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The last decade has seen remarkable progress in our understanding of scattering amplitudes

in quantum field theory. In particular, Witten’s twistor string [1] has inspired a number of

novel methods for computing tree-level amplitudes, including the Cachazo-Svrcek-Witten
(CSW) rules [2] and the pioneering work of Britto, Cachazo, Feng, and Witten (BCFW) [3,



4]. The crux of BCFW is that tree-level amplitudes are rational functions of the external
momenta — thus, by analytically continuing these momenta into the complex plane, one
turns an amplitude into a meromorphic function. Since a meromorphic function is uniquely
determined by its singularities, one can characterize all of the properties of the amplitude
by its poles and residues. The BCFW recursion relations exploit this feature in order to
write on-shell amplitudes as sums of products of lower-point on-shell amplitudes.

The validity of the BCFW recursion relations is predicated on the absence of a pole
at infinity. This fact has motivated the study of general properties of tree-level amplitudes
evaluated at large and complex momenta. Naively, one would expect that tree-level ampli-
tudes could scale with dangerously high powers of z, since individual Feynman diagrams
contain derivative couplings in both Yang-Mills and gravity. Remarkably, many ampli-
tudes behave better than expected, and certain amplitudes which naively blow up at large
z actually fall off. In [5], Arkani-Hamed and Kaplan categorized the helicity-dependent
behavior of gauge and gravity amplitudes at large z. By interpreting these processes as a
hard particle moving through a soft background, they were able to systematically derive
the large z behavior of general Yang-Mills and gravity scattering amplitudes.

Despite this progress, the applicability of these new methods to string theoretic am-
plitudes remains relatively unexplored territory. To our knowledge, only [6] discusses the
subject in any detail. The authors of [6] initiated the study of BCFW techniques in a stringy
context by verifying the absence of a pole at infinity for four-point open string gauge boson
amplitudes, and by conjecturing that the pole is also absent for higher point amplitudes
and for closed string graviton amplitudes. Since string amplitudes often have very good
behavior at large momenta, it is reasonable to believe this conjecture. A corollary is that
recursion relations along the lines of BCFW should then hold for string theory amplitudes.

In this work, we address this question in more detail. In particular, we show that
all tree-level string amplitudes! lack a pole at infinity, and so there is a string analog of
the BCFW recursion relations. The most important element in our proof is the string
pomeron formalism of Brower, Polchinski, Strassler, and Tan [7]. Using their results, we
describe the general large complex momentum behavior of string amplitudes, and show
that one can always analytically continue into a region in which these amplitudes vanish at
infinity. Additionally, we present an example of stringy recursion relations in the context of
bosonic string amplitudes with only external tachyons. In particular, while string BCFW
recursion relations necessarily involve an infinite sum over intermediate states of arbitrarily
high spins, this sum can be re-expressed in such a way that a tachyon amplitude may be
recursively related to lower-point tachyon amplitudes alone.

It is interesting to compare the large z structure of string theory amplitudes with the
corresponding series expansion in field theory. For example, one can compare amplitudes
involving massless external string states to QFT amplitudes with the same external states.
However, we do not expect these series to be simply related because at large z in the
string calculation, there is nothing to suppress the effects of the infinite set of massive
particles present in string calculations; in other words, it is not clear that the small o/

"'We only discuss tree-level amplitudes involving perturbative string states in this article.



limit commutes with the large z limit. However, we identify a particular limit, which we
call the etkonal Regge limit, of type I string amplitudes. In this limit, massless string
amplitudes and their low energy QFT approximation have an identical large z structure.
This leads us to suspect that the amplitudes themselves must be related in this limit. We
demonstrate that MHV amplitudes in type I string theory and N/ = 4 super Yang-Mills
theory are in fact equal in our limit at four and five points, and provide evidence that a
similar simplification occurs at higher points. It is possible that this statement holds more
generally, for other string theories or N¥MHYV amplitudes, but we do not provide evidence
for a more general statement.

It has been observed that asymptotic graviton amplitudes in general relativity exhibit
the structure of two copies of gauge boson amplitudes in field theory. This fact is diffi-
cult to explain using purely field theoretic methods, as discussed in [5]. We find that four
and five graviton amplitudes in type II string theory are equivalent to general relativity
amplitudes in the eikonal Regge limit. If this behaviour continues to hold for an arbi-
trary number of external gravitons, then the manifest KLT relation in string theory would
explain this structure.

The outline of this paper is as follows. In section 2, we begin by reviewing the BCFW
recursion relations, with an emphasis on the relevance of the pole at infinity. We then use
the technology of [7] to characterize the behavior of stringy amplitudes at infinity and, in
particular, to prove that all string amplitudes at tree level can be computed by BCFW
recursion. We extend this technology in section 3 to compute subleading terms in the large
z expansion of string amplitudes, and unexpectedly discover a structural similarity between
the asymptotic expansion of string amplitudes with massless external states and certain
field theory amplitudes. In section 4 we discuss the relationship of string and field theory
amplitudes at large z and our conjecture relating massless string amplitudes to field theory
amplitudes in a new limit. We provide evidence that type I string theory and N = 4 super
Yang-Mills theory MHV amplitudes are equal in our limit, and show that a conjecture of
Berkovits and Maldacena [9] implies this correspondence. The subject of section 5 is how
the string theory pomeron expansion can reproduce the field theory asymptotic expansion
which was discussed using background field techniques in [5]. Section 6 focuses on the
recursive structure of poles contributing to tachyon amplitudes in bosonic string theory.
We conclude in section 7. Our appendices contain our conventions and some computational
details. In appendix A, we describe our spinor conventions and recall some useful formulae
for computing operator product expansions. In appendix B, we collect some pomeron
vertex operators for fermionic states. Finally, in appendix C, we describe some explicit
five-point computations.

Note added. As we completed this work we became aware of ref. [8]. This article has
some significant overlap with our work, and in particular also includes a proof of the validity
of the BCFW recursion relations in string theory.

2 Recursions relations in string theory

Let us begin with a review of some of the basic elements of the BCFW recursion relations,
so that we can describe how to extend this method to tree-level string theory amplitudes.



Our main result will be that string theory amplitudes always vanish at large complex
momenta, provided that we work in an appropriate kinematic regime. This fact implies
that string amplitudes never have a pole at infinity, and thus obey a version of the BCFW
recursion relations. The primary tool we will use to prove this statement is the stringy
pomeron developed by Brower, Polchinski, Strassler, and Tan (BPST) [7].

2.1 A brief review of BCFW

The validity of the BCFW recursion relations [3, 4] can be understood directly in terms of
Feynman diagrams. In particular, since any tree-level amplitude is built out of propagators
and vertices, it must be a rational function of the external momenta. If one interprets
these external momenta as complex variables, then (like any meromorphic function) the
amplitude can be reconstructed from its complex singularities. A key insight provided
by BCFW is that the residues at these singularities are equal to products of lower point
on-shell amplitudes.

More concretely, BCFW considered on-shell tree amplitudes in Yang-Mills theory? in
which the momenta of two external particles are shifted into a light-like complex direction
parametrized by a complex number z. More generally we can consider such a deformation
of an arbitrary amplitude in a quantum field theory. If we take the shifted particles to be
particles 1 and 2, this shift is given by

ki — ki(2) =k +qz (2.1)
ko — ko(z) = ko — gz, (2.2)

where ¢ satisfies ¢-q = 0, k1 - g = 0, and ko - ¢ = 0. These constraints are imposed so
that the deformed external momenta remain on shell, /2:% = k% and /2:% = k% Note also that
complex momentum conservation is manifestly preserved.

One can now show that the deformed amplitude M is a complex meromorphic function
M(z) that contains only simple poles in z which occur when an intermediate state goes on
shell. Notice that we do not need to assume that the propagating particles are massless,
as discussed in [10]. It is well-known fact from complex analysis that any meromorphic
function which does not have a pole at z = oo is uniquely determined by its poles and
residues at finite z. Assuming M(z) satisfies this criterion, the amplitude can be written
as a sum over its poles at z = z:

M) =S ™ (2.3)

z— 2
& k

Because each pole in z corresponds to a complex factorization channel, the residues ¢ are
equal to products of lower point on-shell amplitudes separated by an intermediate on-shell
state. For Yang-Mills theory, the ¢; include a sum over the helicity of the intermediate
gluon, while more generally there is a sum over all allowed intermediate states. This con-
struction thus relates on-shell amplitudes to lower-point on-shell amplitudes in a systematic
fashion. The absence of a pole at z = oo is a necessary condition for the BCFW recursion

2In this paper we will always take vector boson amplitudes to be color-ordered.



relations.® Much work has been devoted to extending the original BCFW construction to
more general theories in which M(z) falls off appropriately at large z. There now exist
recursion relations for massive gauge theories [10], gravity [13, 14], supersymmetric [15],
and generic field theories [16].

