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Abstract: We begin by explicating a recent proof of the cluster decomposition principle

in AdS≥4 from the CFT≥3 bootstrap. The CFT argument also computes the leading

interactions between distant objects in AdS≥4, and we confirm the universal agreement

between the CFT bootstrap and AdS gravity in the semi-classical limit.

We proceed to study the generalization to CFT2, which requires knowledge of the

Virasoro conformal blocks in a lightcone OPE limit. We compute these blocks in a semi-

classical, large central charge approximation, and use them to prove a suitably modified

theorem. In particular, from the d = 2 bootstrap we prove the existence of large spin

operators with fixed ‘anomalous dimensions’ indicative of the presence of deficit angles in

AdS3. As we approach the threshold for the BTZ black hole, interpreted as a CFT2 scaling

dimension, the twist spectrum of large spin operators becomes dense.

Due to the exchange of the Virasoro identity block, primary states above the BTZ

threshold mimic a thermal background for light operators. We derive the BTZ quasi-

normal modes, and we use the bootstrap equation to prove that the twist spectrum is

dense. Corrections to thermality could be obtained from a more refined computation of

the Virasoro conformal blocks.
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1 Introduction and summary

Spacetime is a set of coordinate labels associated with the states and operators of a quantum

mechanical system. It becomes a useful concept when the Hamiltonian of the system is

approximately local in these coordinate labels. One need not resort to holography to find

examples; for instance, this line of thinking underlies the reconstruction of extra dimensions

from their Kaluza-Klein spectra. One can produce even more elementary examples by

studying the ‘emergence’ of the coordinate label x from an abstract interacting harmonic

oscillator defined in terms of creation and annihilation operators.

In this spirit, the conformal bootstrap [1–3] and related techniques [4–6] have re-

cently led to a rigorous, non-perturbative proof [7] of the cluster decomposition principle

in AdSd+1 for all unitary d ≥ 3 CFTs. Both AdS cluster decomposition and the leading

corrections to it, including long-distance gravitational and gauge forces, are the AdS space-

time interpretation of a CFT theorem. The theorem pertains to the operator content of

the operator product expansion (OPE) in the large angular momentum limit.

In this paper we will explain the AdS interpretation in more detail, review the theorem

and its proof, and then study its generalization to CFT2/AdS3. We will show that in a

certain semi-classical limit of 2d CFTs it is possible to generalize the theorem. In partic-

ular, we will derive the existence of deficit angles in AdS3 from the properties of Virasoro

conformal blocks. We will also study the CFT dual of a light object interacting with a

BTZ black hole [8].

The goal of the analysis is to use the conformal bootstrap to constrain the dynamics

of an emergent AdS theory in a limit where a pair of objects are well-separated in AdS.1

The geodesic distance between the AdS objects will be extremely large and in particular, it

may be much larger than the radius of curvature of the AdS theory. One should therefore

think of the results as demonstrating super-AdS scale locality.2 Below, as in [7], we will

formulate a more precise criterion along these lines that we will term ‘cluster decomposition’

in AdS, since it encodes the constraint that physics in one region of AdS should have no

effect on physics in another region in the limit that the separation between the two regions

approaches infinity.

To motivate our criterion for cluster decomposition, we rely on some basic facts about

the kinematics of ‘objects’ in AdS, which we discuss in more detail in section 2. The AdS

1We emphasize that we are not assuming anything about the existence of an actual description in terms
of fields, strings, etc. propagating in AdS. All our claims about AdS will follow as consequences of the CFT
spectrum and OPE.

2This is in contrast to analyses that demonstrate sub-AdS scale locality after making various additional
assumptions about the CFT [9–14].
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Figure 1. This figure indicates the correspondence between a descendant operator/state in the
CFT and a center-of-mass wavefunction in AdS. The relationship is entirely kinematical; it follows
because the conformal group is the isometry group of AdS. A primary state would have its center
of mass at rest near ρ = 0, the origin of AdS in the metric of equation (2.1).

kinematic facts that we will invoke follow almost entirely from the role of the conformal

symmetry group as the isometry group of AdS. We define an ‘object’ in AdS as a state cre-

ated by any primary operator in the CFT with definite dimension and angular momentum.

The wavefunction for the center-of-mass of an object can be uniquely determined, and it is

mainly supported near the origin of AdS. All possible center-of-mass motions in AdS arise

as linear combinations of conformal descendant states, as pictured in figure 1. In other

words, center-of-mass wavefunctions in AdS fill out a single irreducible representation of

the conformal group.

Next we would like to understand how to construct a CFT state corresponding to a

pair of well-separated objects in AdS. Naively one might try acting on the vacuum with

two primaries, OA and OB, but how can we create a large separation between objects A

and B? There is no CFT state where the objects are far apart and permanently at rest in

AdS, because the AdS potential would cause them to fall towards each other. However, if

we give the pair of objects a large relative orbital angular momentum, then the centrifugal

force will keep them far apart. A rough definition of cluster decomposition can now be

provided: given the existence of primaries OA and OB in a CFT, there also exist primary

operators with large angular momentum ` that create states with the appearance of objects

A and B, spinning around each other at large ` in AdS, with vanishingly small interactions.

Such a state is pictured in figure 2.

We must clarify what we mean when we say the objects are non-interacting in the limit

of wide separation. If their interactions are negligible, then the interaction or ‘binding’

energy of the two-object state must be negligible as well. The Dilatation operator of the

CFT must split up into two pieces that act separately on objects A and B. This translates

– 2 –
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Figure 2. This figure shows two objects created by CFT operators OA and OB orbiting each other
at large angular momentum, and therefore at large separation, in AdS. A major goal will be to
show that such states exist and to describe their properties.

into the statement that the anomalous dimension of the two-object state should vanish. In

precise terms, given two CFT primary operators, OA and OB, their OPE should contain

primary operators [OAOB]n,` with dimensions

∆AB(n, `) = ∆A + ∆B + 2n+ `+ γAB(n, `), (1.1)

such that γAB(n, `) → 0 as ` → ∞. Here n is an additional quantum number that

parameterizes the eccentricity of the orbits in the semi-classical limit, so it allows for

relative boosts between the objects.

This is exactly the spectrum of ‘double-trace’ states in a generalized free theory (GFT).

These are theories whose correlators are entirely determined by two-point Wick contrac-

tions, as we discuss in section 3.2. For our present purposes it is more useful to define GFTs

as the dual of free quantum field theories in AdS, since this definition emphasizes that GFTs

describe non-interacting objects in AdS. In the limit ` → ∞, not only the anomalous di-

mensions, but also the OPE coefficients of [OAOB]n,` with OA and OB should approach

those of a generalized free theory. In other words, at large angular momentum the CFT

should have a spectrum and OPE coefficients that match GFT. When these criteria are all

satisfied, we say that the AdS dual satisfies the cluster decomposition principle.

Crucially, this implies that at large angular momentum, the Hilbert space of the CFT

has the structure of a Fock space. In other words, associating creation and annihilation

operators a†A,i, a
†
B,i and aA,i, aB,i with the i-th descendants of OA and OB, it is meaningful

to write the state [OAOB]n,` as cn,`;i,ja
†
A,ia

†
B,j |0〉, where cn,`;i,j is the appropriate ‘Clebsch-

– 3 –
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1

1− cos θ
=

∞X

`

P`(cos θ)

Figure 3. One can only obtain an s-channel singularity in a scattering amplitude via an infinite
sum of t-channel partial waves as `→∞. The same physical point, adapted to AdS/CFT, underlies
the proof of cluster decomposition and the derivation of long-range forces from the CFT bootstrap.

Gordan coefficient’ for irreducible representations of the conformal group. The Dilatation

operator D, which is the Hamiltonian for radial evolution, acts at large ` as

D =
∑

i

(∆A,ia
†
A,iaA,i + ∆B,ia

†
B,iaB,i). (1.2)

When we study AdS in global coordinates, this is the time translation operator, or in other

words, the Hamiltonian.

As shown in [7] and reviewed in section 3, all CFTs in d ≥ 3 satisfy this cluster

decomposition principle. This result generalizes earlier results found in perturbation theory

in large classes of CFTs [4, 15, 16]. It is consistent with, though clearly stronger than, our

experience with weakly coupled field theories in AdS≥4. Specifically, potentials between

particles due to the exchange of massless fields fall off exponentially in proper distance at

large separation. In fact, when the lowest-twist (τ = ∆ − `) operator appearing in both

the O∗AOA and O∗BOB OPE is a conserved current, such as Tµν , the leading anomalous

dimension at large angular momentum is [5–7]

γAB(`) ∝ 1

`d−2
. (1.3)

The constant of proportionality is determined by the central charge of the current and

the charges of OA,OB. In the case where this conserved current is the energy-momentum

tensor, we verify that the numerical value of the coefficient exactly matches the prediction

from semi-classical gravity in AdS. Thus “Newtonian” gravity in AdS is a generic long-

distance feature for any CFT in d ≥ 3.

More generally, if operators with twist τm < d− 2 are present, the correction behaves

like γAB(`) ∝ `−τm . By unitarity, the twist cannot be less than d−2
2 for scalars, and cannot

be less than d − 2 for operators with spin ` ≥ 1. Violations of the unitarity bound could

produce forces that grow at long-distance, so unitarity is intimately connected with AdS

locality.

The key observation that allows us to obtain these constraints is that individual con-

formal blocks3 in the decomposition of the four-point CFT correlator

〈O∗A(x1)OA(x2)OB(x3)O∗B(x4)〉 (1.4)

3For readers unfamiliar with the conformal bootstrap, we give a brief overview in section 3.1. For a more
thorough review, see e.g. [3].
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predict singularities in the O∗AOA → OBO∗B, or ‘s-channel’ that cannot be reproduced

by any sum over a finite number of spins in the decomposition in the OAOB → OAOB,

or ‘t-channel’. An analogous phenomenon in scattering theory is indicated in figure 3.

These singularities occur in the limit x2
12 → 0, which is often referred to as a “light-cone”

limit since the position x2 is being brought onto the light-cone of the position x1. In the

s-channel, these singularities are controlled by the exchange of operators with minimum

twist, which generically includes the identity operator 1 and conserved currents.

The situation becomes both more difficult and richer in d = 2, as we discuss in section 4.

On the one hand, this difficulty can already be seen from the exchange of weakly coupled

massless fields in AdS3, where the potential at long distances no longer falls off at wide

separation; we discuss AdS3 dynamics in detail in sections 2.2 and 2.3. This is related to

the fact that the minimum twist of operators allowed by unitarity in d = 2 is zero, so the

leading correction from equation (1.3) to the anomalous dimension does not decay at large

angular momentum `. More precisely, in d = 2, the Virasoro algebra implies that there are

infinite towers of zero-twist operators, which are the (anti-)holomorphic descendants of any

(anti-)holomorphic primary operator, and these contribute singularities at the same order

as the identity operator. At a minimum, the spectrum always contains the holomorphic

and anti-holomorphic descendants of the identity operator itself.

Therefore to make progress in d = 2 we must take these contributions into account,

which means we must determine the Virasoro conformal block for the identity operator.

Fortunately we can use technology that has been specifically developed to exploit the full

Virasoro symmetry. In particular, by focusing on the case of large central charge c, we

can use powerful techniques [17] to calculate various contributions to correlators, and in

particular the contribution from the OPE exchange of any number of products of the

energy-momentum tensor. The conformal blocks holomorphically factorize, so in such a

calculation we can focus on the holomorphic piece. In all cases, we are looking at the

conformal block for an operator with weight hp contributing to the the four-point function

〈OA(0)OA(z)OB(1)OB(∞)〉 of operators OA,OB with weight hA, hB. In the semi-classical

limit c→∞ and formally hA
c ,

hB
c fixed, the conformal blocks F(z) take the form

F(z) = exp
(
− c

6
f(z)

)
(1.5)

for a function f(z) that depends on c only through the various ratios h/c. In the limit

hA � c, hp � c but keeping hB/c arbitrary, we find

c

6
f(z)=(2hA−hp) log

(
1−(1−z)αB

αB

)
+hA (1−αB) log(1−z)+2hp log

(
1+(1−z)

αB
2

2

)
, (1.6)

where αB ≡
√

1− 24hB/c, and we neglect terms of order O(h2
A/c

2, h2
p/c

2). Further results

using these methods for the conformal blocks are presented in appendix D.

The identity conformal block is the special case of (1.6) with hp = 0. In AdS3, this

captures the exchange of arbitrary numbers of gravitons in the semi-classical (large mpl)

limit. By taking appropriate limits of the positions xi, one can reinterpret the four-point

– 5 –
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function equivalently as the two-point function of OA, not in the vacuum state, but in the

state created by a heavy operator. A remarkable fact is that in this semi-classical limit,

we find that the identity conformal block exactly reproduces the two-point function for the

light operator OA in a CFT at finite temperature [18, 19]

〈OB|OA(it)OA(0)|OB〉 =
(πTB)2hA

sinh2hA(πTBt)
, (1.7)

set by the conformal weight of the heavy operator OB

TB =

√
24hB/c− 1

2π
, (1.8)

where we have conformally mapped (1.7) to radial time coordinates t = − log(z). An

identical formula with hA, TB, z → h̄A, T̄B, z̄ holds for the anti-holomorphic piece F̄(z̄) of

the identity conformal block, so for spinning operators OB one finds distinct left- and right-

moving temperatures. The effective temperatures TB, T̄B obtained here from the bootstrap

match the semi-classical temperature of a black hole in AdS3 with mass and spin given by

the conformal weights of OB. Consequently, the effect of multi-Tµν exchange (i.e., multi-

graviton exchange in AdS3) between a light “test mass” and a heavy operator has exactly

the same effect that the BTZ black hole geometry has on light fields in AdS3. This provides

a derivation of a version of the Eigenstate Thermalization Hypothesis [20, 21] for CFT2 at

large central charge.

Because we take the large c limit, the results we obtain in 2d have a more limited

range of applicability than in d ≥ 3, where we made no assumptions whatsoever about the

CFT other than unitarity and the OPE. However, in the large c limit we have a transparent

physical interpretation in AdS3, and we can prove striking results about the dual dynamics,

including the presence of deficit angles from particles in AdS3, as well as the modes in a

BTZ black hole background. A summary of the results from our bootstrap analyses follows.

Summary: CFTd with d ≥ 3. It is convenient to state the results [6, 7] in terms of

the anomalous dimension γAB(n, `) ≡ ∆AB− (∆A+ ∆B + 2n+ `) and the OPE coefficients

cAB(n, `) for the operator [OAOB]n,`. These operators are implicitly defined by the proof

that in the limit of large `, there exists a sequence of operators with the stated properties

for every integer n. We begin with the result for the general case, which assumes only

unitarity and the OPE:

General: γAB(n, `) ∼ γn
`τm

PAB(n, `) ∼ PGFT(n, `)
(

1 +O(γAB(`, n))
)

In the above expression, the symbol ∼ denotes the behavior in the limit of large `. The

function PGFT(n, `) is the OPE coefficient-squared in generalized free theories; the explicit

expression can be found in [22]. τm is defined as the smallest twist of any operator that

appears in both the O∗AOA and O∗BOB OPE, and by unitarity this cannot be less than d−2
2 .

