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ABSTRACT: For a conformal field theory (CFT) deformed by a relevant operator, the
entanglement entropy of a ball-shaped region may be computed as a perturbative expansion
in the coupling. A similar perturbative expansion exists for excited states near the vacuum.
Using these expansions, this work investigates the behavior of excited state entanglement
entropies of small, ball-shaped regions. The motivation for these calculations is Jacobson’s
recent work on the equivalence of the Einstein equation and the hypothesis of maximal
vacuum entropy [arXiv:1505.04753], which relies on a conjecture stating that the behavior
of these entropies is sufficiently similar to a CFT. In addition to the expected type of terms
which scale with the ball radius as R%, the entanglement entropy calculation gives rise to
terms scaling as R?2, where A is the dimension of the deforming operator. When A < %,
the latter terms dominate the former, and suggest that a modification to the conjecture
is needed.
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1 Introduction

Entanglement entropy is a quantity with many profound and surprising connections to
spacetime geometry, and is suspected to play an important role in a complete descrip-
tion of quantum gravity. It has featured prominently explanations of the origin of black
hole entropy [1-7], stemming from the similarity between the area law for the Bekenstein-
Hawking entropy and the area law for entanglement entropy. In holographic theories, the
entanglement entropy of the CFT is intimately related to the bulk geometry by virtue of
the Ryu-Takayanagi (RT) formula [8, 9] and its covariant generalization [10], which state
that the entropy is dual to the area of an extremal surface in the bulk. These connec-
tions motivate the compelling idea that spacetime geometry and its dynamics may emerge
from the entanglement structure of quantum fields. This “geometry from entanglement”



program has recently found a concrete realization in holography, where the bulk linearized
Einstein equations were shown to follow from the RT formula [11-13].

Another recent development is a proposal by Jacobson [14], which builds upon his
original derivation of the Einstein equation as a thermodynamic equation of state [15]. In
this new work, he postulates that the local quantum gravity vacuum is an equilibrium state,
in the sense that it is a state of maximal entanglement entropy. It is then demonstrated
that this hypothesis is equivalent to the Einstein equation. Entanglement entropy is the
key object relating the geometrical quantities on the one hand to the stress-energy of
matter fields on the other. The connection between entanglement entropy and geometry
stems from the area law, which arises since the entropy is dominated by modes near the
entangling surface [6]. On the other hand, the entanglement entropy relates to matter
stress-energy through the modular Hamiltonian, which, for a ball-shaped region in a CFT
vacuum, is constructed from the stress-energy tensor.

The ability to express the modular Hamiltonian of a ball in terms of a simple integral of
the stress tensor is special to a CFT. Extending the argument for the equivalence between
Einstein’s equations and maximal vacuum entanglement to non-conformal fields requires
taking the ball to be much smaller than any length scale appearing in the field theory.
Since the theory will flow to an ultraviolet (UV) fixed point at short length scales, one
expects to recover CFT behavior in this limit. Jacobson made a conjecture about the form
of the entanglement entropy for excited states in small spherical regions that allowed the
argument to go through. The purpose of the present paper is to check this conjecture
using conformal perturbation theory (see also [16] for alternative ideas for checking the
conjecture).

In this work, we will consider a CF'T deformed by a relevant operator O of dimension
A, and examine the entanglement entropy for a class of excited states formed by a path
integral over Euclidean space. The entanglement entropy in this case may be evaluated
using recently developed perturbative techniques [17-22] which express the entropy in terms
of correlation functions, and notably do not rely on the replica trick [23, 24]. In particular,
one knows from the expansion in [17, 19] that the first correction to the CFT entanglement
entropy comes from the OO two-point function and the KOO three point function, where
K is the CFT vacuum modular Hamiltonian. However, those works did not account for the
noncommutativity of the density matrix perturbation dp with the original density matrix
po, so the results cannot be directly applied to find the finite change in entanglement
entropy between the perturbed theory excited state and the CFT ground state.! Instead,
we will apply the technique developed by Faulkner [21] to compute these finite changes to
the entanglement entropy, which we review in section 2.2. The result for the change in
entanglement entropy between the excited state and vacuum is

1
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which holds to first order in the variation of the state and for A # %. Here, Q4o = 13?; :f )
2 2

is the volume of the unit (d — 2)-sphere, R is the radius of the ball, T}, is the stress tensor

of the deformed theory with trace 79, (O), stands for the vacuum expectation value of O,
and the 0 refers to the change in each quantity relative to the vacuum value.

The case A = % requires special attention, since the above expression degenerates at
that value of A. The result for A = g is

5S = op 2= pa [5 (TS,) + 6(T9) <2 — %Hm + log ’;R)
2

4
&1 d 2

<O>ga<0>] L2

where H a1 is a harmonic number, defined for the integers by H, = 2221% and for
arbitrary éalues of n by H,, = vg + ¢o(n+ 1) with g the Euler-Mascheroni constant, and
vo(z) = % logT'(x) the digamma function. This result depends on a renormalization scale
p which arises due to an ambiguity in defining a renormalized value for the vev (O),. The
above result only superficially depends on u, since this dependence cancels between the
log % and (O), terms. These results agree with recent holographic calculations [25], and
this work therefore establishes that those results extend beyond holography.

In both equations (1.1) and (1.2), the first terms scaling as R? take the form required
g,
dominate over this term in the small R limit. This leads to some tension with the argu-

for Jacobson’s argument. However, when A < the terms scaling as R?® or R%log R
ment for the equivalence of the Einstein equation and the hypothesis of maximal vacuum
entanglement. We revisit this point in section 5.1 and suggest some possible resolutions to
this issue.

Before presenting the calculations leading to equations (1.1) and (1.2), we briefly re-
view Jacobson’s argument in section 2.1, where we describe in more detail the form of the
variation of the entanglement entropy that would be needed for the derivation of the Ein-
stein equation to go through. We also provide a review of Faulkner’s method for calculating
entanglement entropy in section 2.2, since it will be used heavily in the sequel. Section 3
describes the type of excited states considered in this paper, including an important dis-
cussion of the issue of UV divergences in operator expectation values. Following this, we
present the derivation of the above result to first order in 6(O) in section 4. Finally, we
discuss the implications of these results for the Einstein equation derivation and avenues
for further research in section 5.

2 Background

2.1 Einstein equation from entanglement equilibrium

This section provides a brief overview of Jacobson’s argument for the equivalence of the
Einstein equation and the maximal vacuum entanglement hypothesis [14]. The hypothesis
states that the entropy of a small geodesic ball is maximal in a vacuum configuration of
quantum fields coupled to gravity, i.e. the vacuum is an equilibrium state. This implies that
as the state is varied at fixed volume away from vacuum, the change in the entropy must
be zero at first order in the variation. In order for this to be possible, the entropy increase



of the matter fields must be compensated by an entropy decrease due to the variation of
the geometry. Demanding that these two contributions to the entanglement entropy cancel
leads directly to the Einstein equation.

Consider the simultaneous variations of the metric and the state of the quantum fields,
(0gap, 9p). The metric variation induces a change JA in the surface area of the geodesic
ball, relative to the surface area of a ball with the same volume in the unperturbed metric.
Due to the area law, this leads to a proportional change §Syv in the entanglement entropy

5SUV = 77(514. (2.1)

Normally, the constant 7 is divergent and regularization dependent; however, one further
assumes that quantum gravitational effects render it finite and universal. For small enough
balls, the area variation is expressible in terms of the 00-component of the Einstein tensor
at the center of the ball. Allowing for the background geometry from which the variation

is taken to be any maximally symmetric space, with Einstein tensor G%SS = —Agaw, (2.1)
becomes [14]
Qg_oR?
dSuy = —Uﬁ(GOO + Agoo)- (2.2)

The variation of the quantum state produces the compensating contribution to the
entropy. At first order in dp, this is given by the change in the modular Hamiltonian K,

0SIR = 276(K)), (2.3)
where K is related to pg, the reduced density matrix of the vacuum restricted to the ball, via
PO = e_QWK/Z> (2.4)

with the partition function Z providing the normalization. Generically, K is a complicated,
nonlocal operator; however, in the case of a ball-shaped region of a CFT, it is given by a
simple integral of the energy density over the ball [26, 27],

RZ _ 7,2
K= / dxeCT,, = / dQy_odr ri? <> Too. (2.5)
by ) 2R

In this equation, (% is the conformal Killing vector in Minkowski space? that fixes the

boundary 9% of the ball. With the standard Minkowski time ¢t = 2% and spatial radial
coordinate r, it is given by

R? —r2 — 2 rt
¢= <2R> O — Ear. (2.6)

If R is taken small enough such that (Tp) is approximately constant throughout the ball,
equation (2.3) becomes
Q4 o R4

OO =T

6{To)- (2.7)

2The conformal Killing vector is different for a general maximally symmetric space [25]. However, the
Minkowski space vector is sufficient as long as R? <« A1,



The assumption of vacuum equilibrium states that 6Siot = dSuv + SR = 0, and this
requirement, along with the expressions (2.2) and (2.7), leads to the relation

2
Goo + Agoo = ?5<T00>7 (2.8)

which is recognizable as a component of the Einstein equation with Gy = ﬁ. Requiring
that this hold for all Lorentz frames and at each spacetime point leads to the full tensorial
equation, and conservation of T,; and the Bianchi identity imply that A(z) is a constant.

The expression of 0Sig in (2.7) is special to a CFT, and cannot be expected to hold
for more general field theories. However, it is enough if, in the small R limit, it takes the

following form
Qq_oR?
OSIR = 27['d27i1 (5<T00> + Cgog) . (29)
Here, C' is some scalar function of spacetime, formed from expectation values of operators
in the quantum theory. With this form of §Sir, the requirement that §Sio¢ vanish in all

Lorentz frames and at all points now leads to the tensor equation
2w
Gap + Agap = ? (5<Tab> + Cgab) . (2.10)

Stress tensor conservation and the Bianchi identity now impose that %”C (x) = A(z) + Ao,
and once again the Einstein equation with a cosmological constant is recovered.

