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1 Introduction and preliminaries

In 1996, Kada et al. [1] introduced the concept of w-distance and got some fixed point
theorems for single-valued mappings under w-distance. In 2006, Feng and Liu [2, Theo-
rem 3.1] proved the following fixed point theorem for a multi-valued contractive mapping,
which generalizes the nice fixed point theorem due to Nadler [3, Theorem 5].

Theorem 1.1 ([2]) Let (X,d) be a complete metric space and T be a multi-valued mapping
Sfrom X into CL(X), where CL(X) is the family of all nonempty closed subsets of X. Assume
that

(c1) the mapping f : X — RY, defined by f (x) = d(x, T (x)), x € X, is lower semi-continuous;
(ca) there exist constants b,c € (0,1) with ¢ < b such that for any x € X, there is y € T(x)
satisfying

bd(x,y) <f(x) and f(y) <cd(x,y).
Then T has a fixed point in X.

In 2007, Klim and Wardowski [4, Theorem 2.1] extended Theorem 1.1 and proved the
following result.

Theorem 1.2 ([4]) Let (X,d) be a complete metric space and T be a multi-valued mapping
from X into CL(X) satisfying (c,). Assume that

(c3) there exist b € (0,1) and ¢ : R* — [0, b) satisfying

limsupg(r) <b, VteRY,
r—t*
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and for any x € X, there is y € T(x) satisfying
bd(x,y) <d(x, T(x)) and f(y) <¢(d(xy)dx,y).
Then T has a fixed point in X.

In 2009 and 2010, Ciri¢ [5, Theorem 2.1] and Liu et al. [6, Theorems 2.1 and 2.3] estab-
lished a few fixed point theorems for some multi-valued nonlinear contractions, which
include the multi-valued contraction in Theorem 1.1 as a special case.

Theorem 1.3 ([5]) Let (X, d) be a complete metric space and T be a multi-valued mapping
from X into CL(X) satisfying (c,). Assume that

(cq) there exists a function ¢ : R* — [a,1), 0 < a < 1, satisfying

limsupgp(r) <1, VteR",

r—>tt

and for any x € X, there is y € T (x) satisfying

Vof@)de,y) <f(x) and f(y) < o(f(x))d(x,y).
Then T has a fixed point in X.

Theorem 1.4 ([6]) Let T be a multi-valued mapping from a complete metric space (X, d)
into CL(X) such that

for each x € X, there exists y € T (x) satisfying
a(f(@)dx,y) <fx) and f@) < B(f(x)d(xy),

where

[0,supf(X)] if supf(X) < o0,
[0, 00) if supf(X) = oo,

a:B— (0,1] and B : B— [0,1) satisfy that

lim(i)nfa(r) >0 and limsup % <1, Vte [0, supf(X)).
r—0* '4

r—tt

Then
(al) for each xy € X, there exist an orbit {x,},en, of T and z € X such that
lim,,_, o0 X, = 2;
(a2) z is a fixed point of T in X if and only if the function f(x) = d(x, T(x)), x € X, is

T-orbitally lower semi-continuous at z.

Theorem 1.5 ([6]) Let T be a multi-valued mapping from a complete metric space (X, d)
into CL(X) such that

for each x € X, there exists y € T (x) satisfying

a(dx,9))d(xy) <f(x) and f(y) < B(d(xy))d(xy),
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[0,diam(X)] if diam(X) < oo,
[0, 0) if diam(X) = oo,

A=

a:A— (0,1] and B : A — [0,1) satisfy that

liminfa(r)>0 and limsup A <1, Vte[0,diam(X)),
r—t* rstt O ()’)
and one of o and B is nondecreasing. Then
(al) foreach xy € X, there exist an orbit {x,}uen, of T and z € X such that
limy,— 00 X = Z;
(a2) zis a fixed point of T in X if and only if the function f(x) = d(x, T (x)), x € X, is
T-orbitally lower semi-continuous at z.

In 2011, Latif and Abdou [7, Theorem 2.1] generalized Theorem 1.3 and proved the fol-

lowing fixed point theorem for some multi-valued contractive mapping with w-distance.