This story translates easily to string theory. For a string amplitude, an intermediate
string propagator can be rewritten as a sum over a ladder of stringy excitations. From the
point of view of BCFW, this means that each propagator contributes a variety of simple
poles rather than just the gluon. Therefore, the BCFW recursion relations will also apply
to a given string amplitude provided that it falls off appropriately at z = oco. In this
section we show that all string amplitudes enjoy a power-law falloff at large z within a
particular kinematic regime. This observation is directly related to the celebrated Regge
behavior of string amplitudes. Consequently, the BCFW recursion relations can applied
to such amplitudes. Furthermore, since this regime in phase space is an open set, we
can analytically continue the resulting recursion relations to string amplitudes at arbitrary
kinematic configurations.

2.2 BCFW and the pomeron vertex

To derive an analogue of the BCFW relations for strings, we first need to review some
technology. Our main tool is the pomeron vertex operator of Brower, Polchinski, Strassler,
and Tan (BPST) [7].

We begin with bosonic open string amplitudes before later generalizing. Up to an
overall normalization factor, the BCFW-deformed amplitudes of interest are given by

N-2
M(z) = lwnwy-11WN N1 /(H dwz) (Vi (e, wi)Va(ka, wa) Vs (s, ws)- - Viv (kn, wn)),
i

(2.4)
where w; j = w; —w; and Vj(k;, w;) is the vertex operator for the ith particle with momen-
tum k; inserted at position w; on the worldsheet. Note that we have chosen to fix the SL(2,
R) invariance by fixing the locations of the vertex operators for particles 1, N — 1 and N.
We have deformed particles 1 and 2 and will be interested in the behavior of this amplitude
in the large 2z limit. We will work in Minkowski spacetime, in which case z must be complex.
We could equivalently work with real z in a spacetime with two timelike directions.

We now summarize the result of BPST, whose technology will play a central role in
our work. Consider the product of two open string tachyon vertex operators

/dw oik1-X(0) gika- X (w) _ /dw W20 F1k il X (0)+ha - (X(0)+wX (0)++)] (2.5)

where on the right-hand side we have performed the OPE, applied a Maclaurin expansion
in w, and used k1 -ko = k1 -ko. The key insight of BPST is that when z is large, the integral
in eq. (2.5) is dominated by w ~ 1/z. This is simply because of the large z in the exponent;

3In the case that there is a pole at infinity, eq. (2.3) still holds, but it must include the pole at infinity.

However, the residue at this pole does not have any physical interpretation in terms of on-shell amplitudes.
Methods for dealing with such a pole have been described in [11] and more recently in [12].



unless w is small, large fluctuations in this exponent lead to a negligible contribution to
the integral. This small z region corresponds to the limit in which the vertex operators for
particles 1 and 2 are close together on the worldsheet.

An accounting of the z expansion shows that contractions of w ky - X (0) into other
vertex operators in the string amplitude are of order 1 while the terms in the ellipsis in
eq. (2.5) are of order 1/z or higher, since they come with more powers of w. We may thus
truncate the expansion and perform the integral, obtaining

/du) eikl-X(O)eifCQ-X(w) ~ F(—l o a1812)[_,i]%2 . X(O)]1+a/slgeik-x(0)’ (26)

which is the pomeron vertex operator for the tachyon. Here, we have rewritten k = ky+hy =
k1 + ko. Additionally, we define s;; = —(k; + k).

Had we started with external particles other than tachyons, we would have found a
generalized pomeron vertex operator

/ dw Vi (k1,0)Va (ka, w) ~ Cia(2)T(=1 — os19)[—iko - X (0)]'F 512X (2.7)

where C12(2) is a rational function of z, and V} and V3 are the vertex operators correspond-
ing to particles 1 and 2. In the case where 1 and 2 are tachyons, C12(z) = 1. Alternatively,
if these particles are gauge bosons, then C2(z) arises from contractions with polarization
vectors that come with the gauge boson vertex operators,

Vi(kiywi) = € - X (w;)etF X (i), (2.8)

where ¢; is the polarization vector of the gauge boson satisfying ¢; - k; = 0. In this case, a
simple computation shows that

012(2’) = —20/(61 . ég — 20/ €1 -k éQ . /{?), (2.9)

where €1 o are shifted polarizations satisfying ¢; - /2:, = 0. The pomeron vertex operator has
the key property that it isolates the dependence of the amplitude on z in two terms: a ratio-
nal function Cy5(z), and the operator [—iky - X (0)]'T®512, The power 1+ as12 in eq. (2.7)
can be fixed by requiring that the pomeron vertex operator should have dimension one.

It is now straightforward to understand why the BCFW recursion relations can be
applied to open bosonic string amplitudes. From eq. (2.7) it is clear that the large z
dependence of any bosonic open string amplitude is

Mopen(z) ~ 21T 12 (2.10)

where Cia(z) grows like 2" at large z. If we restrict to a kinematic regime in which
n+ 1+ o's;2 < 0, then there can be no contribution to the amplitude from a pole at
infinity, and the BCFW recursion relations can be applied.

In contrast to the usual BCFW procedure, it may seem strange that we need to go
to a particular kinematic regime to get the good behavior we want, and then argue by
analytic continuation that the amplitude should behave nicely. However, this procedure is



common in the context of string amplitudes. Even in the Veneziano amplitude, the integrals
one must compute only converge in an unphysical kinematic regime. We can consistently
analytically continue these expressions as long as our function is well-defined in a open set.
Since our kinematic region is indeed an open set, we may analytically continue without
any problems. The analytic continuation of the amplitude is unique, and so it determines
the function in a physical regime.

It is straightforward to generalize these results to the closed bosonic string. The
pomeron vertex operator for closed string states [7] is

/d2w Vi(kr, 0)Va (o, w) ~ Cra(2)T1(0s12)e™ X O [py - 9X (0)po - 9X (0)]F'*12/4, (2.11)

where C2(z) is a rational function in z growing like z™ at large z, and

F(—l — 0/812/4)

II(o/ =2
(as12) = 2m (2 + o/s12/4)

e—i7r—i7r0/512/4. (212)
For more details on the derivation of eq. (2.11), see [7]. With this result in hand we can
immediately deduce the asymptotic behavior of closed string amplitudes as a function of z:

Melosea (2) ~ 22t s12/2, (2.13)

Therefore BCFW recursion relations hold for the closed string in the region n + 2 +
a’s12/2 < 0. Any amplitude can be computed recursively in this region and then ana-
lytically continued.

We can easily derive the pomeron vertex operators for superstrings as well. Superstring
vertex operators are necessarily written in different pictures, corresponding to whether or
not we integrate over their worldsheet superspace coordinates. NS sector operators can be
in either the -1 (not integrated) or 0 (integrated) picture, and R sector operators can be
in either the -1/2 or 4+1/2 pictures. As an example, the vertex operators for type I gauge
bosons are given by

Vo1 = e et e ?, (2.14)
Vo = (20/)_1/2 € (ZX“ + 2k - ¢1/)“> etk X (2.15)

in the —1 and 0 pictures respectively, where * is a worldsheet fermion and ¢ is a bosonized
superconformal ghost. We have not written the gauge group generator, since we are sup-
pressing color structure. The type II graviton vertex operators can be read off from
eq. (2.15) essentially by taking one copy of the type I vertex operators on each side of
the string, and additionally taking o/ — «'/4. The heterotic vertex operators are the
same as the open string on one side of the string, but include a current j4 on the non-
supersymmetric side.

In writing down our pomeron vertex operators, we need to choose the picture of the
vertex operators with shifted momenta. Although the eventual amplitude is the same
regardless of picture, a convenient choice will make some things easier for us to read off.
For the NS sector, the -1 picture is computationally mildly easier to deal with, since the



vertex operator has only one term. However, in this section we will work in the 0 picture,
since it is in this picture that the physics is most manifest. We find that the relevant
pomeron vertex operators are

Type 1 (é1 - &) (1 + a's12)[(—1 — o s19)[—iky - X (0)]1F 5121k X (0) (2.16a)
/ /
Heterotic : (¢1 - é2) <1 + ¢ 212> (o s12)[k2 - OX (0)ky - DX (0)]'F 4" R X () (2.16b)

/ 2
Q' S519

Type 1L : (é1,,¢5") (1 + ) TI(as12) [k - OX (0)ko - DX (0)) " 57 €* X0 (2.16¢)
These are the pomerons for two gauge bosons in type I, two gauge bosons in heterotic,
and two gravitons in type II. The factor II(a/s12) is defined in eq. (2.12).

