Jil
= BeijEje_”(r) - QBeijCja(r)e_”(r)Z(gZ)) . (2.26)

After using the Einstein equations for fluctuations with the ansatz (2.17)—(2.18),

2 (r)igf, () = {2B2(8)e ") + 26°0(8)e™ ") + Ulr) (v(r) — 0 (r)) } 800 (r)
—2pe MU (r) (r){dal,(r) + Bdgry(r)} + 2BZ(¢ _”(T){C a(r) — By},
20(r)agh,(r) = {2B2Z(9)e™>) + 2/32@(@6* 0 L U(r) (o )}5gty
— 2pe” UT)U {(5@ B(ng(r)} —2BZ(¢ “’”){g a(r x},
1 —v(r !/
s = G (B2 T PR [Bpet )5gty+BZ(¢)U(T)5ay(r)
FRR(GU () O, (1) pEact (palr) e OV () 4 OU (1 (1) ]
= ! —Bpe "5, — r)dal,(r
S0 = Gz e |0 e BAOUEI

+k®(O)U (r)e" "oy, (r)— pEy+(pa(r)—e”J(")U’(r)Jrev(T)U(r)v’(r))gy} ,
(2.27)



we end up with a relatively simple expression for the heat current;
Qi(oo) = Qi(rh) + BeijEj/ dr'e_”(T/)Z(qzﬁ(r')) — 2Beijcj/ dr'a(r')e_”(T/)Z(qb(r'))
0 To
= Q'(rp) + BeVE; %1 + Be(;%,. (2.28)

In summary, we have two boundary currents:

S
)
Il

J'(r) + BV (%, (2.29)
QZ(OO) = Qi(Th) + BeijEjEl + BeijCjEQ , (230)

where Q'(ry,) and J%(r,) are functions at horizon, which can be further simplified by the
regularity condition at the black hole horizon [8, 34]

E,
da;(r) ~ _7471'; In(r—rp)+---,

dgpi(r) ~ 5gt(ih) + (9((7‘ — rh)) 4

2.31)
5g (
(5ri7”‘“€7v(rh) i +oe
gri(r) )
xi(r) ~ Xz(h) +O0((r—rp)) + -
Thus, the boundary currents yield
Jl(OO) = —(,0 6 e~ n + Beije_”hZh)dgg?) + 5ijEth + BeijCjzl R (232)
Q(00) = —4nT§5¢\") + BEVE;T) + Be(;5, (2.33)

where v, = v(ry) and Z) = Z(¢(rh)). 5ggl) also can be replaced by the horizon data
using the equations of motion (2.27). The near horizon expansion of the last two equations
in (2.27) gives

Uh

(h) _ € —vp, 5, (R) vp,

090" = Gag grena, | BPC 00y — BInEy — pEy — dme TG, (2:34)
(h) _ e’ —on 5 () v

dg | — Bpe ""6g;,) — BZpE, — pEy — 4me™ T, , (2.35)

W B2Z), + B2t ®,

which, in turn, give us two algebraic equations for (5ggl ) of which solutions are

Vn
sa) — ¢
9ti B2(p? + BQZ}% + 22evh Z,®y,) + 5462%(1),21
« [ _ 52P€vhq)h E; — B(p2 + B2Z}2l + BQSUhZh(I)h)Eij E;
+ AnTe™ (B2Z), + 2 ) G — AnTe Bpei; G ,

(2.36)

where ¢, = ® (gf)(rh)). Finally, the conductivities are obtained by differentiating the bound-
ary currents (J¢(c0), Q%(c0)) with respect to the external electric field (E;) or the thermal



gradient ((;):

6 = &ggo) = —(pde v + Beike‘”hZh)ag]’éf) + Zn 6", (2.37)
i — ;éhgéjo) — _(p&ikevn 1 Beike_UhZh);aggéiZ) + eia’?zl, (2.38)
& = ;a%igo) = —47r52"f589tg + €9 ?21, (2.39)
R = ;8%50) - —4w5ik%’g + €l ?zz, (2.40)

where we put hats on the conductivities to distinguish them from the ones where magneti-
zation current are taken out [29]. More explicitly, with (2.36), the general DC conductivity

formulas are given as follows.
(i) The electric conductivity and Hall conductivity:

eV 328, (p? + B2Z2 + e 322, ®),)

ATT _ ayy _ 2.41
7 B2? + (B2Zy + e 32,2 (241
o sue_ BolP + B2 + 20 87,8, (2.4)
B2p? + (B*Zj, + e'n 32®p,)? '
(ii) The thermoelectric conductivity:
4me®vn 32 pdy,
AT = AW = 2.43
T T B (B, + e 2) (2.43)
A7V — 4 — AmeUn B(p? + B2Z2 + ¢V 32 Z,,®p,) L By, (2.44)
B2p2 + (B2Z), + e 3202 T '
&l = ai, (2.45)
(iii) The thermal conductivity:
svw _ gy _ 67T (B2Z) + ¢ 52Dp) (2.46)
B2p? + (B2Z), + e»n 52®4,)2 7 '
A A 167%Te?"r Bp B
ETY _ _ pyr ) 247
K K B2p2+(B2Zh+€vh62‘I>h)2+T 2, ( )
where
o0 /
Y = / dr'e"") Z(p(r")) (2.48)
Th
and
o0 !
Sy = —2 / dr'a(r')e """ Z (p(r')) . (2.49)
Th