Using the results of [23], it is convenient to separate out the case of CFTs whose

correlators are exactly those of free fields, and all other CFTs. The reason is that only the

former case can have conserved currents with spin ` ≥ 3, so eliminating this one essentially

– 6 –
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trivial case allows us to restrict the minimal twist τ = d − 2 operators to spin-1 currents

and the energy-tensor. The result in this large class of CFTs is:

non-free CFT,
: γAB(n, `)∼ γgrav+γgauge

`d−2
γgrav≈ −

2
d+2

2 πGN (∆A∆B)
d
2

vol(Sd−1)(d−1)
γgauge∝qAqBτ (scalar)>d−2

The coefficients γgrav and γgauge can be calculated in the CFT by using the Ward identities

to constrain the coefficients of conserved currents in the O∗AOA OPE in terms of the charge

of OA, which for a spin-1 current is defined above as qA, and for Tµν is the dimension ∆A.

For simplicity we have approximated γgrav in the limit of large ∆A and ∆B. The conserved

current contributions can be interpreted in terms of AdS parameters by using their relation

to the CFT central charges at weak coupling; in section 2.1, we perform this matching in

d = 4 for the gravitational term and find complete agreement.

Summary: CFT2. In the limit where hAhB/c is fixed while hA/c and hB/c → 0 as

c→∞, the Virasoro conformal block for the identity is particularly simple. Assuming the

identity is the only zero-twist primary being exchanged, the bootstrap leads to:

hA, hB � c: γAB(n, `) = −24
hAhB
c

= −4GNEAEB

The above anomalous dimension gets corrections at order O(
h3
i
c2
, nhic ). As indicated in the

final equality above, this agrees exactly with the binding energy for two test masses in

linearized gravity in AdS3.

We can also go beyond this “test mass” limit, and analyze the bootstrap constraints

in the limit that hB/c is fixed but hA/c is small. It is well known that AdS3 has a gap in

energy of 1
8GN

between the vacuum and the lightest BTZ black hole. Below this threshold,

masses in AdS3 just create local conical “deficit angle” singularities. Using the relation

c = 3
2GN

, this energy gap translates to a threshold in the weight of a scalar operator at

h = h̄ = c
24 . It is convenient to separate our results into hB > c

24 and hB < c
24 , i.e. into

weights that correspond to AdS geometries above and below threshold for a BTZ black

hole. As we review in section 2.2, the deficit angle created by a particle with mass 2hB in

AdS3 is just ∆φ = 2π(1−
√

1− 24hB/c). In this more general limit, we find:

hB
c

fixed hB<
c

24 : τAB(`, n)∼ 2
(
hB+

√
1−24hB/c(hA+n)

)
=EB+

(
1−∆φ

2π

)
EA

and
hA
c
�1 hB>

c
24 : τAB(`, n)= dense∼2hB+4πiTBTZ(hA+n)

where we have listed the case of scalar OA and OB, for simplicity.

The energy spectrum below the BTZ black hole threshold exactly matches the semi-

classical result from AdS3 with a deficit angle ∆φ, as we discuss in more detail in section 2.2.

The spacing between modes becomes vanishingly small as one approaches the BTZ thresh-

old at hB = c/24. Above the BTZ threshold we derive a dense discretum of twists in the

large ` spectrum of the OAOB OPE. One can also identify the spectrum of BTZ quasi-

normal modes. For this, one should use a basis not of primary operators (which must have

real and positive dimensions by unitarity), but rather of in and out states, obtained in

– 7 –
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Figure 4. This figure depicts the AdS/CFT correspondence in global coordinates, emphasizing that
AdS time translations are generated by the Dilatation operator, so that bulk energies correspond
to operator/state dimensions in the CFT.

practice by adopting an appropriate iε prescription. As shown in equation (1.7), the semi-

classical identity conformal block matches the two-point function evaluated in a thermal

background, so the full spectrum4 of BTZ quasinormal modes can be reproduced [24].

2 Defining long-distance AdS physics in CFT terms

In this section we will formulate a version of the AdS cluster decomposition principle and

translate it into a statement about the spectrum and OPE of a CFT. Brief in situ reviews

of some necessary aspects of AdS/CFT [25–27] will be given where required.

We will be considering CFTs in radial quantization, taking the Dilatation operator

D as the Hamiltonian. Since the angular momentum generators commute with D, we

label CFT states according to their scaling dimension ∆, which is their D eigenvalue,

and their angular momentum quantum numbers, which we denote by `. In this basis the

momentum generators Pµ = −i∂µ act as raising operators of the dimension ∆, while the

special conformal generators Kµ act as lowering operators. Irreducible representations of

the conformal group are labeled by the quantum numbers of a primary state, which is

a state annhilated by all the Kµ. Descendant states are created by acting with Pµ on

a primary. In radial quantization, local operators can be identified with the states they

create on a tiny circumscribing ball (see e.g. Chapter 2 of [28]).

We will study AdSd+1 in global coordinates, with metric

ds2 =
R2

AdS

cos2 ρ

(
dt2 − dρ2 − sin2 ρ dΩ2

)
. (2.1)

4Our methods are generally only reliable for the large angular momentum modes.

– 8 –
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This coordinate system has a natural correspondence with a CFT in radial quantization, as

pictured in figure 4. We identify the unit d-vector Ω̂ with coordinates on a sphere about the

origin in the CFT, and et with the radius of the sphere. The Dilatation operator generates

t-translations, so that bulk energies correspond to CFT dimensions via

∆CFT = EAdSRAdS. (2.2)

The other global conformal generators also correspond to AdS isometries. For the most

part we will work in units with RAdS = 1, although we will occasionally reintroduce the

AdS length for clarity and emphasis.

Conformal invariance uniquely determines an AdSd+1 wavefunction for the center of

mass coordinate of any primary or descendant state, as pictured in figure 1. This is a general

result; it follows because the conformal symmetries form the isometry group of AdS, so

there is a one-to-one map between conformal representations and AdS coordinates. A

primary wavefunction must be annihilated by all the special conformal generators Kµ, and

this provides d distinct first order differential equations that must be satisfied by a primary

wavefunction in AdSd+1. In the scalar case primary wavefunctions necessarily take the form

ψprim(t, ρ,Ω) = ei∆t cos∆ ρ. (2.3)

Since the Dilatation operator D = −i∂t we see that the undetermined parameter ∆ is the

scaling dimension of the state.

Equation (2.3) describes a wavefunction centered at ρ = 0, falling off quickly at large

distances, with a characteristic rate set by ∆. In the large ∆ limit this can be approximated

by a Gaussian wavepacket at the center of AdS, with a width ∼ 1/
√

∆. It is held in

place by the effect of the AdS curvature. Descendant state wavefunctions filling out a

full irreducible representation of the conformal group can be computed by acting on the

primary wavefunction with the raising operator Pµ, the CFT momentum generator. A

typical descendant state is portrayed in figure 1.

Let us be a bit more precise about the kinematics of the descendant states. The AdS

wavefunction for the center of mass of a state descending from a scalar primary is (see

e.g. [11, 29])

ψn,`J(t, ρ,Ω) =
1

N∆n`
e−iEn,`tY`J(Ω)

[
sin` ρ cos∆ ρ 2F1

(
−n,∆ + `+ n, `+

d

2
, sin2 ρ

)]

(2.4)

with normalizations

N∆n` = (−1)n

√
n!Γ2(`+ d

2)Γ(∆ + n− d−2
2 )

Γ(n+ `+ d
2)Γ(∆ + n+ `)

, (2.5)

where En,` = ∆+2n+`. The two quantum numbers n and ` index changes in the twist and

angular momentum, respectively, where the twist τ ≡ ∆− `. If we consider the simple case

of n = 0 and ` � ∆ � 1, corresponding to minimal twist and large angular momentum,

– 9 –
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then we find that the norm of the wavefunction has a maximum at a geodesic distance5

〈κ〉 ≈ RAdS

2
log

(
2`

∆

)
(2.6)

from the center of AdS, with a width of order RAdS/
√

∆ in 〈κ〉. In this limit the wave-

function represents an object in a circular orbit about the center of AdS.

The preceding discussion of CFT states and AdS center-of-mass wavefunctions was

completely general. Now let us specialize for a moment and consider CFTs with AdS duals

whose spectra include weakly coupled particles. The 2-particle primary states in such an

AdS theory are dual to operators that we will represent as [O1O2]n,` in the CFT, where

O1 and O2 are primaries that create single-particle states.

The primary operators [O1O2]n,` create 2-particle states whose center of mass is sup-

ported near our chosen origin at ρ = 0 in AdS, but the pair of particles themselves can

have a large relative motion. In particular, we can study the state where the particles

both orbit the center of AdS precisely out of phase, so that they are opposite each other

across the center of AdS. This configuration is pictured in figure 5. The particles are very

well-separated at large `, because they are balanced across the center of AdS. In the case

of free particles the primary operators [O1O2]n,` have dimension

∆1 + ∆2 + 2n+ `. (2.7)

This CFT scaling dimension corresponds to the rest mass of the two AdS particles plus a

contribution from the kinetic energy of their relative motion.

In the case of a pair of non-interacting AdS objects, including the case of free particles,

we can work out the kinematics exactly. In the appendices of [22, 30] it was shown how to

decompose a primary operator [O1O2]n,` in a generalized free theory6 into the descendants

of O1 and O2. This is identical to decomposing 2-particle primary wavefunctions into sums

of products of one-particle descendant wavefunctions in AdS. In the case of n = 0 one finds

[O1O2]` =
∑

`1+`2=`

s`1,`2

(
∂µ1 · · · ∂µ`1O1

)(
∂ν1 · · · ∂ν`2O2

)
(2.8)

with coefficients

s`1,`2 =
(−1)`1

`1!`2!Γ(∆1 + `1)Γ(∆2 + `2)
. (2.9)

This means that at large `, the CFT primary [O1O2]` is dominated by contributions from

descendants with

`1 ≈
`

2

(
1 +

∆2 −∆1

2`−∆1 −∆2

)
≈ `

2
+

∆2 −∆1

4
. (2.10)

5The geodesic distance κ from the center of AdS is related to the ρ coordinate by sinhκ = tan ρ.
6A generalized free theory is the conformal theory dual to a free field theory in AdS. It can also be

described as a CFT whose correlators can all be obtained by Wick contractions into 2-point correlators.
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We see that at large angular momentum, such operators are composed of pairs of descen-

dants of O1 and O2 with nearly equal angular momenta. The relation (2.10) will be useful

for the semi-classical gravity calculations that follow in section 2.1.

The operators [O1O2]n,` always appear in the OPE of O1 and O2 if the conformal

theory is a generalized free theory. If the theory is perturbative in either an AdS coupling

(e.g. 1/N) or some weak coupling in the CFT, then these operators are also guaranteed to

exist [4] and to make an appearance in the O1(x)O2(0) OPE. But away from free theory

they will acquire an anomalous dimension γ(n, `).

From the AdS viewpoint, this anomalous dimension arises due to the interaction energy

between the two objects. This means that at large ` we can use the relationship between

〈κ〉 and ` from equation (2.6) to write the total dimension of [O1O2]n,` as

∆1 + ∆2 + 2n+ `+ γ(n, `(κ)), (2.11)

where κ is the geodesic distance between the objects in AdS. Since ` grows exponentially

with κ, the strength of the AdS interaction at large distances is determined by the magni-

tude of the anomalous dimensions γ(n, `) at very large `. In perturbative examples [31–33]

the anomalous dimension γ(n, `) falls off as a power-law in ` as `→∞ in the case d ≥ 3.

Do operators like [O1O2]n,` always exist in the OPE of O1 and O2 in any CFT? If

so, then every CFT has a Hilbert space that can be interpreted in terms of states moving

in AdS. The anomalous dimensions γ(n, `) would give information about the properties of

AdS interactions, with the large ` behavior corresponding to the effects of long-range forces

in AdS.

We are finally ready to formulate our version of the AdS cluster decomposition principle

as a statement about the OPE and the CFT spectrum: In the OPE of any two primary

operators O1 and O2, for each non-negative integer n, there exists an infinite tower of

operators [O1O2]n,` in the limit that ` → ∞, with dimension ∆1 + ∆2 + 2n + ` + γ(n, `)

where γ(n, `)→ 0 as `→∞. Furthermore, one can show that

γ(n, `) =
γn
`τm

, (2.12)

where τm is the twist of the minimal twist operator appearing in the OPE of both O1 with

O†1 and O2 with O†2. Generically τm ≤ d−2, since the energy momentum tensor Tµν always

appears in both of these OPEs, and in fact it is straightforward to go beyond equation (2.12)

to derive the anomalous dimension at subleading order in 1/`. In section 2.1 we will give an

explicit computation of the long-distance gravitational effects for d ≥ 3, which match the

universal contribution from Tµν that we will obtain from the CFT bootstrap in section 3.4.

This theorem has been proven [6, 7] for all CFT≥3, without any assumptions beyond

unitarity. However, our formulation of the cluster decomposition principle is false in the

case of AdS3/CFT2. In fact, the 2d Ising model provides an explicit counter-example [7].

We will see what goes wrong in section 2.2, but the intuition from AdS3 is simple.

Gravitational effects in 2 + 1 dimensions lead to deficit angles surrounding massive sub-

Planckian objects, and these deficit angles can be detected from arbitrarily large distances.
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Figure 5. This figure is suggestive of the relationship between certain ` � 1 operators in the
OPE of O1 and O2 and a ‘2-blob’ state in AdS, corresponding to the two states created by the
CFT primaries O1(0) and O2(0) in an orbit about each other at large separation κ ∼ log `. The
existence and asymptotic dimension of these 2-blob operators at large ` in the CFT defines a cluster
decomposition principle in AdS.

This means that they make finite corrections to the spectrum of operator dimensions, so

that γ(n, `) approaches a finite constant γ(n) as `→∞. The CFT2 interpretation is that

the presence of zero twist operators, such as the Virasoro descendants of the identity, imply

that in equation (2.12) we have τm = 0. However, with proper caveats we will show that

a modified theorem holds, and that we can compute the finite anomalous dimensions γ(n)

directly from the CFT bootstrap in two dimensions. We study the AdS3 expectations

for deficit angles in section 2.2. Then in section 2.3 we will obtain even more interesting

expectations when we consider BTZ black holes. We will review the fact that there are

no stable orbits about these objects, so we do not expect that cluster decomposition can

hold above the BTZ threshold. However, what we can expect is a thermal spectrum of

quasi-normal modes. In the remainder of this work we will then provide a universal CFT

proof of these results without making further reference to AdS expectations.

2.1 AdS≥4: the Newtonian gravitational potential

In this section we will compute the shift in energy due to the gravitational interactions

between very distant, uncharged, scalar masses in AdS≥4. This corresponds to the CFT

computation of the anomalous dimension of the primary operator [O1O2]n,` in the OPE of

primaries O1 and O2, in the large ` limit. We will derive this anomalous dimension directly

from the CFT bootstrap in section 3.4 and find that the results match.
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The idea of the calculation is to do perturbation theory in the inverse distance between

the objects, resulting in a ‘Newtonian’ approximation in AdS. This approximation is good

only when d ≥ 3, because gravitational interactions do not fall off with distance in 2 + 1

bulk dimensions. In section 2.2, we use a different method to derive the interaction energy

in 2 + 1 dimensions assuming that GN is sufficiently small.

We will obtain the first order energy shift by computing the expectation value of the

gravitational interaction Hamiltonian using the unperturbed wavefunction for the orbiting

object. First we will compute the interaction Hamiltonian (gravitational potential) at large

distances due to the presence of a point mass, and then we will evaluate the expectation

value.

