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Abstract

In this paper, we study the extreme points and rotundity of Orlicz-Sobolev spaces.
Analyzing and combining the properties of both Orlicz spaces and Sobolev spaces,
we get the sufficient and necessary criteria for Orlicz-Sobolev spaces equipped with a
modular norm to be uniformly rotund in every direction.
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1 Introduction

Sobolev spaces are valuable mathematical models which were formed in the 20th cen-
tury. Their effect on the development of partial differential equations is obvious (see [1]).
Orlicz-Sobolev spaces are an important extension of the Sobolev spaces, which have some
properties of both Orlicz spaces and Sobolev spaces. Moreover, the development of Orlicz-
Sobolev spaces not only improves the Banach space theory but also provides a rich model
for solving partial differential equations problems. The rotundity and uniformly rotun-
dity in every direction are important geometric properties of Banach spaces. One of the
reasons is that these properties are strongly related to the fixed point property (see [2])
and to the approximation theory (see [3, 4]). Zizler proved that if a normed linear space
is uniformly rotund in every direction then it has a certain formal structure (see [5]).

Chen and Hu discussed the extreme points and rotundity of Orlicz-Sobolev spaces with
maximum norm and Luxemburg norm (see [6, 7]). Garkavi first proposed the concept of
uniform rotundity in every direction when he researched the center of Chebyshev (see [8]).

The modular norm of Orlicz-Sobolev spaces is the natural generalization of the Lux-
emburg norm. Then we can study the Orlicz-Sobolev spaces with modular norm by using
the methods of Orlicz spaces. So we equip the Orlicz-Sobolev spaces with a modular norm
and study Orlicz-Sobolev spaces.

In the second section we introduce some basic notions, we agree on terminology and
provide some results which we will use further in the paper. In the third section we give
some relationships between a modular and the modular norm. Furthermore we discuss
the extreme points and give the sufficient and necessary criteria for Orlicz-Sobolev spaces
equipped with a modular norm to be uniformly rotund in every direction.

2 Preliminaries
In this section we recall some basic notions and results. Let [X, || - ||] be a Banach space,
S(X) the unit sphere and B(X) the unit ball.
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Definition 2.1 ([9]) M : R — [0, 00) is called an N function if it has the following prop-
erties:
(1) M is even, continuous, convex and M(0) = 0.

(2) M(u) >0 forall u #0.
M(u)

u

=0 and lim,_, » M)

(3) lim,_q = 00.

Besides we call M strictly convex if, for any u # v, we have

M(u+v> . M(u) +M(v).
2 2

An interval [a, b] is called a structural affine interval of M provided that M is affine on
[a, b, and it is not affine on either [a — &, b] or [a, b + &] for all ¢ > 0. Let {[a;, b;]}; be all the

structural affine intervals of M. We call
SCu 20\ [U(ai,b»]

the set of strictly convex points of M.

Proposition 2.1 ([9]) Suppose M is strictly convex, then, for any D > 0, € > 0, there exists

8 > 0 such that, for any u, v, satisfying |u| < D, |v| < D, lu —v| > ¢, we have

M(u+v) < (1_8)M(u) +M(v)'
2 2

Let (2, X, ) be the Lebesgue measure space in p Euclidean space with 0 < 42 < 0o and

M be an N function. For any measurable function # on €2, we define the modular of u by

o(u) = / M(u(t)) dt.
Q
The Orlicz space is defined as follows:
Ly = Ly(2) = {u(t) :3k > 0, p(ku) < oo}.

Then Ly equipped with the Luxemburg norm

lleell ar) = inf{k > O/QM(@) dt < 1}

becomes a Banach space which is called the Orlicz space.

Definition 2.2 ([9]) We say that the N function M satisfies the condition A, (we write
M € A,) if there exist K > 2 and uy > 0 such that M(2u) < KM(u) (|#] > uo).

Definition 2.3 ([10]) Let X be a Banach space, x € S(X). If y,z € B(X), y + z = 2x implies
x =y =z, then x is called an extreme point of B(X). The set of extreme points of B(X) is
denoted by ext B(X). X is said to be rotund(R) if S(X) = ext B(X).
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Definition 2.4 ([11]) Let X be a Banach space. X is called uniformly rotund in every di-
rection (URED) if for any z € X, {x,,} C X, |lx.|| = 1, ||x, +z|| = 1 and ||2x, + z|| — 2 imply
z=0asn— oo.

Remark 2.1 By Definition 2.3 and Definition 2.4, we get URED = R.
Next, we introduce the Orlicz-Sobolev space, which is an expansion of the Orlicz space.

Definition 2.5 ([1]) Let M be an N function and 2 be bounded and connected open sub-
set of N”. The Orlicz-Sobolev space is defined as follows:

WLy = WmLM(Q) = {Lt eLly:D%uelLy,0< lo] < Wl},

where « = (o, 009,..., ), || = Y ) sy @ (i = 1,2,..., 1) are nonnegative integers, D*u is
the ath distributional derivative of u.