The %Ei terms in (2.44) and (2.47) come from the contributions of the magnetization
current and the energy magnetization current, which should be subtracted [29]. In par-
ticular, in the case of the dyonic black hole in section 3.2,2 ¥; = % and Yo = w,
where M is the magnetization and M¥ is the energy magnetization. The relation between
Y; and the magnetizations are confirmed by (3.20). Therefore, the DC conductivities

(0¥, ¥, kY read

o =54, (2.50)
. B -

o =av — ?2167’], (2.51)

R = R — oS, (2.52)

which are expressed in terms of the black hole horizon data.

2.1 Nernst effect

The thermoelectric conductivites play an important role in understanding high 7, super-
conductors. In the presence of a magnetic field, a transverse electric field can be generated
by a transverse or longitudinal thermal gradient. The former is called the ‘Seebeck’ effect
and the latter is called the ‘Nernst’ effect.
The electric current, f, can be written in terms of the external electric field and the
thermal gradient as follows;
J=0E—aVT, (2.53)

where o and « are 2 x 2 matrices. In the absence of the electric current,

=

E = (o 'a)/ (VT); . (2.54)

Based on the definition of the Nernst effect, the Nernst signal (ey) is defined as

xT

_l-oz)y )

ey =—(o (2.55)

The Nernst signal in cuprates shows different features from conventional metals, so it is
one of the important observables in understanding high 7, superconductors. For example,
in conventional metals the Nernst signal is linear in B, while in the normal state of a
cuprate it is bell-shaped as a function of B. See, for example, figure 12 in [35]. At a fixed
B, the Nernst signal increases as temperature decreases in the normal state of a cuprate
and, in turn, near the superconducting phase transition the Nernst signal becomes much
stronger than conventional metals as shown in figure 20 in [35].

Now we have the general formulas for the DC transport coefficients, (2.50) and (2.51),
we can compute a general Nernst signal (2.55)

B dmeon 32720, B
o pt 4 2e 202 23, @y + ZE(B2p? + €20n f1D7)

EN (2.56)

3The magnetization and energy magnetization current in a general setup were computed in [39].



which is expressed in terms of the black hole horizon data. By playing with the parameters,
Zy, v, and @p, we can simulate ey by the formula (2.56). It may guide us in constructing
more realistic models showing aforementioned cuprate-like properties and furthermore in
understanding the physics of strongly correlated systems.

There are two comments on general features of the Nernst signal (2.56). First, it is
proportional to 3? for small value of 3 and it goes as 1/3? for large value of 3. It has the

) e hpy/p? + B2Z}
| (2.57)

maximum at 8 = fpax

max ~ Zh(I)h

Second, in the limit, p — 0, the Nernst signal becomes

4B

6N‘p:(] = BQQ)h . (258)

In this regime, relevant to the quantum critical point, the Nernst signal is proportional to
the inverse of ¥} at fixed B and 5. Because the Nernst signal increases as temperature
decreases in the normal phase of cuprates [35], to have a cuprate-like property, ®; should
decrease as temperature decreases. This will be a restriction on ®; in model building.

3 Example: dyonic black branes with momentum relaxation

3.1 Model with massless axions
As an explicit model, we consider the Einstein-Maxwell system with massless axions. The
action is given by (2.1) with the following choices

$»=0, O =Dy =1, V(p) = —6/L%, Z(p) =1, (3.1)

where L is the AdS radius which will be set to be 1 from now on. Adding the Gibbons-
Hawking term, we start with

2
1 4, /= le 1 of 1 3.
16nC /Md v/ g[R—i— 6 4F 5 E (Ox1) ] d’xv/—vK (3.2)

- 811G OM

So =

where « is the determinant of the induced metric on the boundary. K is the trace of
the extrinsic curvature tensor Ky n* defined by —fyﬁ[*ygv( pnq), where n is the outward-
pointing normal vector® to the boundary (M) which is at » = A. From here, for simplicity,
we also take 16mrG = 1. For the holographic renormalization, we have to add a counter
action

2
1
S, = / de\ﬁy(— 4— Ry + = E 'Ylwa,uXIauXI> : (3.3)
oM 2 I=1

“Where M, N = 0,1,2,r are the indices for bulk and u,v = 0,1,2 are the indices for the boundary
coordinates.

°In our case, n™ = (0,0,0,1/,/U(r)). See (3.7).



and the finite renormalized on-shell action is
Sren = lim (SO + Sc)on—shell . (34)
A—o0

Since the boundary terms do not change the equations of motion, the equations (2.2)—(2.5)
are valid and yield, with (3.1),

2

1 1, 1 N 1 1,
Ryn = 5IMN <R+6 4F 5 ;((%u) >+2 gaMXIaNXI-FQFM Fnp, (3.5)
VuFMN =9, V2x1=0. (3.6)

We want to find a solution of the equations of motion, describing a system at finite
chemical potential (u) and temperature (7') in an external magnetic field (B) with mo-
mentum relaxation. It turns out the dyonic black brane solution modified by the axion
hair (2.7) does the job. Le.

