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1 Introduction

The Skyrme model [1] is a model for pions in the low-energy effective theory of QCD. The
model is a four-dimensional non-linear sigma model whose target space is S® ~ SU(2),
and composed of the fourth order derivative term in addition to the canonical kinetic
term. The fourth order derivative term guarantees the stability of solitons of co-dimension
three, which are called Skyrmions. The Skyrmions are characterized by the homotopy
class 3 (SU(2)) = Z and they are regarded as Baryons. The energy functional of the
Skyrme model has the Bogomol’nyi bound given by the topological charge associated with
the homotopy. This topological charge is identified with the Baryon number. However, no
analytic solutions that saturate the lower bound of the energy have been found so far.!
There have only been obtained the numerical solutions of Skyrmions, which indeed exceed
the energy bound. This reflects the fact that the original four dimensional Skyrme model
does not have the BPS property.

Finding proper solutions of Skyrmions is a long standing problem. There are several
directions to construct solutions. For example, the rational map ansatz provides a good
approximation to the Skyrmion solutions [5]. This includes solutions corresponding to
higher Baryon numbers. Although they can not saturate the energy bound, the rational
map solutions have close energies to the normalized Baryon charges. Alternatively, there is
another promising approach to Skyrmions known as the Atiyah-Manton construction [6].
Atiyah and Manton pointed out that the holonomy of the Yang-Mills instantons in the four-
dimensional Euclid space? gives a well approximated static Skyrmion solutions. Although,

!This is not the case for Skyrme models in curved spaces. For example, see [2—4] and references therein.
2The case for the curved spaces was discussed in [7].



the origin of this approximation is not transparent, a physical interpretation to the Atiyah-
Manton construction of Skyrmions was discussed in [8, 9].

Even though the Skyrmion solutions are well-approximated by instantons, they never
saturate the Bogomol'nyi bound of the energy. In order to understand the obscure con-
nection between the Yang-Mills instantons and Skyrmions, we need further penetrating
analysis. In this context, in [10], inspired by a holographic QCD model [11], it is pro-
posed a systematic derivation of the energy functional for the static Skyrme field from the
Yang-Mills action in four dimensions. In the derivation, the introduction of the tower of
mesons originated from the Kaluza-Klein-like expansion modes in higher dimensions makes
the Atiyah-Manton solution have closer energy to the bound [12]. Therefore, including the
higher expansion modes in the Atiyah-Manton solution leads to the better approximation
to the Skyrmions. Moreover, this relation is generalized to lower dimensions. For exam-
ple, an analogue of the Atiyah-Manton construction in two dimensions is proposed [13, 14]
where the sine-Gordon soliton solution in one dimensions is well-approximated by the CP!-
lump — the two-dimensional instantons. These facts remarkably suggest that there is a
deep correspondence between instantons or solitons and Skyrmion-like objects in various
dimensions.

The instantons in four dimensions satisfy the self-duality equation F' = %4F. Here
F' is the field strength 2-form of the gauge field and *4 is the Hodge dual operator in
d dimensions. A natural higher-dimensional generalization of instantons is a solution to
the self-duality equations in d = 4k dimensions F* = %4, F* where F¥ is the k wedge
products of F'. The k = 1 case corresponds to the ordinary instantons in four-dimensions
while the k > 2 cases are their generalization. The first non-trivial example is the k = 2
case, namely, the self-dual instantons in eight dimensions. This was studied so far from
various viewpoints [15, 16]. On the other hand, it is possible to consider higher-dimensional
generalizations of Skyrmions [17].

In this paper we study the relation between instantons and Skyrmions in higher di-
mensions. In particular, we focus on the eight-dimensional self-dual instantons that satisfy
FAF = xgFAF. The self-duality relation is obtained by the Bogomol'nyi completion of the
quartic Yang-Mills action in eight dimensions. We will derive the energy functional for the
static Skyrme field from the quartic Yang-Mills action by the reduction procedure devel-
oped by Sutcliffe [10]. The Derrick’s theorem indicates that the model admits static soliton
solutions which we call the eight-dimensional Skyrmions. We will find the numerical solu-
tion of the above mentioned Skyrmion. We will then calculate a field configuration through
the Atiyah-Manton construction applied to the eight-dimensional instanton and find that
this gives a good approximation to the numerical solution of the Skyrmion. Our results
strongly suggest that the instanton/Skyrmion correspondence holds even in 4k dimensions
and this relation is an universal property.

The organization of this paper is as follows. In section 2, we give a brief overview
of the prescription by Sutcliffe in four dimensions. We then derive the energy functional
for the static Skyrme field in eight dimensions from the quartic Yang-Mills action. In
section 3, we perform the numerical analysis to solve the equation of motion. We find a
spherically symmetric solution to the Skyrmions in eight dimensions. We then calculate



the holonomy associated with the self-dual instanton in eight dimensions and construct the
Atiyah-Manton solution. We will show a good agreement between the numerical solution
and the Atiyah-Manton solution. Section 4 is an analysis of higher dimensional generaliza-
tions. Section 5 is devoted to the conclusion and discussions. The detail derivation of the
energy functional for the static Skyrme field with hedgehog ansatz in eight dimensions is
shown in appendix.