The pomeron vertex operators in eq. (2.16) display several interesting features. First,
notice that they all have a power-law falloff in z, which comes from the exponentials
common to both the bosonic and supersymmetric string. This observation is sufficient to
prove that one can compute amplitudes involving these states by BCEFW recursion. Also
note that the tachyon pole in the gamma and II functions are removed by an appropriate
zero in the numerator. This cancellation would not have been manifest if had we put the
original vertex operators in the -1 picture, although it would be cured by vertex operators
in the rest of the amplitude.

Vertex operators and pomerons for fermionic external states work in just the same
manner as we discuss in appendix B. In particular, all such pomerons again exhibit a
power-law falloff in z so that one can compute stringy amplitudes with external fermions
using BCFW recursion.

3 Subleading terms in the large z expansion

In the previous section, we discussed a variety of pomeron vertex operators in various
string theories and showed that any tree-level string amplitude can be computed by BCFW
deformations. Our proof relied on an understanding of the leading term in the asymptotic
expansion of string amplitudes in z. It is straightforward to extend these techniques to
compute subleading terms in this asymptotic expansion. Understanding the details of this
asymptotic expansion is of some intrinsic interest, but we will also see that the asymptotic
expansion of certain stringy amplitudes is of a surprisingly similar form to certain field
theory amplitudes.

Let us begin in the context of open string theories. In these theories, the N point
amplitudes are given by an integral over the positions of N —3 vertex operators. Specifically,
the BCFW-deformed amplitude M(z) is given by eq. (2.4), which we reproduce here for
convenience:

N—2
M(z) = [wN1wN-1,1WN,N-1] /(H dwi><V1(l%1,w1)V2(lA<:g,wg)‘/},(kg,wg)- ~Vn(kn,wn))-
i=2

(3.1)



We will be concerned with the behavior of amplitudes in string theory at large z so that
the quantities /515, /Sa;, are large for j > 3. In this region, the ws integral in eq. (3.1)
is dominated by ws ~ wj. Performing the (resummed) OPE of the vertex operators
V1 V5 in this region generates exactly the pomeron vertex operator to leading order in z.
Therefore, as discussed in the previous section, we can understand the large z structure of
string amplitudes simply by contracting the relevant pomeron operator against the other
operators in the correlator. For example, using the pomeron given in eq. (2.16a), it is easy
to see that the leading term in the asymptotic expansion of any amplitude involving two
adjacent gauge bosons in type I string theory is given by

M(2) ~ (& - &) 2" 12, (3.2)

where c is of order 1+ O(1/z).

It is just as straightforward to compute subleading terms in the large z expansion. For
this purpose, we need only compute the next to leading term in the resummed OPE of the
vertex operators for particles 1 and 2. The computation is most straightforward in the -1
picture. We find

~ ~

V(O)Ve(w) ~ ! 2 (1 + ks X(0)> X O ik X(0) 207 kke =200 (1 — 4y h(0) )

€1 9(0)€ - Y(0) ik X (0)+iwha X (0) 20" k1 k2 ,—26(0) (3.3)
w

We may now perform the w integral. The leading order term has the same z structure as
in eq. (2.16). There are three subleading operators, which are given by

Ny = —é1 - 1(0) & - (0)T (= 512)[—iky - X (0)]* 512X (0)g=26(0) (3.4)
Ny = ;(él -é9) kg - X(0)D(1 — o s19)[—iky - X (0)] 1T 5120k X(0)=20(0) (3.5)
N3 = —(&1 - &2)p(0)D (= s19)[—iky - X (0)]¥ 512X (0)=20(0), (3.6)

Notice that the polarization vector structure of Ny and N3 is the same as the leading order
pomeron; thus, these operators contribute subleading terms in z to the coefficient ¢ in
eq. (3.2). On the other hand, N; has a different structure, as it is antisymmetric in the
polarization vectors. Thus, we find the first three terms in the asymptotic expansion of
the amplitude in large z are

/ 1
MMV(Z)NZOJSM n“V(C—F"')Z—FA’W—{—B“VZ—i—-“ , (3_7)

where A" is an antisymmetric tensor while B is a generic tensor, and the ellipsis indi-
cates terms which are subdominant in z. The amplitude M is given by contracting the
polarization vectors for particles 1 and 2 into M*¥. It is interesting to note that the large
z structure of vector amplitudes in gauge theory is given [5] by

M/’;/V]M(Z)N??MV(C/_F"')Z_FA,MV_F”" (38)



where A" is also an antisymmetric tensor.
As another example of the applications of the pomeron we can compute the large z
behavior of graviton amplitudes in type II string theory. Closed string amplitudes involve

integrating the position of vertex operators over the entire complex plane:

N—2

M(z) = |wN,1wN1,1wN,N1|2/ (H d2wi> (Vi (ky, wy, 1) Va(ka, wo, ) Vs (ks, ws, w3)
i=2

cee VN(k‘N, WHN, wN)>. (3.9)

At large z, the wy integrals are again dominated by the region we ~ 1/z. Thus, the
pomeron vertex operators capture exactly the leading behavior of these amplitudes in the
large z region, and subleading terms can be computed by calculating corrections to the
resummed OPE.

In the case at hand the work involved is simplified in the spirit of the KLT relations [17].
Because the Hilbert space of the closed string has the factorized form of two copies of the
open string Hilbert space, the graviton vertex operator is essentially two copies of the
gauge boson vertex operators shown in eq. (2.15). For example, in the (-1,-1) picture, the
graviton vertex operator in type II string theory is given by

Ve, ) = exuu () (@)X (00 o) =90w), (3.10)

This observation leads to a simplification: in the computation of any pomeron vertex
operator, the contractions in the closed string case are naturally the product of two copies
of the contractions involved in an open string pomeron. Moreover, it is easy to isolate the
z dependence of a pomeron vertex operator by a simple change of variable. The Jacobian
in the closed string case is simply the square of the Jacobian in the corresponding open

string case. Thus the power of z present in the closed string case is twice the power in the

/ )
closed — aopen

over vertex operator positions in the closed and open string cases are different, but this

open string case, up to the usual replacement of « /4. Finally, the integrals
affects neither the powers of z nor the Lorentz structure of the polarization contractions.
Therefore, by simply squaring the type I vector result in eq. (3.7), we deduce that the
asymptotic series for all-graviton amplitudes in type II string theory is given by

o's12/2

M = 2 Mo (e + - )2 + (M Ags + Awnas)z

1
+(Auyﬁﬁ + anBﬁﬁ + Buunﬁﬁ) + Cuuﬁﬁz +- 0, (311)

where A and A are antisymmetric tensors while B and B are generic tensors. We also find
that €, 57 is the sum of terms which are antisymmetric in yv and in pv. It is remarkable
that the large z behavior of graviton amplitudes in general relativity is given by exactly
the same formula [5] without the overall factor of z's12/ 2 with exactly the same symmetry
properties of all the tensor coefficients.

Thus we see that there appears to be a structural similarity in the asymptotic expan-
sions of string and field theory amplitudes. This is unexpected because, of course, string

,10,



theory at asymptotically large momenta is not expected to be related to field theory. In
the next section, we will describe why we believe this behavior should continue at all orders
in z in a particular limit, at least for type I string theory and N = 4 field theory.

4 A conjecture

In the last section, we observed several times that stringy asymptotic structures are similar
to field theory series with the same external states. It is natural to wonder if there is some
limit of a string amplitude at large momentum in which the large momentum field theory
limit is reproduced. Notice that this is not the usual o/ — 0 limit because we are interested
in the pomeron region of string amplitudes: therefore, we require that o/s;; is large for any
deformed kinematic invariants 5;;. For the purposes of this article, we will focus on the
simple case of type I amplitudes with vector boson external states (and their superpartners).
As we will discuss in this section, we find evidence for the conjecture that there is a large-
momentum limit in which type I and N'= 4 Yang-Mills MHV superamplitudes agree.

Let us now consider the kinematic region in which we can hope this new relationship
between string and field theory amplitudes can hold. Our use of the pomeron vertex
operator is justified when «’§;; is large for all kinematic invariants §;; which contain a z
dependence due to the BCFW deformation. Thus it is consistent to go to a region where
all other kinematic invariants are small. For example, we can take va/p; ~ O(e) for all
i where € < 1 but vVo/q ~ O(e™!) so that ¢ - p; is of order 1. We will then take z to be
large. In this region, o’s;; < 1 while /8;; ~ z so, for large z, the pomeron approximation
is valid. We will refer to this particular limit of parameter space as the eikonal Regge (ER)
region. Physically, this corresponds to a regime where one subset of momenta is much
greater than the string scale while another subset is negligible compared to the string scale.
Throughout this article we have considered only adjacent BCFW shifts. Correspondingly,
we can consider an adjacent ER region where neighbouring particles 4,7 + 1 carry large
momentum. We shall restrict our attention to this adjacent ER region from now on.