In AdS≥4, the AdS-Schwarzschild metric [34] is the solution to Einstein’s equations in

the presence of a spherically symmetric, uncharged mass. In d+ 1 dimensions it is

ds2 = U(r)dt2 − 1

U(r)
dr2 − r2dΩ2, (2.13)

where

U(r) = 1− µ

rd−2
+

r2

R2
AdS

(2.14)

and the mass of the black hole is

M =
(d− 1)Ωd−1µ

16πGN
, (2.15)

where Ωd−1 = vol(Sd−1). This coordinate system is useful because
√−g is independent of

M , so only g00 and grr are affected by the mass M . We need compute only to first order

in M , since this is equivalent to expanding in the inverse distance.

The energy shift to first order in M is then

δEorb = 〈n, `orb|δH|n, `orb〉

= −µ
4

∫
dr rd−1dd−1Ω〈n, `orb|

(
r2−d

(1 + r2)2
(∂tφ)2 + r2−d(∂rφ)2

)
|n, `orb〉. (2.16)

The two pre-factors of 1
2 in the above equation come from the normalization of the action for

a scalar field in AdS and the inclusion of both the scalar and gravitational energy shifts (see

e.g. [35]). We have attached an ‘orb’ label to emphasize that we are currently studying one

mass, described by the scalar field φ, orbiting a second mass M at the origin of AdS. This

is not a primary state in the CFT, since its center of mass is not at rest, and so we will need

to translate this result to obtain the anomalous dimension of a primary operator [O1O2]n,`.

Using the wavefunctions from equation (2.4) transformed to r = tan ρ coordinates, we

find

δEorb(n, `orb) = −µ
2

∫
rdr

N2
∆n`orb

(
1

(1 + r2)2
E2

∆n`orb
|ψn`orb

(r)|2 + (∂rψn`orb
(r))2

)
,(2.17)
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where ψn`orb
(r) just includes the r dependence of the wavefunctions. Taking the n = 0 case

as an example and expanding the result as `→∞, we find the two terms

δEorb(0, `orb) = − 8πGNM∆

(d− 1)Ωd−1

(
Γ(∆)

2Γ
(
−d

2 + ∆ + 1
)
)((

1

`orb

) d−2
2

+

(
1

`orb

) d
2

)
, (2.18)

and clearly the first term is dominant at large `orb. This follows from the familiar fact

that the Newtonian approximation requires us to keep track only of shifts in the metric

component gtt. In fact, we could have obtained this energy shift to leading order at large

∆ via a computation in classical gravitational perturbation theory.

Equation (2.18) is not yet the formula of interest, since it is the energy shift associated

with a configuration where one mass is at rest at the center of AdS, while the other orbits.

To get the energy shift or anomalous dimension of the primary operator [O1O2]n,`, we need

to use equation (2.10) to relate the double-trace primary to this ‘orbit’ state. In the semi-

classical limit the orbit state has the same energy shift as a primary with equal geodesic

separation between the two objects, so that κorb = κ1 + κ2 with

κ1 =
1

2
log

(
`prim

∆1

)
and κ2 =

1

2
log

(
`prim

∆2

)
. (2.19)

Using equation (2.6) for the geodesic radius of an orbit, the angular momentum of orbit

can be related to that of the primary by

`orb =
`2prim

2∆1
. (2.20)

Taking `prim → `, M ≈ ∆1, and ∆ = ∆2, we find a semi-classical energy shift

δE(0, `) ≈ −2
d+2

2 πGN (∆1∆2)
d
2

Ωd−1(d− 1)

(
1

`

)d−2

(2.21)

in the approximation that ` � ∆1,∆2 � 1. In the case of d = 4, using the relation

c = π
8GN

, this gives

γ(0, `) ≈ −1

6

(∆1∆2)2

c

(
1

`

)2

, (2.22)

which matches the result we will derive from the CFT bootstrap in section 3.4.

As a final consideration, one might ask if these AdS≥4 configurations are unstable due

to the emission of gravitational and other radiation.7 For a variety of reasons we expect that

radiation will be an extremely small effect at large `. First, it is worth emphasizing that

unlike binary star systems in our own universe, the pair of objects we consider here are held

in their orbit by the AdS curvature. The gravitational binding energy between the objects

vanishes at large ` even though the orbital period remains constant. Each object in the

7We thank Gary Horowitz for discussions of this point.
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orbiting pair closely resembles a conformal descendant, as indicated in equation (2.8), and

such states are exactly stable. This means that an emitted graviton would have to ‘know’

about both objects, despite their very large separation, and so we would expect emission to

be exponentially suppressed. Furthermore, since the gravitational binding energies vanish

at large `, while gravitons in AdS have an energy or dilatation gap d/RAdS, considerations

of energy and angular momentum conservation also suggest that graviton emission should

be an exponentially suppressed process. Thus we expect that our orbiting pairs will have

a highly suppressed radiation rate at very large `.

2.2 Deficit angles in AdS3 from sub-Planckian objects

Although there are no propagating gravitons in 2 + 1 dimensional gravity, Einstein’s equa-

tions have well-known, non-trivial solutions [36, 37] in the presence of sources. In particular,

a point particle of sub-Planckian mass placed in AdS3 will produce a deficit angle at its

location, while the spacetime remains locally AdS3 everywhere else. This explicit solution

for a particle at the origin can be written as

ds2 =
(1− 8GNM)

cos2(ρ)

(
dt2 − dρ2

1− 8GNM
− sin2(ρ)dθ2

)
, (2.23)

where M is the mass of the particle and θ ∈ [0, 2π). This looks exactly like the usual

AdS3 metric except for the presence of an angular deficit of 2π(1 − √1− 8GNM), which

is ≈ 8πGNM in the limit GNM � 1. We have made our choice for the normalization of t

and θ so that these coordinates have the usual relationship with CFT coordinates in radial

quantization. In particular, the Dilatation operator D = i∂t.

Now let us compute the energy shift of a particle in AdS3 due to the presence of

the deficit angle. In fact, there is no computation to do. The usual bulk wavefunctions

ψn`(t, ρ, θ) in AdS3 from equation (2.4) are also the wavefunctions in our AdS-deficit space-

time if we send

∆→ ∆
√

1− 8GNM, n→ n
√

1− 8GNM, `→ `. (2.24)

In particular, this means that the eigenspectrum for a scalar field in this spacetime is

En,` = (∆ + 2n)
√

1− 8GNM + `. (2.25)

An interesting feature of this equation is that as 8GNM → 1 the spectrum of twists,

labeled by n, becomes more and more closely spaced, until we obtain a dense spectrum

at 8GNM = 1, the BTZ black hole threshold. In section 4.1 we will derive this result in

CFT2 with large central charge in the large ` limit, without making reference to AdS3.

It is also useful to consider an expansion in the limit that GNM � 1. Using this

result, we thus have a prediction that in the limit 1, n � ∆1,∆2 � c, we should find an

anomalous dimension

γ(n, `) ≈ −6

c
∆1∆2 (2.26)
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for the shift in dimension of large ` operators that dominate the OPE of O1 and O2, where

we have identified c = 3
2GN

for the case [38] of AdS3/CFT2.

2.3 Quasi-normal mode spectrum from super-Planckian objects

In AdS3 there exist the well-known BTZ black hole [8] solutions. As our last example we

will be interested in the quantum mechanical spectrum associated with a sub-Planckian

object moving with large angular momentum around a 2 + 1 dimensional black hole. We

can approach this question by studying the scalar wave equation in the BTZ background.

The BTZ metric for a spinless, uncharged black hole is

ds2 = (r2 − r2
+)dt2 − dr2

r2 − r2
+

− r2dφ2. (2.27)

The black hole has a horizon at the coordinate r = r+. Unlike in the case of higher

dimensional AdS black holes, there are no timelike geodesics [39] in this spacetime that

avoid entering the black hole horizon. This is easy to see from the metric of equation (2.13),

which naturally accords with the BTZ metric when d = 2. Timelike geodesics in this metric

can be characterized by a radial equation

ṙ2 = E2 − V (r) where V (r) =
(

1− µ

rd−2
+ r2

)(
1 +

`2

r2

)
(2.28)

We see that when d = 2, the effective potential V (r) is always monotonic in the presence

of a BTZ black hole (when µ > 1), whereas V (r) can have a stable minimum in d > 2. So

there are no classical orbits about the BTZ black hole, sharply differentiating the behavior

in AdS3 from AdS≥4.

The wave equation for a scalar with squared mass m2 = ∆(∆− 2) in the spinless BTZ

background has solutions of the form

φ(t, r, φ) = e−iωt+i`φ Uω`(r), (2.29)

where the normalizable radial wavefunction is

Uω`(r) =
(
r2 − r2

+

) iω
2r+ (r)

iω
r+
−∆

2F1

(
i`+ iω

2r+
+

1

2
∆,

i`− iω
2r+

+
1

2
∆,∆,

r2
+

r2

)
. (2.30)

One can check that these solutions analytically continue to the pure AdS3 solutions of

equation (2.4) if one takes r+ → i.

The BTZ-background solutions differ in an important qualitative way from those for

a scalar in empty AdS3. The BTZ solutions are oscillatory in log r, whereas the AdS3

solutions are exponentially suppressed as log r → −∞. As a consequence, even at very

large `, the BTZ solutions are not suppressed in the vicinity of the black hole horizon.

This is the quantum mechanical reflection of the absence of stable orbits. This behavior

sharply distinguishes the BTZ solutions from those in d ≥ 3, as in the latter we can make

the orbital lifetime as large as desired by taking the limit of large angular momentum.
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This feature of the solutions has an immediate consequence for the quasi-normal mode

frequencies ω. To determine these frequencies we need to impose some sort of boundary

condition on the radial wavefunction, and quasi-normal modes are taken to be purely

ingoing solutions at r+, the black hole horizon. Imposing this boundary condition leads to

ωn,` = `+ ir+(∆ + 2n), (2.31)

where ` is the angular momentum, and n is another quantum number analogous to that

which labels the twist in the pure AdS3 case. In fact this is just the analytic continuation

of equation (2.25). We see that for all values of the angular momentum ` the AdS3 energies

have a constant, finite imaginary part. We therefore expect that after diagonalizing the

CFT2 Dilatation operator we will obtain a dense spectrum of twists τ ≡ ∆ − |`|. This

matches expectations from equation (2.25), which showed that as the mass of a deficit

angle approaches the minimal BTZ mass, the spectrum of twists becomes more and more

closely spaced. We also expect to reproduce the quasi-normal mode spectrum (2.31) after

analytic continuation in radial time of the CFT correlators. We will prove both of these

predictions using the CFT2 bootstrap in section 4.2.

The fact that there are no stable orbits around a BTZ black hole has the surprising

consequence that one cannot make stable configurations of multiple deficit angle singulari-

ties orbiting each other, if their total mass is above the BTZ mass threshold. This is all the

more surprising since above d = 2, we know how to make such states by spreading high-

energy particles diffusely throughout space and giving them large angular momentum. To

understand this phenonemon better, let us see qualitatively why such a state forms a black

hole in AdS3. Consider the case of k identical particles each with large angular momentum

`, so that they are well-separated. The Schwarzschild radius for a state with dimension E is

r+ =
√

8GNE − 1, (2.32)

On the other hand, each of the k particles is localized at a radial coordinate r ≈
√
`/∆.

The k-particle state has total dimension E ≈ k(∆ + `), and so the condition for them to

be outside their Schwarzschild radius is

r > r+ ⇒
∆ + `

∆
> 8GNk(∆ + `), (2.33)

or equivalently, since ∆ and ` are positive,

k∆ <
1

8GN
. (2.34)

The important point is that increasing ` does not help in satisfying this condition. Once the

total rest mass k∆ of the particles increases beyond the BTZ mass threshold 1/8GN black

hole formation cannot be avoided by increasing the angular momentum, as was possible in

higher dimensions.

– 17 –



J
H
E
P
0
8
(
2
0
1
4
)
1
4
5

+1 Tµν

Jµ

φ1

φ1

φ1

φ1

φ2

φ2

φ2

φ2

φ1

φ1

φ2

φ2

[φ1φ2]n,`

X

n,`
≈

Figure 6. This figure indicates the form that the Bootstrap equation takes in the lightcone OPE
limit where the conformal cross-ratio u → 0. The first and dominant term on the left-hand side
comes from the exchange of the 1 operator, and corresponds to ‘free propagation’ or 2-point Wick
contraction. The other terms indicate the exchange of low-twist operators, such as the energy-
momentum tensor.

3 Review of the bootstrap derivation for d ≥ 3

Despite the various technical details we will discuss along the way, the argument presented

here is conceptually quite simple. In any CFT, the correlation function of four scalar

operators can be expressed in terms of a series of basis functions, known as conformal

partial waves or conformal blocks, in a calculation directly analagous to the standard

partial wave expansion of scattering amplitudes. This expansion can be performed in any

of three channels, yielding different expressions which must be identical. The equality of

these expressions is referred to as the conformal bootstrap equation, which is a powerful

tool used to constrain the structure of any CFT. The bootstrap was originally developed

in the case of CFT2 [1, 2], and has recently seen extensive analytic [7, 9, 14, 40–43] and

numerical [3, 7, 44–61] application in CFT≥3.

We consider the bootstrap equation in a particular kinematic limit, the lightcone OPE

limit, such that the left-hand side of the equation has a manifest singularity, as pictured in

figure 6. This singularity simply arises from the disconnected correlator, and would corre-

spond to free propagation in a scattering amplitude. The lightcone OPE singularity must

be reproduced by the other side of the bootstrap equation, but this can arise only from an

infinite sum of conformal blocks, with very specific scaling behavior. Since conformal blocks

correspond to the exchange of definite states in the theory, this analysis has far-reaching im-

plications for the structure of the Hilbert space and the spectrum of the Dilatation operator.

We will provide a brief review of the arguments in [7], which specifically studied the

case correlators involving a single primary operator φ. We will give the argument for the

case of two distinct scalar primaries φ1 and φ2, but the core of the analysis will remain the

same, such that interested readers may consult [7] for details and for a more rigorous proof.
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3.1 Bootstrap recap

In a CFT, the product of any two local operators can be rewritten using the operator

product expansion (OPE), which is a sum over all primary operators in the theory,

φ1(x)φ2(0) =
∑

O
λ12OC12O(x, ∂)O(0). (3.1)

The function C12O(x, ∂) corresponds to the contribution of all operators in the conformal

multiplet associated with the primary operator O, and its structure is completely fixed by

conformal invariance. The OPE coefficients λ12O are theory-dependent and undetermined

by conformal invariance. The OPE can be used within a four-point correlation function,

rewriting the correlator as a sum over the exchange of irreducible representations of the

conformal group. The contribution of each representation, associated with the primary

operator O of dimension ∆ and spin `, is referred as the conformal block gτ,`(u, v), where

τ = ∆−` is the twist of O and the conformally-invariant cross-ratios u and v are defined as

u =

(
x12x34

x24x13

)2

, v =

(
x14x23

x24x13

)2

, (3.2)

with xij = xi − xj . In terms of these conformal blocks, the four-point correlator takes the

form

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉 =
1

x∆1+∆2
12 x∆3+∆4

34

(
x24

x14

)∆12
(
x14

x13

)∆34 ∑

τ,`

Pτ,` gτ,`(u, v),

(3.3)

where ∆ij = ∆i−∆j and the conformal block coefficient Pτ,` is proportional to the product

of OPE coefficients λ12Oλ34O.