The purpose of the present paper is to evaluate dSig appearing in equation (2.9) in a
CFT deformed by a relevant operator of dimension A. It is crucial in the above derivation
that C transform as a scalar under a change of Lorentz frame. As long as this requirement
is met, complicated dependence on the state or operators in the theory is allowed. In the
simplest case, C would be given by the variation of some scalar operator expectation value,
C = §(X), with X independent of the quantum state, since such an object has trivial
transformation properties under Lorentz boosts. We find this to be the case for the first
order state variations we considered; however, the operator X has the peculiar feature that
it depends explicitly on the radius of the ball. The constant C' is found to have a term
scaling with the ball size as R4~ (or log R when A = %), and when A < %, this term
dominates over the stress tensor term as R — 0. Furthermore, as pointed out in [25], even
in the CFT where the first order variation of the entanglement entropy vanishes, the second

order piece contains the same type of term scaling as R**~¢

, which again dominates for
small R. This leads to the conclusion that the local curvature scale A(x) must be allowed

to depend on R. This proposed resolution will be discussed further in section 5.1.

2.2 Entanglement entropy of balls in conformal perturbation theory

Checking the conjecture (2.9) requires a method for calculating the entanglement entropy
of balls in a non-conformal theory. Faulkner has recently shown how to perform this
calculation in a CFT deformed by a relevant operator, [ f(z)O(z) [21]. This deformation
may be split into two parts, f(z) = g(x) + A(z), where the coupling g(z) represents the
deformation of the theory away from a CFT, while the function A(z) produces a variation



of the state away from vacuum. The change in entanglement relative to the CFT vacuum
will then organize into a double expansion in g and A,

08 =Sy + S\ + 852 +8ga+ Sxe + ... (2.11)

The terms in this expansion that are O(A!) and any order in g are the ones relevant for
SSIR in equation (2.9). Terms that are O(A\") are part of the vacuum entanglement entropy
of the deformed theory, and hence are not of interest for the present analysis. Higher order
in \ terms may also be relevant, especially in the case that the O(\!) piece vanishes, which
occurs, for example, in a CFT.

We begin with the Euclidean path integral representations of the reduced density
matrices in the ball ¥ for the CFT vacuum pg and for the deformed theory excited state
p = po + 0p. The matrix elements of the vacuum density matrix are

1
O-1pl04) = 5 [yory. DO (2.12)
¢ p—

Here, the integral is over all fields satisfying the boundary conditions ¢ = ¢4 on one side
of the surface X, and ¢ = ¢_ on the other side. The partition function Z is represented by
an unconstrained path integral,

7 = /Dqse—fO. (2.13)

It is useful to think of the path integral (2.12) as evolution along an angular variable 6
from the ¥, surface at # = 0 to the ¥_ surface at § = 27 [28-30]. When this evolution
follows the flow of the conformal Killing vector (2.6) (analytically continued to Euclidean
space), it is generated by the conserved Hamiltonian K from equation (2.5). This leads to
the operator expression for py given in equation (2.4).

The path integral representation for p is given in a similar manner,

1 Lo [ fO
(O-16164) = [m.yg, DO (214)
B )=

_# —Io B 1 B
_Z”Z/;’iE?%:;’i*we (1 /f0+2/ f0f0 ) (2.15)

Again viewing this path integral as an evolution from ¥, to ¥_, with evolution operator
po = e 2™ /7 we can extract the operator expression of dp = p — po,

op = —po/f(’)+ %po //T{f(’)f(’)} — ... — traces, (2.16)

where T'{} denotes angular ordering in #. The “-traces” terms in this expression arise from
0Z in (2.15). These terms ensure that p is normalized, or equivalently

Tr(dp) = 0. (2.17)

We suppress writing these terms explicitly since they will play no role in the remainder of
this work.



Using these expressions for pg and dp, we can now develop the perturbative expansion
of the entanglement entropy,
S =—Trplogp. (2.18)

It is useful when expanding out the logarithm to write this in terms of the resolvent

s=[ w [Tr (pj:B) - 1iﬂ] (2.19)

© 3 [ 1 1 1
=5 —l—Tr/ d 1) ) 1) + ...
0 0 5P0+5 pP0+5 ppo+5 ppo+5

The first order term in §p is straightforward to evaluate. Using the cyclicity of the trace

integral,?

(2.20)

and equation (2.17), the § integral is readily evaluated, and applying (2.4) one finds
6SW = 27 Tr(6p K) = 276(K). (2.21)

Note when dp is a first order variation, this is simply the first law of entanglement en-
tropy [32] (see also [33]).

The second order piece of (2.20) is more involved, and much of reference [21] is de-
voted to evaluating this term. The surprising result is that this term may be written
holographically as the flux through an emergent AdS-Rindler horizon of a conserved energy-
momentum current for a scalar field* (see figure 1). The bulk scalar field ¢ satisfies the
free Klein-Gordon equation in AdS with mass m? = A(A —d), as is familiar from the usual
holographic dictionary [34]. The specific AdS-Rindler horizon that is used is the one with a
bifurcation surface that asymptotes near the boundary to the entangling surface 0% in the
CFT. This result holds for any CFT, including those which are not normally considered
holographic.

We now describe the bulk calculation in more detail. Poincaré coordinates are used in
the bulk, where the metric takes the form

1
ds® = =5 (=dt* + d2° + dr® +1%dQ] ) . (2.22)

The coordinates (t,r,€2;) match onto the Minkowski coordinates of the CFT at the confor-
mal boundary z = 0. The conformal Killing vector (* of the CFT, defined in equation (2.6),
extends to a Killing vector in the bulk,

R2 — 2 — 222 t
&= ( o7 > Oy — E(zaz +70y). (2.23)

The Killing horizon H™' of £ defines the inner boundary of the AdS-Rindler patch for
t > 0, and sits at
2+ 22 = (R—t)2 (2.24)

30ne can also expand the logarithm using the Baker-Campbell-Hausdorff formula, see e.g. [31].

4Reference [21] further showed that this is equivalent to the Ryu-Takayanagi prescription for calculating
the entanglement entropy [8, 9], using an argument similar to the one employed in [12] deriving the bulk
linearized Einstein equation from the Ryu-Takayanagi formula.
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Figure 1. Bulk AdS-Rindler horizon H™". The horizon extends from the bifurcation surface in the
bulk at ¢ = 0 along the cone to the tip at z = 0, ¢t = R. The ball-shaped surface 3 in the boundary
CFT shares a boundary with the bifurcation surface at ¢ = z = 0.

The contribution of the second order piece of (2.20) to the entanglement entropy is
652 = —on / dxeetTs, (2.25)
H+

where the integral is over the horizon to the future of the bifurcation surface at t = 0. The
surface element on the horizon is d¥% = £*dxdS, where x is a parameter for £ satisfying
£Vex =1, and dS is the area element in the transverse space. T£ is the stress tensor of
a scalar field ¢ satisfying the Klein-Gordon equation,

V.V —A(A —d)p =0. (2.26)
Explicitly, the stress tensor is
1 C

Ty = Va9Vt — 5 (A(A = d)o” + VedV 6) g, (2:27)

which may be rewritten when ¢ satisfies the field equation (2.26) as

1
TE = VapVpo — ZgabVCVC¢2. (2.28)
The boundary conditions for ¢ come about from its defining integral,
(A Af(r, @
$(xp) = d()/ dT/dd_lf i UL < (2.29)
(A~ 4) Jow (24 (7 — itp)* + (7 — Tp)?)

where xp = (tp,z,Zp) are the real-time bulk coordinates, and (7, ) are coordinates on
the boundary Euclidean section. The normalization of this field arises from a particular
choice of the normalization for the OO two-point function,

ca (2A — d)T(A)

(O@)00) = 55, ca= a9 (2.30)



which is chosen so that the relationship (2.31) holds. Note that sending ca — a?ca
multiplies ¢ by a single factor of a. The integrand in (2.29) has branch points at 7 =
{ (tB + /22 + (@ — fB)Q), and the branch cuts extend along the imaginary axis to +ioc.
The notation C(d) on the 7 integral refers to the 7 contour prescription, which must lie
along the real axis and be cut off near 0 at 7 = £4. This can lead to a divergence in § when
the contour is close to the branch point (which can occur when tp ~ /22 + (& — )?), and
this ultimately cancels against a divergence in (TpoQO) from §S(). More details about
these divergences and the origin of this contour and branch prescription can be found in [21].

From equation (2.29), one can now read off the boundary conditions as z — 0. The
solution should be regular in the bulk, growing at most like 22 for large z if f(7,Z) is
bounded. On the Euclidean section tp = 0, it behaves for z — 0 as

¢ — f(0,25)2" 2 + B(0,25)2>, (2.31)

where the function S may be determined by the integeral (2.29), but also may be fixed
by demanding regularity of the solution in the bulk. This is consistent with the usual
holographic dictionary [35, 36], where f corresponds to the coupling, and £ is related to

(0) by’
Bla) = 5 (0(). (232

This formula follows from defining the renormalized expectation value (O) using a holo-

graphically renormalized two-point function,

zyren. CA d—2A sd
The § function in this formula subtracts off the divergence near = 0.5 Using the renor-
malized two-point function, the expectation value of O at first order in f is

©@) =~ [ dysw{o@ow) ™" (234)

and by comparing this formula to (2.29) at small values z and tp = 0, one arrives at
equation (2.32).

In real times beyond tp > z, ¢(xzp) has only a 22

component near z = 0. The
integral effectively shuts off the coupling f in real times. This follows from the use of a
Euclidean path integral to define the state; other real-time behavior may be achievable
using the Schwinger-Keldysh formalism. When tp ~ z, there are divergences associated
with switching off the coupling in real times, and these are regulated with the C'(d) contour
prescription.

Returning to the flux equation (2.25), since £* is a Killing vector, this integral defines
a conserved quantity, and may be evaluated on any other surface homologous to H*. The

5The minus sign appearing here is due to the source in the generating functional being — f fO as opposed
to [ fO.

6 Additional subleading divergences are present when A > g + 1, which involve subtractions proportional
to derivatives of the J-function.