We conjecture that in the adjacent eikonal Regge regime, massless MHV superam-
plitudes in type I string theory and N' = 4 super Yang-Mills theory are identical. In
particular, our conjecture is that if two adjacent momenta ki and ko are BCFW-deformed
so that 51; and 395, are large for 7,7 > 3 while all other kinematic invariants are small, then
the type I amplitudes reduce to field theory amplitudes. Our evidence for this conjecture,
in addition to the suggestions of the asymtotic series, is the following:

e Explicit proof for the four and five particle cases.

e Demonstration that two particle factorization channels have the property that in the
ER region all higher string states are suppressed for any number of particles.

e Finally, we will show that the Berkovits-Maldacena (BM) [9] prescription for comput-
ing string MHV superamplitudes implies our conjecture. However, the BM expression
has not yet been proven in the literature.
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There may be a still stronger relation between string and field theory amplitudes — for
example, perhaps NMHYV string and field theory amplitudes agree in the ER region, or
perhaps the relationship holds for other string theory and field theory pairs. In this article,
we focus only on the type I / gauge theory case. However, we cannot resist remarking that
type II amplitudes with graviton external states reduce to field theory graviton amplitudes
in the ER region at four and five points. This is easily seen at four points using the KLT
relations; at five points it is convenient to use the BCJ [18] inspired string relationship
discovered by Bjerrum-Bohr, Damgaard and Vanhove [19] and by Stieberger [20].

On the surface of it, the equivalence between the string and field theory amplitudes in
the ER limit is quite surprising, since we are not simply taking the o/ — 0 limit. Indeed,
we are taking some momenta much larger than the string scale, so one would naively
expect contributions from massive internal string states. Neither is this some kind of soft
limit since the quantities o/s;; are large rather than small. In other words, there is plenty
of energy to put more string states on-shell. Let us now discuss the evidence for our
conjecture.

4.1 Explicit demonstrations

Our conjecture is trivial at the level of the three point function, so we begin by examining
the four point amplitude in type I string theory. For ease of presentation we will express
amplitudes using the spinor-helicity formalism; this assumption can be justified by suppos-
ing that all particles are propagating in a four dimensional subspace with all polarization
vectors lying in the same subspace. For our conventions, see appendix A. In this notation,
the string theory four gauge boson amplitude is

<12>4 F(l — 0/312)1“(1 — 0/823) .

A28 =1 o oy 31y (41) T(1 — stz — 'sag)

(4.1)
It is straightforward to see that the string theory form factor involving the I' functions is
unity if we complex deform kq and ks, since then o’s15 may be taken to be small while os93
is large. The remaining spinor helicity factor is exactly the gauge theory answer. Thus,
our conjecture passes its first non-trivial test. It is also straightforward to show that the
five particle amplitude has the desired properties using the explicit results for the MHV
five point amplitude obtained by Stieberger and Taylor [21]. We describe this calculation
in appendix C.

4.2 The two-particle factorization channel

One of the reasons for the simplicity of the MHV amplitudes in field theory is that there
are only two particle factorization channels present in the amplitude. In string theory, we
no longer expect this to be the case, since there are massive resonances. Nevertheless, two
particle factorization channels are straightforward to analyze. We will now consider the
two particle factorization channels of an n point gauge boson amplitude in type I string
theory and show that the higher string modes in these factorization channels have the
property that they are suppressed by a small factor in the ER region.
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To simplify the calculation, we will use the usual SUSY Ward identities. The identities
for N' = 4 theory are expected to hold in the full type I string theory because they are
purely kinematical in nature; this was carefully checked in [22]. These identities imply the
well-known identity

12)? -

A,(17,27,3%,....nT) = 213;2.,4”(1,20,30,4+,...,n+) (4.2)
where the states 2°, 3% are scalar antiparticles and particles. From the point of view of the
10 dimensional string theory, these scalar states are merely vectors polarized in the extra
six dimensions. Now we can straightforwardly compute the OPEs of the vertex operators
for these scalar states with the other particles, which are simple because many of the scalar

products vanish. We shall write the scalar vertex operators as

V() = e~ 00 (w)e® X0 1 () = é , (12(w) + 20k - pw) W (w)) X0,
(6%

B 1

B V2o!

where the non-trivial OPEs of ¥ and Z are

T (2)5(0) ~ i A)E0) ~

V_i(w) = e_¢(w)¢,(w)eik.x(w), Vo(w) (ZZ(’U)) + 20k - T,Z)(w)‘If(w)> gk X (w)

2a/

5 - (4.3)
We shall take particles 1 and 2 to have the large momentum and consider the (23) factoriza-
tion channel. Notice that in this factorization channel a higher string state is kinematically
allowed. Choosing the vertex operators for particles 1 and 3 to be in the -1 picture, the

correlator of interest is

C = w2 ([iZ(0) + 20 kath (0) T (0)] ™2 X (0 e=0)\p (1) ks X @) yp ()
Vo (1)e™?e)e) - a(weo )eiFr X wee)y (4.4)

where Vp; is a 0 picture vertex operator for the ith particle. We shall take wo, — 0o and
choose the gauge ¢; - ks =0 for : = 4,..., N. Then we find

= (ks - (0)eh2 XOibs XY (1) Vy N (1)é1 - (o). (4.5)

We can now see the structure of the two particle factorization channel. The singularities
in this channel arise from the region where w is small. In this region, we can perform the
OPE of the operators at 0 and w; since this series organizes all the w dependence into
Wilson coefficients we can perform the w integral. The OPE is

;eik?X(O)ei“'X(w) — 20 kaks=1 ik +hs)- X 0) <1 + dwks - X(U) + O(w2)> (4.6)
Performing the w integral we see that the leading term in this OPE corresponds to a pole
1/ ko - ks while the higher terms lead to the massive string poles. However, contracting the
operator X (0) into the other vertex operators leads to factors o/ks - k; which are small.
(Notice that in the channel there are no factors 1/k3 - k; because we have already factorized
the leg for particle 3). We conclude that in the ER region, the higher string poles in two
particle factorization channels are negligible.
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4.3 Relationship to a conjecture of Berkovits and Maldacena

In [9], Berkovits and Maldacena (BM) conjecture a general form for MHV type I string
amplitudes. In this section, we describe how our conjecture follows directly from theirs.
The BM conjecture is that the MHV type I superamplitude is given by

A(l---n) =4 (Zp,) §8 (Z qi> A(l---n) (4.7)

where p; is the momentum of the ith particle while qf‘A = )\f‘nA is the supermomentum of
the ith particle, defined in terms of four fermionic variables n?, and

- 1
A(l. . n) = <12><23><31> <<21—[1 iki X ( w1)> H/wj 1 dwj V(]j U)j) > ) (4.8)

where Vj ; is the O-picture vertex operator for the 4§ gauge boson, as given in eq. (2.15).
The first three w; are particular points, just as in any other disk amplitude. A convenient
choice is to take wy — oo,wy = 0,w3 = 1. Additionally, we will perform our BCFW
shift on particles 1 and 2 as |[1) = [1) 4 2[2), |2] = |2] — z|1]. Now, choosing the gauge
for all particles 4, ..., N to be proportional to |2) we can compute the contractions of the
operators involving z to find

A(1---n) = ! ethsX(1) ﬁ/oo dw; w22k (wi) | Y. (4.9)
(12)(23)(31) w 74 A

j=4 7 Wj-1

In this form we see that all dependence of the shift is in the simple factor [T, [w;|2*#2%.
The calculation that verifies our conjecture is now very similar to the one carried out in
appendix A.3 of [9], in which BM show that the o/ — 0 limit of eq. (4.8) reproduces the
field theory answer. In fact, BM show that the amplitude localizes around w = 1, so the
shifted factor is unity and does not contribute. The rest of the calculation then proceeds

exactly as in BM, and we recover the N' = 4 result.