2 Eight-dimensional Skyrme model from quartic Yang-Mills theory

In this section we introduce a Skyrme model in eight dimensions following the formalism
developed by Sutcliffe [10]. Before going to the eight-dimensional analysis, we give an
overview of the derivation for the ordinary Skyrme model in four dimensions.

2.1 Overview of the Sutcliffe’s truncation in four dimensions

The four-dimensional energy functional for static fields® of the Skyrme model is obtained
by a reduction of the usual quadratic Yang-Mills action in the four-dimensional Euclidean
space. The action is

S = —%192 /Tr (x4 FAF] = —45192 /d% Tr [FrnF™"] . (2.1)
Here F' = %and:zm Adx"™, (m,n = 1,...,4) is the gauge field strength 2-form. The
component is given by Fp,, = OnAn — OpAm + [Am, An]. The gauge field 4, is in the
adjoint representation of a gauge group G and it is expanded by the generators T¢ (a =
1,...dimG). Here G is the Lie algebra associated with G and k is the normalization
constant for the generators Tr[T¢T?] = k6. Here g is the gauge coupling constant.
Making the action (2.1) be the completely square form results in the Bogomol'nyi-Prasad-
Sommerfield (BPS) self-duality equation F' = %4 F whose solutions are called instantons.
Since the Yang-Mills action (2.1) has the scale invariance, instanton solutions that saturate
the Bogomol’nyi bound have a size modulus.

It is proposed in [10] that a holography-inspired reduction of the four-dimensional
Yang-Mills action (2.1) provides the energy functional for the static Skyrme field. Following
the prescription in [10], we first decompose the four-dimensional Euclidean space into
the three-dimensional physical space and a “fictious” direction: z™ = (xi,x4) where ¢ =
1,...,3. We then expand the four-dimensional gauge field A,,(x%, 2*) in the infinite line
along the z*-direction by a complete orthonormal basis with the square integrable function.

A suitable basis with the boundary condition A;(z?,z%) — 0 as 2* — oo is the Hermite
(=" 12240 -

Sy d©

. 2 .
function z) = #". Then we have an expansion
n )

Ap(a,ah) = AR (@' )n(2?), (2.2)
n=0

3We sometimes call this the three-dimensional action in Euclid space.



where A (z) are expansion coefficients, which will be determined later. Next, we perform
the gauge transformation by which the component A4 is set to be zero. By this gauge
transformation, the components of the gauge field A; is transformed as

A — gAGT + 90557, (2.3)

where the gauge parameter g is given by

14
§(at, ) = ~Pexp [ | A4<xa5>] . (2.4)
—0o0
Here the symbol P stands for the path-ordering. The asymptotic behavior of the Hermite
function 1, (c0) = 0 and the boundary condition A;(z%, 00) = 0 determines the gauge field
A;(x%, 2*) in the gauge A4 = 0. This is given by [10],

Ai(a',a*) = ui(a ) () + ) Wi (@) da(a?), (2.5)
n=0

where ¢4 (z) = 2 + 1 erf(z/V/2) and the error function is defined by erf(z) = % NS e €.

The gauge field is decomposed into the “zero-mode” wu(z?):
ui(e') =UU™,  U(a') = g(a’,a* = 00), (2.6)

and the infinite tower of the vector fields W*(z"). The zero-mode u(x?) is identified with the
Skyrme field while the higher modes W (z*) can be interpreted as “vector mesons”. This
analysis is completely parallel to the Kaluza-Klein reduction in which a field is expanded

ine*/27R 41ong the compact circle 4 ~ 2% + 27 R. Note that the

by the Fourier modes e
expansion along an infinite line enable us to realize the Skyrme field U by the holonomy
of the gauge field:
[e.e]
U(z') = —Pexp [/ dat Ay(z?, 2| . (2.7)
—0oQ
Although it is possible to compute W), let us focus on the leading approximation, i.e. we
neglect all the vector meson modes and focus only on the Skyrme field U(z?). We call this
the Sutcliffe’s truncation. Then, in the gauge A4 = 0, we have the following decomposition

of the gauge field strength:

4
Fu=U0U "0 (2*) = R; %ﬁ; ;
Fij = [Ri, RjJiby (a*) (¢4 (2) = 1) , (2.8)

where R; = UQ;U ! is interpreted as the right current.

Now it is easy to show that the Sutcliffe’s truncation of the Yang-Mills action (2.1)
gives the energy functional for the static Skyrme field. Plugging the decomposition (2.8)
into the quadratic Yang-Mills action (2.1) and performing the integration over z*, then

we find !
3 C1 C2 2
S = 792 /d :L'<— ETY[RZ’RZ'] - ETr[Riij] ) ) (2'9)
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(a) The profile for 4d Skyrmion. (b) The energy density plot.