1
d52:—U(r)dt2+U(T)dr2—|—r2(dx2—i—dy2),
B2 mo  p g
Ulry=p2 = 0 F T4m_'h
=r -t 2 (3.7)
a(r):,u<1—7;h>, B = qmrh
x1 =Bz, X2 =By,

where 7, is the location of the horizon and

1 +ay 5
4r? 2r2 )

my =13 (1 + (3.8)

3.2 Thermodynamics

To obtain a thermodynamic potential for this black brane solution, we compute the on-
shell Euclidean action (S¥) by analytically continuing to the Euclidean time (7) of which
period is the inverse temperature

t = —ir, SF = —iSren, (3.9)

where S¥ is the Euclidean action. By a regularity condition at the black brane horizon the
temperature of the system is given by the Hawking temperature,

U'rs) _ 1 1+ g, + 267
T — = —(3p, = —*m =7 3.10
i ax\"" ary, ’ (8.10)
and the entropy density is given by the area of the horizon,
s = 4mr} . (3.11)

~10 -



Plugging the solution (3.7) into the Euclidean renormalised action (3.4), we have the
thermodynamic potential (€2) and its density (W):

AV
St ?(—mo — B+ ¢Arn) = ?QW =

Q
— 3.12
T ? ( )
where Vo = [‘dady. The potential density W can be expressed in terms of the thermody-

namic variables as

Q
= 5 = 28 =347
2

W
4 (3.13)
=e—sT — mp,

where € and p are the energy density and the charge density respectively. The second line
is obtained by using the relation

£ =2my, p = ury, (3.14)

which is derived as follows. We want to compute one-point functions of the boundary
energy-momentum tensor (7),,), current (J,) and scalar operators (O;) dual to x;. Our
metric is of the following form

ds? = N2dr? + v, (dat + Vidr)(dz” + VVdr), (3.15)

where N and V), are the lapse function and the shift vector. The extrinsic curvature
tensor has non-vanishing components, K, = —ﬁ(ﬁwﬁw - D,V, — D,V,), where D, is a
covariant derivative of the boundary metric v,,. In terms of aforementioned variables, we
define ‘conjugate momenta’ of the fields as

0Sren 1 1
H;w = Sy =V (K;w - K’Y}W - 27;w + G/JJ/[’Y] - §aHXIaI/XI + Z'Y;WVXI : VXI> )
6Sren r 6Sren r
I = SA = —Ny/—y F™, I; = 5, =V (=NV"xr —Oyx1) - (3.16)
" XI
Thus, the one point functions are
2m0 0 0
. 2r
<T/_“/> = 11}1’1’1 fﬂ‘uy = 0 mo 0 5
7 0 0 mp
-3 B
(JH) = lim " = (pry, 0, 0), (Or) = lim Ir' =0, (3.17)

rT—00 \/—’y T—00 —’)/

which yield (3.14).
Since the pressure P = —W, (3.13) becomes a Smarr-like relation

e+P=sT+pp. (3.18)
Notice that the pressure is not equal to (T) since

b= <Txx> + Th52 - Thqzn . (319)

- 11 -



The magnetization (M) and the energy magnetization (M) are

B oy E_ o0\ 1

where §B and §BY are defined by a linearized solution®

dgty = 2U(r)dBg, 0Ay = x<5B + M(SBET) ’

B Ty B rh
§A;=——(1-2L)6Bg— —(1-=)6B.
=g (e ()

We find the first law of thermodynamics
6& = Tés + udp — r,0(8*) — MOB, (3.21)
by combining the variation of the first line of (3.13) with respect to T, u, 3% and B:
W = —M6B — 50T — 1,6(5%) — pdu, (3.22)
and the variation of (3.18).

3.3 DC conductivities: Hall angle and Nernst effect

In this section we study the DC conductivities of the dyonic black brane with momentum
relaxation. Because we have derived the general formulas in section 2, we only need to
plug model-dependent information (3.1) and (3.7) into (2.50)—(2.52).

The electric conductivities yield

B? + T,%(MQ + 5%)

ot = oW = B%p2 , 3.23
I AR (B 52

o™ = —oY" = DBr h . 3.24
h”r,%,tﬁB?—l—(BQ—i—r%ﬁ?)z (3.24)

In the clean limit, 8 — 0, these boil down to

B B’

TRl p
o™ =¥ =0, oW =—o¥=—"=

where temperature dependence drops out and we recover the results expected on general
grounds from Lorentz invariance, agreeing with [28]. In the limit B — 0, the expressions

become

2
Uacw:gyyzl_F/L o™ = g¥% =,

B2’

SFor details we refer to appendix C of [29].
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Figure 1. 8/T and B/T dependence of DC conductivities at fixed p/T = 4.

which reproduces the result in [16, 19]. The thermoelectric and thermal conductivities read

47rd B2
Tr _ gy _ h 3.25
(0% « 1"}21/1/232 T (BQ I 7‘}21/82)2 ) ( )

B? + rjj(u® + %)
a®™ = —o¥* = A7r} B h , 3.26
WB R aR L (B + 57 (326)
B? + 232
R = RY = 167r: T h , 3.27
h r21u2B2 4 (B2 + r282)2 (3.27)
2,.5