Theorem 1.6 ([7]) Let (X, d) be a complete metric space with a w-distance w, and let T be
a multi-valued mapping from X into CL(X). Assume that

(c5) the mapping f : X — R*, defined by f,,(x) = w(x, T'(x)), x € X, is lower semi-continuous;
(ce) there exists a function ¢ : R* — [b,1), 0 < b <1, satisfying

limsupg(r) <1, VteR*

r—>tt

and for any x € X, there is y € T(x) satisfying

Vet@)wx,y) <fi(x) and  f,(9) < o(fi(x))w(x,).
Then there exists vo € X such that f,,(vo) = 0. Further, if w(vo, vo) = 0, then vy € T (vo).

The purpose of this paper is to prove the existence of fixed points and iterative approxi-
mations for some multi-valued contractive mappings with w-distance. Two examples with
uncountably many points are included. The results presented in this paper extend, im-
prove and unify Theorem 3.1 in [2], Theorem 2.1 in [4], Theorems 2.1 and 2.2 in [5], The-
orems 2.1 and 2.3 in [6], Theorems 2.1-2.3 and 2.5 in [7], Theorem 6 in [8], Theorems 2.2
and 2.4 in [9] and Theorems 3.1-3.4 in [10].

Throughout this paper, we assume that R* = [0, 00), Ny = N U {0}, where N denotes the

set of all positive integers.

Definition 1.7 ([1]) A function w: X x X — R* is called a w-distance in X if it satisfies
the following:

(w1) w(x,z) <w(x,y) + w(y,2), Vx,9,z € X;
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(wy) for eachx € X, amapping w(x, -) : X — R* is lower semi-continuous, that is, if {y,},en
is a sequence in X with lim,_, o, ¥, = y € X, then w(x,y) < liminf,_, o w(x,y,);
(ws3) for any € > 0, there exists § > 0 such that w(z,x) <8 and w(z,y) < ¢ imply d(x,y) <e.

For any u € X, D C X, w-distance w and T : X — CL(X), put

d(u,D) = inf d(u,y), w(u, D) = inf w(u, y),
yeD yeD
f(u) = d(u, T(u)), fwlu) = w(u, T(u)),
diam(X) = sup{d(x,y) 1x,y € X}, diam(X,,) = sup{w(x,y) (X, Y € X},

[0,diam(X,,)] if diam(X,,) < oo,

[0, 00) if diam(X,,) = oo
and

[0,supf,(X)] if supf(X) < oo,
[0, 00) if supf,(X) = oo.

By, =

A sequence {x,},en, in X is called an orbit of T at xy € X if x, € T'(x,,_1) for all m € N.
A function g : X — R" is said to be T-orbitally lower semi-continuous at z € X if g(z) <
liminf,_, o g(x,) for each orbit {x,},en, C X of T with lim,,_, .o %, = z. A function ¢ : 4,, —
R* is called subadditive in A,, if (s + t) < ¢(s) + ¢(¢t) for all s,t € A,,. A function ¢ : A,, —
R* is called strictly inverse in A,, if ¢(t) < ¢(s) implies that ¢ < s.

Lemma 1.8 ([11]) Let (X, d) be a metric space with a w-distance w and D € CL(X). Suppose
that there exists u € X such that w(u,u) = 0. Then w(u, D) = 0 if and only if u € D.

2 Fixed point theorems
In this section we prove the existence of fixed points and iterative approximations for some

nonlinear multi-valued contraction mappings in complete metric spaces with w-distance.