5 The pomeron and the field theoretic large z expansion

Given our conjecture on the relationship between field and string theory amplitudes, it is
natural to investigate what the pomeron operators compute when the ER limit is taken.
Since we know there is some relationship between string and field theory amplitudes in the
ER region at four and five points, we can explore the interplay of the pomeron technique
and field theory results with confidence for these amplitudes. In this section, we will focus
on the simplest case of the four point amplitude, deferring our five point calculations to ap-
pendix C. We will begin with a brief review of [5] to understand the expansion of gauge the-
ory and gravity amplitudes at large z. Armed with this reminder of the field theory struc-
tures, we will show how the string pomeron and subleading operators map to field theory
objects in the ER region. We will then outline some explicit computations of terms in the
asymptotic stringy amplitude and take the ER limit to reproduce field theory expressions.

— 14 —



5.1 Review of large z structures in field theory

Individual Feynman diagrams of tree-level gauge and gravity amplitudes naively grow with
energy because their associated interactions are derivatively coupled. Thus it is surprising
that summing these diagrams can yield an on-shell amplitude which actually vanishes at
large momenta. As we have discussed, this vanishing is crucial for the validity of the BCFW
recursion relations, which require the absence of a pole at z — oc.

In [5], Arkani-Hamed and Kaplan provide a systematic description of this surpris-
ingly convergent behavior by considering gauge and gravity amplitudes at large complex
momenta. They show that the external legs which have been complex deformed can be
interpreted as a hard particle propagating through a soft background corresponding to the
remaining external legs. Thus, in the case of gauge theory, one can compute the large z
structure of amplitudes using the background field method. Expanding around a back-
ground gauge field configuration, they obtain the Lagrangian

1 ab i ab

L= 4" D,aqD"ay, + 5 Tr[ag, ap) F (5.1)
where F% is a background field containing the soft particles. Here the indices a, b are really
the same as the u, v Lorentz indices except they have been relabeled to emphasize what the
authors of [5] call a “spin” Lorentz symmetry. In particular, in the large z limit, the term
proportional to 74, dominates, and there is an enhanced Lorentz symmetry which acts on
the a,b indices alone. The background field strength Fy;, explicitly breaks this enhanced
symmetry at one lower order in z. Thus, gauge theory amplitudes at large z are of the form

e A€, (5.2)

where ¢; ; are the polarization vectors of the shifted particles ¢ and j, and

1
AH«V = (CZ +- )n,ul/ + A,uzx + ZBHV' (53)

where A, and B, are functions of the background fields, with A,, antisymmetric since
the background field is antisymmetric. Similarly, gravity amplitudes can be calculated
from a Lagrangian

1 ~7 1 e
L=V=g|,d"n"n" DuhaDihyg — , hahgR™™ |, (54)

where R is the background curvature associated with the metric g containing the soft
particles and D is a covariant derivative acting on the vielbein indices of the fluctuation h.
At leading order in z there is an enhanced spin Lorentz symmetry on the vielbein indices
a,b and also separately on the vielbein indices 5,5. This symmetry is broken by the spin

connection and by the background curvature, leading to the asymptotic form
~ ~ 1
Mufwﬁ = sznuunﬁﬂ + Z(mwA[uJ +A;w77[u?) + A,uuﬁﬁ"’mwBﬁi? +B,ul/77ﬁ§+ - C;w[u? +-+ (5.5)

which is dotted into graviton polarizations in order to get the full amplitude. Note that A,
is again antisymmetric, and A, ;7 is antisymmetric under exchange of (uv) and (av). B,
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has no particular symmetry properties. Meanwhile, C' is a sum of terms antisymmetric in
(uv) and (@). As noted in [5], this gravitational asymptotic expansion is structurally the
square of the field theory asymptotic expansion; the origin of this relationship is obscure
in the field theory presentation. In both the gravity and gauge theory amplitudes, the
polarizations may introduce extra powers of z, as we will see.

5.2 The pomeron and spin symmetry

As we have seen, field theory asymptotic series are controlled by sources of spin symmetry
violation by a background field. It is interesting to see how string theory computes the
same objects. In fact, at every order in z, we can correlate the string theory expressions
with their field theory counterparts. At leading order in large z, we have seen in the field
theory case that both gauge and gravity amplitudes display an enhanced spin symmetry.
In string theory, the leading order term in the z expansion is controlled by the pomerons,

given in type I for gauge amplitudes and in type II for graviton amplitudes by
mw(l + 0/312)1“(—1 . 0/812)[_“%2 . X(O)]lJra’sueik-X(O)

! !
NN (1 + O‘Z”) TH(0s19) ks - DX (0)heg - DX (0)] 1+ 512 ik X(0)

respectively. Note that these operators are proportional to exactly the correct metric
tensors to reproduce the enhanced spin symmetry of the field theory result. Thus, this
enhanced symmetry in string theory is simply a consequence of the fact that the leading
singularity in the OPEs of the vertex operators is proportional to 7, .

Now let us examine these asymptotic expansions at subleading order. In the gauge
theory case, we encounter the antisymmetric background field F% in addition to subleading
terms which preserve the spin symmetry. In type I string theory, various operators con-
tribute at next to leading order. These operators have two kinds of Lorentz structure: they
are either proportional to metric tensors (preserving the spin symmetry) or they involve an
antisymmetric tensor. For example, we have already seen the subleading operator which
violates the enhanced spin symmetry in the type I string (with ghost number -2); it is

¢M(0)¢V(O)F(—0/812)[—’H232 . X(O)]a'812eik-X(O)6—2¢>(0)‘

Of course, this operator is antisymmetric on account of the anticommutativity of .

The comparison between the gravity amplitude and the string result is completely
analogous. However, the string theoretic computation makes the KLT relation essentially
manifest. So it comes as no surprise in the string case that the graviton asymptotic series is
the square of the gauge boson series; this is very obscure in the field theoretic computation.

5.3 Computational examples

To demonstrate how this formalism works in simple examples, we will explore some four
point amplitudes in this section. Our aim is to illuminate the formal development, and also
to explore the relationship between the large z structure of string and field theoretic ampli-
tudes in the context of the pomeron expansion. For simplicity we will work in the context
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of bosonic string theory; as before, it is also convenient to work in four dimensions. The
advantage of working in four dimensions is the availability of the simple four dimensional
spinor-helicity method with its compact formulae. So we imagine that all of the polariza-
tion vectors and momenta of the particles scattering happen to lie in a four dimensional
subspace of a larger spacetime. Our spinor conventions are presented in appendix A.

We begin with an investigation of scattering amplitudes involving four gauge bosons. In
field theory, it is a well-known fact that the asymptotic behavior of the four particle Yang-
Mills amplitude depends on the the helicities of the particles which are shifted. Therefore
we will consider here the leading term in the asymptotic expansion for both a good and a
bad shift.* In the case of a bad shift, we consider the amplitude A(17273747), where the
superscript indicates the helicities of the gauge bosons. The shift of interest is

1) = 1) + 2[2), (5.6)
2] = 2] — 2|1].

We choose gauges so that the polarization vectors are

—_ 1 o D[
T e @ = V2(21) (5:8)
o = 12) [3] 2 (5.9)

V2(32) 4 V2[42)

At leading order in the pomeron expansion, the computation reduces to calculating the
expectation value of the pomeron vertex operator and two gauge boson vertex operators.
Since there are no more worldsheet integrations to be performed the calculation is very
straightforward. We find that

A(172%3%47) = (20/)22°T (—/s12)[ef - €5 +2d/ed - k € - p3](2a/pa pg)tTee2 L (5.10)
Now we can consider taking the eikonal Regge limit o’s12 — 0. In the ER region, the

leading term of the string amplitude eq. (5.10) is

R 3
A1 273+ 47) > —(20/)2:2 2P ]989’123 1 :(2a')223<12><é23>><34>. (5.11)

which agrees with the corresponding field theory amplitude when we correctly normalize
the string amplitude.