Figure 1. The numerical profile for f(r) and the plot for the energy density £(r).

where the numerical factors are calculated as ¢; = ﬁ ~ 0.141, c5g = 2 ffooo dz* ¢3—<¢+_

1)2 ~ 0.198. These numerical factors can be set to ¢; = co = 1 by the rescalings of the

length 2' — \/ca/c12’ and the overall factor of the action S — \/011725’. We therefore

consider the natural unit ¢; = ¢ = 1 and set kK = 1, g = 1 for simplicity. After the

rescaling, the action (2.9) becomes the energy functional for the static Skyrme field:
3 1 1 2
ESkyrme = x| — 5 TI“[Rle] — E TI"[RZ‘, Rj] . (2.10)

The Bogomol'nyi completion of the energy functional (2.10) gives the energy bound

ESkyrme > 127%| B| where B = —241”2 [ 3z e, Tr[R; Rj Ry) is the topological charge, name-

ly, the Baryon number. Here €;;, is the Levi-Civita symbol. The equation of motion derived
from (2.10) is

0; <RZ~ — %[Rj, [Rj,RiH> =0. (2.11)

No analytic solutions to this equation have been found but a spherically symmetric solution
is dealt with the following hedgehog ansatz:

U =exp (if(r)i'n). (2.12)

2

Here 2* = %, r* = 2’2" and 7° are the Pauli matrices, namely, the quaternion basis. The

energy functional for this ansatz is evaluated to be

sin? f

ESiyrme :/0 dr/52 dQE(r) :27r/0 dr<r2(8rf)2+25in2f(1+((?rf)z) +—3

(2.13)
Here £(r) is the energy density and d2s is the integral element of the two-dimensional
sphere. The boundary condition is given by f(0) = 7, f(co) = 0. The numerical study is
easily performed for this ansatz. The solution to the equation of motion (2.11) with the
ansatz (2.12) is found in figure 1. The solution in figure 1 has the Baryon number B = 1.



We note that the energy functional (2.10) breaks the scale invariance presented in the
Yang-Mills action. A physical origin of this violation comes from the Sutcliffe’s trunca-
tion (2.8) where only the zero-mode (Skyrme field) is taken into account. Once we include
all the vector meson modes W/, the scale invariance is expected to be recovered.

2.2 Eight-dimensional Skyrme model

Now we generalize the procedure in the previous subsection to eight dimensions. In eight
dimensions, the natural action whose BPS equation is the self-duality equation F'A F' =
xg(F' A F) is that of the quartic Yang-Mills theory. The action is

@
Squartic:?g2 Tr[*g(F/\F)/\(F/\F)]
1\'4 a
- <2'> Al rg? / d°x T [(FMNFPQ)2 — 4PN PO Ry p Frg + (FYMY Fyw)?]
(2.14)
Here M,N,... = 1,...,8 and the component of the gauge field strength 2-form F =

%FMNdxM Adx™N is Fyry = Oy An —OnAnr+[Anr, An]. A constant o has mass dimension
[a] = —4 and g is the gauge coupling constant whose mass dimension is —2. In the
following, we set a/g? = 96 and x = 1 for simplicity. The gauge field Aj; is in the adjoint
representation of a Lie algebra associated with the gauge group G. We consider a gauge
group G which admits a non-trivial homotopy 77(G) = Z.4

The analysis is completely parallel to the four-dimensional case. We decompose the
directions M = (2!, 28), (I = 1,...,7) and expand the gauge field in terms of the Hermite
function 1, (2%). The Sutcliffe’s truncation provides the static Skyrme field in eight dimen-
sions through the relations (2.8). Plugging the expansion (2.8) into the quartic Yang-Mills
action (2.14) and performing the integration over the z8-direction, we obtain the energy
functional for the static Skyrme field:

Fatyrms = / d"xTx [e([Rr, Ry)[Rr, Ry))? + ea([Rr, R)[Ric. Ry))?
—4eo[Ry, Ry|[Ric, Ri)[Rr, Ri ][Ry, Ri]

+4e1 ([Ry, RJ])QR%( +4ei ([Ry, RJ]RK)2 —4c1[Ry, Ry|Rk[R1, Rk Ry
+ 8¢ [R], RJ] [RK, R[]RJRK —4c [R], RJ]R][RK, RJ]RK] . (2.15)

Here Ry = UO;U ! is the right current and the Skyrme field is defined by the holonomy

U(z!) = —Pexp [/00 dz® Ag(z!,2%)| . (2.16)

— 00

“In order that instantons are classified by the integer topological charge, it is necessary that the homotopy
group contains at least one Z factor. For example, we can consider the gauge group SO(8) in that case we
have 77 (SO(8)) = Z x Z.



Therefore, the Skyrme field is a map U : R7 — G where G is a group manifold. The
numerical constants c1, ¢z in (2.15) are calculated to be

oo 1 (o)
o= / da® ﬁ¢3¢3(w+ —1)2 ~0.00940, o = / dz® ¢t (1 — 1)* ~0.00308..
(2.17)

As in the case of the four-dimensional Skyrme model, these numerical factors are scaled

away by the replacements =/ — \/co/ci?, Eskyrme — \/%

¢1 = cg = 1. The quartic Yang-Mills action (2.14) has the scale invariance while the energy

Esiyrme. We therefore set

functional (2.15) does not. Again, this is due the Sutcliffe’s truncation where only the
zero-mode is considered and the vector mesons are neglected.