Suppose u € WLy, we define its convex modular with respect to M by

= Y [ M uw)de,

O<|a|<m

and define the modular norm by

. - u
”mwmﬂ=mﬂk>04w<x)§1}

Then (W"Lag, || - 1) is @ Banach space.

3 Main results

In this section, we first of all discuss the relationships between modular and the modular
norm which are similar to that of Orlicz spaces. The results are showed through Lemma 3.1
to Lemma 3.3. Furthermore, these lemmas will help us to study the geometric properties
in this paper. Second, we will discuss the extreme points. In this part we get a sufficient
criterion for a point to be an extreme point or not, combining the generating function
M and properties of both Orlicz spaces and Sobolev spaces. Finally we get the sufficient
and necessary criteria for Orlicz-Sobolev spaces equipped with a modular norm to be
uniformly rotund in every direction.

Lemma 3.1 Suppose u € WLy, then:
D) pm@) <1= ullman <L, pa(@) = 1= (el pn) = 1.
~ u
(2) u#0, PM(W) <1l

(3) Netllmany <1 = par(ee) < el an)-
(4) Netllman > 1= oar(e) = et )

Lemma 3.2 Suppose M € Ay and u € WLy, then pp(u) =1 S ||tt] ) = 1.

Lemma 3.3 Suppose M € Ay and u € WLy, then:

Page 3 0of 10
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1) Ve €(0,1), 36 € (0,1), such that pp(u) <1—¢& = ||ty <1-36.

(
(2) Ve €(0,1),36 €(0,1), such that pp(u) >1+ & = ||ty =1+ 6.
The proofs of Lemma 3.1 to Lemma 3.3 are clear.

Lemma 3.4 ([12]) Let o = inf{t; : (t1,£2,...,L,) € R}, B = sup{ty : (b, b2,...,8,) € R}, r €
[, B]. Assume that f € Ly satisfies f(£) > 0, for p-a.e. t = (t1, £, ...,t,) € Q. Then if f(¢t) is
non-decreasing with respect to t; and f(t) = 0 for t; < r, we have || fE(t)f(t) dsllon < (B -
NIflary, where E(t) = E.(t1,t2,...,t,) = {s € [r,t1] : (s, £2,..., 1) € Q).

Base on the above lemmas, we obtain the following result.

Theorem 3.1 Suppose u € WLy, the following statements are equivalent:
1) Me A,.
(2) pm(m) = 0 & [lullm@mn — 0.
(3) pm(u) = 1 [lullmuny — 1.

Proof (1) = (2). The proof is similar to that of the Orlicz spaces (see [1]).
(2) = (1). Otherwise, if M ¢ A,, then there exists a nonnegative sequence {cx} 1 co such
that

M((l + %)ck> > 2KM(cy).

Set Ay = 2kM( (k=1,2,...), o, B are defined as in Lemma 3.4. Without loss of generality,

let D72 Ak < M(Q) Taking 8y € («, B) such that setting Qo = {t € Q: f; < 8o}, we have

w(S20) = u(2) — Y322, Ax. Then choose 8; € (8o, B) and Q2 = {t € Q: 8y < i1 < &} such that

(£21) = A1. By the induction process, for any k € N*, we have Qj = {t € Q:8;_1 < &1 < 8k}

such that xt(2¢) = Ax. Obviously, Y22 n(€2k) = (€2) and M(cx) (%) = 2ik forany k e N*.
Let

o0
up(t) = Y ek xe, (), 1<p<oo,
k=p+1

then

:>\=

Al

k=p+1

M(ck - xg, (1)) dt

5\

k=p+1

Z (i) - 11 (S2)

k=p+1

o0
1 1

- Z - (3.1)

2k op

k=p+1

which implies ||z, ||(ar) < 1.
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On the other hand, for any [ > 1, there exists py satisfying [ > 1 + pio, thus for all p > py,

par(luy) > pM((l + pio)up) = k§1M(<1 + pio)ck> - (%)

o0
1
> M1+ = - (2
>y << +k)ck> 1(S%)
k=p+1
o0
> Y 2FM(e) - () > 1.

k=p+1
We have [, ||(ar) = L
Define

5% %j-1 x
U (£) =/ f / Z Cr - X (S, boy .. ty)dsdxydxy - - - dxjy, 1<j<m,
o o

Y k=ptl

=/, thus ||u,||ar) = 1. Consequently, [z, |l = 1.

o

io,p(t) = uy(t).
Then, for « = (4,0,0,...,0), we have DV00-9z, (t) = i,, ;,(), 0 < j < m. And at the
same time for « ¢ {(0,0,...,0),(1,0,...,0),...,(m,0,...,0)},
D1y, ,(t) = 0.
Furthermore, by the induction and Lemma 3.4, we derive

1D Gyl aay < (B = 8p)™ " 1ot ll any-

It follows from Ay — O that u(S2) = Ax — 0, k — oco. This implies that §; approaches .
We can conclude, for any « # (m,0,0,...,0), [D*#y,lla — 0 as p — oo. By (3.1) and
Lemma 3.1(3), we obtain gy (i) — 0, p — 00. Thus ||, llmun <1, p — 00.