Theorem 2.1 Let (X, d) be a complete metric space, w be a w-distance in X and T be a
multi-valued mapping from X into CL(X) such that

for each x € X, there exists y € T (x) satisfying

(2.1)

a(fu@)e(wixy) <fulx) and  f,(9) < B(f(®) ¥ (W(x,)),
where
a and B are functions from B, into (0,1] and [0,1), respectively, with
Br) @2
B(0) < x(0), liminfa(r) >0 and limsup—— <1, VteB,,
r—>07* rstt O 7‘)

@ and Vr are functions from A,, into R* with y(¢) < ¢(t), Vi€ A, and

(2.3)

@ is subadditive in A,, and satisfies that either
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@ is strictly inverse in A,,,(0) =0,¢0(t) >0, VteA,\ {0} (2.4)
or
@ is strictly increasing in A,, and lim @ L(t) = 0, where ¢!
t—0 (25)
stands for the inverse function of ¢.
Then

(al) for each xy € X, there exists an orbit {x,}nen, of T such that lim,_, o %, = uo for
some uy € X;

(a2) fi(uo) = 0 if and only if the function f,, is T-orbitally lower semi-continuous at uy;

(a3) ug € T(up) provided that w(ug, up) = 0 = f,,(uo);

(a4) T has a fixed point in X if for each orbit {z,},en, of T in X and v e X with v & T(v),
one of the following conditions is satisfied:

inf{w(z,,,v) + <p(w(zn,z,,+1)) ‘ne No} > 0; (2.6)

inf{w(z,, v) + w(z, T(24)) : 1 € No} > 0. 2.7)

Proof Firstly, we prove (al). Let

B0

y () )

Vt € B,,. (2.8)

It follows from (2.1) that for each x € X, there exists x; € T(x) satisfying
a(fi(%0)) @ (W(xo,%1)) < fiwlxo) and  f(x1) < B(fulx0)) ¥ (w(x0,%1)),

which together with (2.3) and (2.8) yields that

Sw1) < B(fu(%0)) ¥ (w0, 1)) < B(fiw(%0)) @ (wlxo, 1))

< B(fu(x0)) Julo)

a(fu(x0)) = ¥ (fu(x0) fu(xo)-

Continuing this process, we choose easily an orbit {x,},en, of T satisfying

Xns1 € T(xn), a(fw(xn))w(w(xmxnﬂ)) <fw,) and

(2.9)
Jw@Eni1) < ,B(fw(xn))W(W(xn:xnﬂ))r Vn e No.
It follows from (2.3), (2.8) and (2.9) that
fw(xn+1) < ﬂ(fw(xn))w(w(xmxnﬂ)) < ﬂ(fw(xn))q)(w(xn:xnﬂ))
fule)
= ﬂ(fw(xn))m = y(fw(xn))fw(xn): Vn € No. (2.10)

Now we claim that

Tim f,(x,) = 0. (2.11)

Page 5 of 17
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Notice that the ranges of « and 8, (2.2) and (2.8) ensure that
0<y(t)<l, VteB,. (2.12)

Using (2.10) and (2.12), we conclude that {f,,(x,)},en, is a nonnegative and nonincreasing
sequence, which means that there is a constant a > 0 satisfying

lim f,(x,) = a. (2.13)
Suppose that a > 0. Using (2.2), (2.8), (2.10), (2.12) and (2.13), we obtain that

a = limsup f,, (x,,1) < lim sup[y (fw(xn))fw(xl’l)]

n—00 n—00

<limsupy (fw(xn)) lim Supfw(xn)

n—00 n—o0

<alimsupy(r) <a,

r—a*

which is a contradiction. Thus a = 0, that is, (2.11) holds.
Next we claim that {x,},cn, is a Cauchy sequence. Put

b= h;ﬁgp y (fw(x,,)) and c= hnrgggfa (fw(x,,)). (2.14)
It follows from (2.2), (2.8), (2.12) and (2.14) that

0<b<1l and c¢>0. (2.15)

Let p € (0,¢) and g € (b,1). Because of (2.14) and (2.15), we deduce that there exists some
no € N such that

V(fw(xn)) <q and a(fw(xn)) >p, Yn=ng,

which together with (2.9) and (2.10) yields that

fw(xn+1) < qfw(xn) and (/)(W(xn:x;ﬁl)) S@; Vn > no,
which implies that
S @) <@ (%) and @(Wx, X)) < ]Mq”‘”o, Vn > no. (2.16)
By means of (wy), (2.3) and (2.16), we deduce that
m-1 m—lf (x )
(W xm) <Y @(Wlatio 1)) < Y 0% gk
k=n k=n p
< fw(xno) n—n()’ Vm >n Z Vlo~ (217)