The eight-dimensional Skyrme model (2.15) has similar properties with the four-
dimensional ones. For example, the energy functional (2.15) is invariant under the following
global transformation

U—OUOR',  0,,0r€q. (2.18)

This is a generalization of the chiral symmetry in four dimensions. One also finds that
the energy functional (2.15) consists of the terms with 6th and 8th derivatives. This is
compared with the 2nd and 4th derivative terms in the four-dimensional Skyrme model.
The Derrick’s theorem applied to the energy (2.15) indicates that there is a stable solitonic
solution to this model. We call this the eight-dimensional Skyrmions. The Bogomol'nyi
completion of the energy (2.15) is given by

1 2
Egiyrme = 4 / d'z Tr K §€1JKLABCRIRJRK + @R[LRARBRC])

16
$4€1JKLABCR1RJRKRLRARBRC] > N—C\B\ ,  (2.19)
where No = 1/96007* is the normalization constant of the following topological charge:

B = Nc/d7$ Tr [EIJKLAgcR]RJRKRLRARBRc] . (2.20)

Here er7x4Bc is the totally antisymmetric tensor. The topological charge (2.20) is the

natural generalization of the Baryon number B = —5 41#2 J d3x Trle;j,Ri Rj Ry in the four-

dimensional Skyrme model.

3 Eight-dimensional Skyrmions from instantons

In this section, we examine a field configuration that extremizes the energy func-
tional (2.15), namely, the Skyrmion in eight dimensions. Assuming the hedgehog ansatz
for the Skyrme field U(x), we first derive the equation of motion from (2.15). We will find a
solution to the equation by the numerical analysis. We then construct a field configuration
from the eight-dimensional instantons through the Atiyah-Manton prescription. We com-
pare the two solutions and verify whether the Atiyah-Manton approximation works even

in eight dimensions.



Skyrmions from numerical analysis. Following the standard scheme for a spheri-
cally symmetric solution to the four-dimensional Skyrme model, we consider the following
hedgehog ansatz:

U(z) = exp (f(r)alel), (3.1)
I z!

where 2/ = £ r? = zf2! and f(r) is a real function. The basis ey, e} is the higher
dimensional analogue of the pure imaginary quaternions in four dimensions. Note that we
do not employ the octonions as a higher dimensional generalisation of the quaternions. It is
well known that the octonions are never represented by matrices and the algebra based on
them loses the associativity [18]. The natural candidate for the basis in eight dimensions
is based on the Clifford algebra [19]. This is given by

eM:5M818+5MIF§_)a 6;4:5M818+5M1F§+), (M=1,...,8, I =1,...,7),

(3.2)
where ng) are 8 x 8 matrices that satisfy the relations {ng),FSi)} = —20;513. The

matrices ng) are defined by ng) = (1 £ w)I';. We choose the matrices F§i) such that

they satisfy the relation FYF) = —I‘g_). Here I'; are given by the matrix representation of
the seven-dimensional complex Clifford algebra I'y € C¢7(C) and w = (—=1)I';---I'7 is a

chirality matrix. The basis is normalized as Tr[e Me;rv] = 8/~ and satisfies the following

relations

eMe}rV + eNe}Lw = eLeN + e;rVeM =20pun1g,

emen +enen = 20pen + 26nsenr — 20 n1s,

e}L\/le}rV + e}LVe}LV[ = 25M8€}LV + 25]\786}[\/[ — 20 n1g. (3.3)
Note that we have e} = —ey in our construction. Therefore the hedgehog field configura-

tion (3.1) satisfies UTU = 1g and it belongs to U(8). The details of the Clifford algebra,
including the explicit matrix representations of the basis ey, e;\/[, are found in [19].

We now derive the equation of motion for the profile function f(r). Using the algebra
of the basis (3.3), we find that the hedgehog ansatz is expanded as

U(x) = cos flg + sin f:%fe} . (3.4)

This expression allows us to write down the right-current field:

Ry = —rtsin®firlg + (—r Lsin fcos f + (9rf)i”1i”T + 7~ Lsin f cos fe} — ! sinzfe}ch.
(3.5)
Here & = #ley, 2T = :EIeJ}. It is straightforward to calculate each term in (2.15) by using the

above expression and the algebra associated with the basis (3.3). Although the derivation
is tedious, it needs a little bit of effort. The details are found in appendix. The energy
functional becomes,

ESkyrme :/ d?”/ dQﬁE(T)
0 S6
00 8
- 245767r3/ dr <3r2 sind £(0, £)% + 4sin® £ (400, )% + 1) + 127 f) . (3.6)
0

r2
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(a) The profile for the 8d Skyrmion. (b) The energy density plot for the 8d Skyrmion.