Zo Z0
Figure 2. £ and T surfaces over which the flux integrals (2.35) and (2.36) are computed.

choice which is most tractable is to push the surface down to tg = 0, where the Euclidean
AdS solution can be used to evaluate the stress tensor. The tg = 0 surface £ covers the
region between the horizon and z = zg, where it must be cut off to avoid a divergence in the
integral. To remain homologous to H T, this must be supplemented by a timelike surface 7~
at the cutoff z = 2y which extends upward to connect back with H™. In the limit z5 — 0,
the surface T approaches the domain of dependence D (X) of the ball-shaped region in the
CFT (see figure 2). Finally, there will be a contribution from a region along the original
surface H™ between 2y and 0, but in the limit zg — 0, the contribution to the integral from
this surface will vanish.”

Using equation (2.28), the integral on the surface £ can be written out more explicitly:

—27r/d2a§bT£
R VR2—22 2 2 12
_QW/de 2/ dz / pd=2 [R _’}%_z } [(aqu)?—vi‘f ] (2.35)

This formula uses the solution on the Euclidean section in the bulk, with Euclidean time

7 = itg. This is acceptable on the tp = 0 surface since the stress tensor there satisfies
TB = —TJ. The Laplacian V% is hence the Euclidean AdS Laplacian. The T surface
integral is

o / dxeetTs (2.36)

N T (= LT )

Here, note that the limits of integration have been set to coincide with DT (X), which is

acceptable when taking zg — 0.

3 Producing excited states

This section describes the class of states that are formed from the Euclidean path integral
prescription, and also discusses restrictions on the source function f(z). One requirement

"This piece may become important in the limiting case A = % — 1, which requires special attention. We
will not consider this possibility further here.

~10 -



is that the density matrix be Herimitian. For a density matrix constructed from a path
integral as in (2.14), this translates to the condition that the deformed action I+ [ fO be
reflection symmetric about the 7 = 0 surface on which the state is evaluated. When this
is satisfied, p defines a pure state [37]. Since this imposes f(7,Z) = f(—7, %), it gives the
useful condition

0-f(0,%) =0, (3.1)

which simplifies the evaluation of the bulk integral (2.35).

Another condition on the state is that the stress tensor be of the deformed theory and
the operator O have non-divergent expectation values, compared to the vacuum. These
divergences are not independent, but are related to each other through Ward identities.
The (O) divergence is straightforward to evaluate,

— ;/nge_lo (1 — /fO + .. ) 0(0) (3.2)

_ /C ., @z f(2)(00)0@)) . (3.3)

where the 0 subscript indicates a CFT vacuum correlation function. C(6) refers to the
regularization of this correlation function, which is a point-splitting cutoff for || < 4.
Note that § is the same regulator appearing in the definition of the bulk scalar field,
equation (2.29).

Only the change §(O) in this correlation function relative to the deformed theory
vacuum must be free of divergences. From the decomposition f(x) = g(z) + A(z), with
g(z) representing the deformation of the theory and A(x) the state deformation, one finds
that the divergence in §(O) comes from the coincident limit z — 0. It can be extracted by
expanding A(z) around z = 0. The leading divergence is then

§5(0(0)) gty = — / dr/de 2/ dr———=—« 7'2+r2)

I(A-4+3)
=\ 2 2 5(1 2A.
(O) V(A -9

When A > £ a divergence in §(O) exists unless A(0) = 0.% Further, this must hold at every
point on the 7 = 0 surface, which leads to the requirement that A(0,Z) = 0. Additionally,

(3.4)

there can be subleading divergences proportional to §9=24+27927 (0, Z) for all integers n
where the § exponent is negative or zero.” Thus, the requirement on A is that its first 2¢
T-derivatives should vanish at 7 = 0, where

_ {A _ ZJ . (3.5)

8When A = g, after appropriately redefining ca (see equation (4.37)), it becomes a log d divergence.
9Divergences proportional to the spatial derivative of A are not present since the condition from the
leading divergence already set these to zero.

- 11 -



We can also check that this condition leads to a finite value expectation value for the
stress tensor, which for the deformed theory is

g _ 2 O0f _
ab \/gégab

where ngb is the stress tensor for the CFT. For the TC. component, the expectation value is

T(?b - gogaba (3'6)

1
oy =3 [[ | adtys@ (T 00m0w), (37)
The divergence in this correlation function comes from z,y — 0 simultaneously. It can be
evaluated by expanding f around 0, and then employing Ward identities to relate it to the
OO two-point function (see, e.g. section C.2 of this paper or appendix D of [21]). The first
order in A piece, which gives 6(TY, ), is

9d—2 (A -¢+ %)50;7%
VET(A - 9)

The divergence in the actual energy density also receives a contribution from the O diver-
gence (3.4). Using (3.6), this is found to be

3(T7r )aiv = —gA(0) (3.8)

(A - 4+ 1)
VAT(A =)

As with the 6(O) divergence, requiring that A\(0,Z) = 0 ensures that the excited state
has finite energy density.! Subleading divergences and other components of T% can be

5(T2,)aie = —gA(0) (20728 — 1)g¢ 22, (3.9)

evaluated in a similar way, and lead to the same requirements on A\ as were found for the
O divergences.

4 Entanglement entropy calculation

Now we compute the change in entanglement entropy for the state formed by the path
integral with the deformed action I = Iy + [ fO, with f(z) = g(x) + A(z) being a sum of
the theory deformation ¢ and the state deformation A\. The bulk term §S® in plays an
important role in this case.!'! To evaluate this term, we need the solution for the scalar field
in the bulk subject to the boundary conditions described in section 2.2. Since ¢ satisfies a
linear field equation, so we may solve separately for the solution corresponding to g and the
solution corresponding to A. The function g(x) is taken to be spatially constant, and either
constant in Euclidean time or set to zero at some IR length scale L. Its solution is most
readily found by directly evaluating the integral (2.29), and we will discuss it separately in
each of the cases A > %, A< 521 and A = %l considered below.

0 Curiously, the divergences in T?, cancel without imposing A(0) = 0 when A = %.

A slightly simpler situation would be to consider the deformed action I = I + [ 90 + [ AOs, with
A # As. Then 593 gives no contribution at first order in A, since this term arises from the OO two point
function, which vanishes. However, in this case, the term at second order in A\ would receive a contribution
from 55’(2>, and it is computed in precisely the same way as described in this section. Hence we do not
focus on this case where A # Aj.
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The solution for A\(x) takes the same form in all three cases, so we begin by describing
it. On the Euclidean section in Poincaré coordinates, the field equation (2.26) is

L1, (2 H1g,) 4 22 (aZ + 29, (1428, + r—QV%Hﬂ 6~ AA—d)p=0, (4.1)

where V?)d_Q denotes the Laplacian on the (d — 2)-sphere. Although one may consider
arbitrary spatial dependence for the function A(x), the present calculation is concerned
with the small ball limit, where the state may be taken uniform across the ball. We
therefore restrict to A = A\(7). One can straightforwardly generalize to include corrections
due to spatial dependence in A, and these will produce terms suppressed in powers of R?.

Equation (4.1) may be solved by separation of variables. The 7 dependence is given
by cos(wT), since it must be 7-reflection symmetric. This leads to the equation for the
z-dependence,

d—1 A(A—d
02— —— 0,6 — <w2 + (2)> ¢ = 0. (4.2)
z z
This has modified Bessel functions as solutions, and regularity as z — oo selects the solution
proportional to 22K, (wz), with

o =

d
5 A (4.3)

Hence, the final bulk solution is

A-§ 222K,
Aw (w) s 222 Ko (w2) COS WT , (4.4)

T(A — 9

where the normalization has been chosen so that the coefficient of z

[VlIs®

d=A in the near-

boundary expansion is
A = A\, cos(wT). (4.5)

A single frequency solution will not satisfy the requirement derived in section 3 that A(0, %)
and its first 2¢ 7-derivatives vanish (where ¢ was given in (3.5)). Instead, A must be
constructed from a wavepacket of several frequencies,

A(T) :/ dw,, cos(wT), (4.6)
0
with Fourier components A, satisfying
/ dww?™ A, =0 (4.7)
0

for all nonnegative integers n < ¢. Finally, the coefficients A, should fall off rapidly before
w becomes larger than R~!, since such a state would be considered highly excited relative
to the scale set by the ball size.

Using these solutions, we may proceed with the entanglement entropy calculation. The

answer for A > % in section 4.1 comes from a simple application of the formula derived
d
29
the calculation to deal with IR divergences that arise. This is just a simple IR cutoff

in [21]. In section 4.2 when considering A < %, we must introduce a new element into
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in the theory deformation g(x), which allows a finite answer to emerge, although a new

set of divergences along the timelike surface 7 must be shown to cancel. A similar story

d

emerges in section 4.3 for A = 5, although extra care must be taken due to the presence

of logarithms in the solutions.

41 A >4

The full bulk scalar field separates into two parts,

¢ = ¢0 + <Z>w, (48)

with ¢, from (4.4) describing the state deformation, while ¢y corresponds to the theory
deformation g(z). Since no IR divergences arise at this order in perturbation theory when
A > %, we can take g to be constant everywhere. The solution in the bulk on the Euclidean
section then takes the simple form

do = g2" 2. (4.9)

Given these two solutions, the bulk contribution to 65 may be computed using
equation (2.35). Note that 9,¢ = 0 on the 7 = 0 surface, so we only need the V2¢? term
in the integrand. Before evaluating this term, it is useful to expand ¢, near z = 0. This
expansion takes the form

o o0
bo = [)\wsz Z an(W2)?" + 22 Z b (w2)*™ | cos(wT), (4.10)
n=0 n=0
where .
w\28-d (5 — A)
Bo = Aw (—) —2 (4.11)
2 ra-9)
and the coefficients a, and b, are given in appendix A. The O(A!) term in ¢? is 2¢gPw,
and this modifies the power series (4.10) by changing the leading powers to 22(d=2) and 2.
The Laplacian in the bulk is
V2 = 2202 + 20119, (»79110,). (4.12)

Acting on the ¢g¢,, series, the effect of the 7 derivative is to multiply by —w?2?, which
shifts each term to one higher term in the series. The z derivatives do no change the power
of z, but rather multiply each term by a constant, 2(d — A + n)(d — 2A + 2n) for the a,
series and 2n(d + 2n) for the b, series (note in particular it annihilates the first term in the
by, series). After this is done, the series may be reorganized for 7 = 0 as