But

||£‘m,p||m,(M) = ”up”(M) =1,

o ()i pron(s) o)

By the above discussion we have

since

ﬁM(ﬁm,p) — 0, ”’j‘m,p”m,(M) =1, p— oo

It is a contradiction. Thus M € A,.

(1) = (3). By Lemma 3.1(3), (4) and Lemma 3.3.

(3) = (1). Suppose pp(u) = 1 < |[ully) — 1 and M ¢ Ay, by the proof of (2) = (1)
we can get

5M(12m,p) — 0, ||£lm,p||m,(M) =1, p— oo

It is a contradiction. Thus M € A,. O
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Now, we turn to the extreme points and rotundity of Orlicz-Sobolev spaces.

Proposition 3.1 Suppose u € S(W"Lyy), if there exist € > 0 and affine intervals (ay,by) of
M, 0 < |a| < m such that

int () {teQ:D*ult) € (aq+eby—e)} #9,

O<|a|<m
then u & ext B(W™Lyy).

Proof Let Qg = m0§\a|§m{t € Q:D%u(t) € (ay + &by — ¢)}. Take t,¢’,r > 0, such that
Ut,r) C Qo, U(t",r) C Qo, and U(,r) NU(t",r) = B, define

1
T R ()
0, te Q\U({,r),

]t’(t) =

1
T2 N _(7,_gN2
e "l te U, r),

0, te Q\UE",7),

]t”(t) =

then Jy (), ]y (2) € C°(2) C W™ Ly (<2).
Let

1
c1=&- min ,
o<la|<m | max;cq |D*Jy ()] +1
. 1
¢y =¢- min )
0<lal<m | maxseq |D*Jy ()] +1

then¢; >0, ¢; >0,and a;DJy () < &, c2D*J(8) < &, for any o with 0 < || <m, t € Q. Let
¢ =min{cy, c3}. Then we define

v(t) = u(t) + cJy () = cJpr(£),  w(t) =u(t) - cJe(t) + cJpr(t), te,

then v,w e WLy, w+ v =2u,and w #v. Let M(u) = kyu + d,, on (ay, by), therefore

/ M(DV() di = / M(D"u(t)) dt + / M(Du(t) + D*cJ (1)) dt
Q QU NUE" T

ue

+ / M(D*u(t) — D*cJp(t)) dt
ut”,r)

:/ M(D"‘u(t))dt+/ (ke D*u(t) + do,) dt
Q\UE H\UE",r) ut',r)

+ / (kaD“u(t) + da) dt
u”,r)

+/ koD%cJy (t) dt—f koD%c], (t) dt
u,r) u,r)

M(D"‘u(t)) dt + / (kaD"‘u(t) + da) dt

»/Q\Ll(t’,r)\u(t”,r) u ,r)uu(’,r)

= / M(D*u(t)) dt.
Q
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So we conclude py(v) = pp(u) < 1. Likewise, pp(w) = pp(u) < 1. Therefore v,w €
B(W™Lyy) and v # w, we know that u ¢ ext B(W"™Ly,). O

Lemma 3.5 Let u € S(W"Ly), if
(i) om(u) =1, and
(i) uf{teQQ:u(t)¢SCy}=0
then u € ext B(IW™Lyy).

Proof Suppose v,w € B(W"Ly) and w + v = 2u. We have to show u = v = w. The convexity
of M implies

1= puu Z/MD"‘

0<la|<m

L[ VE) +w(t)
=O§SM/QM<D (=5 ))df
( /MD“ t)dt+—/MD“ )
0<|a\<m

Z fMD“ dt+— > /MD"‘ (t) d

0<|a\<m 0<|a\<m

<L

So the equality holds in the above inequations. Again by the convexity of M, for any o with

0<la| <m,
/MD"‘ (t))d /MD"‘ t)) dt+—/MD°‘w(t))

In particular, when « = (0,0, ...,0),

1 1
/QM(u(t)) dt = 5/QM(v(t)) dt + 5/QM(w(t) dt

Then by (ii), we conclude u = v = w. So u € ext B(W" L) holds. (]
Theorem 3.2 Let M be a strictly convex N function. W Ly is rotund ifand only if M € A,.

