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1 Introduction
As an example of algebraic settings, the captivating Krasnosel’skii’s fixed point theorem
(see [1] or [2], p.31) leads to the consideration of fixed points for the sum of two operators.
It asserts that, if M is a bounded, closed, and convex subset of a Banach space X and
A, B are two mappings from M into X such that A is compact and B is a contraction,
A(M) + B(M) € M, then A + B has at least one fixed point in M. Since then, there has
been a vast literature dealing with the improvements of such a result. For instance, in
locally convex spaces or in Fréchet spaces all kinds of extensions and generalizations of
Krasnosel'skii’s fixed point theorem have been obtained by some authors (see e.g. [3—11]
etc.).

As a more general consideration, there is another setting which leads one to investigate
the fixed points for so-called nonautonomous type superposition operators, that is, to

study the existence of solutions to the following operator equation:
x = F(x,Ax), (1.1)

for given operators A : X — Y and F: X x Y — X, where X and Y are given spaces. In the
framework of Banach spaces, the solvability of equation (1.1) has been considered by one
of the authors of this paper in [12, 13].

In the present paper, we will establish some new fixed point theorems for equation (1.1)
in the framework of locally convex spaces. Our results extend some Krasnosel'skii type
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fixed point theorems in the previous literature. As an application we will also study, respec-
tively, the existence and the global attractivity of solutions for the following quite general

nonlinear integral equation:

x(t) :f(t,x(t), /‘000 u(t, S,x(s)) ds, [: v(t, s,x(s)) ds), t>0, (1.2)

where x belongs to C(R,, R?), the space of all continuous functions defined on R, := [0, 00)
with values in the real Euclid space R? of d dimensions. Equation (1.2) is called a mixed
type nonlinear integral equation since within its form an operator of Urysohn type and an
operator of Volterra type appear.

Our results may also be applied to find the existence and uniqueness of solutions of

differential equations of fractional order with integral boundary conditions [14].

Definition 1.1 (see [15], Definition 1) The solutions of equation (1.2) are said to be glob-
ally attractive, if for arbitrary solutions x;(¢) and x,(¢) of equation (1.2) it follows that

lim;_, o |%1(2) — x2(£)| = 0.

It should be noted that by means of a Krasnosel’skii type fixed point theorem, in the space
C(R,,R%) Avramescu and Vladimirescu [16] discussed the following nonlinear integral

equation of mixed type:

x(t) = q(t) + /t V(t,s,x(s)) ds + /00 u(t,s,x(s)) ds.
0 0

On the one hand, in the Banach space BC(RR, ) consisting of all real functions continuous
and bounded on R,, by means of the measure of noncompactness Hu and Yan [15], and

Olszowy [17], respectively, discussed the following two equations:

x(t) =f (t,x(t), /Ot v(t, s,x(s)) ds), x(t) =f (t,x(t), /-000 u(t, s,x(s)) ds).

On the other hand, owing to the deficiency of a single measure of noncompactness in the
space C(R,,R¥), the technique of a family of measures of noncompactness in conjunction
with the Schauder-Tychonoff’s fixed point theorem was applied by Olszowy [11, 18].

Since the calculating of measures of noncompactness is very hard in the majority of lo-
cally convex spaces, in the present paper we will show that by establishing some new fixed
point results the use of the technique of measures of noncompactness may be avoided.
Our goals in this paper are to establish new fixed point theorems for the solvability of
equation (1.1) in locally convex spaces, and to study under what conditions equation (1.2)
is solvable in C(R,,R%) by applying our new theorems, and under what conditions the
solutions of equation (1.2) are globally attractive. The results obtained will provide a new
approach for discussing a class of operator equations in locally convex spaces.

The organization of this paper is as follows. In Section 2, we establish the fixed point
theorems for equation (1.1) in locally convex spaces. In Section 3, we prove the existence

and the global attractivity of solutions for equation (1.2).
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2 Fixed point theorems in locally convex spaces
Throughout this section, X will denote a Hausdorff locally convex topological vector
space, and {| - |} pea a family of seminorms which generates the topology of X.