In this expansion, we specifically took the OPE of the products φ1φ2 and φ3φ4. How-

ever, we could have instead taken the OPE of φ1φ4 and φ2φ3. The conformal bootstrap

equation is simply the statement that these two different expansions, or channels, give the

same correlator

1

x2∆1
12 x2∆2

34

∑

τ,`

Pτ,` gτ,`(u, v) =
1

(x14x23)∆1+∆2

(
x24

x12

)∆12
(
x13

x12

)∆12 ∑

τ,`

Pτ,` gτ,`(v, u),

(3.4)

where we have taken the first two operators to be φ1 with dimension ∆1, and the latter

two to be φ2 with dimension ∆2, as this will be the case we examine below. The bootstrap

equation for 〈φ1φ1φ2φ2〉 provides a strong constraint on the spectrum and OPE coefficients

of the CFT.

3.2 The bootstrap in generalized free theories

As a simple but far-reaching example of our bootstrap argument, we will consider four-

point correlation functions in a generalized free theory (GFT), where all correlators are

determined by 2-point Wick contractions. GFTs can also be defined as the dual correlators
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derived from free quantum field theories in AdS. In the case where we consider two different

operators φ1 and φ2 we simply have

〈φ1(x1)φ1(x2)φ2(x3)φ2(x4)〉 =
1

x2∆1
12 x2∆2

34

. (3.5)

We can also express this correlator as an expansion in conformal blocks. This calculation

is trivial in the ‘s-channel’, as the only contribution in the series is from the identity,

1

x2∆1
12 x2∆2

34

∑

τ,`

P
(11,22)
τ,` g

(11,22)
τ,` (u, v) =

1

x2∆1
12 x2∆2

34

, (3.6)

where the superscripts for Pτ,` and gτ,` simply indicate that this channel corresponds to

the OPE of φ1φ1 and φ2φ2. However, the expansion in the ‘t-channel’ takes a very different

form, setting up the non-trivial equality of equation (3.4), which we can write as

u−
1
2

(∆1+∆2) = v−
1
2

(∆1+∆2)u−
1
2

∆12
∑

τ,`

P
(12,12)
τ,` g

(12,12)
τ,` (v, u). (3.7)

If we consider this expression in the limit u � v � 1, we see that the left side contains

a very specific power-law singularity u−
1
2

(∆1+∆2). This singularity must be reproduced by

the right side, and our focus will be on precisely how it is reproduced.

Since we are considering a GFT, the only primary operators appearing in this conformal

block expansion are the operators [φ1φ2]n,`, which schematically take the form

[φ1φ2]n,` ∼ φ1∂
2n∂µ1 · · · ∂µ`φ2, (3.8)

with fixed twist τn = ∆1 + ∆2 + 2n. As discussed in [7], the corresponding conformal

blocks gτn,`(v, u) are known exactly and possess at most a logarithmic divergence in the

limit u → 0. For the bootstrap equation to be satisfied, the full sum over the t-channel

conformal blocks must not converge uniformly in u and v.

In order to understand this series, we need to study the conformal blocks at large `, in

the limit u� v � 1. In fact, we need the specific limit `→∞ with `
√
u fixed. As shown

in appendix A, in this limit the conformal blocks at fixed τ take the approximate form

gτ,`(v, u) ≈ 2τ+2`v
τ
2 u

1
2

∆12

√
`

π
K∆12(2`

√
u), (3.9)

where Kx(y) is a modified Bessel function. We see that at small v the lowest twist terms

(n = 0) will dominate. In addition, the universal prefactor of u−
1
2

∆12 in eq. (3.7) will

cancel with a corresponding term from each conformal block, such that the only remaining

u-dependence arises from the Bessel function.

Let us now consider the conformal block coefficients Pτn,`, specifically for the mini-

mal twist operators. As shown in [22], these coefficients can be calculated precisely in a
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generalized free theory, and for n = 0 take the form

Pτ0,` =
(∆1)`(∆2)`

`!(∆1 + ∆2 + `− 1)`
, (3.10)

where (q)x = Γ(q+x)
Γ(q) is the rising Pochhammer symbol. In the large ` limit, these coefficients

take the approximate form

Pτ0,` ≈
4
√
π

Γ(∆1)Γ(∆2)2τ0+2`
`∆1+∆2− 3

2 . (3.11)

Combining these results, the sum of large ` conformal blocks can be approximated as

v−
1
2

(∆1+∆2)u−
1
2

∆12
∑

τn,large `

Pτn,` gτn,`(v, u) ≈ 4

Γ(∆1)Γ(∆2)

∑

large `

`∆1+∆2−1K∆12(2`
√
u).

(3.12)

This sum over large ` can be further approximated as an integral, which we can write as

∑

large `

`∆1+∆2−1K∆12(2`
√
u) ≈ u− 1

2
(∆1+∆2)

∫
d` `(∆1+∆2−1)K∆12(2`), (3.13)

where we are specifically considering the limit of large ` at fixed `
√
u. As we can see, the

large ` conformal blocks perfectly replicate the u → 0 behavior present on the left side of

eq. (3.7).

The takeaway lesson from this discussion is that the full sum of large ` conformal blocks

contains a singularity in u that is not present in any individual term. This singularity was

required by the bootstrap equation, and it is simply the result of a 2-point Wick contraction,

also known as the exchange of the identity operator, or ‘free propagation’.

3.3 Lightcone OPE limit and cluster decomposition

Let us now study the existence and properties of large ` operators in any CFT≥3. Sepa-

rating the contribution of the identity operator, the bootstrap equation can be written as

u−
1
2

(∆1+∆2)


1 +

∑

τ,`

P
(11,22)
τ,` u

τ
2 f

(11,22)
τ,` (u, v)


 = v−

1
2

(∆1+∆2)
∑

τ,`

P
(12,12)
τ,` v

τ
2 f

(12,12)
τ,` (v, u),

(3.14)

where we have rewritten the conformal blocks as g
(ij,pq)
τ,` (u, v) = u

τ
2 v

1
2

∆ijf
(ij,pq)
τ,` (u, v) to

highlight their behavior at small u, v.

For d ≥ 3, unitarity separates the twist of the identity from that of all other operators,

placing the bounds

τ ≥
{

d−2
2 (` = 0),

d− 2 (` ≥ 1).
(3.15)

With these bounds in mind, we can see that the identity provides the dominant contribu-

tion to the left side of eq. (3.14) in the limit u → 0. In fact, in this limit the left side of
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the bootstrap equation for any CFT is approximately the same as in GFT. Our arguments

will again hinge on the simple statement that the right side must reproduce this contri-

bution from the identity in the limit u � v � 1. This statement can be written as the

approximate constraint

1 ≈
(u
v

) 1
2

(∆1+∆2)∑

τ,`

Pτ,` v
τ
2 fτ,`(v, u) (u→ 0), (3.16)

where we have suppressed the superscripts on Pτ,` and fτ,`(v, u), as we will only consider

conformal blocks in the t-channel for the remainder of this discussion.

We can clearly see that the u, v-dependence of the right side of eq. (3.16) must vanish in

the appropriate limit. Just as in the case of GFT, the u-dependence cannot be reproduced

by any individual conformal block, so it must come from the full infinite sum. We again

need to consider the large ` portion of this expression, as demonstrated in [7].

As discussed in appendix A, the large ` conformal blocks in the limit u � 1 on the

right-hand side of equation (3.16) can be approximated as

gτ,`(v, u) ≈ v τ2 k′2`(1− z)F (d)(τ, v), (3.17)

where k′2β(x) = xβ2F1(β− 1
2∆12, β− 1

2∆12; 2β;x), z is defined by u = zz̄, v = (1−z)(1− z̄),
and the d-dependent function F (d)(τ, v) is positive and analytic near v = 0, though its

exact form will be unimportant for our discussion. Note that the limit z → 0 at fixed z̄ is

equivalent to u→ 0 at fixed v. For the remainder of this section, we will be using z rather

than u, as this greatly simplifies the discussion.

Note that in this limit the z, `-dependence of the conformal blocks factorizes from the

v, τ -dependence, such that we may consider the cancellation of each piece separately. Since

the conformal blocks are completely theory-independent, the function k′2`(1− z) takes the

same approximate form as in GFT. The total sum over ` must then produce the divergence

of z−
1
2

(∆1+∆2) necessary to cancel the prefactor in eq. (3.16).

What about the v-dependence? As mentioned above, the function F (d)(τ, v) ap-

proaches a finite positive value as v → 0. In this limit, the v-dependence of each large

` conformal block is approximately v
τ
2 . Since this dependence must cancel the prefactor of

v−
1
2

(∆1+∆2), we can obtain a bound on the possible twists that dominate in the large ` sum.

While this is already a powerful restriction, we can make a much stronger statement. In

order to reproduce the left side of eq. (3.16), there must be a contribution from an infinite

number of operators of increasing spin with τ → ∆1 + ∆2 as ` → ∞. The constraint on

the twists comes from the need to cancel the v-dependence, while the requirement for an

infinite tower of these operators comes from the need to cancel the z-dependence.

We can actually take this argument one step further. Consider the conformal block

associated with any primary operator in this infinite tower of operators with τ ≈ ∆1 + ∆2.

We can then expand this conformal block as a series in v,

gτ,`(v, u) ≈ v τ2 k′2`(1− z)F (d)(τ, 0) +O(v
τ
2

+1). (3.18)
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However, to obtain eq. (3.16) we only had to take the z → 0 limit, which means that

this equality must hold to all orders in v. There must then be another conformal block

which cancels the O(v
τ
2

+1) term. More specifically, this additional conformal block must

correspond to an operator with twist τ ′ = τ+2 ≈ ∆1+∆2+2. We can continue this process

at every level in this power series, each time requiring the existence of a new operator with

twist τn ≈ ∆1 + ∆2 + 2n to cancel the other O(v
τ
2

+n) terms.

This argument applies to every operator in our infinite tower at τ ≈ ∆1 + ∆2. This

tells us that, for each non-negative integer n, the large ` spectrum of any CFT must include

an infinite tower of operators with twists approaching τn = ∆1 + ∆2 + 2n. We refer the

reader to [7] for a mathematically rigorous version of these arguments.

3.4 Anomalous dimensions and long-range forces in AdS

In this section we will explain how subleading corrections to the u → 0 lightcone OPE

limit of the bootstrap equation make it possible to constrain the anomalous dimensions

and OPE coefficients of the operators [φ1φ2]n,`. This means that we can use the bootstrap

to derive the effects of long-range forces in AdS≥4. The universal exchange of Tµν in the

bootstrap leads to the universal long-range gravitational potential in AdS.

So far we have considered only the dominant s-channel behavior due to the identity.

However, we can extend our argument by considering the subleading contributions of con-

formal blocks associated with the CFT’s minimal nonzero twist τm. In the limit of small u,

these minimal twist operators provide a correction to the left side of the bootstrap equation,

1 +
2∑

`m=0

P (11,22)
m u

τm
2 f

(11,22)
τm,`m

(u, v) ≈
(u
v

) 1
2

(∆1+∆2)∑

τ,`

P
(12,12)
τ,` v

τ
2 f

(12,12)
τ,` (v, u) (u→ 0).

(3.19)

We have limited this sum to `m ≤ 2, because higher spin operators either possess twist

greater than that of the energy-momentum tensor or couple [23, 62] as in a free field theory.

However, it is worth emphasizing that the u → 0 contribution of all operators on the

left-hand side with τ < ∆1 + ∆2 must be matched by the large ` sum on the right-hand

side. This follows because these operators on the left-hand side of the bootstrap equation

create a power-law singularity in u, while any finite sum of conformal blocks on the right-

hand side can only produce a logarithmic singularity in u. This means that one could use

the bootstrap to compute the OPE coefficients and dimensions of the [φ1φ2]n,` operators

contributing on the right-hand side to O
(

1
`∆1+∆2

)
in the large ` limit.

In the limit u� 1, the minimal twist conformal blocks can be written as [63]

gτm,`(u, v) ≈ u τm2 (1− v)`m2F1

(τm
2

+ `m,
τm
2

+ `m; τm + 2`m; 1− v
)

. (3.20)

As we can see, these blocks factorize into a u-dependent piece, with simple scaling behavior,

and a v-dependent piece, which can be expanded in a power series at small v by using the
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relation

2F1(β, β; 2β; 1− v) =
Γ(2β)

Γ2(β)

∞∑

n=0

(
(β)n
n!

)2

vn
(

2 (ψ(n+ 1)− ψ(β))− ln v
)

, (3.21)

where ψ(x) = Γ′(x)
Γ(x) is the digamma function. The precise form of this expansion is largely

irrelevant to our discussion. All that matters to us is the presence of logarithmic terms

of the form vn ln v. Since eq. (3.19) is true to all orders in v, these terms must again be

replicated by the t-channel conformal blocks.

To see how these logarithmic terms are reproduced by the right side of equation (3.19),

we shall consider the situation where one of the special twist values τn = ∆1 + ∆2 + 2n

is approached by a single tower of operators Oτn,` which at large ` are separated by a

twist gap from all other operators in the spectrum. For simplicity, we will specifically

consider the case where there is one operator accumulating near τn for each `, and the

corresponding conformal block coefficients approach those of GFT. However, this approach

can be generalized to more complicated scenarios [7].

Generically, the twists τ(n, `) for this tower of operators will not be precisely τn.

Instead, they will be shifted by some anomalous dimension γ(n, `) = τ(n, `)−(∆1+∆2+2n).

For sufficiently large `, we can expand the associated conformal blocks in terms of the

anomalous dimension to obtain the approximate form

g
(12,12)
τn+γ,`(v, u) ≈ v τn2

(
1 +

γ(n, `)

2
ln v

)
k′2`(1− z)F (d)(τn, v). (3.22)

We see that the logarithmic terms due to minimal twist operators in the s-channel are

replicated by the anomalous dimensions of large ` operators in the t-channel. By matching

both sides of the bootstrap equation, we can then constrain the form of γ(n, `).

While it is clear that we can match the v-dependence of both sides, we still need to

consider the z-dependence. As we can see in eq. (3.19), the right side must not only cancel

the original factor of z
1
2

(∆1+∆2), it must produce an additional factor of z
τm
2 . Just like in

GFT, we simply need to consider the contribution of conformal blocks at large `. Focusing

on only the relevant terms, we need the approximate relationship

z
τm
2
− 1

2
(∆1+∆2) ∼

∑

large `

γ(n, `)`∆1+∆2−1K∆12(2`
√
z). (3.23)

Since we are considering the `→∞ limit, we can approximate the anomalous dimen-

sion with its leading ` dependence γ(n, `) ≈ γn`a, such that we obtain

∑

large `

γn`
a+∆1+∆2−1K∆12(2`

√
z) ≈ γn z−

1
2

(a+∆1+∆2)

∫
d` `a+∆1+∆2−1K∆12(2`). (3.24)

Matching this to the left side of the bootstrap, we see that a = −τm, such that the
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anomalous dimension takes the asymptotic form

γ(n, `) ≈ γn
`τm

(`→∞), (3.25)

where the `-independent coefficient γn can be determined by carefully matching the vn ln v

terms on both sides.

As a simple example, consider the case of stress-energy tensor exchange in d = 4, which

has τm = `m = 2 and Pm = ∆1∆2
360c . Matching all terms proportional to ln v, we then obtain

the approximate relation

− u∆1∆2

6c

(
1 + 4v + v2

(1− v)3

)
≈
(u
v

) 1
2

(∆1+∆2)
u−

1
2

∆12
∑

n,`

Pτn,` v
τn
2
γn
`2
k′2`(1− z)F (d=4)(τn, v).