Figure 2. The numerical profile for f(r) and the plot for the energy density £(r).

where the overall factor comes from the volume factor of the radial direction and algebras
containing ejy, e}r\/l (see appendix). Then, we derive the equation of motion for f(r) as

sin?f(3r2 + 16sin® )02 f 4 6rsin® 0, f
sin f

r2

+3sin 2f | (r? + 8sin?£)(8,.f)* — 2sin®f — 8 =0. (3.7)

The boundary condition for the profile function f(r) is

f(0)=m, f(o0)=0. (3.8)

Compared with the equation in four dimensions, the equation (3.7) looks highly non-
linear. Therefore it is not obvious whether the equation (3.7) has appropriate solutions that
are consistent with the boundary condition (3.8) or not. In order to clarify the existence
of the solution to the equation (3.7), we first perform the Taylor expansion of the profile
function at the origin: f(6r) = >0, fi(6r)" = fo + f16r + f2(6r)? 4+ .... We then write
down the equations for the coefficients f; and look for f; order by order in (6r)!. For
the boundary condition (3.8), we find that the asymptotic behavior of the solution at the
origin is
(3c1 4 8o f7) [}
9(3c1 + 16¢2 f2)

Here fi1 can be chosen as a shooting parameter in the numerical analysis. From this

f(or) =7+ fior — (67)> + O((o7)) . (3.9)

observation, we conclude that we can numerically calculate a solution to the equation (3.7)
by appropriate methods of second ordinary differential equations with boundary conditions.
We stress that, if any shooting parameters are not found, then the equation does not have
appropriate solution with the boundary condition in general. The numerical result is
found in figure 2 where we have employed the functional Newton-Raphson method. The
behaviour of the profile function and the energy functional is quite similar to those in the
four-dimensional Skyrmion (see figure 1).

The Skyrme field is a map R” ~ U(8). However, the boundary condition U(r) — 1g
(r — oo) implies that the base manifold is topologically S7. Therefore the solutions are



characterized by the topological charge associated with the homotopy group 77 (U(S)) =7.
Indeed, the topological charge for the hedgehog ansatz (3.1) and the boundary condi-
tion (3.8) is evaluated to be

B = —96007* N (f(o0) — f(0)) = 1. (3.10)
This is the single Skyrmion in eight dimensions.

Atiyah-Manton solution from instantons. We next make contact with the Skyrmion
from the eight-dimensional instantons. The Bogomol’'nyi completion of the quartic Yang-
Mills action (2.14) is

Squartic:/Tr[(F/\F:F*8(F/\F))22|IF/\F/\F/\F]

zi/TﬂFAFAFAﬂ. (3.11)

Here we have defined
(FANF+3gF ANF)? =(FAF+%FAF)Axg(FAF +%FAF). (3.12)

The action is bounded from below by the fourth Chern number k = [Tr[F A F A F A F|
which defines the topological charge associated with instantons. The theory defined by
the action (3.11) has scale invariance. The Derrick’s theorem implies that the theory
admits static solitons, namely, instantons. The Bogomol’nyi bound is saturated when the
(anti-)self-duality equation

FANF=4x FAF, (3.13)

is satisfied. This is a natural generalization of the (anti-)self-duality equation F' = &+ %4
F in four dimensions. In the following we choose the plus sign in (3.13). Solutions to
the equation (3.13) is known as the self-dual instantons in eight dimensions. They are
characterized by the homotopy group 77(G) = Z where G is a gauge group. Only the
one-instanton is known as an analytic solution in the past [15, 16].> The one-instanton
solution is given by

1M4:13Nm(1+xz>2“) (3.14)

4 ]2 M

where [|Z]|? = (M — a™)(xp; —apr) and A, o™ are the size and the position moduli of the

solution. For simplify, we set a™ = 0. The matrix

EE\ZJ)V = eMe;V - eNe;rw (3.15)

is the generator of the SO(8) Lorentz group. This is the eight-dimensional analogue of the
't Hooft instanton in four dimensions [20].

"We note that multi-instanton solutions to the self-duality equation (3.13) are discussed in the framework
of the ADHM construction [19].

~10 -
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Figure 3. The energy profile for the Atiyah-Manton solution (3.18) as the function of the instanton
size .

Following Atiyah and Manton [6], we calculate the holonomy for the instanton solu-
tion (3.14). To this end, it is convenient to rewrite the solution (3.14) as

1 1 1 _
Ayl 2®) == - Nyl 3.16
M(m y L ) 2<)\2+T2—|—(I8)2 T2+($8)2)$ N ( )
Then one finds ) )
Ag = - Let 3.17
8 </\2 +r2+ (28)2  r24 (x8)2>x ‘r (3.17)
Using this representation, we calculate the following holonomy for the one-instanton solu-
tion Asg:
U(z!) = -P /OodsA(f ) [(1 L >A”] (3.18)
) =—Pex T r,x°)=exp ||l - — |T€}| . .
p - 8 p RV I

The result is the standard hedgehog form for the Skyrme field (3.1). This is why we have
employed the basis e} in (3.1). Plugging the Atiyah-Manton solution (3.18) into the quartic
Yang-Mills action (2.14) results in the static energy E(\) for the solution. The plot for
E()) is found in figure 3. As anticipated, the energy depends on the size of the instanton .
This is because the Sutcliffe’s truncation breaks the scale invariance in the quartic Yang-
Mills model. The size A now lost its status of modulus. The true solution corresponds to
the extremum of E(\). We find this happens at A = 3.29095.