IV2hod, = 29,220 Z en(wz)?™ 4 2gB,2° Z dp(w2)*", (4.13)
n=0 n=1

with the coefficients ¢, and d,, computed in appendix A.
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From this, we simply need to evaluate the integral (2.35) for each term in the series.
For a given term of the form Az", the contribution to 65®) is

R VRZ=2 2 2 .2
&= _7 = a2 B =27
05,7 = QQd—Q/ZO sl A drr o A" (4.14)
dn—d _d+1 n—d. n—d ﬁ)
s [ TEE DTG - R (S 1
4(d2 —1) I'(2+3) n_d

(4.15)

The second term in this expression contains a set of divergences at zg — 0 for all values
of n < d. These arise exclusively from the ¢, series in (4.13). In general, the expansion
of the hypergeometric function near zy = 0 can produce subleading divergences, which
mix between different terms from the series (4.13). These divergences eventually must
cancel against compensating divergences that arise from the 7 surface integral in (2.36).
Although we do not undertake a systematic study of these divergences, we may assume
that they cancel out because the cutoff surface at zy was chosen arbitrarily, and the original
integral (2.25) made no reference to it. Thus, we may simply discard these zy dependent
divergences, and are left with only the first term in (4.15).'2

There is another reason for discarding the zy divergences immediately: they only arise
in states with divergent energy density. The coefficient of a term with a zy divergence is
2gc,w?™ \,,. The final answer for the entanglement entropy will involve integrating over all
values of w. But the requirement of finite energy density (4.7) shows that all terms with
n < ¢, corresponding to n < 2d — 2A + 2¢q, will vanish from the final result. Given the
definition of ¢ in (3.5), these are precisely the terms in (4.15) that have divergences in zp.

Note that since 3, x w2~

, which is generically a non-integer power, the integral over w
will not vanish, so all the 3, terms survive.

The resulting bulk contribution to the entanglement entropy at order Ag is

é_i_l 00 o0 F d —A
(20 _ gmz'z 2(d—A) (5 +n) 2n
0S¢ g = 1 /0 dw | AR E CnF(d—A—l—%—i—n)(wR)
n=q+1

F(% +n)

w(wm% : (4.16)

+ SR i d,
n=1

This expression shows that the lowest order pieces scale as R2(4—A+a+1) and R2 which
both become subleading with respect to the R? scaling of the 6S() piece for small ball
size. Note that a similar technique could extend this result to spatially dependent A(z),
and simply would amount to an additional series expansion.

One could perform a similar analysis for the O(\?) contribution from 5. The
series of V2¢, b, would organize into three series, with leading coefficients A\, A 2242,
(Bodw + MoBur)z?, and BB, 22, After integrating over w and w’, and noting which

12%When n = d 4 2 for an integer j, there are subtleties related to the appearance of log zo divergences.
These cases arise when A = % + m with m an integer. We leave analyzing this case for future work.
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terms vanish due to the requirement (4.7), one would find the leading contribution going

as B2R2?2. The precise value of this term is

AN+ Hr(A -4+ 1)
(2A — d)2T(A + 3)

g2
dz -1

553 = - R (5(0))

, (4.17)
which is quite similar to the R?2 term in equation (1.1). This is again subleading when
A > 2, but the same terms show up for A < in sections 4.2 and 4.3, where they become
the dominant contribution when R is taken small enough. The importance of these second
order terms in the small R limit was first noted in [25].

The remaining pieces to calculate come from the integral over 7 given by (2.36), and
6S™ in (2.21), which just depends on §(Tg,). When A > %, the only contribution from the
T surface integral is near tp ~ z — 0. These terms were analyzed in appendix E of [21],
and were found to give two types of contributions. The first were counter terms that cancel
against the divergences in the bulk as well as the divergence in §S(). Although subleading
divergences were not analyzed, these can be expected to cancel in a predictable way. We
also already argued that such terms are not relevant for the present analysis, due to the
requirement of finite energy density. The second type of term is finite, and takes the form

0P e = —2TA /E ¢'98. (4.18)

The relation between 5 and 6(O) identified in (2.32) implies from equation (4.11),

5(O) =\,

e a

%)

and assuming the ball is small enough so that this expectation value may be considered
constant, (4.18) evaluates to

QR A
65'%)ﬁnite =2m . |:

21 |3A d95<(9>] . (4.20)

Similarly, taking §(Tg,) to be constant over the ball, the final contribution is the variation
of the modular Hamiltonian piece, given by

5S —277/ Cto(T,) —27%‘1 Q}i S(TS). (4.21)

Before writing the final answer, it is useful to write 6(O) in terms of the trace of the
stress tensor of the deformed theory, T9. The two are related by the dilatation Ward
identity, which gives [38]

o{(T9) = (A —d)gé(O). (4.22)

Then, using the definition of the deformed theory’s stress tensor (3.6) and summing up the
contributions (4.16), (4.20), and (4.21), the total variation of the entanglement entropy at
O(M\gh) is

5SA9 dz 5< 00> T9A —d

3Ty | +3888),- (4.23)
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Since 55‘8; o 18 subleading, this matches the result (1.1) quoted in the introduction, apart
from the R?* term, which is not present because we have arranged for the renormalized
vev (O)g to vanish. However, as noted in equation (4.17), we do find such a term at second
order in A.

42 A<

Extending the above calculation to A < % requires the introduction of one novel element:
a modification of the coupling g(z) to include an IR cutoff. It is straightforward to see
why this regulator is needed. The perturbative calculation of the entanglement entropy
involves integrals of the two point correlator over all of space, schematically of the form

/ﬁ%mm@mmogwoz/ﬁ%qgff (4.24)

If this is cut off at a large distance L, the integral scales as L4—24 (or log L for A = %)
when the coupling g(z) is constant. This clearly diverges for A < 4.

The usual story with IR divergences is that resumming the higher order terms remedies
the divergence, effectively imposing an IR cut off. Presumably this cut off is set by the
scale of the coupling Leg ~ gﬁ, but since it arises from higher order correlation functions,
it may also depend on the details of the underlying CFT. Although it may still be possible
to compute these IR effects in perturbation theory [39-41], this goes beyond the techniques
employed in the present work. However, if we work on length scales small compared to the
IR scale, it is possible to capture the qualitative behavior by simply putting in an IR cut
off by hand (see [42] for a related approach). We implement this IR cutoff by setting the
coupling g(z) to zero when |7| > L.1* We may then express the final answer in terms of
the vev (O)4, which implicitly depends on the IR regulator L.

The bulk term 65 involves a new set of divergences from the 7 surface integral that
were not present in the original calculation for A > % [21]. To compute these divergences
and show that they cancel, we will need the real time behavior of the bulk scalar fields,
in addition to its behavior at ¢ = 0. These are described in appendix B.1. The important
features are that ¢g on the ¢ = 0 surface takes the form

O -
bo = _2<A zgdzA + 2972, (4.25)

and the vev (O), is determined in terms of the IR cutoff L by

rA-9441
«»gzzmﬁﬂﬁ—i——%igl (4.26)
VaT(a )
For ¢ > 0, the time-dependent solution is given by
go= 8y gd-bp()y), (4.27)

C2A —d

13This will work only for A > g — % For lower operator dimensions, a stronger regulator is needed, such
as a cutoff in the radial direction, but the only effect this should have is to change the value of (O),.
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where the function F' is defined in equation (B.7). To compute the divergences along T,
the form of this function is needed in the region ¢ > z, where it simply becomes

F(t/2) 25 B <z>d_m , (4.28)

with the proportionality constant B given in equation (B.8). The field ¢,, behaves similarly
as long as w™! > z,t. In particular, it has the same form as ¢y in equations (4.25)
and (4.27), but with g replaced by A, and (O), replaced with §(O), given by

N4 —A+1) <8)2Afd

5(O) = A, ra-7 (2

(4.29)
which is the same relation as for A > 4, equation (4.19).

Armed with these solutions, we can proceed to calculate 6.5 (). In this calculation, the
contribution from the timelike surface 7 now has a novel role. Before, when A > %l, the
integral from this surface died off as z — 0 in the region tg > z, and hence the integral
there did not need to be evaluated. For A < %, rather than dying off, this integral is
now leads to divergences as z — 0. These divergences either cancel among themselves, or
cancel against divergences coming from bulk Euclidean surface £, so that a finite answer is
obtained in the end. These new counterterm divergences seem to be related to the alternate
quantization in holography [25, 35], which invokes a different set of boundary counterterms
when defining the bulk AdS action. It would be interesting to explore this relation further.

At first order in g and A, three types of terms will appear, proportional to each of
(0)40(0), (96(0) + A(0)(O)g), or gA(0). Here, we allow A(0) # 0 because there are no
UV divergences arising in the energy density or O expectation values when A < %l. The
descriptions of the contribution from each of these terms are given below, and the details
of the surface integrals over £ and T are contained in appendix C.1.

The (0)40(O) term has both a finite and a divergent piece coming from the integral
over £ (see equation (C.2)). This divergence is canceled by the T integral in the region
tp > 29. This is interesting since it differs from the A > g case, where the bulk divergence
was canceled by the 7T integral in the region tg < z9. The final finite contribution from

~

this term is
Qio AAT(E+HT(A -2 +1)
a2 —1 (2A — d)2T'(A + 3)

It is worth noting that we can perform the exact same calculation with (O)46(O) replaced

055} = —2m(0),6(0)

(4.30)

by %5 (0)? to compute the second order in A change in entanglement entropy. The value
found in this case agrees with holographic results [25].

The g6(O)+A(0)(O), term receives no contribution from the & surface at leading order
since this term in ¢? scales as 2% in the bulk, and the z-derivatives in the Laplacian V?
annihilate such a term. The surface 7 produces a finite term, plus a collection of divergent
terms from both regions t ~ z and t > z, which cancel among themselves. The finite term

is given by

d
352, = 2y 2L (93(0) + OO, (a5

which is exactly analogous to the term (4.20) found for the case A > %.
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Finally, the term with coefficient A(0)g produces subleading terms, scaling as Rd=A+n)

for positive integers n. Since these terms are subleading, we do not focus on them further.
In this case, it must also be shown that the divergences appearing in the 7 cancel amongst
themselves, since no divergences arise from the £ integral. The calculations in appendix C.1
verify that this indeed occurs.