(3.26)

Note that the conformal block coefficients Pτn,` are approximately those of GFT, which in

the limit ∆1, n� ∆2 � ` take the form

Pτn,` ≈
(∆1)n
n!22n

Pτ0,`. (3.27)

As every term is proportional to Pτ0,`, we can evaluate the sum over ` to cancel the z-

dependence of both sides, yielding the relation

−∆1(∆1 − 1)∆2
2

6c

(
1 + 4v + v2

(1− v)2

)
≈ (1− v)∆2

∑

n

(∆1)n
n!2τn

γnv
nF (d=4)(τn, v). (3.28)

In this particular limit, we can also apply the results of appendix A to the d = 4 conformal

blocks derived in [64] to obtain the approximation

F (d=4)(τn, v) ≈ 2τn(1− v)∆12−1. (3.29)

Using this result, we then have the simplified expression

−∆1(∆1 − 1)∆2
2

6c

(
1 + 4v + v2

(1− v)∆1+1

)
≈
∑

n

(∆1)n
n!

γnv
n. (3.30)

If we expand the left side as a series in v, we can then match corresponding terms from

the two series to determine the anomalous dimension coefficients γn. For the terms with

n� ∆1, this takes the simple form γn ≈ − (∆1∆2)2

6c , which matches precisely with the AdS

gravity computation that produced equation (2.22) in the ∆1,∆2 � 1 limit. This has a

nice physical interpretation in terms of the picture of section 2.1: when n � ∆1,∆2 � `

the variation of n does not significantly alter the distance between objects 1 and 2 in AdS,

and so γn, which corresponds to the gravitational binding energy, is independent of n.

This same approach can be applied to theories with an arbitrary number of minimal

twist primary operators. For example, the general n = 0 anomalous dimension coefficient
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is

γ0 ≈ −
2Γ(∆1)Γ(∆2)

Γ(∆1 − τm
2 )Γ(∆2 − τm

2 )

∑

`m

Pm
Γ(τm + 2`m)

Γ2( τm2 + `m)
. (3.31)

Furthermore, as noted above, we could in principle use the existence of the singular-

ity u
1
2

(τ−∆1−∆2) on the left-hand side of equation (3.19) to match the large ` anomalous

dimensions and OPE coefficients to O
(

1
`∆1+∆2

)
on the right-hand side. For large values of

∆1 or ∆2 this could be extremely powerful.

4 Virasoro blocks and the lightcone OPE limit

We would like to generalize the bootstrap arguments from the previous section to the case

of CFTs in d = 2, which possess an infinite-dimensional Virasoro symmetry. For d ≥ 3, our

argument relied on the fact that once a CFT correlator in the OPE limit is decomposed

into conformal blocks, it can then be expanded in increasing powers of u, beginning with

the identity contribution,

〈φ1φ1φ2φ2〉 = u−
1
2

(∆1+∆2) +
∑

τ,`

Pτ,` u
1
2

(τ−∆1−∆2)fτ,`(u, v). (4.1)

Two features were crucial for the analysis — firstly that τ ≥ d
2 −1 > 0, so that the identity

was clearly separated from the contributions of other operators, and secondly, that there

were only a finite number of conformal block contributions at the minimum twist τm > 0.

Neither of these properties holds in the case of 2d CFTs. So it is not surprising that many

2d CFTs, including the 2d Ising model [7], violate the conclusions of the theorem we proved

for d ≥ 3. In fact we saw in sections 2.2 and 2.3 that explicit AdS3 calculations provide

different expectations for the large spin spectrum in CFT2.

We will overcome the aforementioned hurdles by computing the Virasoro conformal

blocks in various semi-classical limits and then using them in a more general lightcone OPE

bootstrap analysis. Due to the technical nature of the computation of the blocks them-

selves, we have confined these calculations to the appendices, with the general method

described in appendix C and the specific computations in appendix D and E. We also

provide a more straightforward brute force computation in a more restricted limit in ap-

pendix B. With the blocks in hand, the bootstrap analysis proceeds along the same line of

reasoning that we saw in section 3, although with qualitatively different conclusions.

Let us now briefly discuss the bootstrap equation in CFT2. In d = 2 we can make use of

holomorphic factorization to discuss operators of general spin; nevertheless we will mostly

discuss scalar external operators for simplicity and uniformity with section 3. Correlators

of local operators in CFT2 can be expanded in Virasoro conformal blocks corresponding to

the exchange of irreducible representations of the Virasoro group. Each of these Virasoro

blocks (or Virasoro partial waves) is associated with a primary operator Oh,h̄ of scaling

dimension ∆ = h+h̄ and spin ` = |h−h̄|. The Virasoro block decomposition of a four-point

correlation function takes a very similar form to the conformal block expansion in d ≥ 3,
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Figure 7. This figure suggests how the exchange of all descendants of the identity operator in the
Virasoro algebra corresponds to the exchange of all multi-graviton states in AdS3. This is sufficient
to build the full, non-perturbative AdS3 gravitational field entirely from the CFT2.

namely

〈φ1(x1)φ2(x2)φ3(x3)φ4(x4)〉 =
1

x∆1+∆2
12 x∆3+∆4

34

(
x24

x14

)∆12
(
x14

x13

)∆34 ∑

h,h̄

Ph,h̄ Vh,h̄(u, v),

(4.2)

where Ph,h̄ is the set of theory-dependent Virasoro block coefficients and Vh,h̄ are the

Virasoro blocks. The bootstrap equation can then be written in terms of Virasoro blocks as

1

x2∆1
12 x2∆2

34

∑

h,h̄

Ph,h̄ Vh,h̄(u, v) =
1

(x14x23)∆1+∆2

(
x24

x12

)∆12
(
x13

x12

)∆12 ∑

h,h̄

Ph,h̄ Vh,h̄(v, u),

(4.3)

where we are specifically considering the Virasoro block decomposition of a correlator with

only two independent scalar operators φ1, φ2. We have written the bootstrap equation in

terms of xi and the cross-ratios u and v to make contact with section 3, but it is often

more natural to use variables z and z̄, with u = zz̄ and v = (1 − z)(1 − z̄), since the

full two-dimensional conformal group breaks up into holomorphic and anti-holomorphic

Virasoro algebras.

4.1 AdS3 deficit angles from semi-classical Virasoro blocks

Factoring out the contribution due to the identity operator, we can rewrite the CFT2

bootstrap equation as

V0,0(u, v) +
∑

h,h̄

P
(11,22)

h,h̄
V(11,22)

h,h̄
(u, v) =

(u
v

) 1
2

(∆1+∆2)
u−

1
2

∆12
∑

h,h̄

P
(12,12)

h,h̄
V(12,12)

h,h̄
(v, u).

(4.4)

We can clearly see the first difference between 2d CFTs and those in higher dimensions.

In our previous discussion, the contribution of the identity operator was simple, with no

additional u, v-dependence. More concretely, there was no extended ‘conformal block’

associated with the identity, but only a single, trivial operator. This is not the case in
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2d, as we now have contributions from all of the descendants of the vacuum. In terms of

the global conformal symmetry, these descendants are simply the states that we obtain by

acting with the stress-energy tensor on the CFT2 vacuum.

As in section 3, we are specifically interested in studying eq. (4.4) in the lightcone OPE

limit u→ 0. In order to make their small u behavior manifest, the Virasoro blocks can be

rewritten as

Vh,h̄(u, v) = u
τ
2Fh,h̄(u, v). (4.5)

where F is analytic at small u. The left side of the bootstrap equation will be dominated

by operators with zero twist. However, unitarity no longer forbids additional operators

with τ = 0. The stress-energy tensor is an example, but it has already been included in

the Virasoro identity block. Any other local primary operator with h = 0 or h̄ = 0, and

therefore of zero twist, will be a conserved current. We will limit our discussion to theories

with no additional continuous global symmetries, such that the only zero twist operators are

contained within the identity Virasoro block. In the small u limit, eq. (4.4) can be written as

V0,0(u, v) ≈
(u
v

) 1
2

(∆1+∆2)
u−

1
2

∆12
∑

τ,`

Pτ,` gτ,`(v, u) (u→ 0). (4.6)

We have chosen to explicitly write the t-channel or right-hand side in terms of global con-

formal blocks. We discuss the limitations of this approximation below, when it becomes

relevant, with most calculations confined to appendix E.

We want to study the behavior of V0,0 in the u → 0 limit. Unlike global conformal

blocks, there is no general closed-form expression for Virasoro blocks. However, as discussed

in appendix D, the approximate structure of these blocks can be determined in the semi-

classical limit where the CFT central charge c→∞ with

1� ∆1 � c and
∆2

c
fixed. (4.7)

In the semi-classical limit, the u→ 0 form of the identity block is approximately

V0,0(u, v) ≈ α∆1v−
1
2

∆1(1−α)

(
1− v
1− vα

)∆1

, (4.8)

where we have defined α ≡
√

1− 12∆2
c . We have assumed that φi are scalar operators

with ∆i = hi+ h̄i = 2hi, although it is easy to generalize to the case with hi 6= h̄i using the

results of appendix D and holomorphic factorization. The identity Virasoro block contains

new v-dependence that arises due to the Virasoro descendants of the vacuum. However,

we can also see that in this limit the left side of eq. (4.6) is completely independent of u,

which tells us that the right side must also have no u-dependence.

As in higher dimensions, it is impossible for any one conformal block to cancel the u-

dependent prefactor. One might wonder if this remains true in CFT2, where the Virasoro

blocks replace the simpler global blocks. We argue in appendix E that it does. Specifically,
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at both `� ∆2, c and for `� ∆2, c we find that the individual t-channel Virasoro blocks

V(v, u) do not contain a sufficiently strong singularity as u → 0 to reproduce the identity

block in the t-channel. Furthermore, there is a natural interpolation between the large and

small ` behavior. So although our approximations do not allow for a rigorous proof, we

expect that there must be an infinite sum of large ` Virasoro blocks on the right-hand side

of equation (4.4) to reproduce the singularity as u→ 0.

Now let us study the bootstrap equation in the limit u � v � 1, using the global

blocks on the right-hand side so that we can write

1 ≈ α−∆1u
1
2

(∆1+∆2)v−
1
2

(α∆1+∆2)u−
1
2

∆12
∑

τ,`

Pτ,` gτ,`(v, u). (4.9)

We are specifically interested in the large ` conformal blocks, which in this limit take the

same approximate form as in higher dimensions,

gτ,`(v, u) ≈ 2τ+2`v
τ
2 u

1
2

∆12

√
`

π
K∆12(2`

√
u). (4.10)

We can easily see that this discussion will be very similar to our arguments from section 3.

The overall prefactor of u−
1
2

∆12 will be cancelled by each individual block, but the necessary

power of u−
1
2

(∆1+∆2) can only be produced by an infinite tower of large ` conformal blocks.

In every 2d CFT with large c, there must then exist an infinite spectrum of large ` global

conformal blocks, just as in higher dimensions.

However, things become much more interesting if we look at the v-dependence. In

the small v limit, the conformal blocks approximately scale as v
τ
2 . Since this v-dependence

must cancel with the overall prefactor, we again obtain bounds on the possible twists which

can dominate in the large ` sum. More importantly, there must be an infinite tower of large

` operators with twist τ → α∆1 + ∆2 as `→∞.

This behavior is very different from that of CFTs in higher dimensions. In the large `

limit, we would naively expect the spectrum to approach that of GFT, with τ ≈ ∆1 + ∆2.

Phrased in terms of AdS, we would expect the binding energy of two particles to vanish in

the long-distance limit. Instead, we see the presence of a universal ‘anomalous dimension’,

or binding energy, which does not vanish in the large ` limit. As discussed in section 2.2,

this is precisely the behavior we would associate with a deficit angle in AdS, with the

corresponding energy shift

∆1 → ∆1

√
1− 12

∆2

c
= ∆1

√
1− 8GNM , (4.11)

where we have identified ∆2 = M and c = 3
2GN

.

Let us now extend our argument by considering the bootstrap at arbitrary v. We will

find it convenient to use v and z as variables, instead of v and u as above. As discussed in
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appendix A, conformal blocks with twist τ ∼ ∆2 � ∆1 can be approximated as

gτ,`(v, u) ≈ 2τ+2`v
τ
2 (1− v)

1
2

∆12u
1
2

∆12

√
`

π
K∆12(2`

√
z), (4.12)

where we have made no assumptions about the size of v. Inserting this into the bootstrap

equation and expanding the identity Virasoro block as a series in vα, we can obtain the

relation

v
1
2

(α∆1+∆2)
∞∑

n=0

(∆1)n
n!

vnα ≈ α−∆1z
1
2

(∆1+∆2)
∑

τ,`

Pτ,` 2τ+2`v
τ
2

√
`

π
K∆12(2`

√
z). (4.13)

In order for the v-dependence of both sides to match, there must be at least one primary

operator with approximate twist

τn ≈ α(∆1 + 2n) + ∆2, (4.14)

for every non-negative integer n. In order for the z-dependence of both sides to also match,

there must actually be an infinite tower of primary operators with increasing spin for every

twist τn. Note that since these twists τn have non-integer spacings, they must correspond

to distinct Virasoro primaries.

We find that the large ` spectrum of any CFT with large central charge matches that

of the operators [φ1φ2]n,` in a generalized free theory, but with the rescalings

∆→ ∆
√

1− 8GNM, n→ n
√

1− 8GNM, `→ `. (4.15)

As discussed in section 2.2, this is precisely the spectrum associated with a probe orbiting a

deficit angle in AdS3. Using only the bootstrap equation for a 2d CFT, we have rediscovered

the universal long-distance effect of gravity in AdS3.

4.2 BTZ quasi-normal modes from semi-classical Virasoro blocks

Now we will consider the spectrum of twists τn in the case where one of the external

operators is above the BTZ mass threshold, i.e. ∆2 >
c

12 . In this case α is imaginary, so

we will define β ≡
√

12∆2
c − 1 = −iα. For small z with fixed v, the bootstrap equation

now takes the form

(
v−iβ/2 − viβ/2

)−∆1 ≈ (iβ)−∆1z
1
2

(∆1+∆2)
∑

τ,`

Pτ,` 2τ+2`v
1
2

(τ−∆2)

√
`

π
K∆12(2`

√
z).(4.16)

At large spin, an infinite sum over spins is still necessary in order to cancel the prefactor

of z
1
2

(∆1+∆2), and this completely constrains the large ` behavior of Pτ,`. Thus, taking the

z → 0 limit, we can simplify to

(
v−iβ/2 − viβ/2

2i

)−∆1

≈
∫
dτ P̃τ v

1
2

(τ−∆2), (4.17)
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where P̃τ is the remaining `-independent piece of Pτ,`, and we have replaced the sum on

twists with an integral, without loss of generality. To constrain the spectrum of twists, we

can take v = e−s and perform an inverse Laplace transform of each side, obtaining

P̃∆2+2δ =

∫ γ+i∞

γ−i∞

ds

2πi
esδ

1

sin∆1(sβ/2)
. (4.18)

where we have rewritten the twists as τ = ∆2 + 2δ. Taking γ = π
β to avoid the poles in the

denominator, this integral can be evaluated and one finds

P̃∆2+2δ =
Γ(∆1

2 + i δβ )Γ(∆1
2 − i δβ )

2βΓ(∆1)
. (4.19)

This is regular for all real δ, and thus indicates that there is a dense spectrum of twists.