For this value of A, we now compare the profile functions of the Atiyah-Manton and
the numerical solutions. The result is found in figure 4. We find that they agrees with high
accuracy. The plot for the energy density is also compared in figure 5. Again, we find a
good agreement between them. This result can be confirmed by evaluating the total energy
(see table 1). We therefore conclude that the Atiyah-Manton construction of Skyrmions
from instantons works well even in eight dimensions. We note that the eight-dimensional
Skyrmion is a non-BPS solution which is same as the four-dimensional one.
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1.5F

—— numerical sol.

— = = Atiyah-Manton

0.0Ff

Figure 4. The profile functions for the numerical and the Atiyah-Manton solutions.

e(r«Ng 3 /15

0.5}

0.0 b

—— numerical sol.

= = = Atiyah—-Manton

Figure 5. The profile functions for the energy density. The numerical versus the Atiyah-Manton

solutions.

1.5 2.0 2.5 3.0

r

Solution

Numerical

Atiyah-Manton | BPS bound

Energy

1.51239 x 16/N,

1.51521 x 16/N, 16/N..

Table 1. The total energy for the numerical, the Atiyah-Manton solutions and the BPS bound in

this model (2.19).

4 Higher dimensional generalization

In this section we make an analysis on the Atiyah-Manton construction in 4k dimensions.
It is worthwhile first to mention about the k = 3, namely, the twelve-dimensional case. In
twelve dimensions, the self-duality equation becomes FAFAF =+ %o FAFAF. It is
an easy exercise to show that the one-instanton solution to this equation is given by (3.14)

- 12 —



where the SO(8) generator Z,(f) is replaced by that of SO(12). We can construct the Atiyah-
Manton solution by calculating the holonomy associated with the instanton solution. We
can also find the Skyrme model in twelve dimensions and its Skyrmion solution along the
lines of the eight-dimensional case. The discussion is parallel to that in eight dimensions
presented in this paper. However, the explicit calculation of the Sutcliffe’s truncation in
twelve dimensions results in the energy functional for the Skyrme model with diverse (about
0(10?)) terms. Analyzing all the terms is beyond the scope of this paper. We therefore
proceed to the general discussion in the following.

Now we move to the discussion in 4k dimensions. The 4k-dimensional generalization
of the quartic Yang-Mills action (2.14) is

Sym = ;/RM Tr [(xa F*) A (FF)] (4.1)

where F¥ is the kth wedge products of the gauge field strength 2-form, F* = F A--- A F.
The gauge field takes value in the adjoint representation of a gauge group G. We assume
that this gauge group has non-trivial homotopy m4x—1(G) = Z. It is straightforward to
perform the Bogomol'nyi completion of the action:

Sym = / Tr [(F* x4, FF)? £ F*] > & / Tr [F*]. (4.2)
R*k R4k
The BPS equation becomes
FF =+ 4y F*. (4.3)

This is the (anti-)self-duality equation in 4k dimensions. The one-instanton solution to
this equation is explicitly wrote down by the ADHM construction of instantons in 4k
dimensions [21] which is the 4k-dimensional generalization of [19] in eight dimensions.
Again, the solutions are given as the form in (3.14) where the SO(8) generator is replaced
by those of SO(4k).

Next we perform the Sutcliffe’s truncation. The index structure of the Yang-Mills
Lagrangian is

(*4ka) /\Fk =

2k
1 1
MMy Py - P N1 N. Noj_1 N: 4k
€My Mg Ny Nop € 1 2k P1 2k PN1N2 [ pNak—1 QkFPng"'Fng,ngkd x,

(2k)1 \ 2!
(4.4)

where the overall factor comes from the normalization of the 2-form F' = %F wndzM A dzN
and the definition of the Hodge dual operation. The procedure of the reduction is parallel
to the previous sections. We can reduce the gauge field along, say, the 2**-direction. Then,
the gauge field becomes

1/}0 ($4k)

1
2ma

Fr; =Ry . Fry = [Rr, Ryl (aF) (¢4 (=) = 1),

(I,J,...=1,...4k—1, § = 4k). (4.5)
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Here R; = U0rUT is the right current field constructed from the Skyrme field U(x!). Then,
the energy functional for the static field U(z!) in 4k dimensions has the following structure

ESkyrme = E4k:(x) =+ E4k72(x) ) (46)

where E, stands for terms that contain n-th derivatives. The energy (4.6) is compared
with that in the eight-dimensional Skyrme model. Again, the Derrick’s theorem implies
that there is a static soliton solution that extremizes the energy (4.6). This is nothing but
the Skyrmion in 4k dimensions. Finding the explicit solutions need the numerical analysis
in each dimension. We can also calculate the holonomy for the 1-instanton solution in 4k
dimensions and derive the static energy F(\). Although we do not repeat the same calcu-
lations, the result of the original Atiyah-Manton construction in four dimensions and our
result in eight dimensions strongly suggest that this instanton/Skyrmion correspondence
does hold in 4k dimensions.