R 167“ry uT' B (3.28)

2B+ (B P

To see the effect of 5 and B on the conductivities, the formulas (3.23)—(3.28) are not
so convenient since 7, is a complicated function of T, B, p, and 3, as expressed in (3.10).
Therefore, we make plots of conductivities in figure 1, where we scaled the variables by T’
and fixed p/T = 4. The o™, o™, and F*" are qualitatively similar; the B dependence
at fixed 8 is monotonic, while the 8 dependence at fixed B is not. The ¢*¥, o*Y, and
K™ are similar; the 8 dependence at fixed B is monotonic, while the B dependence at
fixed 3 is not. See figure 4 for the cross sections at B/T? = 1. As the chemical potential
increases, the electric and thermoelectric conductivity generally increases while its overall
2-dimensional shape does not change qualitatively. However, the thermal conductivities
behave differently; £** broadens while £*Y is sharpened.
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(a) B-f dependence at u/T =4 (b) B-T dependence at B/u =1

Figure 2. Hall angle 0 = arctan(c®¥/o™").

The Hall angle (0) is defined by the ratio of the electric conductivities:

tan ¢ _o¥ _ B B? + rj (1 +25%)
H = orT - Th/82 BZ+T}2L(M2+52> )

(3.29)

which agrees to the result reported in [23]. As shown in figure 2, the Hall angle 0y ranges
from 7/2 to 0. The angle increases as B increases or [ decreases (figure 2(a)). In the
strange metal phase, we are interested in the temperature dependence of the Hall angle,
which is proportional to 1/72. In our case, we numerically found that the Hall angle ranges
between 1/7° and 1/T" (figure 2(b)). In the large T regime, the Hall angle always scales
as 1/T. Tt can be seen also from the formula (3.29), where if T is large compared to the
other scales, rg ~ T so tanfg ~ 1/T.
The Nernst signal (2.56) yields

B 47rr}2lﬂ2B
B2 4y (p? + %)

eN (3.30)
As discussed in section 2.1, the Nernst signal is linear in B in conventional metals while
it becomes bell-like in the normal state of cuprates [35]. To see whether our model can
capture this feature, we make a three dimensional plot of the Nernst signal as a function of
B/T and B/T? at fixed /T = 1 in figure 3, where (b) is the cross section of (a) at fixed 3.
The blue line is almost straight while the green and red ones are bell-like. Therefore, we
find that our system shows the transition from the normal metal (blue line) to cuprate-like
state (green and red) as ( decreases, in the Nernst signal perspective. The green and
red curves are similar to figure 12 in [35] and it was proposed that the bell shape can be
explained by the dynamics of the vortex liquid in non-superconducting phase [36, 37]. It
was also interpreted as an evidence of the pseudo-gap phase [35]. If we take this point of
view, our model might be relevant to the pseudo-gap phase.

One may wonder if the blue line is qualitatively similar to the green and red ones
for higher B/T2. As B/T? increases the blue line reaches the maximum and has almost
plateaued out, which is not bell-shaped. Furthermore, the numerical value of B/T? at the
maximum ey (~ 60) is about 1600, which is too big to consider, compared to other scales.
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Nernst signal at u/T =1 (red, green, blue)

Figure 3. Nernst signal.

4 Numerical AC conductivities

So far we have discussed the DC conductivities. In this section, we will consider the AC
conductivities. To be concrete, we continue to investigate the model in the previous section,
namely, the dyonic black brane with the momentum relaxation by the axion fields.

4.1 Equations of motion and on-shell action

In section 2 and 3, we have derived the DC conductivity in a gauge g.; # 0. In this section,
to compute the AC conductivity, we will work in a gauge dg,; = 0. The physical result
should not be changed by this gauge choice.” Indeed, we will show the zero frequency limit
of the AC conductivity (with dg,; = 0) agrees to the DC conductivity (with dg,; # 0) in
section 2. It serves as a good consistency check of our numerical method.

To compute conductivities holographically it is consistent to turn on linear fluctuations
of bulk fields, d¢g;;, 0A; and dy; at zero momentum in the z and y directions, where ¢ = 1,2
(ori = z,y). The fields dgi; and 0 A; are related to the heat current and the electric current.
They were introduced in [28] and here we add dx; for momentum relaxation. The fields,
0gti, 0A; and Jdx;, can be expressed in momentum space as

5Ai(t7 T) = / ;lwe_iwtai(wa 7’) ) (41)
oo 2T
P dw i o
6gti(t) T) - 27‘(’6 r hti(&), T) ) (42)
< dw —iwt
5Xl (t7 T) = o7 € Q;Z)l (wa ’I“) ’ (43)
—0

where 72 in the metric fluctuation (4.2) is introduced to make the asymptotic solution of
hii constant at the boundary (r — oo), for the sake of convenience. From (3.5) and (3.6),
the linearized equations for the Fourier components are given as follows.