This result is consistent with the fact that the separation between twists in the deficit angle

spectrum from the previous section approaches zero as ∆2 → c
12 , the BTZ threshold.

To connect to the spectrum of quasi-normal modes for the BTZ black hole, we want

to look not for eigenstates of the Dilatation operator, but rather for asymptotic ‘in’ and

‘out’ states. We thus need to Wick rotate v = e−s → e−is(1+iε). One can then read off

the spectrum from the poles of (4.19). In this case v−iβ � viβ at large s, so it is already

manifest from a small v−iβ expansion of (4.17) that the spectrum of twists is

τn ≈ iβ(∆1 + 2n) + ∆2 = 2πiTBTZ(∆1 + 2n) + ∆2, (4.20)

which is just the natural analytic continuation of (4.14) to imaginary α = iβ. This re-

produces the spectrum of BTZ quasi-normal modes, as in [24]. We emphasize that these

are universal results for the large ` spectrum of any CFT2 with large c and no twist zero

Virasoro primaries aside from the identity.

5 Discussion

What does it mean for a bulk gravitational spacetime to emerge holographically from a

CFT?

One approach views the AdS geometry as an ever-present feature of a CFT state. The

Ryu-Takayanagi formula [65, 66] exemplifies this viewpoint beautifully, as it associates bulk

geometry with entanglement entropy in the CFT, even in the unperturbed vacuum. The

disadvantage of this philosophy is its static nature, for it does not readily yield information

about bulk dynamics, especially the locality of interactions in AdS. The concept of a

geometric distance between physical objects is important only because local interactions

fall off with distance; without locality geometry loses much of its meaning.

In this paper we have taken a complementary approach, interpreting bulk geometry as

a derivative idea, defining it purely in terms of the dynamics of localized objects. From this

point of view spacetime coordinates are simply a set of approximate, a posteriori labels

that can be consistently applied to operators or states as they evolve with time. The

S-Matrix program in flat spacetime and the reconstruction of AdS effective field theory
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from CFT correlators exemplify this philosophy, and in both cases we have a host of

information about the necessary and sufficient conditions on amplitudes for a local bulk

theory. In this approach, one attempts to “hear the shape” of the geometry by looking

at the spectrum of its excitations — for example, in this paper we worked with energy

and angular momentum eigenstates. These can be translated and combined to form local

wavepackets in AdS, which in turn can then be used to probe the geometry in a more direct

way. In many cases these states and their local interpretation are already familiar, and our

approach has the advantage of connecting geometry to AdS locality in an essential way.

Applying the CFT bootstrap to 2d large central charge theories has allowed us to

derive general, non-perturbative results that are ripe for interpretation in terms of AdS3

dynamics. We saw that the exchange of the identity and its Virasoro descendants, which can

be interpreted in AdS3 as multi-graviton states, creates an effect identical to the presence

of either a deficit angle or BTZ black hole background.

Virasoro primaries with dimension hΦ > c
24 create a universal background in which

“light” primaries with dimension hφ � c have thermal correlators, as shown in equa-

tion (1.7). This can be viewed as a derivation of the Eigenstate Thermalization Hypothe-

sis [20, 21] for CFT2 at large central charge, although it is important to keep in mind that

it will receive corrections from 1/c effects and, away from the light-cone limit, from other

conformal blocks. The corrections from other operators could cancel, since φ1φ1 → φ2φ2

conformal block coefficients can have either sign, or alternatively the OPE coefficients of

these operators might simply be small. The suppression of these corrections may be related

to both eigenstate thermalization and ‘no hair’ theorems for black holes.

It would be interesting to investigate this approximate thermality for more general

correlators of light primaries in future work, by studying Virasoro conformal blocks for n-

point correlators [67]. There should also be a nice confluence of the methods employed here

with entanglement entropy methods: by taking the light operators to be “twist” operators

at the edge of an interval, one might compute the entanglement entropy in the background

of a “heavy” hΦ > c
24 operator and reconstruct the corresponding bulk geometry by using

the Ryu-Takayanagi formula. It is also interesting to note the connection to results on the

general instability of excitations of AdS3 with energy above the BTZ threshold [68]. We

have seen that the universal background created by any “heavy” operator with hΦ > c
24

produces a spectrum of modes with an instability even at large distances. Our results are

limited to the case where the excitations are in the “test mass” limit, meaning they do not

back react on the geometry, but further results on the identity operator conformal block

would allow one to generalize beyond this case.

Formally, the lightcone OPE limit gives reliable information only about the primaries

of large angular momentum `, but in the case where there is a large gap in twists between

the identity operator and the remaining primary operators in the theory, we have obtained

results that accord with the BTZ geometry for all values of `. This indicates that in AdS3,

all states above the BTZ threshold look like black holes, up to corrections embodied by

the exchange of higher twist operators. It suggests that up to the horizon, all black hole

states look nearly identical, arguing against any proposal for quantum gravity that would

lead to large non-local modifications of the dynamics outside the horizon.
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It would be interesting to sharpen these claims for 2d CFTs with a small number of

low twist τ ∼ O(1) primaries, and more generally to explore the corrections from primaries

with twist τ > 0 in the bootstrap equation. These contributions will have a sub-dominant

impact on the large spin operators that we have identified, but they would make it possible

to estimate the range of interaction length scales in AdS3. In particular, one might try to

control the behavior in the vicinity of a black hole. It is also possible to study CFT2 with

τ = 0 operators besides the identity, namely conserved currents. In that case one would

need to include the contributions of the entire zero twist sector at once, including operators

of higher spin, perhaps via a generalization of the monodromy method. One could also

study the identity block in theories with a more general WN algebra structure [69, 70]. It

would be particularly interesting to see if the WN blocks can be interpreted as thermal

correlators, since it might shed light on whether the AdS duals of these theories have black

hole-like states [71, 72].

The semi-classical approximation to the Virasoro identity block contains all the infor-

mation we need to reconstruct a dynamical AdS3 geometry. However, it would be fascinat-

ing to explore the corrections to thermality embedded in the (unknown) exact formula for

the Virasoro blocks, by going beyond the semi-classical approximation of the monodromy

method. Formulas for the blocks based on other approximation methods should be able to

shed light on this question. In particular, the recursion relations [73–75] for the OPE limit

might be used directly, perhaps even numerically, or else they might be transformed [76]

to the lightcone OPE limit. It seems reasonable to expect that the AdS3 interpretation we

have uncovered will persist in irrational CFTs with finite c > 1, so it would be interesting

to examine finite central charge Virasoro blocks in general, or simply in the lightcone OPE

limit. As we have argued, this limit by itself provides a great deal of information about

the spectrum of the CFT.
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A Properties of global conformal blocks

Our arguments rely on some key properties of t-channel global conformal blocks, specifi-

cally in the small u, large ` limit. The majority of these properties were discussed quite

thoroughly in [7], but were restricted to the case where all four scalar operators in the

– 33 –



J
H
E
P
0
8
(
2
0
1
4
)
1
4
5

correlation function are identical. In this appendix, we generalize this discussion to con-

sider two distinct scalar primary operators φ1, φ2. We will specifically focus on the most

relevant case of d = 2, though this discussion can easily be extended to general spacetime

dimensions by following [7].

A.1 Factorization at large ` and small u

In general, the t-channel conformal block expansion of a four-point correlator can be written

as

〈φ1(x1)φ1(x2)φ2(x3)φ2(x4)〉 =
1

(x14x23)∆1+∆2

(
x13x24

x2
12

)∆12 ∑

τ,`

Pτ,` gτ,`(v, u). (A.1)

For the specific case of d = 2, the global conformal blocks in this expansion take the form

gτ,`(v, u) = k′τ+2`(1− z)k′τ (1− z̄) + k′τ+2`(1− z̄)k′τ (1− z). (A.2)

where k′2β(x) ≡ xβ2F1(β − 1
2∆12, β − 1

2∆12; 2β;x). Because we are specifically considering

the regime with (1 − z̄) < 1, the second term will be exponentially suppressed at large `,

such that we may ignore it.

We can use the integral representation of hypergeometric functions to rewrite the

general function k′2β(1− z) as

k′2β(1− z) =
1

B(β ± 1
2∆12)

∫ 1

0

dt

t(1− t)

(
(1− z)t(1− t)

1− t(1− z)

)β ((1− t)(1− t(1− z))
t

) 1
2

∆12

,

(A.3)

where the prefactor is the beta function B(x ± y) = Γ(x+y)Γ(x−y)
Γ(2x) . For the case where

β = τ
2 + `, we can see that the integrand of this expression factorizes into a τ -dependent

piece and an `-dependent piece. When ` is large, this integrand will be sharply peaked at

t∗ = 1−
√
z

1−z . As the τ -dependent piece of the integrand will vary slowly over this region, we

can safely approximate that part with its value at t = t∗,

(
(1− z)t∗(1− t∗)

1− t∗(1− z)

) τ
2

∼ (1− z) τ2
(1 +

√
z)τ

+O(1/
√
`). (A.4)

If we use Stirling’s approximation for the beta function prefactor and take the small z

limit, which is equivalent to small u, we find

k′τ+2`(1− z) = 2τk′2`(1− z)×
(

1 +O(
√
z, 1/
√
`)
)

. (A.5)

In this limit, we can therefore see that the τ -dependence of 2d conformal blocks factorizes

from the `-dependence,

gτ,`(v, u) = k′2`(1− z)2τk′τ (v)×
(

1 +O(
√
z, 1/
√
`)
)

, (A.6)

where we have used the fact that 1− z̄ = v +O(z) in the small z limit .
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As discussed in [7], this factorization behavior can be generalized to higher spacetime

dimensions, such that we obtain

g
(d)
τ,` (v, u) = k′2`(1− z)v

τ
2F (d)(τ, v)×

(
1 +O(

√
z, 1/
√
`)
)

, (A.7)

where F (d)(τ, v) is a d-dependent analytic function which is regular and positive at v = 0.

A.2 Further approximations at small u

The function k′2`(1− z) can be approximated further if we consider the limit `→∞ with

the product y ≡ z`2 fixed such that y . O(1),

k′2`(1− z) =
Γ(2`)

Γ2(`)

∫ 1

0

dt

t(1− t) t
`− 1

2
∆12(1− t)∆12e

− ty
`(1−t) ×

(
1 +O(1/`)

)
, (A.8)

where we have again used Stirling’s approximation to simplify the Γ-functions. The eval-

uation of this integral can be greatly simplified by defining the new variable s ≡ ty
`(1−t) ,

Γ2(`)

Γ(2`)
k′2`(1− z) =

(y
`

)∆12
∫ ∞

0

ds

s∆12+1
e−s−

y
s ×

(
1 +O(1/`)

)

= 2 z
1
2

∆12K∆12(2`
√
z)×

(
1 +O(1/`)

)
,

(A.9)

where Kx(y) is a modified Bessel function of the second kind. We stress that this approx-

imation breaks down when y � 1, but provides a valid description in the regime with

y . O(1).

A.3 Global conformal blocks in the heavy/light probe limit

So far, we have made no assumptions about the twists or external scaling dimensions

associated with these global conformal blocks. However, in this work we are especially

interested in pairs of scalar primaries φ1, φ2 in the limit ∆2 � ∆1, such that the relevant

conformal block twists are τ & ∆2. To make this manifest, we can rewrite the twists as

τ = ∆2 + δ. With this change of variables, the function k′τ (v) takes the form

k′τ (v) = v
1
2

(∆2+δ)
2F1

(
∆2 +

1

2
(δ −∆1),∆2 +

1

2
(δ −∆1); ∆2 + δ; v

)
. (A.10)

Using a Pfaff transformation, this can be rewritten as

k′τ (v) = v
1
2

(∆2+δ)(1− v)
1
2

(∆1−δ)−∆2
2F1

(
∆2 +

1

2
(δ −∆1),

1

2
(δ + ∆1); ∆2 + δ;

v

v − 1

)
.

(A.11)

In the limit ∆1, δ � ∆2, the hypergeometric function greatly simplifies, such that this

function is approximately

k′τ (v) = v
τ
2 (1− v)∆12 ×

(
1 +O(δ/∆2,∆1/∆2)

)
. (A.12)
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This extremely simple result is explained, in the general Virasoro context, in appendix E.

It arises because the exchange of the primary dominates over all descendant exchanges.

B Direct approach to Virasoro conformal blocks

In this appendix, we present one method for determining the structure of the identity

Virasoro block, specifically in the semi-classical limit c→∞. This ‘direct’ approach relies

solely on the Virasoro algebra to construct the identity block as a sum over all possible

intermediate graviton states in AdS3. While the reach of this approach is rather limited

in comparison to the monodromy method discussed in appendix C, it serves as a useful

and very elementary test of those more general results. Also, we use these methods in

appendix E to show that the Virasoro conformal blocks greatly simplify in a certain semi-

classical limit relevant for the right-hand side of the bootstrap equation (4.4).

B.1 Virasoro blocks and projection operators

For any correlation function, we can always insert the identity operator as a sum over all

possible intermediate states |α〉 of the theory,

〈φ1(x1)φ1(x2)φ2(x3)φ2(x4)〉 =
∑

α

〈φ1(x1)φ1(x2)|α〉〈α|φ2(x3)φ2(x4)〉. (B.1)

This statement is of course true in any theory, and does not rely on the presence of any

conformal symmetry. However, for the case of a 2d CFT, the states |α〉 can be organized

into irreducible representations of the Virasoro group, each of which is associated with a

Virasoro primary operator Oh,h̄,

〈φ1(x1)φ1(x2)φ2(x3)φ2(x4)〉 =
∑

h,h̄

∑

αh,h̄

〈φ1(x1)φ1(x2)|αh,h̄〉〈αh,h̄|φ2(x3)φ2(x4)〉, (B.2)

where the states |αh,h̄〉 are those states created by Oh,h̄ and its Virasoro descendants.

This separation of states into representations of the Virasoro group is precisely the

Virasoro conformal block decomposition of a correlation function,

∑

h,h̄

∑

αh,h̄

〈φ1(x1)φ1(x2)|αh,h̄〉〈αh,h̄|φ2(x3)φ2(x4)〉 =
1

x2∆1
12 x2∆2

34

∑

h,h̄

Ph,h̄Vh,h̄(u, v), (B.3)

such that we can associate each Virasoro block with a particular projection operator

Ph,h̄ =
∑

αh,h̄

|αh,h̄〉〈αh,h̄|. (B.4)

The descendant states |αh,h̄〉 are created by acting with various linear combinations of

the Virasoro generators Lm, L̄n on the state |h, h̄〉 = Oh,h̄|0〉, where these generators obey
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the algebra

[Lm, L̄n] = 0,

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm,−n,

[L̄m, L̄n] = (m− n)L̄m+n +
c

12
m(m2 − 1)δm,−n.

(B.5)

Note that L−1, L0, and L1 form the holomorphic global conformal subalgebra, and c drops

out of their commutation relations. Because the holomorphic generators Lm commute

with all of the antiholomorphic L̄n, we can simultaneously diagonalize one generator from

each set, which we choose to be the operators L0, L̄0. Our basis states |αh,h̄〉 can then be

expressed as a tensor product of eigenstates of L0 with eigenstates of L̄0,

|αh,h̄〉 = |αh〉 ⊗ |ᾱh̄〉. (B.6)

Similarly, the projection operator Ph,h̄ can be written as the tensor product

Ph,h̄ =
∑

αh

|αh〉〈αh| ⊗
∑

ᾱh̄

|ᾱh̄〉〈ᾱh̄| = Ph ⊗ P̄h̄, (B.7)

which tells us that the Virasoro block can be written as the product

Vh,h̄(u, v) = Vh(z)V̄h̄(z̄), (B.8)

where u = zz̄ and v = (1− z)(1− z̄).
As these functions are invariant under any global conformal transformation, we can

simplify their calculation by choosing coordinates such that we obtain the relation

〈φ1(∞)φ1(1)Phφ2(z, z̄)φ2(0)〉 = 〈φ1(∞)φ1(1)〉〈φ2(z, z̄)φ2(0)〉PhVh(z), (B.9)

with a similar relation for V̄h̄(z̄).