~p(l-9q)
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Given ¢ > 0, denote by § the constant in (w3) corresponding to ¢. Assume that (2.4)
holds. It follows from ¢(8) > 0 and g € (b,1) that there exists a positive integer N > nq
satisfying

fw(xno) qn—no < QO(S); VYn > N. (218)

pl-gq)

Combining (2.17) and (2.18), we infer that

fW (xno ) n—-ngp

<@(8), VYm>n=>N,
p(l-q)

max{p(w(n, Xm)), @ (Wen, %4)) } <
which together with (2.4) guarantees that

max{w(xN,xm),w(xN,x,,)} <8, Vm>n>N. (2.19)
It follows from (w3) and (2.19) that

dXp,x,) <& Vm>n>N. (2.20)
It is clear that (2.20) yields that {x,},en, is a Cauchy sequence.

Assume that (2.5) holds. Since ¢ is strictly increasing, so does ¢ L. It follows from (2.5)
and g € (b,1) that there exists a positive integer N > n satisfying

(p1<fW(xn0) qnno) < (S, Vn > N,
r(1-q)

which together with (2.5) and (2.17) means that

W %m) = ¢~ (@ (Wn, %)) < 97" <%q”’”°) <8, Vm>n=>N,

which ensures that (2.19) and (2.20) hold. Consequently, {x,},cn, is a Cauchy sequence.
It follows from completeness of (X, d) that there is some 1y € X such thatlim,,_, 5 x,, = 1.
Secondly, we prove (a2). Suppose that f,, is T-orbitally lower semi-continuous at u,. Let

{%}nen, be the orbit of T defined by (2.9) and satisfy (2.11). It follows from (2.11) that

0 < w(uo, T(uo)) =fiu(uo) < liminff, (x,) =0,

which means that f,, (1) = 0. Conversely, suppose that f,, (1) = 0 for some #y € X. Let
{¥n}nen, be an arbitrary orbit of T in X with lim,_, o ¥, = u. It follows that

fw(MO) =0=< hnn_l)g.}ffw(yn):

that is, f,, is T-orbitally lower semi-continuous at .
Thirdly, we prove (a3). Note that 7' (o) is closed and

w(uo, o) = 0 = f,, (1t0) = w(uo, T (uo)).

It follows from Lemma 1.8 that ug € T (uy).

Page 7 of 17
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Finally, we prove (a4). Assume that {x,},cn, is the orbit of T’ defined by (2.9) and that it
satisfies (2.11), (2.16), (2.17) and lim,,_, o %, = 1o € X. Clearly, (2.16) and g € (b, 1) mean that

lim (p(w(x,,,xml)) =0. (2.21)
n—0oQ

Now we claim that
lim w(x,, ug) = 0. (2.22)
n— o0

In order to prove (2.22), we consider two possible cases as follows.
Case 1. Assume that (2.4) holds. Let ¢ > 0 be given. Notice that ¢(¢) >0 and g € (b,1). It
follows that there exists a positive integer N > ny satisfying

fW (xVIO ) n—n
pi-g)°

O <p(e), Vn=N,

which together with (2.17) yields that

S(Eng)

g7 <pe), Vm>n>N.
p(l-9q)

@ (WX, %)) <
Since ¢ is strictly inverse, it follows that

WXy, Xm) <&, VYm>n>N.
Letting m — oo in the above inequality and using (w5 ), we get that

w(x,, ug) < liminf w(x,,x,,) <&, Vn>N,

m— 00

that is, (2.22) holds.
Case 2. Assume that (2.5) holds. It follows from (2.5) and (2.17) that

fW (xno ) n—ngo

W %m) = @7 (9 (Wl ) < 07 <p(1 -q)

), Ym > n > ng,

which together with (w;) and (2.5) ensures that

fW (xWO ) n—ngq
pi-g)

w(x,, uo) < liminf w(x,,x,,) < gz)l( ) — 0 asn— oo,
m—>00

that is, (2.22) holds.
Suppose that ug ¢ T(ug). Let v = ug and z,, = x,, for each n € Nj. Assume that (2.6) holds.
Making use of (2.6), (2.21) and (2.22), we conclude that