Another interesting example at four points is given by the good shift. In this case we
will consider the same amplitude A(17273%47), but with the shift

1] = 1] + 22], (5.12)
2) = [2) — 2]1). (5.13)

4A good shift is one for which the amplitude vanishes at large z, whereas for a bad shift the amplitude
diverges.
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In terms of momenta, the shift is p; = p1 + zq, P2 = ps — zq where q = §|2] (1]. In this
case the large z behavior of the field theory amplitude is
41)3 14)3

Ap(172734h) = ¢ <12><<23>> (34) ~ 922<12§<2z>3> (34) (5.14)
We would like to reproduce this behavior using our operator methods. One way to compute
the large z behavior of the string amplitude would be to directly compute out the various
operators contributing in the pomeron expansion at order 1/z and above. This would be a
tedious calculation since there must be a number of cancellations amongst these operators
so that the leading term in z is of order 2~ 1H0(@s12) - A gimpler way to do the calculation
is to follow the method described by Arkani-Hamed and Kaplan in [5]. We choose gauges
for the external particles so that

2] (1 1) [2
gl—:_|]<‘:e;, e2+:|>H:e;, (5.15)
V2[12] V2(21)
and notice that ¢, = —v/2¢/[12]. Since we are labeling the polarization states of the

external massless bosons by polarization vectors, the Ward identity must hold to remove
the unphysical polarization states. Therefore the amplitude must vanish when we replace
the polarization vector of particle 1 by its momentum p;. It follows that

(5.16)

v

1
v + v _+
quA €5, = —me.%l” €

Furthermore, since p; - €5 = 0 we see from inspecting the large z structure of the stringy
gauge boson amplitude given in eq. (3.7) that the leading term in the large z expansion
of the amplitude can be calculated simply from the antisymmetric subleading pomeron
operator which is explicitly given by

NM™ = 2ia/[k* X" (0) — K X*(0)]e® X O [—ipy - X (0)]%512T (—as12). (5.17)
Performing the contractions, we find that
Ay = —(20/)'T(2 — o/ 512) (kupsy — kupsu)eq - P2 € - p2(20/pa - p3)* #1272 (5.18)

where the polarization vectors of particles 1 and 2 are to be contracted into the u and v
indices. Once more, it is interesting to consider the small o’s;; limit. The result is

+ A~ - A
€3 "P2€4 " P2

A = _(za/)z(kupfﬂv — kupau) (B2 - p3)?2

(5.19)

Contracting in the external polarization vectors and evaluating the scalar products we find

that
(14)

A28 = (20)7 o 03y 134y

(5.20)

as expected.
We present another example of the use of pomeron technology at five point order in
appendix C.
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6 Internal recursion relations for tachyon amplitudes

We have now seen that the BCFW recursion relations hold in general for string amplitudes.
However, there is a disadvantage to computing string amplitudes via BCFW, which is that
the sum over intermediate states runs over an infinite set of poles. This occurs because
a string propagator describes the exchange of an infinite ladder of modes with different
masses and quantum numbers. Consequently, when BCFW is applied, for example, to
an amplitude with only tachyonic external legs, the resulting lower point amplitudes will
invariably include external states of higher spin.

In this section, we will explore this issue in the simplest laboratory setting: color-
ordered tachyon scattering amplitudes in open bosonic string theory. We will see that for
these amplitudes, the sum over intermediate states can be reexpressed using a simple new
recursive relationship. In fact, it is possible to write the tachyon scattering amplitudes as
a series of terms which are formed from purely tachyonic amplitudes. Said another way,
since the sum over the complete set of string theoretic states can be simply related to the
lowest lying state, one can derive a new set of recursion relations which relate higher point
tachyon amplitudes to lower point tachyon amplitudes. We will refer to these as internal
recursion relations.

Throughout this section, we will use the Koba-Nielsen formula [23, 24] for the n-particle

scattering amplitude of tachyons, which is given by

_ 1 —(sij+2) 1 / s
Mn = o sLe, R) / L™ = o spe ) (@]9 (6.1)

>7 >7

where y;; = yi — y;, [dy] = Hf\il dy;, and we have defined ¢;; = —2k; - kj = s;; +2. In
this section we work in units where o/ = 1. We have written the explicit division by the
volume of the Mobius group SL(2,R) to emphasize the symmetry of the amplitude.

6.1 Example: the five point tachyon amplitude

To preface a more general discussion, let us consider a simple example which illustrates
how higher point tachyon amplitudes may be related to lower point tachyon amplitudes
evaluated at shifted Mandelstam invariants. Our approach at five points will largely mirror
our proof of internal tachyon relations at n points, which will be provided later.

For the purposes of explicit computation, we first gauge fix the general amplitude
eq. (6.1) by fixing the positions of three vertex operators. As usual, we fix the locations
y1,y4 and ys. The amplitude is given by

M5 = |y14y15Yas| /dyzdy?,H |y |~ (6.2)

i<j

Using Mobius transformations to set y1 = 0,y4 = 1, y5 = o0, relabeling y» = = and y3 = v,
the five point tachyon amplitude becomes

1 Yy
M5 — / dy/ dw x*QlQ(l _ x)*Quy*(Ils(l _ y)*QS4 (y _ x)*QQS‘ (6.3)
0 0
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Next, we can show that this amplitude factors into a three point tachyon amplitude times a
four point tachyon amplitude, with the appropriate momentum in the intermediate channel.
We shift k; — ky = ky + zq and ks — ks = ks — zq. Following BCFW, we need only find
the poles in z; these can occur when the vertex operators for particles 1 and 2 become
close, or when the vertex operators for particles 1, 2 and 3 become close. For the purpose
of this discussion, we describe only the (1,2) channel; a similar analysis holds for the other
factorization channel. Singularities in the region near z = 0 result in poles in the si9
channel.® Expanding around = = 0 the integrand becomes

[e.e]

Z x*q12+n+m(1 _ y)*q34yfq137q237m(_1)n+m <—Q24> <—Q23>‘ (6.4)
n m

n,m=0

where we have performed a binomial expansion. It is now trivial to perform the x integral;

it is

—Q12+n+m+1. (6.5)

Y —qiant —1
/dmx‘mnm: Yy

0 giz2—n—m-—1
However, we are only interested in the value of this integral at the pole in z (recall that g9
is a function of z.) This pole occurs when ¢i2(z) — n —m — 1 = 0. Thus we may replace

the integral by

Y — —

/ dx g~z tntm _, 1 = 1 . (6.6)
0 qu2—n—m-—1 sp—n—m+1
Finally, performing the dy integral, we find that
> c
n,m

pr— ’ DY 6.7
Ms= > M3312—n—m+1M4(q1+2’3+m’Q34)+ ) (6.7)

n,m=0
where the ellipsis indicates that another term corresponding to the s45 factorization channel
must be added; qi423 = qi3 + q23 = —2(k1 + k2) - k3; the three point amplitude M3 = 1,
and My is the celebrated Veneziano amplitude, albeit evaluated at the indicated shifted
Mandelstam invariants. Furthermore, the numerator factor is

Cnm = (1)t <_ZQ4> <_§f3>. (6.8)

6.2 Factorization channels

Having determined how internal recursion relations work at five points, let us now generalize
to N points. We start from the general tachyon amplitude eq. (6.1). Like before, we gauge
fixy; =0, yvy—1 =1, and yny = oo.

In the previous section, we explicitly discussed the two particle factorization channel
in a five point example. A completely analogous statement can be made generally for the
k-particle factorization channel, which occurs when & points pinch off on the world-sheet.
To see this, let us partition the external particles into a “left” and a “right” group,

L={1,...,k} (6.9)
R={k+1,...,N} (6.10)

5We suppress the hats of z dependent Mandelstam invariants in this section.
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and relabel the y; variables as [; or r;, depending on whether ¢ is in L or R. So in

other words,

l; 1€ L
P = 6.11
Y {’I“i 1€ R ( )

The [; and r; variables will ultimately become the moduli integrals for left and right tachyon
amplitudes, My and Mp. Because of our gauge fixing y; = 0 and yy = o0, it is conve-
nient to define sets L' = L\ {1} and R' = R\ {N}. In this notation the Koba-Nielsen
formula becomes

My = fianiart | ] a-ty ) [ T ei-rpoe | | TT G-t

i>jel i>jER i€LjER

where the measure [[dl][dr] is shorthand for

1 TN—2 Th+1 la I3
/[dl] [d'l“] - / d?“N_Q / d’f'N_g s / dlk tee / dlg / dlg (6.12)
0 0 0 0 0

The k-particle factorization channel occurs when

k 2
S$12..k — — <Z kl) (613)
i=1
S (6.14)

i>j
=—1+n. (6.15)

We are now in a position to expose the corresponding singularity in the N tachyon am-
plitude. The k-particle factorization channel corresponds to the limit in which particles
1 through £ coincide on the worldsheet. This occurs when [, — 0. In order to pa-
rameterize this limit, we wish to define [, = C as the “pinch” variable, and rescale the
remaining variables

l; — Cl, (6.16)

for all i € L\ {k}. Notice that while we are formally rescaling /1, this does nothing because
this variable has been gauge fixed to zero.

Now when we then take C' — 0, the vertex operators corresponding to particles 1
through k collapse to a single point, yielding the k-particle factorization channel. Including
the resulting Jacobian, the amplitude becomes

My = / anfdride =2 [ T (€ — 117 | | TT s —ry)-

i>jeL i>jER!