"There is a subtle issue on the gauge choice and holographic renormalization. For more details we refer
to [33].
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— Einstein equations:

qq%lhti Z.W%’naj 52hti iBwi; :ua; 4h§fz

" o__
riU +€ij riU + r2U * 22U ot i =0, (44)
iUqma; ZBU W ingmhey | pa; |,
€ij 1, + o S + o +hy; =0, (4.5)
— Maxwell equations:
U'd ’iWthtj ,Uhé‘ w2ai "
UZ+eij 72 U’+ 72 +a; =0, (4.6)

— Scalar equations:

U'QM . iBwhy; + w wz le //

U U? U?
Among these eight equations, only six are independent.
Near the black hole horizon (r — 1)® the solutions are expanded as

hii = (r = D)= () + b= 1) +),
a; = (r—1)"* (()+Q(H)(T—1)+-~), (4.8)
vi= (== (0 + ol =1 ),

where vy = +idw/(—12 + ¢2, + 28% + p?). In order to impose the incoming boundary
condition relevant to the retarded Green’s function [41], we have to take v = v4. It turns

out that the 4 parameters al(-]) and ¢§I) may be chosen to be independent since hg) and
all higher power coefficients can be determined by them.
Near the boundary (r — 00), the asymptotic solutions read

s —h§1)+ h§2)+ ey
ai:a£)+fa§)+-~, (4.9)
r

1 1
v =00+ U+ g

©0) (0)

where the leading terms h,;”, a; ~, and l/JZ(O) are independent constants, which fix htf , wl@)

completely by the equations of motion. The nontrivial sub-leading terms, hl(ﬁ',), al(}), and

1/}§3) will be determined by the incoming boundary conditions at the horizon for the given

leading terms, hgz), EO), and wﬁ(o). The leading terms play the role of sources for the

operators of which expectation values are related to hS,’j), aﬁ), and @053) respectively.
Expanding the renormalized action (3.4) around the dyonic black brane background

and using the equations of motion, we obtain a quadratic on-shell action:

4 2
&) = lim L[ g [<4r3— ir >5ﬁfi 5X25ht1 S A
A—oo 2 r=A U(T) \/ \/ U(T’)

o R 285
T

(4.10)

8From here we set 7, = 1 for convenience of numerical analysis.

~16 —



where 6hy; = r=25g4:(t,7), ‘dot’ denotes 9; and ‘prime’ denotes 9.. We have dropped the
contributions from the horizon, which is the prescription for the retarded Green’s func-
tion [41]. In particular, with the spatially homogeneous ansatz (4.1)—(4.3), the quadratic
action in momentum space yields

Vo [ d - - -

s& =2 /0 o (= b)) —2mohUn) + @) — sh h? 4369 (4.11)
where V; is the two dimensional spatial volume [ dzdy. The argument of the variables with
the bar is —w. We dropped the range (—o0,0), which is the complex conjugate of (4.11),
to obtain complex two point functions [41].

The on-shell action (4.11) is nothing but the generating functional for the two-point

1(0)’ hg)), and ¥(9). We may simply read off a part of the two

Green’s functions sourced by a
point functions from the first two terms in (4.11). The other three terms are nontrivial
and we need to know the dependence of {%(1), hS’), 3} on {ago), hi?), ¢}, However, the
linearity of the equations (4.4)—(4.7) makes it easy to find out a linear relation between
{al(-l), hg?),w(?’)} and {a£0)7 hg)), 1. In the following subsection we will explain how to
find such a relationship numerically in a more general setup and apply it to our case.

4.2 Numerical method

A systematic numerical method with multi fields and constraints was developed in [19]
based on [42, 43]. We summarize it briefly for the present case and refer to [19, 33] for
more details. Let us start with N fields ®*(z,r), (a = 1,2,---, N), which are fluctuations
around a background. Suppose that they satisfy a set of coupled N second order differential
equations and the fluctuation fields depend on only ¢t and 7:

dw _;,

D (t,r) :/(27r)6 WP () | (4.12)
where rP is multiplied such that the solution ®¢(r) goes to constant at the boundary
(r — 00). For example, p = 2 in (4.2).

Near horizon (r = 1), solutions can be expanded as

®U(r) = (r = 1)"* (" + ¢"(r— 1) +---), (4.13)

where we omitted the subscript w for simplicity and v,4 (v,—) corresponds to the incoming
(outgoing) boundary condition. In order to compute the retarded Green’s function we
choose the incoming boundary condition [41]. This choice reduces the number of indepen-
dent parameter from 2N to N. There may be further reductions by N, if there are N,
constraint equations. As a result, the number of independent parameter is N — N so we
may choose N — NN, initial conditions, denoted by %, (i =1,2,---,N — N,):

1 1 1
1 -1 1

(SOCH V% 3 ... ‘:DaNch) =11 1. f (4.14)
1 1 1
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Every column vector ¢“; yields a solution with the incoming boundary condition, denoted
by ®%:(r), which is expanded as

()

PU(r) = SI+ - - (near boundary) , (4.15)
(2 r9a

where S%; are related to the sources, which are the leading terms of i-th solution, and O%;
are related to the expectation values of the operators corresponding to the sources (6 > 1).
A general solution constructed by ®%;(r) is