0< inf{W(xn, uo) + (p(w(x,,,xn+1)) ‘ne NO} =0,

which is a contradiction. Assume that (2.7) holds. By virtue of (2.7), (2.11) and (2.22), we
infer that

0< inf{W(xm o) + WX, X11) 1 11 € NO} =0,

which is also a contradiction. Consequently, #y € T(1). This completes the proof. g

Page 8 of 17
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Theorem 2.2 Let (X,d) be a complete metric space, w be a w-distance in X and T be a
multi-valued mapping from X into CL(X) such that (2.3) and one of (2.4) and (2.5) hold
and

for each x € X, there exists y € T(x) satisfying

a (W) e(w.y) <fulx) and f,() < B(wx,2))¥ (W),

(2.23)

where
a and B are functions from A,, into (0,1] and [0, 1), respectively, with
. ) (2:24)
B(0) < «(0), llmtl)gfa(r) >0 and limsup T <1, VteA,

r—tt & I")

and
one of « and B is nondecreasing in A,,. (2.25)

Then (al)-(a4) hold.

Proof Firstly, we prove (al). Let

y(t) = % Vt € A, (2.26)

Notice that the ranges of « and 8, (2.24) and (2.26) ensure that
0<y(t)<l, VteA,. (2.27)

It follows from (2.23) that for each xy € X, there exists x; € T'(x,) satisfying

a(wlxo,x1)) @ (W(xo,%1)) <fulxo) and f,(x1) < B(wlxo,x1)) ¥ (wlxo,%1)),

which together with (2.3) and (2.26) means that

Jwx) < ﬁ(W(xo;xl))l/f(W(xo,xl)) = ﬁ(W(xo;xl))ﬁl)(W(xo:xl))

<B (W(xo,xl))% =y (W(x0,%1) ) fiu(%0).

Continuing this process, we choose easily an orbit {x,},cn, of T satisfying

Xns1 € T(xn), a(W(xmxn+1))(p(w(xn:xn+l)) <fwlx,) and

S @) < B(Wtn %001)) ¥ (WK, %001)), Vi € N,

(2.28)

which together with (2.3) and (2.26) gives that

fw(xm-l) = ﬁ(w(xmxnﬂ))df(W(xn:xn+1)) = /3(W(xnxxn+1))(p(w(xn:xn+1))
fw(xn)

aonle ey = Y W tm)ulw), Ve No (2.29)

E ,3 (W(xn’ xn+1))


http://www.fixedpointtheoryandapplications.com/content/2014/1/246

Liu et al. Fixed Point Theory and Applications 2014, 2014:246 Page 10 of 17
http://www.fixedpointtheoryandapplications.com/content/2014/1/246

and
fw(xn+1)

< JwEm)

(p(W(anrl,anrZ)) — a(w(anrl,anrZ))
< PO 5D 15, 3,00), e DN, .

a(w(x,,ﬁ.l, xn+2))

Now we claim that

WK1, Xpan) < WXy, X01), Vi € No. (2.31)

Suppose that there exists #y € Ny satisfying
W(xno+l) xn0+2) > W(xno;xn0+1)~ (2.32)

Let (2.4) hold. It follows from (2.3), (2.25), (2.26), (2.30) and (2.32) that

o (W(xng +15Xnq +2))

‘p(W(xnoﬂ» xno+2)) = W(W(xno;xnoﬂ))
= maX{V (W(xno)xnoﬂ))’ Y (W(xnoﬂr xrz0+2)) }(p(W(xno:xno+l))~ (2.33)

If @(W(xyys%ng41)) = 0, it follows from (2.33) that @(w(x,,41,%4y+2)) = 0. Thus (2.4) and
(2.32) guarantee that

0< W(xno:xnoﬂ) < W(xn0+1rxn0+2) =0,
which is a contradiction; if @(W(x,,,%,y+1)) > 0, (2.4), (2.26), (2.27) and (2.33) yield that