5 Conclusion and discussions

In this paper we studied the Atiyah-Manton construction of Skyrmions in eight dimen-
sions. Following the formalism developed in [10], we derive the static energy functional for
the Skyrme field from the quartic Yang-Mills action in eight dimensions. The Derrick’s
theorem indicates that there exist stable soliton solutions. The solutions are classified
by the topological charge B = N¢ fd7x ergkrapc Tr[RiRjRx R, RaRpRc|] which is the
eight-dimensional generalization of the Baryon number. Assuming the spherically sym-
metric hedgehog ansatz, we derive the equation of motion for the Skyrme field. Although
the equation is quite nonlinear and complicated, we can perform the numerical analysis
to find solutions. We present the explicit numerical solution for the Skyrmion associated
with the topological charge B = 1. The profile function and the energy density of the
eight-dimensional Skyrmion look quite similar to those in four dimensions.

In the latter part of the paper, we study the relation between the eight-dimensional in-
stantons and the Skyrmions. This is a generalization of the Atiyah-Manton construction in
four-dimensions. Following the four-dimensional case, we constructed the Atiyah-Manton
solution for the Skyrmion from the one instanton solution found in [15, 16]. We then com-
pare the numerical solution and the Atiyah-Manton solution and find that there is a good
agreement between them. The profile function looks quite similar in these solutions. This
result dictates us that the correspondence between the instantons and the Skyrmions by
the Atiyah-Manton construction is an universal property in higher dimensions.

Indeed, we have confirmed that the Sutcliffe’s truncation of the higher dimensional
generalization of the quartic Yang-Mills action gives the energy functional E for the static
Skyrme field in 4k dimensions. The structure of E together with the Derrick’s theorem
implies that there are stable Skyrmion solutions in 4k dimensions. Since it is easy to
show that the one-instantons in 4k dimensions are given by the ’t Hooft type, we can
easily write down the Atiyah-Manton solution in each dimension. Although it is hard to
compute the explicit energy functional for the 4k-dimensional Skyrme model, we expect
the Atiyah-Manton solution provides a good approximation to the Skyrmions.

— 14 —



Our study exhibits a deep relation between Yang-Mills instantons and Skyrmions.
Physical interpretations of the Atiyah-Manton construction in lower dimensions are studied
intensively [22-25]. Analogous relations among various solitons are expected in higher
dimensions. Meanwhile, supersymmetry play an important role to study the BPS nature of
classical solutions. Among other things, supersymmetric generalizations of Skyrme model
in four dimensions have been studied [26-31]. It is interesting to supersymmetrize the eight
dimensional Skyrme model presented in this paper.

There are various related studies. It is known that Skyrmions and monopoles have
similar structures through the rational map ansatz. One can expect that this relation
holds even in higher dimensions. For example, we know that only the numerical solutions
of monopoles in seven dimensions [32]. It is interesting to study the Nahm construction
of monopoles [33, 34| to find analytic solutions in seven dimensions. These expectations
may be based on the integrable structure of the self-duality equations. It is known that
the self-duality equation in four dimensions are reduced to integrable equations in lower
dimensions [35]. It is also interesting to study the integrable structure of the self-duality
equations in 4k dimensions and generalization of the Ward’s conjecture [36]. We will come
back to these issues in future studies.
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A Derivation of the eight-dimensional Skyrme model with the hedgehog
ansatz

For later convenience we reproduced the right current as
R = —r tsin?fi1g 4 (—r Lsin fcos f + 0, f)@;@" + rLsin f cos fe} —rt sinzfe}ff.
(A.1)
Then we find
RiR; = —((0,f)* +6r ?sin®f)1g. (A.2)
The commutator of the current R is calculated to be
[Rr, Rj] = —r 2sin®fx{;)
+2(r 2sin®f — r~Lsin f cos fO, f)(2rel, — @seh)at — 207 sin? £9, f(@rel, — yeh)
=D\ + B0 it - FOL,, (A.3)
where we have defined D = r~2sin®f, E = 2(r 2sin?f —r~'sin fcos f0,f), F =
2r~1sin?f0,f and ©7; = ﬁ:IeT] —:%Je}. Here the matrices Zg}) and Oy satisfy the following
relations
Ot = —ite;;, sier, =463, 01,5 = —4-6if,

0%, =261z, (=) = —4.7-615. (A.4)
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The squares of the commutator [Ry, R;] is evaluated as

[Rr, Rj)> = —24r2sin®f (502 sin® f + 2(9,.f)?) 1s. (A.5)

Using this result, we can calculate the first term in (2.15) as

([Rr, RjJ?)? = 16 - 627 *sin® £ (25 *sin® f + 20r 2 sin (9, £)% + 4(9,f)*)1s.  (A.6)

Things get more involved when we calculate the second term. We expand the second term
in (2.15) as