(0 ges

P (r) = ‘I’?(T)Ci — S?c% +o (near boundary) , (4.16)
r9a

with real constants ¢'. We want to identify S?c2 with the independent sources J% but if
there are constraints, it is not possible since a > 1. However, in this case, there may be N,
other solutions corresponding to some residual gauge transformations [19, 33]

o7

QU(r) = S7 + -+ + e + - (near boundary) , (4.17)

where ¢ runs from N — N.+1 to N. This extra basis set, ®%(r) = @%cg, generates a general
solution together with the ingoing solutions.
In our case, N = 6 and N. = 2, which corresponds to the constraints g,; = 0. There
are two sets of additional constant solutions of the equations of motion (4.4)—(4.7)
igméijhy; _iBRY,

) Xi
w w

hti = hgzv a; — (418)

where hY; is arbitrary constant and i,j = 1,2. Therefore, the explicit expression for S¢ is

0 —itn
idm
1 0
Sa,:(a a):
i = (5% S% 0 1
i2 0
0o 2

These can be understood as residual gauge transformations keeping ¢,; = 0, which are
generated by the vector fields, of which non-vanishing components are £ = e®e~ ! and

€Y = eYe ™! (¢ are constants). Le. LeA; = —qmeij.fj, Legri = —iw7"25,;j§j and Lexi =
Boij&l.
Therefore, the most general solution reads
Ra
D)+ BUr) = T (4.19)

where we defined J® and R®. For arbitrary sources J® we can always find ¢!

= (sH g, (4.20)
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where I =1,..., N. The corresponding response R® is expressed as
R* = 0% =0 (S™H, P (4.21)

The general on-shell quadratic action in terms of the sources and the responses can be
written as v g
@ = 22 [ S 1]+ JOBy, R 4.22
ren 2 0 (27[_) |: ab + ab ] Y ( . )
where A and B are regular matrices of order N and the argument of J is —w. For example,
the action (4.11) is the case with:

a;o) aél)
() o
h%O) hg&) 0 —p 0 100
J = h'gg) ,  R'= h?g) , A=10-2my0|®1y, B=]0-30|®1y,
j(:é) ?ﬂ 0 0 0 003
(0) (3)
Y Y

(4.23)
where the index w is suppressed and 15 is the 2 X 2 unit matrix. Plugging the relation (4.21)
into the action (4.22) we have

Vo [ dw - _
S£e21)1 = 22/0 %JQ [Aab+Bac@C](S I)Ib] Jb, (424)

which yields the retarded Green’s function
Gap = Agp + B, 0% (ST, . (4.25)

In summary, to compute the retarded Green’s function, we need four square N x N
matrices, A, B, S and Q. The matrices A and B can be read off from the action (4.22), which
is given by the on-shell expansion near the boundary. The matrices S and O are obtained
by solving a set of the differential equations. Part of them comes from the solutions with
incoming boundary conditions and the others may be related to the constraints. Notice
that the Green’s functions do not depend on the choice of initial conditions (4.14).

In the case of the dyonic black branes in section 4.1, we may construct a 6 x 6 matrix
of the retarded Green’s function. We will focus on the 4 x 4 submatrix corresponding to

ago) and hg)) in (4.9),

ij g

G{f’ G;’jT , (4.26)
Gry Gip

where every ngﬁ is a 2 x 2 retarded Green’s function with ¢ = z,y for given a and 5. The

(0)

sub-induces «, 8 denote the operators corresponding to the sources. I.e. the a, " is dual to
the electric current J* and the hg?) is dual to the energy-momentum tensor 7%. From the

linear response theory, we have the following relation between the response functions and
i ij ~ij 0
I\ (¢, G (d”

iy | ~ \ @i, g ONE (4.27)
77 G1rr ) \ Iy
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where (J*), (T%), a§0) and hﬁ?) are understood as 2 x 1 column matrices, with i = z,y. We
want to relate these Green’s functions to the electric (&), thermal (i), and thermoelectric
(&, &) conductivities defined as

<Ji> B Y QYT Ej
<<Ql>> - (&UT %ijT) <—(VjT)/T> ’ (4.28)

where @’ is a heat current, F; is an electric field and V,;T is a temperature gradient along
the 7 direction. Notice that the electric and heat current here contain the contribution
of magnetization, so we use the conductivities with hat ((2.37)-(2.40)). By taking into
account diffeomorphism invariance [1, 2, 19], (4.28) can be expressed as

@ (st ) (49)
(TH) — pu(J?) auT RIT iwh? ' ‘

tj

From (4.27) and (4.29) with the magnetization subtraction (2.50)—(2.52), the conductivities
are expressed in terms of the retarded Green’s functions as follows

o QuT K] UnG,=Gir) B 0 Xe¥
— w - g W g - _= . .
a T rYT Gy, =Gry) _ UGir=Gir(w=0)-u(Gir+G7,—nGy,;)) T \ X1V Yge¥

) ) (4.30)

4.3 AC conductivities and the cyclotron poles

In this section we present our numerical results. Some examples of the AC electric con-
ductivity are shown in figure 5 and 8; the thermoelectric conductivity is in figure 6; and
the thermal conductivity is in figure 7.