We are now able to write down the final answer for the change in entanglement entropy
for A < %. The contribution from 651 is exactly the same as the A > % case, and is given
by (4.21). Following the same steps that led to equation (4.23), the contributions from the
finite piece of 5S’g{ in (C.2) and 55’53)2 in (C.8) combine with §S™ to give

AT(§+3)0(A —§ +1)
(2A — d)2T (A + 3)
(4.32)
where we have set A\(0) = 0 for simplicity and to match the expression for A > %, which

R (1) - 35— (1)) - R(0),60)

required A(0) =0

4.3 A=3

Similar to the A < % case, there are IR divergences that arise when A = %. These are
handled as before with an IR cutoff L, on which the final answer explicitly depends. A new
feature arises, however, when expressing the answer in terms of (O), rather than L: the
appearance of a renormalization scale pu. The need for this renormalization scale can be
seen by examining the expression for (O),4, which depends on the OO two-point function
with A =2
4 9Ch , rs dr

(O)g = —/d Td T _gcAI’(g)/T' (4.33)
This has a logarithmic divergence near x = 0 which must be regulated. The UV-divergent
piece can be extracted using the point-splitting cutoff for |7| < d; however, there is an
ambiguity in identifying this divergence since the upper bound of this integral cannot be
sent to co. The appearance of the renormalization scale is related to matter conformal
anomalies that exist for special values of A [38, 43, 44]. Thus we must impose an upper
cutoff on the integral, which introduces the renormalization scale ;z~!. The divergent piece
of (0)4 is then

d

div. ;o T2
(O)g" = gca =72 log pd. (4.34)
INC)
Now we can determine the renomalized vev of O, using the IR-regulated 7 integral,
d
<O>§en' — <O>g dlv _ / dT/dd 1x97A — gcAF(d)Qlog/Mg (4.35)
2

= —gc\——2log uL. (4.36)

F(%)
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The final answer we derive for the entanglement entropy when A = % will depend on log L
but not on explicitly 4 or (O),. Only after rewriting it in terms of (O)7™ does the p

dependence appear.

One other small modification is necessary when A = %. The normalization ca for

the OO two point function defined in (2.30) has a double zero at A = % which must be

removed. This is easily remedied by dividing by (2A —d)? [35, 45], so that the new constant
appearing in the two point function is
g F(A) A— T
f\ =
i (A — 4 +1) o

[NI[oH

)

[\ClisH

(4.37)

[NJisH

This change affects the normalization of the bulk field ¢ by dividing by a single factor of
1/(2A — d), so that

P(zp) =

d —

L) / dr/ddlf AT (4.38)
ons Jow) (224 (1 —itp)? + (¥ — Tp)?)~

These are all the components needed to proceed with the calculation of the entangle-
ment entropy. As before, we solve for the bulk field ¢ associated with a constant coupling
g, set to zero for |7| > L. The ¢,, field associated with the state deformation A = A, coswr
is again given by a modified Bessel function on the Euclidean section. Its form along the
timelike surface 7 is derived from the integral representation (4.38), and particular care
must be taken in the region tp ~ z, where a divergence in 0 appears. Although this
divergence is not present if we require A(0) = 0, we analyze the terms that it produces
for generality. This ¢ divergence is shown to cancel against a similar divergence in 65
related to the divergence in the (TpoOQ) three-point function.

The full real-time solutions for ¢y and ¢, are given in appendix B.2. The ¢ solution
from equation (B.15) takes the form

b0 = 922 G(tp/2,6/z L)%), (4.39)

with the function G defined in equation (B.16). The dependence of this function on § is
needed only in the region tp ~ z; everywhere else it can safely be taken to zero. On the &
surface where tg = 0, the solution in the limit L > z is

2L

z

$o = g2? log —(O)i™ — g2% log % (4.40)
where the second equality uses the value of (O); derived in (4.36). We also need ¢p in

the region tp > z, given by
L

o (4.41)

¢o = gzg log

For ¢,,, the solution on the £ surface is still given by a modified Bessel function as in
equation (4.4), but must be divided by (2A —d) according to our new normalization (4.38),

b = )\wz%Ko(wz) 220, —/\wz% <7E + log %) ) (4.42)
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By writing the argument of the log term as in equation (4.40), one can read off the renor-
malized operator expectation value,

IOy ™ = A, <7E + log Z) . (4.43)

Beyond tg = 0, as long as w™! > tp, the solution can be written in a similar form as (4.39).
When tg > z, this is given by

= —)\wzg(VE + logwtp). (4.44)

Now that we have the form of the solutions on the surfaces £ and 7T, the entanglement
calculation contains four parts. The first is the integral over £, where a log zo divergence
appears. This cancels against a collection of divergences from the 7 surface. The second
part is the 7 surface near tp ~ z. This region produces more divergences in zg and 9,
some of which cancel the bulk divergence. The third part is the integral over T for tg > z,
which eliminates the remaining zy divergences. Finally, an additional divergence from the
stress tensor in 6S™) cancels the § divergence, producing a finite answer.

Appendix C.2 describes the details of these calculations. In the end, the contributions
from equations (C.16), (C.12), (C.22), (C.32) and (C.41) combine together to give the
following total change in entanglement entropy, at O(A'gl),

Qu_oRY o d. (2L WR

9, <7E +log RQ‘”) log uR — (Hg?l + Haps (Hanr — 2))] } . (4.45)
4 2 4L 8 = 2 2
This is the answer for a single frequency w in the state deformation function A(z). Since
A(0) # 0, this result cannot be immediately interpreted as the entanglement entropy of
an excited state, since the state has a divergent expectation value for O.'* To get the
entanglement entropy for an excited state, we should integrate over all frequencies, and use
the fact that [ dw), = 0. When this is done, all terms with no logw dependence drop out.
Also, we no longer need to specify that operator expectation values are renormalized, since
the change in expectation values between two states is finite and scheme-independent.
We would like to express the answer in terms of §(O). By integrating equation (4.43)
over all frequencies and using that A\(0) = 0, we find

3(0) :/ dw A, log w. (4.46)
0

With this, the total change in entanglement entropy for nonsingular states coming from
integrating (4.45) over all frequencies is

Qq_oR?

O =g

[5<T§0> + g§5<0> <;Hdg1 + log 2;)} . (4.47)

MHowever, viewing w as an IR regulator, this equation can be adapted to express the change in vacuum
entanglement entropy between a CFT and the deformed theory.
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This can be expressed in terms of the deformed theory’s stress tensor 1§, and trace T9
using equations (3.6) and (4.22),

Qq_oR? g 2 1 R
Although the answer is scheme-independent in the sense that p does not explicitly appear,
there is a dependence on the IR cutoff L. This cutoff is related to the renormalized vev
(O)g™ via (4.36), which does depend on the renormalization scheme. Thus the dependence

ren.

o, at the cost of introducing (spurious)

on L in the above answer can be traded for (O)
pu-dependence,

Qq_oR? 2 1 R
085g = 2m = [5<Togo> + 6(T9) <d - §H% + log M2> -

e S060)] (149

2
which is the result quoted in the introduction, equation (1.2).

5 Discussion

The equivalence between the Einstein equation and maximum vacuum entanglement of
small balls relies on a conjecture about the behavior of the entanglement entropy of excited
states, equation (2.9). This work has sought to check the conjecture in CFTs deformed by a
relevant operator. In doing so, we have derived new results on the behavior of excited state
entanglement entropy in such theories, encapsulated by equations (1.1) and (1.2). These
results agree with holographic calculations [25] that employ the Ryu-Takayanagi formula.
Thus, this work extends those results to any CFT, including those which are not thought
to have holographic duals.

For deforming operators of dimension A > % considered in section 4.1, the calcula-
tion is a straightforward application of Faulkner’s method for computing entanglement
entropies [21]. One subtlety in this case is the presence of UV divergences in §(O) and
§{TY,) unless the state deformation function A(z) is chosen appropriately. As discussed in
section 3, this translates to the condition that A and sufficiently many of its T-derivatives
vanish on the 7 = 0 surface. When the entanglement entropy of the state is calculated, this
condition implies that terms scaling with the ball radius as R2(d=A+n) which are present
for generic A(z), vanish, where n is a positive integer less than or equal to LA — %J As
R approaches zero, these terms dominate over the energy density term, which scales as
R?. This shows that regularity of the state translates to the dominance of the modular
Hamiltonian term in the small ball limit when A > %. The subleading terms arising from
this calculation are given in equation (4.16).

Section 4.2 then extends this result to operators of dimension A < %. In this case,
IR divergences present a novel facet to the calculation. To deal with these divergences,
we impose an IR cutoff on the coupling g(x) at scale L. A more complete treatment
of the IR divergences would presumably involve resumming higher order contributions,
which then would effectively impose an IR cutoff in the lower order terms. This cutoff
should be of the order Lgg ~ gﬁ, but can depend on other details of the CFT, including
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any large parameters that might be present. Note this nonanalytic dependence of the IR
cutoff on the coupling signals nonperturbative effects are at play [46, 47]. After the IR
cutoff is imposed, the calculation of the entanglement entropy proceeds as before. In the
final answer, equation (1.1), the explicit dependence on the IR cutoff is traded for the
renormalized vacuum expectation value (O),. This expression agrees with the holographic
calculation to first order in §(O) in the case that (O), is nonzero [25].

Finally, the special case of A = g is addressed in section 4.3. Here, both UV and IR
divergences arise, and these are dealt with in the same manner as the A > g and A < g
cases. The answer before imposing that the state is nonsingular is given in equation (4.45),
and it depends logarithmically on an arbitrary renormalization scale u. This scale u arises
when renormalizing the stress tensor expectation value § <T(())O>, as is typical of logarithmic
UV divergences. Note that the dependence on p in the final answer is only superficial,
since the combination ¢ <T(?0>ren' —log uR appearing there is independent of the choice of .
Furthermore, for regular states, § <T(§)0> is UV finite, and hence the answer may be written
without reference to the renormalization scale as in (4.48), although it explicitly depends
on the IR cutoff. In some cases, such as free field theories, the appropriate IR cutoff may
be calculated exactly [25, 48, 49]. Re-expressing the answer in terms of (O), instead of
the IR cutoff, as in equation (1.2), re-introduces the renormalization scale p, since the
vev requires renormalization and hence is p-dependent. Again, this dependence on p is
superficial; it cancels between (O), and the log % terms.