(IR, Ry)[Rx, Re])® =
1210 Yirlb X e ol ooy
—D*E(3 S5 0xe +3) 2 0t Sl + 3 0xa B S +01,a )85 )
+D°F (2055 0 + 25 0] + 570 B + 05 L))
+D*(E* + F?) (ZE)ZEK_L)@U@KL + @IJ@KLxg;)Z(K_L))
+D*E? (z:gjemﬁzg;)emﬁ +30kLiT0,,212)
+ @IJiTE(};L),Z(I;)@KLfT + @uiTZEK_L)@UiTZEK_L))
—DQEF(zgjemsefzgg)eKL+2§;>@KL5J 01,34 +0,2"2) 5 Y0k +0,,2T80) 0,5
+2§;>®KL2§;>®KL:):~T+2<,;)®KL9U§:T2§;L)+@U2§;L)2§;>eKL@TJr@Uzg;g@U:Nzg;L))
—DE(E? + F?) (zﬁj@mﬁ@u@m +0,:'50)0,0k,
+ @IJ@KLEEr;)@KLiT + @IJ@KLGIJS@TEE;;L))
+D*F? (2§;>@KL2§;>@KL +20k,0,,5) + 0,905 0k, + euzﬁgge“zﬁgg)
+DF(E* + F?) <Z§})@KL91J@KL + 01,5500k,
+01,0k.3 Ok + ("'DIJ@KL(")IJE(K_L))
+(E* + F?*)?01,0k101,0kK1 - (A7)

Here we have used the relation ©7;210 k2l = ©7;0 k1 and O7;210O k1 + OO kit = 0.
We stress that terms that contain the odd number of & or Z! vanish under the trace of the
matrices. Since we need the trace of (A.7) in the energy functional, we neglect these terms
and never calculate them in the following. Exploiting this fact, we are left with the terms
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that contain the even number of Z:

D* term: SssOn) — 1344 14,
DPE term: V900500t 4 oate) sl nl) — 4192 14,
D*(E?+F?) term: 2§;)2§;L)@1J@KL + 01,0k S )l) = —2.384 14,
D?E? term: S0k S0k it + 0,25 ) e ,an ) =296 15,
S0k Li101,415) + 0,818 S ek it = —2- 384 15,
DE(E2+F2) term: gJ)@KL:BTGIJ@KL 4 @[J@KL@[Jl’TZg(L)/ = —4-192 1g,
D?F? term: S0k 3 0k, + 0,5 )e,xl) =2 864 15,
$0k.0,5) + 0,550, = 2384 15,
(E*+F?)? term: ©1/09k1O1/OKL = —96 15.

(A.8)
With this result at hand, we find that the second term in (2.15) becomes

Tr ([Rr, Rj)[Ric, Ri])* = 1536r—* sin £ ( — 5r—*sin* f + 20r 2 sin? £(8, /)% — 8(9, f)*) -
(A.9)
We can calculate the other terms by same method. After the calculations, the results are
Tr ([Rr, Ry]%)° = 460874 sin f (2574 sin® f + 2072 sin (0, f)% + 4(0, f)*) ,
Tr ([R[,]:u’,J][RK,Rl])2 = 1536r*sin’ f(—5r~*sin® f + 20r 2 sin® £ (0, f)* — 8(0-£)*) ,
Tr[R;, Rj)[Ri, Ri|[R1, Rg][Ry, Ri] = 7680~ *sin® f (—55r* sin® f — 80r 2 sin® £ (0, f)* + 2(0- £)*) ,
Tr ([R],RJ])2R%( = 192r 2 sin f(30r*4 sin®f 4+ 17072 sin? £(0, f)2 + 2(0, f) 4) ,
Tr ([RI,RJ]RK)2 = 1927 ?sin®f (10r~ sm4f + 13r~ sm2f(8 H2=2(0,.1)")
Tr[R;, Rj)Rk[Rr, Ri]Ry = 19272 sin® f(—25r*sin’ f — 167~ 2sin*(9, f)? — (9, f)*)
(
(-

o f
O f

Tr[R;, Rj)[Ri, Ri)Ry Rk = 192r 2 sin® f (157 *sin® f + 14r~2sin £(9,.f)> — (0,f)*) ,

250 *sin' f — 16r 2 sin?(0, ) — (9-£)*) .
(A.10)

Tr[R;, Rs|Ri[RK, Ry]Ry = 192r %sin® f

Collecting everything altogether, we finally obtain
Tr {02([RI,RJ][RI,RJ])2+CQ([RI,RJ][RK,RL])2—4¢:2[RI,RJ][RK,RL][RI,RK][RJ,RL]
+4ei ([Rr, Ry))* Ry +4c1 ([Rr, Ry)Ri)* —4cr[Ry, Ry|Ric[Ry, Ric|Ry
+861[RI7RJHRK,R[]RJRK—4C1[R],RJ]RI[RK7RJ]RK} =
23040 (3017°_4 sin f (0, f)% + 4r—6 Sint(4C2(arf)2 + cl) +12¢or 8 sin8f> )
(A.11)
Taking ¢; = ¢2 = 1 and introducing the overall factor 1g7r37“6 we obtain the energy

functional (3.6). Here we have taken into account the factor that comes from the six-
dimensional spherical integration:

1
/56 A = 1—§7T37“6, (A.12)
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where SO is the six-dimensional spherical surface and d{)g is the integral element of the

six-dimensional sphere.
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