<,0(W(x,,0+1, xn0+2)) =< maX{V (W(xnorxnoﬂ))» 14 (w(x,,0+1, xn0+2)) }‘P(W(xno;xn0+1))

< @(W(ngs Fng41))- (2.34)
Since ¢ is strictly inverse, it follows from (2.32) and (2.34) that
W(xnoJrlr xn0+2) < W(xno:xnoﬂ) < W(xn0+1’ xn0+2);

which is impossible.
Let (2.5) hold. Notice that ¢ is strictly increasing. It follows from (2.3), (2.26), (2.27),
(2.30) and (2.32) that

L (W(Kg 15 Xy r2))

W (W(xno 1 Xng +l))

% (W(xn() +1)¥Xng +2)) =

=< max{y (W(xno)xn0+1))) Y (W(?Cy,0+1, xn0+2)) }‘p(w(xno;xnoﬂ))
< @(Wngs Xng+1))

<¢ (W(xno +1» xno+2)):
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which is absurd. Hence (2.31) holds. That is, {w(x,, %4.1)}sen, is a nonincreasing and non-
negative sequence. It follows that lim,_, oo W(, %4.1) = d for some d > 0.

Now we claim that (2.11) holds. Using (2.27) and (2.29), we conclude that {f,, (x,)}sen,
is a nonnegative and nonincreasing sequence. Consequently, (2.13) is satisfied for some
a > 0. Suppose that a > 0. Using (2.13), (2.24), (2.27) and (2.29), we obtain that

a =limsupf,, (x,.1) < limsup[y (WX, %ne1) )foo (%) ]

n—00 n—00

<limsupy (w(x,,, x,,+1)) limsupf,,(x,) < alimsup y(¢)
n—00 n—00 t—d*

<a,

which is a contradiction. Thus a = 0, that is, (2.11) holds.
Next we claim that {x,},en, is a Cauchy sequence. Put

b =limsupy (w(x,,, x,,+1)) and c¢=liminfa (w(x,,, x,,+1)). (2.35)

11— 00 n—00

It follows from (2.24), (2.27), (2.29) and (2.35) that (2.15) holds. Let p € (0,c) and g € (b,1).
Because of (2.15) and (2.35), we deduce that there exists some #ny € N such that

V(W(xmxnﬂ)) <q and a(w(xmxnﬂ)) >p, Vn = No,

which together with (2.28) and (2.29) yields that

fw(xn+1) = qfw(xn) and @(W(xn:xnﬂ)) =< Vn = Ho.

Sw(xn)
p ’

The rest of the proof is similar to that of Theorem 2.1 and is omitted. This completes the

proof. d

3 Remarks and illustrative examples
In this section we construct two nontrivial examples to illustrate the results in Section 2.

Remark 3.1 Theorem 2.1 extends Theorem 3.1 in [2], Theorem 2.1 in [5], Theorem 2.1 in
[6], Theorems 2.1 and 2.2 in [7], Theorems 2.2 and 2.4 in [9], and Theorems 3.1 and 3.2 in
[10]. Example 3.2 below shows that Theorem 2.1 extends substantially Theorem 3.1 in [2]
and Theorem 2.1 in [5] and differs from Theorems 5 and 6 in [8] and Theorem 2.1 in [4].

Example 3.2 Let X =[0,1]U {g} be endowed with the Euclidean metricd = |- | and o = 0.
Define w: X x X — R*, T: X — CL(X), & : [0,1] — (0,1], B:[0,4] — [0,1) and ¢, :
[0, g] — R* by

wx,y) =y, VxyeX,
{2}, vxe[0,2)U(3,1],

11 2 6
E’E ) Vxe{g, g};

T(x) =

a(t):%, ﬁ(t):%, vre[o,ﬂ
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and

6
o) =t Y () =min{s, [1-1¢}, Vie [0’5]’
It is easy to see that A,, = [0, &], B,, = [0, 1], (2.3), (2.4) and (2.5) hold and

x 2 2
Sy =w( T@) =1 ¥ Vx € [2: 56) u (1],
10’ Vxe{g,g},

is T-orbitally lower semi-continuous at u,

2 8 8
B(0) = 3 < 5= a(0), lirrg(i)gfa(r) =5 >0,

. Br) . 2+r 9 6+ 3t 1
lim sup — = limsup . = <1, el0,- |
s a(r) gt 3 8+r 8+t 4

For x € [0, %) U (%,1], there exists y = 7 € T'(x) = {3} satisfying

8 X
o () (l, ) = 2

and

24 %
fo) = % < ; Z -min{z,l— 2} = B(fu ) ¥ (W, ).