Let U be the neighborhood system of the origin obtained from A. Thus if U € U, there
is a finite number of seminorms p1, 02,..., 0, in A and real numbers rq,rs,...,r, such that
U= rV(p;), where V(p) = {x: |x|, <1}.

A mapping T: X — X issaid to be a | - | ,-contraction for p € A if there exists «, € [0,1)
such that [Tx; — Txy|, < a, v — %2, for all xy, %y € X.

Theorem 2.1 Let X be sequentially complete, and let Y be a topological space. Suppose
that M is a closed and convex subset of X, and the operators A: M — Y and F: X xY — X
satisfy the following conditions:

(i) A is continuous, and A(M) is a relatively compact subset of Y;

(ii) F is continuous, and for each p € A there exists a, € [0,1) such that

’F(xl;y) —F(xz,y)|p < a,lx —x2]p,

forall x;,x, € X andyeY;
(iii) z=F(z,Ax),x e M = z€ M.
Then there is a point x in M such that F(x, Ax) = x.

Proof For a given y € A(M) by assumption (ii) the mapping F(-,y) defined by z + F(z,y)
is a | - |,-contraction for each p € A, so it has a unique fixed point in X according to
[3], Theorem 2.2. Now, let us denote by J : A(M) — X the mapping which assigns each
y € A(M) to the unique point in X such that Jy = F(Jy,y). Accordingly, the mapping J is
well defined.

For a given p € A, and arbitrary y, yo in A(M), we have the estimate

Uy = Jvolo = |FUy,9) - F(]yo,yo)|p

< [FU3.9) — EUyo,9)|, + [FUy0,) — F(yvo, o),

<o,y —Iol, + \F(Jyo,y) - F(Jy0,%0)

o’
it follows that
Jy —Jyol, <(1- Olp)fllF(]yo,y) - F(]yo,yo)|p~

Let U = (N, r;V(p:) be a given neighborhood of the origin in X. From the continuity of F it
is inferred that there exists a neighborhood W), of y5 € Y such that, forall y € W, NA(M),

[FU30,9) = EUyo, 30|, <1=atp  (i=1,...,m),

which implies that

Ly —Jyol, < (1 —ap,.)’lfF(/yo,y) —F(]yo,yo)’pi <L
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Thus, we obtain
W,, NAM) C T (Jyo + U,

and therefore J is continuous.

By assumption (iii), for every x € M we infer that z = JAx € M owing to z = F(z,Ax), i.e.
JA(M) C M. Since A and ] are all continuous, the composite operator JA is continuous
on M; and JA(M) is relatively compact by assumption (i). Now applying the Schauder-
Tychonoff fixed point theorem (refer to [3], Theorem 2.1(b), or [19], p.96), we conclude
that JA has a fixed point x € M such that JAx = x, which implies that

F(x,Ax) = F(JAx,Ax) = JAx = x.
This completes the proof. O

The following corollary shows that our above result extends the Krasnosel’skii fixed

point theorem in locally convex spaces.

Corollary 2.2 Let X be sequentially complete, and let M be a closed and convex subset of X.
Suppose that the operators A : M — X and B : X — X satisfy the following conditions:
(i) A is continuous, and A(M) is relatively compact;
(i) Bisa|-|,-contraction for each p € A;
(i) y=By+Ax,xe M=y e M.
Then there is a point x in M such that Ax + Bx = x.

Since the assumption (iii) of Theorem 2.1 sometimes is hard to verify in actual applica-

tions, we next establish a Schaefer type fixed point theorem for equation (1.2).