Before discussing the AC nature of the conductivities, we first examine the DC limit
(w — 0) of the AC conductivities and compare them with the analytic expressions derived
in section 3.3. The comparisons are shown in figure 4, where all conductivities are plotted
as a function of 3/T with the other parameters fixed; p/T = 4 and B/T? = 1. The solid
lines were drawn by the analytic expressions, (3.23), (3.24), (3.25)—(3.28) and the red dots
were read off from the AC numerical results in the limit w — 0. Both results agree, which
serves as a supporting evidence for the validity of our analytic and numerical methods.
Indeed this agreement is not so trivial in technical perspective. In the DC computation we
turned on h,; and read off the physics from the horizon data while in the AC computation
we worked in the gauge h,; = 0 and considered full evolution in the r-direction.

Let us turn to the AC properties of the conductivities. Figure 5, 6, and 7 show
the B dependence of the electric, thermoelectric, and thermal conductivity respectively.
The dotted lines are the cases for 8 = 0 and the red, green, blue curves are for 3/T =
0.5,1,1.5. The red dots at w = 0 in the real part of the conductivities are the values
given by the analytic formulas (3.23), (3.24), (3.25)—(3.28). They agree to the numerical
AC conductivities in the limit w — 0. As 8 increases, when all other scales are fixed, the
curves become flatter, which is expected from stronger momentum relaxation. Notice that
there is no 1/w pole in the imaginary part of the conductivities even when g = 0. It is

—90 —



Re[0™] Re[a™] Re[K*]
120 f

100 1500
6 80

1000
. 60

5 40 500
20

/T ‘ T | T
1 2 3 4 sk 1 2 3 4 s P 1 2 3 4 s P
(a) Reo®™® (b) Rea®™ (c) ReRr™
Re[0™] Re[a™] Re[K™]

250 3500

15 200 3000

2500

10 150 2000

100 1500

5 1000

50 500

/T - /T f /T
1 2 3 4 s B 1 2 3 4 2 B 1 2 3 4 : B
(d) Rec™ (e) Rea™ (f) Rer™

Figure 4. Agreement of DC analytic formulas (solid curves) obtained in section 3.3 with numerical
results (red dots): DC conductivities vs /T with u/T = 4, B/T? = 1.
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Figure 5. 8 dependence of electric conductivities: 8/T = 0, 0.5, 1, 1.5 (dotted, red, green, blue)
with p/T =1, B/T? = 3.

because the gauge field for B (2.6) breaks translation invariance in the same way as the
axion fields do.

There is a peak in the curves in figures 57, which is related to the cyclotron resonance
pole, the position of the pole of the conductivity in complex w plane [29, 30]

Ws = we — 7, (4.31)

where the cyclotron frequency w, is the relativistic hydrodynamic analog of the free particle
case, wy = eB/mc. However, the resonance due to w, here should be understood to be due
to a collective fluid motion rather than to free particles. A damping v could be thought
of as arising from interactions between the positively charged current and the negatively
charged current of the fluid, which are counter-circulating. In the hydrodynamic regime
for small B at 8 = 0, the w, was computed analytically in [30] as follows:

pB 0 B 0

= = =~". 4.32

We =
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Figure 6. 8 dependence of thermoelectric conductivities: /T =0, 0.5, 1, 1.5 (dotted, red, green,
blue) with p/T =1, B/T? = 3.
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Figure 7. § dependence of thermal conductivities: 8/T = 0, 0.5, 1, 1.5 (dotted, red, green, blue)
with u/T = 1, B/T? = 3.
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Figure 8. B dependence of electric conductivities: B/T? = 0.5, 1, 2, 4 (red,orange,green,blue)
with 8/T =1/2, u/T = 4.

Because (3 is related to momentum relaxation, it is expected that + will increase as 3
increases. It is indirectly shown in the plots since all curves become flat, which may reflect
the fact the pole goes away from the real w axis. It turns out that the w. tends to increase
as (8 increase, although it is not so clear in the plots. It will be discussed later in figure 10
and the equation (4.34). While in figure 5-7 we focused on the effect of § at fixed B, in
figure 8 we investigated the effect of B at fixed 3; the red, orange, green, and blue curves
are for B/T? = 0.5, 1,2, 4 respectively. A relatively big 11/3 = 8 has been chosen since the
peak is shaper when p/f3 is bigger. We find the peaks of the curves shift towards higher
frequencies as B increases, which is consistent with the hydrodynamic analysis (4.32).

To see the cyclotron pole directly in complex w plane, we introduce the following
combination

o = o™ £ ic®?, (4.33)

for easy comparison with [29, 30]. The density plots of |0 | in complex w plane are shown
in figure 9. Figure 9(a),(b),(c) are the cases with 5 = 0 and 9(d),(e),(f) are the cases with
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Figure 9. A density plot of |oT| in complex w plane: white areas correspond to poles and dark
areas are zeroes of . 8 =0 for (a)(b)(c) and 8/T = 10 for (d)(e)(f).

B/T = 10. We choose u and g,, such that ¢2, + u? to be constant. First, at 3 = 0 we
recover the result of [30].” White areas correspond to poles and dark areas are zeroes of o+.
There is a symmetry: u — g, and ¢, — —p at § = 0 inherited from the electromagnetic
duality of the bulk theory [30]. Since this bulk duality holds at finite 8 we expect the
same symmetry is preserved. It is demonstrated in figure 9(d)(e)(f); the figure (d) and (f)
are symmetric under the exchange of the white and dark region. The finite 8 shifts the
position of the poles to the negative imaginary direction. This implies the width of the
peak increases at real w axis as discussed previously.