5.1 Implications for the Einstein equation

We now ask whether the results (1.1) and (1.2) are consistent with the conjectured form of
the entanglement entropy variation (2.9). The answer appears to be yes, with the following
caveat: the scalar function C explicitly depends on the ball size R. This comes about from
the R?2 in equation (1.1), in which case C' contains a piece scaling as R?A=d and from
the R%log R term in (1.2), which gives C' a log R term. When A < %, these terms are
the dominant component of the entanglement entropy variation when the ball size is taken
to be small.

The question now shifts to whether R-dependence in the function C still allows the
derivation of the Einstein equation to go through. As long as C'(R) transforms as a scalar
under Lorentz boosts for fixed ball size R, the tensor equation (2.10) still follows from
the conjectured form of the entanglement entropy variation (2.9) [14]. One then concludes
from stress tensor conservation and the Bianchi identity that the curvature scale of the
maximally symmetric space characterizing the local vacuum is dependent on the size of
the ball, A = A(x, R).!"> There does not seem to be an immediate reason disallowing an
R-dependent A.

There are two requirements on A(R) for this to be a valid interpretation. First, A~}
should remain much larger than R? in order to justify using the flat space conformal Killing
vector (2.6) for the CFT modular Hamiltonian, and also to justify keeping only the first
order correction to the area due to curvature in equation (2.2). Since C'(R) is dominated

15This idea was proposed by Ted Jacobson, and I thank him for for discussions regarding this point.
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by the R?2 for A < 4 as R — 0, it determines A(R) by
2
A(R) = %0 ~ 572(0),6(0) R*A 1, (5.1)
The the requirement that A(R)R? < 1 becomes

R 2A—1d+2
oS (@%A<O>ga<0>> |

Since 2A — d + 2 > 0 by the CFT unitarity bound for scalar operators, this inequality

(5.2)

can always be satisfied by choosing R small enough. Furthermore, since (O)40(O) should
be small in Planck units, the right hand side of this inequality is large, and hence can be
satisfied for R > £p. A second requirement is that A remain sub-Planckian to justify using
a semi-classical vacuum state when discussing the variations. This means A(R)(% < 1,
which then implies

1
i > (620),8(0)) 7. (5.3)
This now places a lower bound on the size of the ball for which the derivation is valid.
However, the R-dependence in A(R) is only significant when d — 2A is positive, and hence
the right hand side of this inequality is small. Thus, there should be a wide range of R
values where both (5.2) and (5.3) are satisfied. The implications of such an R-dependent
local curvature scale merit further investigation. Perhaps it is related to a renormalization
group flow of the cosmological constant [50].

A second, more speculative possibility is that the R*2 and log R terms are resummed
due to higher order corrections into something that is subdominant in the R — 0 limit.
One reason for suspecting that this may occur is that the R at second order in the state
variation can dominate over the lower order R? terms at small R, possibly hinting at a
break down of perturbation theory.' As a trivial example, suppose the R?2 term arose

from a function of the form
Rd
1+ (R/Ry)2A—d’

Since A < %l, this behaves like R — R2ARg_2A when R > Ry. However, about R = 0, it

becomes 2d-2)
Rd R—0 Rd E (5 5)
1+ (R/Ry)*A—d 0 Ry ’ ’

which is subleading with respect to a term scaling as R?. Note however that something

(5.4)

must determine the scale Ry in this argument, and it is difficult to find a scale that is free
of nonanalyticities in the coupling or operator expectation values. It would be interesting
to analyze whether these sorts of nonperturbative effects play a role in the entanglement
entropy calculation.

Finally, one may view the R dependence in A as evidence that the relation between
maximal vacuum entanglement and the Einstein equation does not hold for some states. In

SHowever, reference [25] found that terms at third order in the state variation are subdominant to this
term for small values of R.
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fact, there is some evidence that the relationship must not hold for some states for which
the entanglement entropy is not related to the energy density of the state. A particular
example is a coherent state, which has no additional entanglement entropy relative to the
vacuum despite possessing energy [51].

5.2 Future work

This work leads to several possibilities for future investigations. First is the question of
how the entanglement entropy changes under a change of Lorentz frame. The equivalence
between vacuum equilibrium and the Einstein equation rests crucially on the transforma-
tion properties of the quantity C' appearing in equation (2.9). Only if it transforms as a
scalar can it be absorbed in to the local curvature scale A(x). The calculation in this work
was done for a large class of states defined by a Euclidean path integral. For a boosted
state, one could simply repeat the calculation using the Euclidean space relative to the
boosted frame, and the same form of the answer would result. For states considered here
that were stationary on time scales on the order R (since wR < 1), it seems plausible that
the states constructed in the boosted Euclidean space contain the boosts of the original
states. However, this point should be investigated more thoroughly. Another possibility
for checking how the entanglement entropy changes under boosts is to use the techniques
developed in [22], which provides perturbative methods for evaluating the change in entan-
glement entropy under a deformation of the region X. In particular, a formula is derived
that applies to timelike deformations of the surface, and hence could be used to investigate
the behavior under boosts.

Performing the calculation to the next order in perturbation theory would also provide
new nontrivial checks on the conjecture, in addition to providing new insights for the
general theory of perturbative entanglement entropy calculations. This has been done in
holography [25], so it would be interesting to see if the holographic results continue to
match for a general CFT. The entanglement entropy at the next order in perturbation
theory depends on the OOQO three point function [19]. One reason for suspecting that the
holographic results will continue to work stems from the universal form of this three point
function in CFTs. For scalar operators, it is completely fixed by conformal invariance up
to an overall constant. Thus, up to this multiplicative constant, there is nothing in the
calculation distinguishing between holographic and non-holographic theories. At higher
order, one would eventually expect the holographic calculation to differ from the general
case. For example, the four point function has much more freedom, depending on an
arbitrary function of two conformally invariant cross-ratios. It is likely that universal
statements about the entanglement entropy would be hard to make at that order.

The IR divergences when A < % were dealt with using an IR cutoff, which captures the
qualitative behavior of the answer, but misses out on the precise details of how the coupling
suppresses the IR region. It may be possible to improve on this calculation at scales above
the IR scale using established techniques for handling IR divergences perturbatively [39-
41], or by examining specific cases that are exactly solvable [39, 48, 49]. IR divergences
continue to plague the calculations at higher order in perturbation theory. This can be
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seen by examining the OOQO three point function,

// ddxldd$2<0(0)0(l‘1)0($2)> = // d%x d%zy ‘xﬂA’xg‘Ac‘iL‘l TS (5.6)

By writing this in spherical coordinates, performing the angular integrals, and defining

u= %’, this may be written

OO OO 2d-3A—1, d—A—1 -A 1A 2u
CleQdQﬂ_/O du/o dryry u (14+u) 25 F) (2,2;1;W>, (5.7)
This is clearly seen to diverge in the IR region 7; — oo when A < 24, so that some operators
that produced IR finite results in the two-point function now produce IR divergences.
Finally, one may be interested in extending Jacobson’s derivation to include higher
order corrections to the Einstein equation. There are two possibilities for pursuing this.
First, one may consider higher order in R? corrections to the entanglement entropy. On
the geometrical side, this involves considering additional terms in the Riemann normal
coordinate expansion of the metric about a point. This could also lead to deformations of
the entangling surface 0%, and these effects could be computed perturbatively using the
techniques of [17, 19, 20, 22]. Additional corrections would come about in the computation
of .5Tr from spatial variation of the state across the ball, as well as subleading contributions
in the energy of the state. It may be interesting to see whether these expansions can be
carried out further to compute the higher curvature corrections to Einstein’s equation.
Another approach would be to compute the Wald entropy associated with the ball [52-54],
with additional corrections added to account for the nonzero extrinsic curvature of the
surface [55]. This is the appropriate generalization of the area terms to the entanglement
entropy when the gravitational theory contains higher curvature corrections. In this case,
care has to be taken in order to determine what is held fixed during the variation.'” It would
be interesting to derive the relationship implied by the maximal vacuum entanglement
principle in this case.
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A Coefficients for the bulk expansion

This appendix lists the coefficients appearing in section 4.1 for the expansion of ¢, and
V2po¢,,. Given its definition (4.4), the coefficients appearing in the expansion (4.10) follow
straightforwardly from known expansions of the modified Bessel functions [56]:

_rE-asy

= nlI‘(g A+n+1) (A1)

PR ot S0 (A.2)
4nM(A -G +n+1)

When acting with V2 on the series ¢g¢y, the 7 and z derivatives mix adjacent terms in
the series. The relation this gives is

=2(d—A+n)(d—2A+2n)a, — an—1, (A.3)

which, given the properties of the a,, simplifies to

=2(d — A)(d — 2A + 2n)ay,. (A4)
Similarly, for the d,, series,
dp = 2n(d + 2n)b, — by—1, (A.5)
which implies
dp, = 4n(d — A)by,. (A.6)

B Real-time solutions for ¢(x)

Bl A<é

This appendix derives the real time behavior of the fields ¢y and ¢,. Starting with ¢,
the coupling ¢g(z) is a constant g for |7| less than the IR cutoff L, and zero otherwise. The
bulk solution found by evaluating (2.29) is

F(A—d—{—l) L/z d_A_1
b = g2 2 z2_ 2 / dy (1+ (y — itB/z)2)2 2 4 c.c. (B.1)
ﬁF(A—%) 0
raA-4+3)r1L—- 1 1 3 —(L—itp)?
= g2472 ( 2+3) [ s o Iy <,A—d+73a ( QZtB) )

ﬁF(A—§) z 2 2 22 z

itp 1 d 1 3 t%4

B (A2 2.2.1B
2 1(2,A 2+22 )—i—cc} (B.2)

Here, notice that no cut off near y = 0 was needed, since the OO two point function has
no UV divergences. However, one still has to be mindful of the branch prescription, which
is appropriately handled by adding the complex conjugate as directed in the expressions
above (denoted by “c.c.”). When tp > z, the branch in the hypergeometric function along
the real axis is dealt with by replacing tp — tp + id, and taking the 6 — 0 limit.