B.2 Semi-classical graviton basis

Everything we discussed in the previous section is exact, with no assumptions about the

2d CFT or the primary operator associated with the Virasoro block. Theoretically, any

Virasoro block could be constructed in this fashion, by finding the associated projection

operator and acting within a particular correlation function. In practice, though, this

process is prohibitively difficult for general operators in a general theory. We will therefore

restrict our focus to the identity Virasoro block in theories with large central charge.

The identity operator has h = h̄ = 0 and its associated state is the vacuum |0〉.
The descendant states which make up the projection operators P0, P̄0 are therefore linear

combinations of Lm, L̄n acting on the vacuum. Because the identity is a Virasoro primary,

the vacuum is annihilated by all the ‘lowering’ operators Lm, L̄m with m > 0. In addition,

the vacuum transforms trivially under the global conformal group, so it is also annihilated
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by all the global operators, such that we have

Lm|0〉 = L̄m|0〉 = 0 (m = −1, 0, 1). (B.10)

Our projection operators will therefore consist of states created by generators of the form

L−m, L̄−m with m ≥ 2. We will restrict our discussion to the holomorphic projector P0,

but all of our results will also apply to the antiholomorphic P̄0.

One obvious basis to use is the ‘graviton’ basis, consisting of the states

|α0〉 =
Lk1
−m1
· · ·Lkn−mn |0〉√N{mi,ki}

, (B.11)

where N{mi,ki} is simply a normalization factor. To avoid redundancy, we will use the

ordering convention m1 > · · · > mn. In terms of AdS, these basis states can be loosely

interpreted as k-graviton states, where k =
∑

i ki, though in AdS3 gravitons are not prop-

agating degrees of freedom in the bulk.

In order to work in this basis, we need to determine an expression for the normalization

factors N{mi,ki}. For example, let us consider the normalization of a general k-graviton

state,

Nm1···mk = 〈Lmk · · ·Lm1L−m1 · · ·L−mk〉, (B.12)

where again we have the ordering convention m1 ≥ · · · ≥ mk. To determine the precise

form of this factor, we simply need to use the structure of the Virasoro algebra to commute

each Lmi term through to the far right, where it then annihilates the vacuum. Starting

with Lm1 , we obtain

Nm1···mk = 〈Lmk · · ·Lm2(L−m1Lm1 + [Lm1 , L−m1 ])L−m2 · · ·L−mk〉
= 〈Lmk · · ·Lm2(L−m1Lm1 + 2m1L0)L−m2 · · ·L−mk〉+

c

12
m1(m2

1 − 1)Nm2···mk .

(B.13)

The L0 originating from [Lm1 , L−m1 ] can easily be commuted through the remaining op-

erators, resulting in

〈Lmk · · ·Lm2(2m1L0)L−m2 · · ·L−mk〉 = 2m1

(
k∑

i=2

mi

)
Nm2···mk . (B.14)

Since we are considering the limit c→∞ at fixed mi, this term will be subdominant, such

that we can safely ignore it.

As we continue to commute Lm1 through the remaining operators, we can immediately

see that the only non-negligible terms are those which arise if mi = m1. We then obtain
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the semi-classical recursion relation

Nm1···mk ≈
c

12
m1(m2

1 − 1)

(
1 +

k∑

i=2

δm1mi

)
Nm2···mk . (B.15)

Using this recursion relation, we can then obtain an approximate expression for every

normalization factor in the semi-classical limit,

N{mi,ki} = 〈Lknmn · · ·Lk1
m1
Lk1
−m1
· · ·Lkn−mn〉 ≈

( c
12

)k n∏

i=1

(
ki!m

ki
i (m2

i − 1)ki
)

, (B.16)

where again k =
∑

i ki.

In general, we cannot actually use these k-graviton states to construct our projection

operators, because this basis is not orthogonal. For example, consider the inner product

〈LpL−mL−n〉√
NpNm,n

=
n(n2 − 1)(2m+ n)√

p(p2 − 1)n(n2 − 1)( c
12m(m2 − 1)(1 + δmn) + 2mn)

δp,m+n. (B.17)

Though these are two distinct states, their inner product is clearly nonzero for p = m+ n.

However, this expression vanishes to leading order in the semi-classical limit c→∞,

〈Lm+nL−mL−n〉√
Nm+nNm,n

≈ n(n2 − 1)(2m+ n)√
c

12mn(m+ n)(m2 − 1)(n2 − 1)((m+ n)2 − 1)(1 + δmn)
∼ 1√

c
,

(B.18)

such that these two states become approximately orthogonal. This behavior is in fact quite

general, and applies to all inner products of distinct graviton states. At some level, this

is rather unsurprising, as the limit c → ∞ in a CFT is equivalent to the limit GN → 0 in

AdS, such that interactions between gravitons are greatly suppressed. Our basis is there-

fore approximately orthogonal in the large-c limit, and we can construct the approximate

projection operator

P0 ≈
∑

{mi,ki}

Lk1
−m1
· · ·Lkn−mn |0〉〈0|Lknmn · · ·Lk1

m1

N{mi,ki}
. (B.19)

B.3 Tµν correlators and the identity Virasoro block

We can now use our approximate projector to determine the holomorphic identity block

through the relation

V0(z) =
〈φ1(∞)φ1(1)P0φ2(z)φ2(0)〉
〈φ1(∞)φ1(1)〉〈φ2(z)φ2(0)〉 . (B.20)

Since we are working in the graviton basis, we need to calculate correlation functions of

the form

〈φ1(∞)φ1(1)Lk1
−m1
· · ·Lkn−mn〉 , 〈Lknmn · · ·Lk1

m1
φ2(z)φ2(0)〉. (B.21)
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Our approach will be quite similar to the normalization factor calculations in the previ-

ous section. We can simply commute the Virasoro generators through the various scalar

operators φi, using the commutation relation

[L−m, φi(w)] = hi(1−m)w−mφi + w1−m∂φi, (B.22)

where hi is the holomorphic scaling dimension of φi and w = x0 + ix1. For a review of this

and various related techniques for computing these correlators see e.g. [77].

As a simple example of this process, let us consider a general one-graviton correlation

function. Using this commutation relation, we can obtain the expression

〈φi(w1)φi(w2)L−m〉 = −〈[L−m, φi(w1)]φi(w2)〉 − 〈φi(w1)[L−m, φi(w2)]〉
=
(
hi(m− 1)(w−m1 + w−m2 )− w1−m

1 ∂1 − w1−m
2 ∂2

)
〈φi(w1)φi(w2)〉.

(B.23)

If we use the known two-point correlation function

〈φi(w1)φi(w2)〉 =
1

|w12|4hi
, (B.24)

we can calculate the exact one-graviton correlator,

〈φi(w1)φi(w2)L−m〉 = hi

(
(m− 1)(w−m1 + w−m2 ) +

2

w12
(w1−m

1 − w1−m
2 )

)
〈φi(w1)φi(w2)〉.

(B.25)

Similarly, we can obtain the other correlation function

〈Lmφi(w1)φi(w2)〉 = hi

(
(m+ 1)(wm1 + wm2 )− 2

w12
(w1+m

1 − w1+m
2 )

)
〈φi(w1)φi(w2)〉.

(B.26)

Combining all of these results, we find the full one-graviton contribution to the identity

block

V(k=1)
0 (z) =

∞∑

m=2

〈φ1(∞)φ1(1)L−m〉〈Lmφ2(z)φ2(0)〉
Nm〈φ1(∞)φ1(1)〉〈φ2(z)φ2(0)〉

= 12
h1h2

c

∞∑

m=2

(m− 1)2

m(m2 − 1)
zm = 2

h1h2

c
z2

2F1(2, 2; 4; z),

(B.27)

which is the precise form of the global conformal block of the one-graviton global conformal

primary L−2. This result is unsurprising, because the other one-graviton operators L−m
are all global conformal descendants of L−2.

Let us now consider the more general k-graviton correlator,

〈φi(w1)φi(w2)Lk1
−m1
· · ·Lkn−mn〉. (B.28)

Just as before, we can commute the various L−mi operator through the two scalar operators
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to obtain the general expression

n∏

j=1

(
hi(mj − 1)(w

−mj
1 + w

−mj
2 )− w1−mj

1 ∂1 − w1−mj
2 ∂2

)kj 〈φi(w1)φi(w2)〉. (B.29)

These differential operators clearly do not commute, and computing the resulting expres-

sion will generally become intractable. However, if we consider the limit c → ∞ at fixed
hi√
c
, we only need to consider terms with leading powers of hi. The result then simplifies

to the approximate form

hki

n∏

j=1

(
(m− 1)(w−m1 + w−m2 ) +

2

w12
(w1−m

1 − w1−m
2 )

)kj
〈φi(w1)φi(w2)〉. (B.30)

We emphasize that the rest of this section will be studying the limit h1, h2, c → ∞ with

h1/c→ 0 and h2/c→ 0 but h1h2/c fixed and finite.

We can now determine the general k-graviton contribution to the identity Virasoro

block, which is associated with the approximate projection operator

P(k)
0 ≈

∑

{mi,ki}

Lk1
−m1
· · ·Lkn−mn |0〉〈0|Lknmn · · ·Lk1

m1

N{mi,ki}
. (B.31)

Inserting this projection operator into the four-point correlator, we obtain

V(k)
0 (z) =

〈φ1(∞)φ1(1)P(k)
0 φ2(z)φ2(0)〉

〈φ1(∞)φ1(1)〉〈φ2(z)φ2(0)〉 ≈
(

12h1h2

c

)k ∑

{mi,ki}

n∏

i=1

(mi − 1)2ki

ki!m
ki
i (m2

i − 1)ki
zkimi .

(B.32)

Now the crucial step is to note that the contribution of each of the k-gravitons commutes

with the others, so we can write the entire k-graviton piece of the conformal block in the

limit of interest as

V(k)
0 (z) ≈ 1

k!

(
12h1h2

c

∞∑

m=2

(m− 1)2

m(m2 − 1)
zm

)k
. (B.33)

The expression in parentheses is precisely the one-graviton contribution we found earlier.

Now when we sum over k, we find that the result exponentiates! Thus we have determined

the full expression for the identity holomorphic block in our restricted semi-classical limit

V0(z) =

∞∑

k=0

V(k)
0 (z) ≈

∞∑

k=0

1

k!

(
2
h1h2

c
z2

2F1(2, 2; 4; z)

)k
= exp

[
2
h1h2

c
z2

2F1(2, 2; 4; z)

]
,

(B.34)

with a similar result for the antiholomorphic block V̄0(z̄). In the limit we are considering,

with c→∞ with h1h2/c fixed, this result for the identity Virasoro conformal block should

hold for all values of z.
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C Review of monodromy method for the Virasoro blocks

In this appendix we provide a self-contained review of what we refer to as the ‘monodromy

method’ for computing Virasoro conformal partial waves in the semi-classical limit. Al-

though the method may be well known to experts, we have included this appendix for the

sake of completeness. Our discussion closely follows [67, 78]. We will now give a brief

sketch of the main ideas behind the monodromy method, and then we will discuss each

step in detail in the subsections that follow.

The semi-classical limit is defined as the large central charge limit c → ∞ with the

ratios h/c of conformal dimensions to the central charge kept finite. It is believed that in

this limit, the Virasoro conformal partial waves take the form

〈O1(x1)O2(x2)|α〉〈α|O3(x3)O4(x4)〉 = Fα(xi) ≈ e−
c
6
f(xi), (C.1)

where f(xi) approaches some fixed function of xi and the various ratios h/c in the semi-

classical limit. The ≈ sign indicates that we are dropping subleading corrections in our

c→∞ limit. As far as we know this statement has not been rigorously proven, but we will

see very good evidence for it below by making use of Liouville theory. In the much more

restrictive limit of appendix B we essentially gave a proof by computing an explicit sum

over states. In what follows we will simply assume this semi-classical scaling behavior.

The next step is to insert into the correlator a ‘light’ operator ψ̂(z) whose dimension

is fixed as c → ∞. We will argue that the leading semi-classical behavior is unchanged,

but the conformal block is multiplied by a wavefunction ψ(z):

Ψ(xi, z) ≡ 〈O1O2|α〉〈α|ψ̂(z)O3O4〉 = ψ(z, xi)Fα(xi). (C.2)

Note that ψ(z, xi) is just a function, whereas ψ̂ is an operator. This formula defines

ψ(z, xi); the content of the equation is that ψ and its derivatives are O(ec
0
). This is

extremely powerful, because we can take ψ̂ to be any light operator we like, including one

of the degenerate operators in the theory. In particular, we can choose an operator that

obeys the shortening condition

(
L−2 −

3

2(2hψ + 1)
L2
−1

)
|ψ〉 = 0. (C.3)

Acting with
(
L−2 − 3

2(2hψ+1)L
2
−1

)
on ψ̂ inside Ψ(zi, z) then implies the differential equation

in the z variable

ψ′′(z) + T (z)ψ(z) = 0, (C.4)

where T (z) is given by

c

6
T (z) =

h1

z2
+

h2

(z − x)2
+

h3

(1− z)2
+
h1 + h2 + h3 − h4

z(1− z) − c

6
c2(x)

x(1− x)

z(z − x)(1− z) (C.5)

after setting x1 = 0, x2 = x, x3 = 1, x4 =∞, with c2 = ∂
∂x2

f(xi).
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As a final step, it turns out that ψ(z) must have a specific monodromy, again because

the degeneracy of ψ̂ is very constraining. In particular, if we study the OPE

O3(0)O4(x) =
∑

β

c34β(x)Oβ(0) (C.6)

inside 〈α|ψ̂(z)O3O4〉 in (C.2), the shortening condition (C.3) implies that only operators

Oβ with one of two different possible weights hβ can contribute. Thus, moving ψ(z) around

a cycle that encloses x1 and x2 must have monodromy consistent with these two weights.

This is sufficient to determine c2(x), and therefore f(x).

Now we will go through each of these points in more detail.

C.1 Scaling of the semi-classical action

The first key point is that conformal blocks at large central charge are believed to behave

like ∼ e− c6f , i.e.

lim
c→∞

1

c
logF = −1

6
f(xi) <∞. (C.7)

One piece of evidence for this result, and the origin of the term ‘semi-classical’ limit, comes

from Liouville theory. This is a theory with action

S =
1

4b2

∫
d2x
√
g
(
gαβ∂αφc∂βφc + 2(1 + b2)Rφc + 16λeφc

)
, (C.8)

where R is the Ricci scalar and b is a parameter related to the central charge c by

c = 1 + 6

(
b+

1

b

)2
b�1∼ 6b−2. (C.9)

The Liouville theory has a continuous spectrum, with correlators that receive contribu-

tions from conformal blocks of arbitrary dimension and spin, so it is a useful laboratory

for studying conformal blocks. Roughly speaking, we can obtain semi-classical conformal

blocks by projecting them out of Liouville correlators.