The magnetic field dependence of the cyclotron poles at different values of g is shown
in figure 10, where (a) and (b) show the real part (w.) and the imaginary part (—7v)
respectively. The gray, red, green, and blue dots are the numerical results for 5 =10, 2, 3,4
respectively, while the black dashed line is the analytic result at § = 0 for small B from
the hydrodynamic analysis (4.32). At 8 = 0, our numerical result (gray dots) agrees to [30]
and also fits well to the hydrodynamic analysis (black dashed line) for small magnetic field.
We investigated how w, changes as § is introduced. Based on the red, green, and blue dots
in figure 10 and additional similar numerical data for different parameters, we found the
following relation at small B

We = we — iy = WX + c182B — i(7° + e28?), (4.34)

90ur numerical values of ;1 and g, are different from [30] due to convention difference.

~ 93 -



. Im[w.
1.5} o
K . —ie . . : - B
" . 2 Lf"r—v-,ﬁ"_ 8 10 12
. oo 000000 c00ae,,, ..‘...'"0‘.~.~_~
1.0 .0' .-'. -0.5¢ "“"0'-.. ..~::‘.~~.
.'. -.o'.. o® ‘ .....'o ’
o° .o'. o.. -1.0 -
0.5+ o o°® -’.. RIS
.. .'..o .... "'o..,.
. ....- __________________ -1.5 ....‘-.
2 4 6 8 10 12 14 -2.0
(a) Rews (= we) (b) Imws (= —v)

Figure 10. The magnetic field dependence of the position of the cyclotron resonance pole: g =
0,2,3,4 (gray, red, green blue). The dotted lines are the results by the hydrodynamic analysis (4.32).

where w? and 1° are defined in (4.32). It seems that ¢; and ¢ are dimensionful constants
independent of 8 and B. For this formula we focused on small B region where the dots in
figure 10(a) are linear to B. However, at large magnetic field B we numerically found the
tendency that w, ~ c3B, where c3 seems independent of j.

In the presence of dissipation, the cyclotron frequency was shown [29] to be changed as

1
=+ , (4.35)
Timp

while w, is intact. In our case Tinp is proportional to 1/ B2 for small 8 so the shift of the
imaginary part in (4.34) is consistent with the hydrodynamic calculation [29]. However,
our result implies that the cyclotron frequency (w.) is also shifted by ¢182B ~ B/Timp. We
suspect that the analysis in [29], where B/T? < 1 is assumed, is valid in the limit ¢; B is
small. We leave this issue and the analytic justification of the specific form (4.34) for a
future project.

5 Conclusions

In this paper, we have computed the electric, thermoelectric, and thermal conductivity
at finite magnetic field by means of the gauge/gravity duality. First, by considering a
general class of Einstein-Maxwell-Dilaton theories with axion fields imposing momentum
relaxation, we have derived the analytic DC conductivities, which are expressed in terms
of the black hole horizon data. As an explicit model we have studied the dyonic black
hole modified by a momentum relaxation effect. The background solution is analytically
obtained and the AC electric, thermoelectric, and thermal conductivity were numerically
computed. The zero frequency limit of the numerical AC conductivities agree to the DC
formulas. This is a non-trivial consistency check of our analytic and numerical methods
to compute conductivities. Our numerical method can be applied to other cases in which
multiple transport coefficients need to be computed at the same time.

The Nernst signal, the Hall angle, and the cyclotron resonance pole were discussed
following [28-30]. Our general analytic formulas of the Nernst signal can be used to build
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a realistic model and to investigate the universal properties of the model. In particular,
in the dyonic black hole case, the Nernst signal is a bell-shaped curve as a function of the
magnetic field, if momentum relaxation is small. It is similar to an experimental result
in the normal state of cuprates [35], which was speculatively explained by a vortex-liquid
effect [36, 37]. For large momentum relaxation the Nernst signal is proportional to the
magnetic field, which is a typical property of conventional metals. The Hall angle for the
dyonic black hole was computed explicitly. The Hall angle ranges between 1/7° and 1/T"
and scales as 1/T for large T. However, in the strange metal phase, it was known that the
Hall angle is proportional to 1/T2. The cyclotron poles (w.) we found are consistent with
the hydrodynamic results at 5 = 0 [29, 30]. They are shifted by momentum relaxation
(8 # 0) and our numerical analysis suggests the specific dependence of the cyclotron poles
on B and 3, (4.34), when B is small. If B is large it was proposed that w. ~ c3B with
c3 independent of 8. We plan to investigate the properties of the cyclotron poles in more
detail both numerically and analytically.

It is important to compare our AC conductivities with the general expressions based
on the memory matrix formalism [40, 44]. It would be also interesting to compare our AC
conductivity results with [45], where the AC electric conductivities have been studied at
finite magnetic field in the probe brane set up, focusing on the transport at quantum Hall
critical points [46]. The metal phase of our model at B = 0 does not have the property of
linear-T" resistivity, so it is worthwhile to start with the models having that property and
then investigate the Hall angle and the Nernst effect in those models.
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