Forx e {%, %}, there exists y = % e T(x)= {%, %} satisfying

8+ L
@) (wx) = 50 - = =fule)

and

1

1 2+ . 1 1
Sw() = 20 = 310 ~m1n{ﬁ,1— E} = B(fu(®) ¥ (w(x,9)).

and

inf{w(z,, v) + ¢ (W(z, Zus1)) : 1 € No }
=inf{v + z,,1 : m € Np}

=v+uy=v>0.

Hence (2.1), (2.2) and (2.6) hold, that is, the conditions of Theorem 2.1 are fulfilled. Thus
Theorem 2.1 guarantees that (al)-(a4) hold. Moreover, T has a fixed point uy = 0 € X.

Now we show that Theorem 2.1 in [5] is unapplicable in proving the existence of fixed
points for the multi-valued mapping T'. Otherwise there exists a function ¢ : R* — [4,1),

Putv € X\ {0} and {z,},en, is an orbit of T in X. It is easy to verify that lim,,_, 2, =y = 0

Page 12 of 17
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0 < a <1, such that

limsupg(r) <1, VteR?Y, (3.1)

r—tt

and for any x € X there is y € T'(x) satisfying

Volf@®)dex,y) <f(x) (3.2)

and

FO) < o(f(x)d(x,y). (3.3)
Note that

% Vxel0,2)U31],

fx) =d(x, T(x)) = L x=2
B 6
15’ 5

Putx = % Forye T(x) = {%, %}, we discuss two cases as follows.
Casel.y= %. It follows from (3.2) and (3.3) that

)M ) =ro- ()4

and
3 1 2 21 3 1
20 =f(ﬁ) =f() < o(fx)d(x,y) = w(f<§))d(g: E) = Ew(E)
which imply that
1 ( 1 ) 4
025=-<g¢|—)<— =0.049,
4 81

which is impossible.
Case2.y= % It follows from (3.3) that

(2) sor=s - (3 ) - (2)

which together with (R*) C [a,1) yields that

15 _ (1 )
4 =%\15)<"

which is absurd.
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Next we show that Theorem 5 in [8] is useless in proving the existence of fixed points
for the multi-valued mapping T'. Otherwise there exists a function ¢ : R* — [0,1) such
that (3.1) holds, and for any x € X there is y € T'(x) satisfying

d(x,y) < (2-¢(d(x,9)))f (x) (3.4)

and

FO) < o(dx,y))dx,y). (3.5)

Put x = % Forye T(x) = {%, %}, we discuss two cases as follows.
Casel.y= %. It follows from (3.4) that

3 21 3 1
5 =d(355) ) = ol - (2-0( ) )15

which together with (R*) C [0,1) yields that

3 5
O0<¢p|l—=)=<-=-<0,
10 2

which is a contradiction.
Case2.y= % It follows from (3.4) that

= f<%> - £0) = ¢ (d(w)d(x,) w(d(% %))d(% %) - %w(%)

which together with (R*) C [0,1) gives that

15_ (1Y,
B_ (L)1
2 ~\15

which is impossible.