Theorem 2.3 Let X be sequentially complete, and let Y denote a topological space. Sup-
pose that the operators A: X — Y and F : X x Y — X are continuous and satisfy the fol-
lowing conditions:

(i) A maps bounded sets of X into relatively compact ones of Y;

(ii) foreach p € A there exists a, € [0,1) such that

|[F(x1,9) = F(x2,9)] , < atpla1 =221,

forall x1,%, € X and y € A(X).
Then, either
(a) there is a point x in X such that x = F(x, Ax), or
(b) the set {x € X : x = LF(x/\, Ax)} is unbounded for some X € (0,1).

Proof As in the proof of Theorem 2.1, let us denote by J : A(X) — X the mapping which
assigns each y € A(X) to the unique point in X such that Jy = F(Jy,y). We know that J is
well defined and continuous.

Since the composite operator JA : X — X is continuous and maps bounded sets into
relatively compact ones, by Schaefer’s theorem [20] we find that (a) either the equation



Wang and Zhou Fixed Point Theory and Applications (2015) 2015:228 Page 5 of 11

x = AJAx has a solution for A =1, that is,
x = JAx = F(JAx,Ax) = F(x,Ax);

or (b) the set of all such solutions
{x€X:x=AJAx) = {xeX: ; =F<;,Ax>},

is unbounded for some X € (0,1). This completes the proof. O

Corollary 2.4 Let X be sequentially complete. Suppose that the two operators A,B: X — X
satisfy the following conditions:

(i) A is continuous and maps bounded sets into relatively weakly compact ones;

(ii) Bisa|-|,-contraction for each p € A.
Then, either

(a) there is a point x in X such that x = Ax + Bx, or

(b) the set {x € X :x = LAx + AB(x/))} is unbounded for some A € (0,1).

3 The existence and global attractivity of solutions for a nonlinear integral
equation of mixed type

Throughout this section, we assume that the real Euclid space of d dimensions R is en-

dowed with an arbitrary norm | - |, and the space C(R,,R¥) is endowed with the family of

seminorms

T>0.

x| :=
te[0,T]

It is well known that C(R,, R?) is a locally convex space and become a Fréchet space fur-
nished with the distance

21
d(x,y) Z | — ylk
k=1

K14 [x -yl

Remark 3.1 Let us recall the following facts which will be crucial in our next considera-
tions:
(a) anonempty subset M of C(R,, R%) is said to be bounded if for each T > O there
exists a L7 > 0 such that |x|r < L7 for all x € M;
(b) the set {x € C(R,,R%): |x(t)| < h(t)} is a nonempty, bounded, closed, and convex
subset of C(R,,R%), where /: R, — R, is a continuous function;
(c) asequence (x,)en is convergent to x in C(R,,R¢) if and only if |x, — x|z — O for
each T > 0, i.e. (x,)qen is uniformly convergent to x on the interval [0, T'];
(d) abounded subset M of C(R,,R?) is relatively compact if and only if, for each T > 0,

the restrictions to [0, T'] of all functions from M form an equicontinuous set.

We will, respectively, prove the existence of solutions and the global attractivity of solu-

tions for equation (1.2) under the following assumptions:
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(H1) u:R?x R4 — R4 is continuous, and there exists a continuous function «; : R?2 - R,
such that, for all (¢,5) € R? and x € R,

|u(t, s,%)| < K1(t,9)1x];
(H2) there exists a continuous function 4 : R, — R, such that the improper integral

fooo k1(t, s)h(s) ds is uniformly convergent on all parameters ¢ € [0, T'] for each T > 0,
i.e. for arbitrarily given € > 0 there exists S = S(¢, T') > 0 such that, for all £ € [0, T],

/00 K1(t,8)h(s)ds < ¢;
s

(H3) v: A x R? — R? is continuous, and there exists a continuous function «, : A — R,
such that

[v(t,5,%)| < K22, 5) 1],
for all (¢,5) € A and x € RY, where A := {(t,s) e R?: 0 <t <s};
(H4) f:R, x (R%)? — R is continuous, and there exist three continuous functions « :
R, — [0,1), 8:R, > R, and y : R, — R, such that

f (&, 21,701, V1) — f (£, %2, T2, V) | < @ (B) |1 — 22| + B(O) [t — Ta| + y (£) 91 — V),

for all x;,7%;,v; e R% (i =1,2) and t € R,;
(H5) the following inequality holds for all £ € R*:

[f(t,O, 0,0)| +a(t)h(t) + B(E) /00 Kk1(t,s)h(s)ds + y (t) /t/cz(t,s)h(s) ds < h(t);
0 0

(H6) the following conditions are satisfied:

B(2)

m
tioo 1-a(t)

/ b)) ds=0 and fim ?
0

t—>00 1 — a(£) /0 Ka(t,8)h(s)ds = 0.

Under the above assumptions, we define a nonempty, bounded, closed, and convex sub-
set of C(R,,R?) as follows:

M:={xe C(R,RY) : |x(t)| < h(d)}, 6.1

and set Hr := sup,(o 7y /(t). We will apply Theorem 2.1 to prove the existence of solutions

to equation (1.2). To this end, we introduce the following two lemmas.

Lemma 3.2 If (H1) and (H2) are satisfied, then the operator U defined by
oo
(Ux)(t) := / u(t, s,x(s)) ds
0

is continuous on M and U(M) is relatively compact in C(R,,R%).
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Proof For all x € M, from (#H1) and (7{2) we obtain

/‘00 u(t, s,x(s)) ds
0

= fo ooIu(l‘»s,x(s))lals < /0 h K1 (t, $)h(s) ds.

Since for a given x € M and for each ¢ > 0 the function u(¢,-,x(-)) is integrable on R,,
and u is continuous, the function Ux is continuous on R*. Accordingly, the operator U :
CR,,RY) — C(R,,R?) is well defined.

Let T > 0 be fixed. By setting K; := max{ki(¢,s) : (t,s) € [0, T] x [0, T]}, from (H1) we
obtain, forallx e M and ¢ € [0, T],

o0 T [ee)
U ,S, d. , d. , d.
’( x)(t)’ 5/0 ’u(t s x(s))’ 35/0 K (¢ s)’x(s)’ s+/T Ko ( s)’x(s)’ s

T 00
5/ Kl(t,s)h(s)ds+/ Kk1(t, 8)h(s) ds
0

T

o0
< TKiHr + sup / k1(t, s)h(s) ds,
te[0,T]J0

which shows that the restrictions to [0, T] of all functions from U(M) form an uniformly
bounded set.
For Ve > 0, by (#2) there exists S = S(g, T) > 0 such that

sup/ k1L, 8)h(s)ds <
s

te[0,T]

(3.2)

W[ ™

By the uniform continuity of u on the set
Mr:={(tsx) eR2 xR :£e[0,T],s€[0,S],|x| < Hr},
there exists § = §(¢) > 0 such that

t; ) - t; ’ <_7 3.3
’M(lsl x1) — u(ty, s x2)|_35 (3.3)

for (¢;,si,%:) € 1 (i = 1,2) with |(t1,81,%1) — (£2,52,42)| < 8. By combining (3.2) and (3.3) it
follows that

|(L1x)(t1) - (Ux)(t2)| 5/0 |u(t1,s,x(s)) —u(tz,s,x(s))ids
s
5/ ’u(tl,s,x(s)) —u(tz,s,x(s))‘ds
0
+/ (|u(tr,5,%(9)) | + |u(t2,5,%(5)) |) ds
s

& o0
<—-+2 sup / k1(t, s)h(s)ds < e,

3 teomJs
for t1,t, € [0, T] with |f; — £;| < 8 and all x € M. This shows the restrictions to [0, 7] of all
functions from U(M) form an equicontinuous set, and the arbitrariness of T > 0 implies
that the set U(M) is relatively compact.
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Let (x,) ey € M be a sequence with x,, — x. The uniform continuity of u on I and the
convergence of (x,),en implies that there exists ng = no(e, T') such that, for all n > ny and
(t,8) €[0,T] x [0,S],

|u(t, 8, %4(5)) — u(t,5,x(5)) | < £ (3.4)
3S
Thus, from (3.2) and (3.4) we obtain

|(Ux,)(2) - (Ux) ()|
te[0,T]JS

S [e'9)