< | JI j-cly=®|. (6.17)

€L, jeER!
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In the above expression, [1 = 0, ry_1 = 1 and ry = oo due to our original gauge fixing
of Mpy. Moreover, we can think of our rescaled “pinch” variable [ = C' as having been
gauge fixed to one, [ = 1, and then multiplied by C. Setting l; to unity corresponds to
one of the gauge fixings of M.

We can pull out a factor of

C_(Zi,jeL qij—k+2) _ O~ (s12..6+2) (6_18)

which yields the multi-particle singularity in the integration region where C' is small. Now,
let us expand in small C', looking at only the relevant terms

/dC O~ (512..5+2) H (rj — Cl;) ™%

ieL,jeRr’

:/dC C—(slgmk—l—Q) H Z(—l)nijcnij l?ij Tj—(qz’j-i—nz'j) <_nim> H ,,,,j_‘hj

el jeR | n;j=0 JjER!
(6.19)

Performing the C' integral near the pole in s15_x(2), we may write the amplitude near the
k particle factorization channel as

> ! ~ i —4qij
My n;) / @), IT & I

i>jEL i>jeER!

I ) (T S () e ) oo
JER' €L, jeR' part

where “part” denotes a sum over partitions of n into (N —1)(N — k — 1) numbers n;; such

that > n;; =n for i € L' and j € R'. Note that these manipulations have factorized the

amplitude in terms of [ and r worldsheet coordinates corresponding to the L and R groups

of particles separated by the factorization channel.

6.3 Recursion relation

We have systematically extracted the residue corresponding to the sio_j factorization
channel in which the amplitude is split into a L and R group. With this understanding of
the factorization properties of the tachyon amplitudes, and using the usual BCFW logic
which allows us to reconstuct the amplitude from these factorization channels, we can see
how to organize the tachyon amplitude to reveal a new recursion relation involving tachyon
amplitudes only. We can write the amplitude as

MN—ZZZSH HinH( qz,j>/[dl][dr] I &% (Hlizjeym,-)

n  part Tij i>j€EL icL!

H Ti;%' H V”j_ Dier i H Tj_ Ziew i | (6.21)

i>jER! JER! JER!
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The integrals over the /; and r; are completely disentangled. To understand the structure
of these integrals, it is helpful to write the factor l?ij more suggestively as (I; —0)"i = ([; —
[1)™3. Multiplication by all such factors is equivalent to shifting ¢1;, — ¢1; = qu; —Zj cr Mij-
We define ¢;; = ¢;; for i,j € L'. Note that ¢1; = qix since I, = 1. Then the integrals over
the [; can be written as a shifted tachyon amplitude,

Jlan{ T1 " | = ¥, (6.22)
i>jeL

Similarly, the integrals over the r; can be written as a right-hand tachyon amplitude at
shifted kinematics. To do so, it is helpful to introduce r;, = 0 as the gauge-fixed position of
the intermediate leg as it enters the right-hand amplitude; this leg carries all the momentum
kL = ;e ki flowing into the left-hand diagram. Then the factor r; ~(@ignij) may be written
more suggestively as (r; —rp)” (@ijtni3) - We define qrj = Y _icr, @ij = —2kr-kj. The variable
is the analogue of ¢1; in the left-hand amplitude. We further define ¢r; = qr; + >/ 145
and ¢;; = ¢;j for 7,5 € R. We can now evaluate the integrals over the r; as

/ | TI ™| = Mad). (6.23)
i>jERU{rp}

Notice that, in effect, we have found that our left-hand amplitude is gauge-fixed with
particle 1 at position 0, particle k£ at position 1 and an intermediate particle gauge-fixed
at position co. In the right-hand amplitude we have found the intermediate particle to be
gauge-fixed at position 0 while particles N — 1 and N inherited their gauge fixing from the

original N point amplitude.
These manipulations yield our final recursion relation, which involves the usual BCFW
factorization of an amplitude into a left and right sub-amplitude, a sum over the mass level

n of the string, as well as a sum over partitions {n;;} of n:

My =SS5 Fw@) WY T (6.24)

s 1—-n
LR =0 {n;} 12,6+

res({ni;}) = (- "HH( q”) (6.25)

Nij

Of course, M £(¢) is a function of Mandelstam variables. For us, a convenient choice is to
pick ¢;; with @ < j € L, and to omit g;. Similarly, we choose MR( ) to be a function of
gij for i < j € R, but omitting ¢; . To include the kinematics of the intermediate state, we
addltlonally make Mg a function of qr; for all j € R except N and N —1. As stated above,
the M 1, and M R in appearing in eq. (6.24) are functions of integer shifted Mandelstam
variables. In particular, the necessary shifts are given by

qu — Gu=qu— Y _nij, withi=2,-- k—landj=k+1,--- ,N—1 (6.26)
j
L — Quj = qr; + Y _nig,with i =2, Jkand j=k+1,--- | N — 2. (6.27)

1
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This recursion relation is distinct from BCFW in the sense that there is no explicit sum over
intermediate states — the lower point amplitudes only involve tachyons as external states,
and they are evaluated at Mandelstam invariants which have been shifted by integer values.
From this point of view, the entire effect of the intermediate state sum is encapsulated by
the factor res({n;;}).

The partition of n appearing in the recursion relation eq. (6.24) requires some expla-
nation. The binomial coefficients in res({n;;}) come from expanding differences of vertex
operator positions when one vertex operator is on the left and the other is on the right.
However, if the vertex operator on the left has been fixed at zero, there will be no bi-
nomial expansion. Similarly, if the right vertex operator is at infinity, there will be no
expansion. Thus, for a k particle factorization channel in an N point amplitude, there are
(k —1)(N — k — 1) binomial expansions. Consequently, at mass level n, the n;; consist of
partitions of n into (k — 1)(N — k — 1) integers.

The simplification that has occurred in the sum over intermediate states can be un-
derstood in terms of the OPE of the tachyon vertex operators, which are simply given by
e’ X This is most obvious for two particle factorization channels though the result is quite
general. Let us consider a singularity in the amplitude when particles 1 and 2 join. In this
region, the vertex operators for the particles are close together. The OPE is

eikl-X(O) eikQ-X(w) — w2k1-k2 eik1-X(0)+ik2-X(w)
_ w—2—5126i(l€1+k2).X(0) (1 + whky - X(O) + .. ) ) (6.28)

Now, performing the w integral, we obtain an infinite series of poles corresponding to the
various masses of string states. The residues of each of the poles are simply related because
of the structure of the OPE. More general amplitudes involve slightly more complicated
vertex operators, but the OPEs of these vertex operators are still relatively simple objects.
Therefore we expect these internal recursion relations to occur quite generally, albeit in a
more complicated form.

7 Conclusions

In this work we have shown that all tree-level perturbative string theory amplitudes can
be computed via BCFW recursion. Our proof relied on the pomeron vertex operator
technology developed in [7]. We explored string amplitudes with massless external states as
an asymptotic series in large z, and found remarkable structural similarities to amplitudes
in the corresponding quantum field theory. This led us to conjecture that massless type
I string amplitudes reduce to N’ = 4 super-Yang Mills not only in the small o/ limit, but
also in what we term the eikonal Regge limit. This limit corresponds to taking o’;; to be
large for kinematic invariants that receive an adjacent BCFW deformation while all other
independent o’sg; are small. We have seen that our conjecture is true in several non-trivial
examples and provided evidence at all points.

Nevertheless, BCFW recursion techniques applied to string theoretic amplitudes suffer
from a disadvantage; in particular, since a string propagator describes an infinite ladder
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of states, the BCFW sum is necessarily infinite. Thus, to compute the four point tachyon
amplitude in bosonic string theory, i.e. the Veneziano amplitude, one must sum over an
infinite set of three point functions describing the interaction of two tachyons and an
arbitrary string state. However, an exploration of the structure of the sum appearing in
the n tachyon amplitude has revealed a new recursion relation which allows one to write
the amplitude in terms of on-shell lower point amplitudes with only tachyonic external
states. We believe that a similar structure exists in general for all string amplitudes.

Our work has lead to several new questions which we feel are worthy of further ex-
ploration. In particular, it would be interesting to explore the possibility of additional
internal recursion relations for other classes of string amplitudes beyond bosonic tachyon
amplitudes. It may be that there is a way of organizing this recursion relation which
makes clear that the object being summed over is the full string multiplet, analogous to
the integration over the full set of states in the N’ = 4 Yang-Mills theory. In particular, a
new level of insight into stringy amplitudes could be achieved if one can develop a method
of parameterizing the full superstring multiplet in ten dimensions. To make progress in
this direction it may first be necessary to understand on-shell superspace in 10 dimensions.
Progress on generalizing the four dimensional superspace methods has recently been made
in [25-27] so this may be an achievable first step.