Finally we show that Theorem 6 in [8] is futile in proving the existence of fixed points
for the multi-valued mapping T'. Otherwise there exist functions ¢ : R* — (0,1), b : R* —
[b,1), b > 0 such that

o(t) < b(2), limsup ¢(r) < limsupb(r), VteRY, (3.6)

r—>tt r—tt

and for any x € X, there is y € T'(x) satisfying (3.5) and

b(d(x,9)d(x,y) <f(). (37)

Put x = % Forye T(x) = {%, %}, we discuss two cases as follows.
Casel.y= %. It follows from (3.7) and (3.5) that

3 3 21 21 2 1
Eb<ﬁ) . b(d(g, E)>d<§’ E) - b(d(w3)d(xy) <) =f<g) - =
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and
3 1 3 (3
20 =f(ﬁ> =f() < o(dx,y))d(x,y) = Ew(ﬁ)’

which together with (3.6) means that

3 2 1 3 3
bl —|<-<-=<¢p|l—)<bl—),
10 9 4 10 10
which is absurd.
Case2.y= % It follows from (3.5) that

(2t =otnan-o () - ()

which together with ¢(R*) C [0,1) gives that

15_ (1Y
4 =%\15)°"

which is impossible.
Observe that Theorem 6 in [8] extends Theorem 3.1 in [2], Theorem 2.1 in [4] and Theo-
rem 2.2 in [5]. It follows that Theorem 3.1 in [2], Theorem 2.1 in [4] and Theorem 2.2 in [5]

are not applicable in proving the existence of fixed points for the multi-valued mapping T

Remark 3.3 Theorem 2.2 extends, improves and unifies Theorem 3.1 in [2], Theorem 2.1
in [4], Theorem 2.2 in [5], Theorem 2.3 in [6], Theorems 2.3 and 2.5 in [7], Theorem 6
in [8], and Theorems 3.3 and 3.4 in [10]. The following example reveals that Theorem 2.2

generalizes indeed the corresponding results in [2, 4, 5, 8].

Example 3.4 Let X = [0, 00) be endowed with the Euclidean metricd = | - | and p > 1 be
a constant. Put g = 0. Define w: X x X — R*, T: X — CL(X), « : [0,00) — (0,1] and
@,V :[0,00) = R* by 8:[0,00) — [0,1) by

wix,y) =9, Vx,yeX,

2

,_,
|>§

5], Vxelo,1),

Tx)=1{ 2
[%,i], Vx € [1,00),
5 4 ¢ 34 17
+tr + 17
t) = s t) = , YtelOo,
alt) 10 B(t) 10 [0, 00)

and

<ﬂ(t) =t, Vte [Ov OO), lﬁ(f) =
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It is easy to see that A,, = [0,00), (2.3), (2.4) and (2.5) hold, w is a w-distance in X and

Sfwlx) = W(x, T(x)) _ (1%)”, Vx e [0,1)
op’

Vx € [1,00)

is T-orbitally lower semi-continuous in X, @ and 8 are nondecreasing,

3 1 1
B(0) = 053" «(0), lirrg(i)r}fa(r) ==

>0
and

Putx € [0,1) and y T(x). Note that

P13
5+y<10 and 2 S—Sﬂ
2 4r 10

imply that

(W, 9)e (W(x,y))-— <y =ful®)

and

2\ P
200 = (%) =250 = vt ) (k)

Put x € [1,00) and y = % eTx) =]

11
5» 71 It follows that

54+ 1
@(Ww )W) = 22 - < o =)
and
3+4+ 1
Suy) = @ < 109 i B(w(x, ) ¥ (w(x, ).

Let ve X\ {0} and {z,},en, be an orbit of T It is easy to verify that lim,,_, , z, = 0 and
inf{w(zn, V) + QD(W(Z,,,, Zn+1)) ne NO}

=inf{ +2,,,:neNo}=+¥>0

That is, (2.6) and (2.23)-(2.25) hold. Thus the conditions of Theorem 2.2 are satisfied
Consequently, Theorem 2.2 ensures that (al)-(a4) hold and u = 0 is a fixed point of the
multi-valued mapping 7" in X

Page 16 of 17
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Notice that

fx) =d(x T(x) = 2 1 Vx € [0,1),
x-7, Vxe[l,00)
and
. 1 3
lmipt () = 5 < =/

which implies that f is not lower semi-continuous at 1. Thus Theorem 3.1 in [2], Theo-
rem 2.1 in [4], Theorem 2.2 in [5] and Theorem 6 in [8] could not be used to judge the
existence of fixed points of the multi-valued mapping T in X.
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