5/ |u(t,s,x,,(s))—u(t,s,x(s))|ds+2 sup/ k1(t,8)h(s) ds
0

<

=&

which implies that |Ux, — Ux|7 — 0, and the arbitrariness of T > 0 implies the continuity

of U is proved. d

Lemma 3.3 If (H3) is satisfied, then the operator V defined by

(Vx)(t) := /Ot V(t,s,x(s)) ds

is continuous on M and V(M) is relatively compact in C(R,,R?).

Proof Let Ar = {(t,s) : 0 <s <t < T} for an arbitrarily given T > 0. It is easily known
that the function Vx is continuous on R* for a given x € M since v is continuous and
the function v(t,-,x(-)) is integrable on [0,¢] for each ¢t € [0, T]. Thus the operator V :
C(R,,RY) - C(R,,R?) is well defined.

By setting K := max{x,(t,s) : (¢,s) € Ar}, from (#3) we obtain, for all x € M and ¢ €
[0, 71,

t T
’(Vx)(t)’ 5/0 |v(t,s,x(s))|a,’s§v/O /cz(t,s)|x(s)|ds

T
< / a(t,$)h(s) ds < TKoHr,
0

which shows that the restrictions to [0, T of all functions from V(M) form an uniformly
bounded set.

By the uniform continuity of v on the set
Qr = {(t,s,x) eAxRY:(t,s) e Ar, || SHT},

for Ve > 0 there exists § = (¢, T') > 0 such that

&

v(ty,81,%1) — vbp, 82, %) | < ———,
’(1 1%1) (£2, 52 2)|_T+K2HT
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for all (¢,s;,%;) € Qr (i = 1,2) with |(t,s1,%1) — (£2,52,%2)] < 8. Let us choose § <
e/(T + KyHr). It follows that, for each x € M and |#; — £ < 8 with 1 < £,

|(Vx)(t1)—(\/x)(t2)| 5/1|v(t1,s,x(s))—v(tz,s,x(s))|ds+/2|V(t2,s,x(s))|ds
0 o]

Te
<—+
- T+I(2HT

Te
< S
- T+I(2HT

2
/ Ko (L, 8)h(s) ds
5]
+KoHT1é <e,
which shows that the restrictions to [0, T] of all functions from V(M) form an equicon-
tinuous set, and the arbitrariness of T > 0 implies that the set V(M) is relatively compact.
Let (x,)ncn be a sequence in M with x,, — x € M. Since v is uniformly continuous on Qr,

it follows that for Ve > 0 there exists n¢ = 1y (g, T) such that, for all # > ng and (¢,5) € A7,

|V(t’s’xn(s)) - V(t,s,x(s))| <

Nl o

Thus, for Vt € [0, T] we have
|(Vx,,)(t)— (Vx)(t)| 5/0 |V(t,s,xy,(s)) —V(t,s,x(s))|ds

T
< / |v(t, s,xn(s)) - v(t, s,x(s)) | ds <e,
0

which implies that | Vx, — Vx| — 0, and the arbitrariness of 7' > 0 implies the continuity
of V is proved. O

We are now in a position by applying our Theorem 2.1 to prove the existence and global

attractivity of solutions of equation (1.2).

Theorem 3.4 Under the assumptions (H1)-(H5) equation (1.2) has at least one solution
x = x(t) which belongs to the spaces C(R,;R?); furthermore if (H6) is also satisfied then the
solutions of equation (1.2) are globally attractive.

Proof Letusset X := C(R,,R%) and Y := C(R,,R?) x C(R,,R%). Let M be defined by (3.1).
The operators A: M — Y and F: X x Y — X are, respectively, defined by

(Ax)(8) := (L)), Va)(D),  Flay)(e) :=f(£,2(), u(0), 9(t)), teR,,

for all x € X and y = (&, v) € Y with %,V € X. Our proving is divided into several steps: in
(1)-(3) we prove the existence; in (4) we prove the global attractivity.