Proof Sufficiency. It is trivial by Lemma 3.2 and Lemma 3.5.
Necessity. Suppose M ¢ A,, by the proof process of Theorem 3.1, there exist po and po.1
such that

”Zlm,po ||m,(M) =1, ||£‘m,p0+1 ”m,(M) =1L

—_ —_ 7 —_ wtv
Let w =ity p5 V = lhnpy,,, and u = =

Then

[lze]l 0,01 = 1.
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Therefore v,w € B(W"™L,), but w # v, so u ¢ ext B(W"”L,,). That is a contradiction with
the fact that WL, is rotund. Thus the condition M € A, holds. O

Based on the above results, we can prove the following theorem.
Theorem 3.3 Let M be a strictly convex N function. W Ly is URED ifand only if M € A,.

Proof Sufficiency. Suppose w € WLy, {u,} C WLy satistying ||uy o0 — 1, ltn +

Wl — 1 and ||2uy, + W @) — 2 as n — oo. Let v, = u,, + w. We get

Uy + Vy
2

—1 asn— oo.
m, (M)

Villmn = 1,

Un+Vn
2
{t6y, — v} converges in measure to 0. Otherwise, there exist 8y > 0, &0 > 0, and {u,, } and

{V }, such that

Furthermore (1) — 1, par(v,) = 1, pu( ) — 1, since M € A,. Now we claim that
M{t €Q: |Mnk(t) - Vnk(t)| = 80} = £9.

Since ppr(u,,) — 1, for any &9, choose ko € N*, for k > ko we have
| () = 1| < &o.

Then for D = M’l(g(lg;(f_o)) and k > ko,

1+ 60> pm(un) = Z /QM(D"unk(t)) dt

O<|ar|<m

> / M (1 (0)) dt
{te:|uy, ()|>D)

zM(D),u{t eQ: ‘unk(t)’ >D},
which implies
uft e Q: |u, (8)] > D} < %° (k > ko).

Likewise, ju{t € Q: [v,, ()| > D} < 3 (k > ko).
Define

QD,BO = {t €Q: |Mnk(t) - Vnk(t)| > 80:

unk(t)| S D)

v ()] <D} (k= ko).
Since

Qp,s, U {te Q: ’u,,k(t)| >D} U {te Q: ’V,,k(t)’ >D}

Ot e Q: |y (&) = v (8)] = 0}
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Then the following inequalities hold:

1(R2p,5) = 1 ({t € Q: |uy () = v (8)| = S0}) — e ({t € R |, (8)| > DY)

-n({teQ:|v, ()] >D})

> 2
-3

™

By Proposition 2.1, for the given D, &, there exists § > 0 such that

M(Vnk(t) ; unk(t)> - S)M(Vnk(t)) ;M(unk (t)

’

where t € Qps,.
Therefore

N s Y o U () + v, (2)
l_klgr;o,oM< 2 >_k1£rolo Z LM<D< 2 at.

O0<l|ar|<m

. Upy (£) + Vi, (£) . o U () + vy (2)
- Jim [ (S a3 fQM<D (f))”’t

1<|a|<m

i [ () g [ (00

k—o00 s, k—00 2\Qpy, 2

. o Un (t)“'vnk(t)
i 3 [ () Ja

1<|a|<m

< Jim (1-2) M (0) + Ml (@) M(Mnk(t) + Vnk(t)> it

Qp,s, 2 k=00 Jonap,, 2

+ lim Z Ml D~ Un(e) + Vi (8) dt
k=00 darem @ 2

< lim PM(Mnk) + PM(Vnk) ~ lim

k— o0 2 k— o0

‘ lim ) /§2M<Da(unk(t);rvnk(t)>>dt

1<|a|=m

n, n, . n t)— n 13
< lim IOM(M k) +10M(V k) — 1lim 5/ M(” I<( ) Vv k( )>dt
k—00 2 k—00 Qs 2

. o [ Un, (&) + v (8)
o 3 [ (o () Ja

dt

; / MV (8)) + M(t, (8))
Qp,sg 2

1<|a|<=m
- em(un) + o (Vi) 8o
fkll)rgo 5 - M 5 1(2p,5,)
n t H, t
i X (o0 0) )
k_)oolfla\fm Q 2
. om() + ppr(Vey) 3o
= Jim 2 —OM\ 5 Ji(Soa)
. 1 1
+ lim [—/M(D"u,,k(t)) dt + —/M(D“v,,k(t)) dt]
k— o0 2 Q 2 Q

1<|a|=m
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. 1. . 1. 80 o
= klgrolo E/OM(Mnk) + kli)nolo E'OM(V”") - 5M(—> 3

2
5
<1-sm( ) 1,
2)3

It is a contradiction. Then the claim holds, so w = 0. We finished the proof of sufficiency.
Necessity follows from Remark 2.1 and Theorem 3.2. d
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