—97 —



This solution can be simplified in the two regimes of interest, namely on £ with g =0
and on 7 in the z — 0 limit. In the first case, ¢g reduces to

_ gL 2AT(A — 4 + ) d d 1 d . =22
bol, o =927 =2 2P [A—S A- S+ A - S+ 1= ),
tp=0 VaAT(A -4 4+1) 2 2 2 2 L?

(B.3)
and since we are assuming R < L, we only need this in the small z limit,
Li2Ap(A -4+ 1
go — g2 =AY ( 2 2) (B.4)
VrT(A—-§+1)
From this, one immediately reads off the vev of O,
rAa-441
<0M=2ﬂﬁ”Al——ﬁ—%ﬁ (B.5)
VaT(a — )
The real time behavior near z — 0 and with ¢t < L takes the form
@
Po = _2<A zgdZA +929 2 F(tp/2), (B.6)
with
1 s<1
F(s) = 5 ndoatl . (B.7)
Vr(s2-1)2 At 1A _d_ 1.1
sT(A-241)T(2-A+]) 2 I (17 nA—5+ 1 52) s>1
In particular, for large argument, this function behaves as
F(s — o0) = Bs?724, B = VT . (B.8)

rA-4+1)rE-A+1)

We also need the solution for the field corresponding to the state deformation A(z).
The oscillatory behavior for the choice (4.5) for this function serves to regulate the IR
divergences, and hence no additional IR cutoff is needed. Thus the bulk solution on the
Euclidean section (4.4) is still valid. The real time behavior of the solution is given by the
following integral,

rA-4+1)
Val(A—9)

d

bo = Aoz A {/OO dy cos(wzy) (1 + (y — itp/2)?) 27472 +cec.|. (B.9)
0

To make further progress on this integral, we note that we only need the solution up to
times tp ~ R < w™!. In this limit, the solution should not be sensitive to the details of
the IR regulator. Therefore, the answer should be the same as for ¢g in (B.6), the only
difference being the numerical value for the operator expectation value. This behavior can
be seen by breaking the integral into two regions, (0,2) and (%, 00), with tp < a < w™!.
In the first region, the cosine can be set to 1 since its argument is small. The resulting
integral is identical to (B.1), with L replaced by a. In the second region, the integration
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variable y is large compared to 1 and ¢p/z, so the integral reduces to

d 1 0o
NGt ) / d-28-1 (B.10)

e ), oSty
2 z

s (9)EEA) e gy LA )

2 NN z VDA -4 4+ 1)

(B.11)

valid for a < w™!. The second term in this expression cancels against the same term
appearing in the first integration region, effectively replacing it with the first term in (B.11).
The final answer for the real time behavior of ¢, near z =0 is

5(0)
2A —d

b = — ZA + )‘wzdiAF(tB/Z) ) (B12)

where we have identified §(O) as
(B.13)

_d
B2 A=1

Here we derive the real-time behavior of ¢¢ and ¢, when A = %. We begin with ¢g. The
integral (4.38) can be evaluated, with 7-cutoffs at ¢ and L to give

d L/z 1
$o = g;2 [/ dy (1+ (y —itp/2)?) * +c.c. (B.14)
6/z
= gz%G(tB/z,(S/z,L/z), (B.15)
where 1
G(s,e,l) = 3 (sinh™*(I — is) — sinh ™! (e — is) + c.c.) . (B.16)

The -dependence in (B.15) is needed in the region tp ~ z where it is necessary for
regularizing a divergence. Everywhere else the limit § — 0 may be taken. Also, since we
will need this solution in the regions where z and tg are at most on the order of R < L, we
often use the limiting form of this function taking L > z,{p. In particular, on the surface

& with tg = 0, it evaluates to
2L

oo — gz% log —, (B.17)
z
plus terms suppressed by 2—22 It is useful to express this in terms of the renormalized vev

for O calculated in (4.36):

z

$o = —(O)I™ 25 — g2 log “7 (B.18)

The log term in this expression is what would have resulted if we had cut the integral (B.14)

1

off at p~' rather than L. Finally, it is also useful to have the form of the function (B.15)

along 7, where tg > z,
d L
po — gz2 log —. (B.19)
i
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At tp = 0, the modified Bessel function solution for ¢,, is still valid, and the appropriate
normalization is given in equation (4.42). We also need expressions for the behavior of ¢,
along the surface 7. When tp < w™!, the same arguments that led to equation (B.12) for
A< %l can be applied to the defining integral for ¢, to show it takes the form

bn = szg + )\wz%G(tB/z,é/z,a/z); By = —vE — logwa, (B.20)

where a is the intermediate scale introduced in the integral, as in equation (B.10), and
satisfies 3 < @ < w™!. Note that this answer does not actually depend on a since it will
cancel between the log and G terms, but it is convenient to make this separation when
evaluating the T surface integrals in section C.2. From this, the form of ¢, can be read
off for tg > z:

d
2

¢w — _)\wZ (’YE + 1OthB) . (B21)

C Surface integrals

This appendix gives the details of the £ and 7 surface integrals for A < g (section C.1)
and for A = ¢ (section C.2).

c1 A<

Each integral in this case will be proportional to one of (0),5(O), (gd(O) + A(0)(O),), or
A(0)g. In each case, we show explicitly that the possibly divergent terms coming from the
zp — 0 limit cancel, as they must to give an unambiguous answer.

1. (O)40(0O) term. This term arises from the piece of ¢y and ¢, that goes like %_Ad.
In particular, it has no dependence on tg anywhere. On the surface &£, since 0;¢ = 0,
the integrand in (2.35) only depends on V2¢2. Working to leading order in R means only
keeping the z derivatives in the Laplacian. The term in this expression with coefficient

(0)g6(0) is %, and acting with the Laplacian on this gives tAAst. Then the &

integral is

R2 2

R —z 2 .2 .2
888) = —2m(0)4 6(0) QAAQd_‘Z / dz 22801 /0 dr 72 [RQ’"Rz] (C.1)
20

AQy o RQAF(% + %)F(A - % + 1) _ Rdz(z)A_d
@ -1 2A—dPT(A+3)  (2A—d)

= —27(0), 5(0)

. (C.2)

Note this consists of a finite term scaling as R** and a divergence in z.

The divergence must cancel against the integral over 7, given by (2.36). Unlike the
case A > g, this integral has a vanishing contribution from the region ¢p ~ z, but instead
a divergent contribution from tp > 2. Again picking out the (O),d6(O) term in the
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integrand (2.36), we find

—d+1 R— t
555 = —2m(0)45(0) Q; A 7 / dt / [ (Azg1) - ZAQ(?A—d)z2A
(C.3)
AQ, d 2A—d
— _on(0), 5(0) a2z (C.4)

(d?2 —1)(2A — d)?”
Here, we see this cancels the divergence in (C.2), and thus we are left with only the finite
term in that expression.

2. g6(O) + X(0)(O)4 term. On the surface &, this term comes from the part of
one field going like 22, and the other going like 2~2. Hence, when we evaluate this term
in V242 for the bulk integral, we will be acting on a term proportional to z%, which is
annihilated by the Laplacian. So the bulk will only contribute terms that are subleadlng
to R% terms from 65(). The calculation of these subleading terms would be similar to the
calculation for in section 4.1, but we do not pursue this further here.

Instead, we examine the integral over 7, which can produce finite contributions. Along
this surface, the fields are now time dependent, and hence all terms in equation (2.36)
are important. We start by focusing on the terms involving time derivatives of ¢. The z-
derivative acts on the term going as {T'Z_Ad, and the ¢ derivative on z#~2F(t/z). To properly
account for the behavior of F' when t ~ z, it is useful to split the ¢ integral into two regions,
(0,¢) and (¢, R) with 2 < ¢ < R. In the first region this gives

AQd 2 d—2 —7‘2 —27TAQd_2Rd ¢
- dt | d F(t)z) = F(t/2)| . (C.
oA - d/ / r TR ) #F WA = Gaz g —n T W) (69)
From (B.7), we see that F'(0) = 1, and the value at ¢ = ¢ can be read off using the
asymptotic form for F' in equation (B.8). This form is also useful for evaluating the integral

in the second region, where the integral is

~2rAQy(d—28) oy / » /R gz (B2 =Y aaa
2A — d) 2R
_ 22A% poon-a g AL - DT =28 +2)  <T2RRT) o
2A — d) [(2d — 2A +2) d?—1

where this equality holds for ¢ < R. The second term cancels the c-dependent term
of (C.5), while the first term is a remaining divergence which must cancel against the other
piece of the 7 integral. This is the piece coming from the second bracketed expression
in equation (2.36). This term receives no contribution from the region ¢ ~ z, so we can
evaluate it in the region ¢ > z, using the asymptotic form for F(¢/z). Evaluating the
derivatives in this expression (and recalling that only the z-derivatives in the Laplacian
will produce a nonzero contribution at z — 0), this leads to

2mQg_o 2mQa2 o 2A d/ dt/R ¢ 2dAtd 2A+1

2A — d)
2mAQ_s  on_gdD(d—1)T(d — 2A+2)

=-—— " °B .
9N —d 0 (2d oA +2) (C.7)

which cancels the remaining term in (C.6).

~ 31—



Hence the only contribution remaining comes from (C.5) at t = 0, and gives

27'('Qd QRdA
(@2 =1)(2A - d)

057 = (95(0) +A(0)(O)y). (C8)
3. g\(0) term. The final type of term arises when both fields behave as z4~2F(t/z).
The & surface term will go like R2(4=2) and hence will be subleading compared to the R?
terms. In fact, this calculation is essentially the same as the change in vacuum entanglement
when deforming by a constant source, and the form of this term is given in equation (4.34)
of [21] (although that calculation was originally performed only for A > g) Also there is
no divergence in zp in these terms.

On the other hand, the integral over 7 does lead to potential divergences, but we will
show that these all cancel out as expected. We may focus on the region ¢t > z since there
is no contribution from t ~ z. Using the asymptotic form (B.8) for F', the part of the
integral (2.36) involving ¢ derivatives becomes

R— t 2 42
210 22A(d — 2A) B2228~ d/ dt/ - 2( 27;% t )th—4A—1

AdT(d — 1)T'(2d — 4A + 2)
2 QA d p3d—4A
= 27Qy_»B2222 R 34— 4A T . (C.9)

Similarly, the second bracketed term in (2.36) evaluates to

R— t _,12d-1A
— 21y o AdB?222 71 / dt / —
AdF(d—l) (2d —4A +2)
- 970, 32 QA dR3d 4A C.10

perfectly canceling against (C.9). Hence, the T surface integral gives no contribution, and
the full gA(0) contribution, coming entirely from the £ surface, is subleading.