(1) According to Lemma 3.2 and Lemma 3.3, for an arbitrarily given x € X we easily infer
Ax = (Ux, Vx) € Y since (Ux)(t) and (Vx)(¢) are all continuous functions defined on R,;
and the continuity of operator A is also easily obtained from the continuity of operators
Uand V.

Further, from Lemma 3.2 and Lemma 3.3 we infer that A(M) C U(M) x V(M) is rela-
tively compact by the Tychonoff product theorem, and therefore the condition (i) of The-
orem 2.1 is satisfied.
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(2) Obviously, for arbitrarily given x € X and y € Y the continuity of F(x, y)(¢) on R, may
easily be inferred from continuity of the function f (¢, x(¢), u(¢), v(t)).

Let xp € X and yo = (4o, Vo) € Y. Suppose that (x,),cy is contained in X and (y,),en
is contained in Y, respectively, such that x, — xo and y, — yo. By taking y, = (&, v,,) it
follows that u#,, — u and v,, — V. Let us set

ar:= sup «a(f), Br:= sup B(¢), yr:= sup y(£).
te[0,T] te[0,T] te[0,T]

For an arbitrarily given T > 0, from (#4) we infer that

|F(tns yn) = F(%0,50)|
= Ssup V(t!xn(t)rﬁn(t)rvn(t)) —f(t;xo(t)»ﬁo(t):l_/o(t)ﬂ

te(0,T]

<arl|x, —xol7 + Brlty — olT + YT|VWi — Vol T)

which implies the operator F is continuous on X x Y.
Further, for Vx1,x; € X and Vy = (,v) € Y by (4) we obtain

|F(x1,) - F(%2,9)| , = sup. ]V (t,x1(2), u(2), V(2)) — f (£ 22(2), 5(2), ¥ (2)) |
<arlx — x|,

for each T > 0, which implies that the condition (ii) of Theorem 2.1 is satisfied.
(3) We are going to prove that if for x € M there is z € X such that

2(t) = £ (¢, 2(8), (Ux)(2), (Va)(2)),
then z € M. In fact, from (#4) we have the following estimate:

2()| < [f(£,0,0,0)] + |f(£ 2(2), (Ux)(2), (V¥)(£)) —f(£,0,0,0)|

< |f(£,0,0,0)| + a(8)|z(8)| + BE)|(Ux)(®)] + ¥ ()] (Vx)(2)

’

and by (H5) we have

1

0l = =5

[[£(£,0,0,0)] + BO|(Ux)(®)] + ¥ ()| (V2)(®)]]

120

< h(z).

|:V(t,0, 0,0)| + B(2) /000 Kk1(t,8)h(s) ds + y(¢) /Ot/cg(t,s)h(s) ds:|

Accordingly, we obtain z € M and the condition (iii) is satisfied. Now applying Theorem 2.1
we conclude the proof of the existence part.
(4) Suppose that x; and x, are two solutions of equation (1.2), then by (#4) we have

|x1(t) —xz(t)|

< a(®)|a () - x0)] + BE)|(Ux)(8) - (Uxs)(8)| + v ()] (Vrr) (1) = (Va)(2)

’
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which implies that

|x1(8) — %2(2)|

_ AW
T 1-al)

y(2)
1- ()

2B() [* 2(8) [*
< —e® /0 K1 (L, s)h(s) ds + 1——(x(t)/0 15, 8)h(s) ds.

(|(Wx)(®)] + | (Ux)(®)]) + (|(VaD)(©)] + [(Va2)(®)|)

Thus, by (#6) we obtain
tl_i)rglo|x1(t) —x(t)] = 0.

By now we showed that the solution of equation (1.2) is globally attractive and finish the
proof. O
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