Of course, it would be of great interest to understand more clearly the origin of the
structural similarity of the asymptotic expansions of string and field theoretic amplitudes.
In this vein, a deeper study of the conjecture we made relating string amplitudes in the
ER region to their effective field theory amplitude would be warranted. Since the four and
five point graviton amplitudes in type II string theory reduce to field theoretic graviton
amplitudes in the ER region, it may also be worth investigating the ER limit in type II
string theory more thoroughly, especially in light of the KLT-like structure we have found.

Finally, our focus in this work has been on scattering perturbative string states. As
observed by BPST [7], there is no obstruction to applying pomeron techniques to study
D-brane scattering processes. Therefore it seems likely that one can compute scattering
amplitudes for non-perturbative states using BCFW techniques, and this could lead to new
insights into the physics of these nonperturbative objects.
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A Conventions

In this section, we review our conventions, and also state a few formulae useful for re-
deriving our results.
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We work with the flat metric
77;w - dlag(_7+7 7+) (Al)

For o matrices, we define

= (30) = (0] = () = (00)

The associated tilde matrices are

() () e () ()

These satisfy the Clifford algebra
ota” + oVt =2t (A.4)

As usual, we take the SU(2) indices of the o matrices to be o/, and 9. We define ¢

matrices with upper and lower, dotted and undotted, indices,

0-1 01
€aB = (1 0 ) Y (_1 0) . (A.5)

These satisfy B ea O’Z 5= ot as well as the usual Fierz relations

Ugdduﬁﬁ = 26aﬁ6d5. (A.6)

We take the relation between momenta and the corresponding spinors to be p - 0,4 =
AaAq, which means that pt = %)\5“)\ = %)\J“)\. Taking another momentum ¢ = %CO‘“C,
scalar products are given by

2p-q = (M)A, (A7)
where the brackets are defined by:
(AC) = €apA?¢?,  [AC] = A7, (A.8)
In this work, we define kinematic invariants s;; = —(p; + pj)Q. With this convention,
sij = (7)1 (A.9)

For a particle of momentum p, we choose a reference momentum ¢ so the positive and
negative helicity vectors are

_ (Mo*(¢]
V2]
e
=200 (A.11)

(A.10)
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These vectors satisfy e, - e = 1 with all other inner products vanishing.
Finally, we note for convenience the OPE

/

XM (w) XY (2) ~ —0‘2 7 In Jw — 2|2, (A.12)
which means that when we restrict to the boundary of the upper half plane
XM (y1) X" (y2) ~ —2a/n" In 1. (A.13)

Additionally, the worldsheet spinors ¥* satisfy

)~ T (A14)

w—z
B Gaugino vertex operators and pomerons

In this section, we record some pomeron vertex operations involving gauginos. In the type
I string, the gaugino vertex operator in the —1/2 picture is

V_ijp= (0/)1/4 Un O neF X e /2 (B.1)

where ©,, is the spin field operator and wu,, is the polarization, while « is a ten-dimensional
Majorana-Weyl spinor index. Although any amplitude with an odd number of fermions will
vanish, there is a sensible pomeron for a gaugino and gauge boson. It is most convenient to
work in the -1/2 picture for the gaugino, and -1 picture for the gauge boson. Using the OPE

— —p(w 1 — —¢(w
<@a(0)uae ¢(0)/2> <euw“(w)e 9 )) ~ w\/2eul“gﬁua@ﬁ(0)e $(0)/2=¢(w) (B.2)

we find that the pomeron for a gaugino and a gauge boson in type I is

o’s1o

1a©5(0)e, Tl e 3 O/2D (—a/515) (-i/%Q : X(O)) . (B.3)

We also list for reference the pomeron for two type I (same-helicity) gauginos with
polarizations g, Vq.

a(CT) g™, (O (~a's12) =iz - X(0) " (B.4)

These fermionic pomerons again exhibit a power-law falloff in z so that amplitudes involving
these external states can be computed using the BCFW recursion relations.

C Pomeron technology and five-point amplitudes

In this appendix, we do two calculations with five-point MHV amplitudes. First, we
demonstrate that our conjecture is valid for the type I five-point amplitude, using a re-
sult from [21]. Additionally, we check the leading behavior in z for the five-point bosonic
string amplitude.
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C.1 Typel at all orders in z

The five point function of gauge bosons in type I has been presented in the language of the
spinor-helicity formalism by [21]. The result is given by

A= [V(Sij) + P(sij)ozae(l, 2,3, 4)] Avm, (C.1)

where Ay is the Yang-Mills amplitude, €(1,2,3,4) = €0k} k5 k5], and

1
V = s93851/1 + 2(823834 + 545851 — S12523 — S34845 — S12851) f2, P = fo, (C.2)
where the functions f; and fy are given in terms of a hypergeometic function

7 [ N1, M2 ] _ [(s23 +mn1 — 2)I'(s15 + 12 — 1)I'(s34 + 111 + 1)(s45 + no2 + 1)

n11,N12, N22 I'(s23 + s34 +n1 +n11 — 1) (s51 + Sa5 + ng + naga2)

_9 1 —gan —
« 3T S23 + N1 , 815 + N2 , =835 — N2 STGE)
893 + 834 +n1 +n11 — 1,851 + S45 + no + noo
by
2,1 3,2
=F ’ d =F ’ . C4
h [0,0,0] and f2 {0,—1,0} (C.4)

The functions V and P are cyclically symmetric in the particle number so without loss
of generality we can consider deforming the momenta of particles 1 and 2. In the region
S12 = S34 = S45 = s35 = 0 we find that V =1 and

Y(a23 4+ 1) — (/551 + 1)

P = . R
a/(823 — 851)

) (C.5)
where ¢(z) = I'(x)/T'(z) is the digamma function. Thus, the quantity Pa’%¢(1,2,3,4) — 0
in the ER limit so that our conjecture holds at five points in type I string theory. It would,
of course, be of great interest to check the conjecture at higher points; however, beyond
five point order the amplitudes can no longer be expressed in terms of hypergeometric
functions so progress is more difficult.

C.2 The bosonic string at leading order in z

The details of this calculation are somewhat tedious, so here we summarize the basic
points. As in the four point amplitude, we use the pomeron vertex operator. In contrast
to the four-point calculation, however, we have one integral we need to evaluate. The full
expression is

A . 1+a's . . . . . . .
/ dw <—2k2 ) X(0)> 12 elk-X(O)eg . X(w)elk3-X(w)64 . X(w4)ezk4-X(w4)€5 . X(w5)elk5-X(u)5)7
(C.6)

where we have omitted a prefactor of Ci2(2)['(—1 — ’s12). It is convenient to fix wy =
1, w5 — oo. The various contractions of polarizations and momenta will then give different
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powers of w and (1 — w), some of which get contracted into part of the pomeron vertex
operator. Using the OPE

~ ~ n
(_11;2 : X(()))n etPi X (wa) gipy X (w5) , (_9q/)" [kQ P k2 'pJ] etPi- X (wi) gip;- X (w;)
—Ww; —’U)j
(C.7)
Since we take ws — oo, the only contractions that survive have powers of w and 1 —w. In
general, then, the integrals we must do are of the form

R 14+a/s12
ko -k - / /
I(p,q) = /dw ( 2w Ptk kz4> wP (1 — w) w2 ks k(1 — qp)29 sk (C.8)

' Jo .
o'kickj come as

where the powers of p and ¢ come from contractions with e - X, and the w
usual from contractions between the exponentials. The full answer is a sum of a number
of different terms involving different powers of p and q.

The terms in the five-point amplitude have coefficients of the form (e-k)3 or (e-¢)(e-k).
In the eikonal Regge limit, we need not worry about the former because they will always

be one power of o’ higher than the latter. We find that the final expression is
A(17273%74757) ~ P(2,0)Q(d/, 2), (C.9)

where
P(z,0/) = iC1a(2)D (=1 — o/s19) (2a/ )1 12 (C.10)

and

Qo' 2) = (6 - ) (e -WI0,0) + (6 - ) (ef - k)10, ~1)
(ef - e)ed RICL0) — (6f - 6)(ef k)I0.-1)  (C11)

We find that each of the integrals in eq. (C.11) is O(1/d/) as o/ — 0. As a result, the full
amplitude goes as a/?.

Since Ca(2) ~ 2% and Q(c/,z) ~ z, we reproduce the 2% behavior of the bad shift.
This much was nearly automatic from the beginning and is no surprise. However, we find
precise agreement between the field theory amplitude and the small o/ behavior of the

string theory amplitude, as conjectured.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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