C2 A=3

Here we compute the surface integrals and divergence in 65 when A = %l. The calculation
is divided into four parts: the £ surface integral, the 7 surface integral for tg ~ zg, the T
surface integral for tp > 2o, and the §S™) divergence.

1. & surface integral. Equation (2.35) shows that we need to compute the Laplacian
acting on (¢g+¢w)?. At leading order, only the z-derivatives from the Laplacian contribute
since the other derivatives are suppressed by a factor of 22. Using the bulk solutions found
for ¢ (B.17) and ¢, (4.42), the £ surface integral at O(Alg!) is

R R2—22 2 2 2 2

dz [V —r2_

58P = —4rQ4_s9, / 4z / dr 12 [R i } [2 + dvyg + dlog Z]
20 Z Jo

8R 4L
Qg R 1 dw 2451 d d w'R%w

= —2mgAy—e —(1 - 1 ~1 : 11

O e e (R L (C11)
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The divergence in zy comes from w near zero, and so can be extracted by setting the
(1 —w?) term in the integrand to 1, its value at w = 0. The divergent integral evaluates to

d
@ Qg oR R d d. wRz
555,d1v. = 27Tg)w7d2 7 log <Zo> (1 + S VE + 5 log i) (C.12)

and the remaining finite piece with zg — 0 is

d 1 9
@ _ Qg_2oR dwr . goan d d o R2w
0S¢ fin. = —2Tg Ay 21 /0 ” [(1 w) 2 1] 1+ 57E+ 5 log w ) (C.13)

The following two identities are needed to evaluate this,

La 1
A ﬁ?kl—w%%9—1}:—§H%i (C.14)
Ld 1
/ o [(1—w2)% —1} logw = — <H£f+)l +H3+1>, (C.15)
0 w 8 2 2

where the harmonic number H,, was defined below equation (1.2), and 1 is a second
order harmonic number, defined for the integers by H,(f) =>r k%, and for arbitrary
complex n by H,(f) = %2 — 1(n + 1), where 91 = %bg ['(z). With these, the finite
piece (C.13) becomes

Q4 oR% [d R%\ 1
650), = 2mgA, e LHT <7E +log ‘1L> -5 (Hffjl + Hupr (Hus — 2))] .
- 2
(C.16)

2. 7T surface near tgp ~ z. This region contains several divergences in zy and §. The
specific range of tg will be tp € (0,¢), with z < ¢ < R. Only the first bracketed term
in (2.36) contributes in this region, and using the general solutions for ¢y and ¢, from
equations (B.15) and (B.20), it gives at O(A'g!)

d c
650, = 2mg %@*2]%1 / dt [gat (MG LGa + BuGL) + Aoz (0.GLOGq + 8zGa8tGL)] ,
- 0
(C17)

having introduced the shorthand G = G(t/z0,9/20, L/20) and similarly for G,. The first
term in this expression is a total derivative so can be integrated directly. The boundary

term at t = 0 is g
Qg_oR*d 2L wzp
2mgAy —o—— — 1 — ( I —) C.18
9N~ 20g<z0> g +log = (C.18)

At the other boundary t = ¢ > zp, the asymptotic formulas (B.21) and (B.19) produce

the term .
Qq_oR*d L
—2 w—— =1 — I . 1
TG\ 713 og<c>(’YE+ ogwe) (C.19)

The remaining terms in (C.17) contain a divergence in §, coming from ¢ ~ z. To extract
it, we focus specifically on the regions (29 — u, z0 + v) and (2o + v, ¢), where u,v < z and
positive. It is straightforward to show that the integral over the region (0, zp — u) is O(4),
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and so does not contribute when ¢ is sent to zero. The divergence in the (29 — u, 29 + v)
region can be evaluated by taking a scaling limit with a change of variables, tg = 2z + s9,
and expanding the integrand about § = 0. After also taking the limit L/zp,a/zp — oo in
the integrand, the integral in this region becomes

v/ V1 82 2
- Aw/ ds 22T\ log =, (C.20)
—u/8 1+s 0

which holds for u, v > §. For the region (z+v, ¢), we can take §/z — 0 and L/z,a/z — oo,
which produces the integral

¢ 1 t 8v
2 dt _ S A log 2 c21
“ Jeoso ( 222 -z ) YT 2 ( )

where we have taken the limits ¢/zp > 1, v/2zp < 1.
The final collection of the four contributions (C.18), (C.19), (C.20) and (C.21) is

d
@ _ Qq_oR" d (2L wzo\ d, (L 40
5ST,div.—27Tg)\w 21 {QIOg 0 (VEHog 2) 2log . (vg+logwc)+log |

(C.22)

3. 7T surface for tg > z. In this region, tp > z, and we can use the asymptotic
forms (B.19) and (B.21) for the fields ¢ and ¢,,. We start with the first bracketed term
in equation (2.36),

R R—t 2 2 2 2
@ _ g2 [T —r"—t7 d tw
0S8y = 27Tg)\wﬂd—2/c dt/o drr { R } 9 \ VB + log 7 (C.23)

Q4 9R%d
-1 2

R°w

1 ds J 52 2
//R ?(1 —5)%(1+ds) <’YE + log 7 ) . (C.24)

= 2mg Ay

The divergence in this integral comes from s = 0, so it can be separated out by setting
(1 —8)%(1 +ds) to 1 (its value at s = 0), leading to

' d 2R? R R
/ = <’yE + log i w) = log <> <ny + log Cw) . (C.25)
¢/R S L Cc L
The remaining finite piece of the integral is
1 2 2
d R
/ ds [(1 — s)4(1 + ds) — 1} (’yE +log 2 w) . (C.26)
0o S L

Evaluation of this integral involves the following identites,

/01 % [(1 — 5)4(1 +ds) — 1] =1-Hg, (C.27)
/01 % [(1 — s)d(l +ds) — 1} logs = % (Hgi)l + Hy1(Hapr — 2)) ) (C.28)
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where the harmonic numbers H,, and HY? were defined below equations (1.2) and (C.15).
Using these to compute (C.26), and combining the answer with equation (C.25) gives

d
555?7)1 = 2”9%(312_%3 [log (J:) (”yE + log c]iw)
R2w (2)
_(Hd+1 B 1) (’YE + log L> + Hd+1 + Hd+1(Hd+1 — 2):| . (0.29)
Finally, we compute the second bracketed term of (2.36). Only the z-derivatives in the
Laplacian term V2¢? contribute in the limit z — 0. Since ¢? scales as z¢, the z-derivatives
in the Laplacian annihilate it, and hence this piece is zero. The integral then becomes

@) d 2 R R—t t L
0875 = 2mgA Qa2 <) 2/ dt/ drri=2— log <> (vE + logwt) (C.30)
’ 2 0 0 R t
Qd, Rd d 2 R2w
=2mgAn g i 5 [—Ha(ljl — Hap1(Hat1 — 2) + (Hap1 — 1) <’YE +log ——
R
—log <L> (vE + log Rw)] . (C.31)

The finite terms cancel against those appearing in (C.29), and the final combined result is

Q4_oRd L
wﬁi 10g (C> ('}/E + log WC) y (032)

2  _
557—’1+2 =2mgA
which perfectly cancels the c-dependent terms in (C.22). Hence, no finite terms result from
the integral along 7 in the tp > z region.

4. 6SM term. The final divergence in § comes from the expectation value of the CFT
stress tensor, in 651, At order g\, this is given by

5 (Tgp(0)) = — / d*zqd?zpg(zp) (T2 (0)O(24)O(21)) - (C.33)

The only divergence in this correlation function comes from when x, — z; — 0, and is
logarithmic in the cutoff §. As was the case for the logarithmic divergence in (O), regulating
this divergence involves introducing a renormalization scale i that separates the divergence
from the finite part of the correlation function. This is done by cutting off the 7 integrals

1 1

when |7,| > p~" and |7| > p.

The divergence comes from the leading piece in the expansion of A\, (x) about z = 0,
5 (T2 (0)) 4, = 9Aw / A zqd?zy, (T2.(0)O(74)O(23)) - (C.34)
This divergence can be evaluated using the same method described in appendix D of [21].

The translation invariance of the correlation function allows one to write it as an integral
of the stress tensor averaged over the spatial volume,

1
I / di1z / dr, / dm / Az, dzy (T2, (0, ) O(7a)O(xp)) - (C.35)
4 c@u oG
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The stress tensor integrated over & is now a conserved quantity, and so the surface of
integration may deformed away from 7 = 0. As long as it does note encounter the points 7,
or 7y, the surface can be pushed to infinity, so that the correlation function vanishes. This
is possible if 7, and 7, have the same sign. However, when 7, and 7, have opposite signs,
one of them will be passed as the surface is pushed to infinity. This leads to a contribution
from the operator insertion at that point, as dictated by the translation Ward identity. Let
us choose to push past 7,. For 7, < 0, the contribution from the operator insertion is

m -0
—g)\w% / didi, d / dr, / dra0s, (O(2)O()) 6T — 72)  (C.36)

6 —p

VaD(d -1y rn 1 1
:)\W’S_”/d - C.37
JhwCamd=2 2F(%) s T v+ Tptp ( )
_ 1 p

= _ig)\w log R (C.38)

where in this last equality we have taken p > §. It is straightforward to check that for
29 > 0, you get the same contribution, so that the full divergent piece of the stress tensor is

6 (To0()) . = 9Alog 1. (C.39)
This then defines a renormalized stress tensor expectation value,
0(To0(0))*™ = 6(Tp0(0)) — gAw log Ll (C.40)

46"

Finally, the contribution to §S() comes from integrating &(Tho(Z)) over the ball ¥
according to equation (2.21). Since the stress tensor expectation value may be assumed
constant over a small enough ball, the expression for §S™) in terms of the renormalized
stress tensor expectation value is

Qa2 R4

68y, = 2m—2 <5<T(?0>“‘“' + gy log (4%)) . (C.41)
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