At small b and fixed λ, the equation of motion for φc is

∂∂̄φc = 2λeφc , (C.10)

with boundary condition φc ∼ −2 log(zz̄) + O(1) at z → ∞, so 〈φc〉 ∼ O(c0). Thus, at

small b, the action should have a semi-classical limit

Scl
b�1
=

3c

2

∫
d2x
√
g
(
gαβ∂αφc∂βφc + 2Rφc + 16λeφc

)
, (C.11)

which implies the scaling in (C.7).
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Primary operators in Liouville theory can be constructed by taking exponentials, i.e.

Vα ≡ e
α
b
φc . (C.12)

The weight of such an operator is hV = α(b+ 1
b −α)

b�1∼ α
√

c
6 −α2. Thus, in order to take

c→∞ with hV /c fixed, we take α ∼ O(
√
c). Taking α = a

b , we can solve for a in terms of

hV , finding a = 1
2(1±

√
1− 24hV /c). So these “heavy” operators can be written as

V = e
a
b2
φc = exp

(
c
(1±

√
1− 24hV /c)

12
φc

)
. (C.13)

When we insert one of these operators in the path integral, it has the effect of shifting Scl
of the Liouville theory by O(c), and of shifting the equations of motion for φc by O(c0).

This argument falls short of a proof of the scaling of f(xi) because we have only estimated

the scaling of the correlators. We need to project the correlators onto conformal blocks

to determine the scaling of logF , and so we have not proven that the individual blocks

themselves scale as desired.

If we want to construct a light operator, with dimension that scales like c0, then we

should take α ∼ 1√
c
∼ b. Such operators are of the form V = eO(c0)φc , and their insertions

only shift the semi-classical Liouville action by O(c0).

C.2 Insertion of the degenerate operator

The claim that correlators behave like e−
c
6
f in the semi-classical c → ∞ has far-reaching

consequences once we ask what happens when we insert additional light operators ψ̂, i.e.

operators with dimensions ∼ O(1), in correlators. The effect of adding such an operator is

to multiply the correlator by a wavefunction ψ(z, xi) for the position of the insertion of ψ̂:

∑

k

〈O1O2|α; k〉〈α; k|ψ̂(z)O3O4〉 = ψ(z, xi)
∑

k

〈O1O2|α; k〉〈α; k|O3O4〉, (C.14)

where we have made the sum over descendant states explicit via the k label. In the

above equation, as in all sums over states of the form
∑

i |i〉〈i|, there is implicit position

dependence in the sum, because the states must be inserted on a ball that separates the

fields on the left from the fields on the right; equivalently, one can write the OPE in terms

of sums over operators. One can take the above equation as a definition of ψ(z, xi); as

stated above, the content of the equation is that ψ(z, xi) ∼ O(ec
0
). We can investigate this

assumption by using the definition of the conformal blocks as a sum over states. Define

ψk(z, xi) ≡
〈α; k|ψ̂(z)O3(x3)O4(x4)〉
〈α; k|O3(x3)O4(x4)〉 , (C.15)

so that

〈O1(x1)O2(x2)|α; k〉〈α; k|ψ̂(z)O3(x3)O4(x4)〉 = ψk(z, xi)〈O1(x1)O2(x2)|α; k〉〈α; k|O3(x3)O4(x4)〉.
(C.16)
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Let k0 be the lowest level so that ψk0 in (C.15) does not vanish. Then, equation (C.14)

follows if ψk(z)
ψk0

(z) is O(ec
0
) at c→∞ for a light operator ψ̂. To understand why this should

be true, we will first assume that ψk0 is of order O(ec
0
), due to ψ̂ being a light operator.

Then, we can look at how ψk for general k is related to ψk0 by examining the action of the

Virasoro operator Lm inside the correlator:

〈α; k0|Lmψ̂(z)O3(x3)O4(x4)〉 =
∑

i=3,4,z

(
(m− 1)hi

xmi
− 1

xm−1
i

∂i

)
〈α; k0|ψ̂(z)O3(x3)O4(x4)〉

=
∑

i=3,4,z

(
(m− 1)hi

xmi
− 1

xm−1
i

∂i

)
ψk0

(z, x3, x4)〈α; k0|O3(x3)O4(x4)〉

∼= ψk0(z, xi)
∑

i=3,4

(
(m− 1)hi

xmi
− 1

xm−1
i

∂i

)
〈α; k0|O3(x3)O4(x4)〉

= ψk0(z, xi)〈α; k0|LmO3(x3)O4(x4)〉. (C.17)

The key step in in the third line, where “a ∼= b” means a
b = O(ec

0
). This step is

justified because we can take hz and ∂z as O(ec
0
) since ψ̂ is a light operator and ψk0

is O(ec
0
), whereas h3, h4 and ∂3, ∂4 ∼ O(c). Dividing both sides of this equation by

〈α; k0|LmO3(x3)O4(x4)〉 = 〈α;m + k0|O3(x3)O4)〉 and being a bit schematic with the in-

dices labeling the level of the descendants, we obtain

ψk0+m(z, xi) = ψk0(z, xi), (C.18)

whose consequence is (C.14).

C.3 Differential equation from the degeneracy condition

Next, we want to explore the consequences of the shortening condition (C.3) for correlators

of ψ̂ with four heavy operators. The idea is that (C.3) becomes a differential equation for

the correlator (see e.g. [77])

0 =

(
3

2(2hψ + 1)
∂2
z +

4∑

i=1

(
hi

(z − xi)2
+

1

z − xi
∂i

))
〈O1O2ψ̂O3O4〉

b�1
=

(
c

6
∂2
z +

4∑

i=1

(
hi

(z − xi)2
+

1

z − xi
∂i

))
〈O1O2ψ̂O3O4〉, (C.19)

where in the second line we have used the weight of the degenerate operator

hψ = −1

2
− 3b2

4
, (C.20)

and c ≈ 6
b2

at b � 1. We would like to argue that this equation is satisfied not only for

the correlator, but for each of its constituent conformal blocks. The justification for this

is that each conformal block has a different monodromy in z, determined by the weight of
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the block itself. So we have

0 =

(
c

6
∂2
z +

4∑

i=1

(
hi

(z − xi)2
+

1

z − xi
∂i

))
ψ(z, xi)e

− c
6
f(xi)

=
c

6

(
∂2
zψ(z, xi) + T (z, xi)ψ(z, xi)

)
, (C.21)

where

T (z, xi) =

4∑

i=1

εi
(z − xi)2

− ci
z − xi

, ci ≡
∂

∂xi
f, εi ≡

6hi
c
, (C.22)

and we have again used the fact that ψ ∼ O(ec
0
), so we can neglect ∂i derivatives acting on

it. Finally, T (z, xi) itself is further constrained by a conformal Ward identity, as it is exactly

the wavefunction that arises when we compute the 〈T̂ (z)O1O2O3O4〉 five-point function,

where the energy-momentum tensor T̂ (z) should not be confused with its wavefunction

T (z, xi):

〈T̂ (z)O1O2O3O4〉 =

4∑

i=1

(
hi

(z − xi)2
+

1

z − xi
∂i

)
〈O1O2O3O4〉

= − c
6
T (z, xi)〈O1O2O3O4〉. (C.23)

Therefore T (z, xi) must decay8 like z−4 as z →∞ , which implies three constraints:

∑

i

ci = 0,
∑

i

(
cixi −

6hi
c

)
= 0,

∑

i

(
cix

2
i −

12hi
c
xi

)
= 0. (C.24)

Taking x1 = 0, x2 = x, x3 = 1, x4 =∞ then leads us to equation (C.5).

C.4 Constraint on hβ and monodromy

Finally, we need to constrain the monodromy of ψ(z) to determine the function f(xi)

which defines the semi-classical conformal block. First, let us consider the constraint of

the shortening condition for ψ̂ on three-point functions

Vαβψ = 〈Oα(x1)Oβ(x2)ψ̂(x3)〉 =
Cαβψ

x
(hα+hβ−hψ)
12 x

(hα+hψ−hβ)
13 x

(hψ+hβ−hα)
23

. (C.25)

It is straightforward to act on this with the appropriate shortening operator for ψ̂ to see

0 =


− 3

2(2hψ + 1)
∂2

3 +
∑

i=1,2

(
hi

(x3 − xi)2
+

1

x3 − xi
∂i

)
Vαβψ

8This is easy to see by taking the O1O2O3O4 ⊃ c1234T (xi)T (0) OPE.
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=

(
2hψ (hα + hβ) + 6hαhβ − 3h2

α + hα − 3h2
β + hβ + h2

ψ − hψ
4hψ + 2

)
Vαβψ

x2
12

x2
13x

2
23

(C.26)

One can solve this algebraic equation for hβ as a function of hα and set hψ = −1
2 − 3b2

4 . In

the limit b� 1 with hαb
2 fixed, one finds

hβ − hα − hψ =
1

2

(
1±

√
1− 4b2hα

)
. (C.27)

We want to know the monodromy of ψ(z) as ψ̂ encircles x1 and x2 in the four-point function

〈O1O2|α〉〈α|ψ̂O3O4〉. To relate this to the argument above, we take the OPE of O3O4 =∑
β c34βOβ. Our analysis of the 3-pt function shows that

∑
β c34β〈α|ψ̂Oβ〉 gets contri-

butions only from Oβ with hβ such that 〈Oα(y)ψ̂(z)Oβ(x3+x4
2 )〉 ∼ (z − y)−(hψ+hα−hβ) =

(z−y)
1±
√

1−4b2hα
2 as z encircles y. Since the sum over states |α〉 arises from the O1O2 OPE,

this cycle must enclose both x1 and x2 when we apply it to ψ(z). Thus, under a cycle en-

circling x1 and x2 but not x3 and x4, the solutions to the differential equation (C.21) must

have monodromy

M =

(
eiπ(1+

√
1−24hα/c) 0

0 eiπ(1−
√

1−24hα/c)

)
= −

(
eiπΛα 0

0 e−iπΛα

)
, Λα =

√
1− 24hα/c,

(C.28)

in a basis that diagonalizes M . This fact combined with the results of the previous sub-

section allows us to determine the semi-classical conformal block using the monodromy

method. Note that for the identity or vacuum conformal block this means that M must be

the 2×2 identity matrix, which is identical in all bases. This leads to further simplifications

for the monodromy method when applied to the identity conformal block.

D Computing Virasoro blocks via the monodromy method

We will now use the monodromy method reviewed in appendix C to compute the Virasoro

conformal blocks in a semi-classical limit more general than that which was considered in

appendix B. Specifically, we will be able to determine the conformal block for a primary

of weight hp in a correlator of the form

〈φ1(0)φ1(x)φ2(1)φ2(∞)〉 (D.1)

in the limit that

c→∞, and
hi
c

fixed, (D.2)

followed by a perturbative expansion to linear order in h1/c and hp/c, but working non-

perturbatively in h2/c. Note that working to linear order in h1/c in the computation of f

for the Virasoro block F = e−
c
6
f means that we are neglecting terms of order h2

1/c in the

exponent of F . To use the monodromy method we are already neglecting order one terms
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in the exponent of F , so strictly speaking, we need to take h2
1/c . 1 for a self-consistent

approximation. This makes it possible to use the CFT bootstrap to study AdS3 setups

where a probe object orbits a finite mass deficit angle or a BTZ black hole. For the reader

just looking to find the results, the formulas we compute for the conformal blocks are

equations (D.22) and (D.24).

D.1 S-channel Virasoro blocks

As discussed in appendix C, we would like to solve the differential equation

ψ′′(z) + T (z)ψ(z) = 0 (D.3)

where T (z) is given by equation (C.5). Then we must impose that the pair of solutions for

ψ (there are two, since the differential equation is second order) have monodromy according

to (C.28) when we take z around 0 and x; this determines the function c2(x). Once c2 is

fixed we can use the relation c2 = ∂
∂x2

f(xi) to determine the semi-classical conformal block

F(xi) ≈ e−
c
6
f(xi) (D.4)

For our particular semi-classical limit let us define εi ≡ 6hi
c . We write the solutions for

ψ as

ψ = ψ(0) + ε1ψ
(1) + ε21ψ

(2) + . . . . (D.5)

Then we can write

T (z) = ε2
1

(1− z)2
+ ε1

(
1

z2
+

1

(z − x)2
+

2

z(1− z) −
c2

ε1

x(1− x)

z(z − x)(1− z)

)
(D.6)

We can immediately solve the differential equation for ψ(0) to find the two solutions

ψ
(0)
1,2(z) = (1− z)

1±
√

1−4ε2
2 (D.7)

Notice that the exponent transitions from real to complex exactly when the large mass h2

develops a horizon in AdS3. To see this, recall that c = 3
2G so we have

m2 = 2h2 =
ε2c

3
=

ε2
2G

(D.8)

Thus, exactly at ε2 = 1
4 , the mass reaches the critical mass 1

8G to make a BTZ black hole.

To solve for ψ at higher orders in ε1, it is useful to use our zeroth order solutions in

order to reduce the second order differential equation to a first order differential equation

using the method of variation of parameters. In this method, given an inhomogeneous

ODE of the form

y′′(z) + a(z)y(z) = b(z) (D.9)
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and two solutions yi(z) to the homogeneous ODE y′′(z) + a(z)y(z) = 0, we can find a

solution of the form

yp(z) = f1(z)y1(z) + f2(z)y2(z) (D.10)

through

f ′1(z) = −y2(z)b(z)

W (z)
, f ′2(z) =

y1(z)b(z)

W (z)
(D.11)

where

W (z) ≡ y1(z)y′2(z)− y′1(z)y2(z). (D.12)

is the Wronskian determinant.

To bring our problem into this form, we divide up T into a zero-th order piece T (0)

and a correction T (1):

T = T (0) + ε1T
(1) + ε21T

(2) + . . .

T (0) = ε2
1

(1− z)2

T (1) =

(
1

z2
+

1

(z − x)2
+

2

z(1− z) −
c

(1)
2

ε1

x(1− x)

z(z − x)(1− z)

)
. (D.13)

At linear order in ε1, our differential equation takes the form

(ψ
(1)
i )′′ + T (0)ψ

(1)
i = −T (1)ψ

(0)
i . (D.14)

Now we can determine ψ
(1)
i . We simply need to integrate

ψ
(1)
i = ψ

(0)
1

∫
dz
−ψ(0)

2 (−T (1)ψ
(0)
i )

W
+ ψ

(0)
2

∫
dz
ψ

(0)
1 (−T (1)ψ

(0)
i )

W
. (D.15)

These integrals can be performed in closed form in terms of logarithms and hypergeometric

functions, which allows one to read off their monodromy properties.

We want to demand that the solutions ψ
(1)
i transform with eigenvalues given by (C.28)

as z encircles 0 and x in order to determine the function c2(x). The method of variation

of parameters automatically gives ψ(1) in a form that is decomposed into a basis of the

zero-th order solutions multiplied by coefficients that are functions of z. Let us analyze

the coefficient of ψ
(0)
1 first, since it is simpler:

∫
dz
−ψ(0)

2 (−T (1)ψ
(0)
1 )

W
=

(
c2
ε1

(1− x) + 1
)

log( z
z−x) + (x−2)z+x

z(z−x)√
1− 4ε2

(D.16)

It is easy to see that this returns to itself after a rotation of z = reiφ with φ from 0 to

2π if r > x, since we never cross the branch cut of the logarithm. This can also be seen

– 49 –



J
H
E
P
0
8
(
2
0
1
4
)
1
4
5

by noting that the two poles of the integrand at z = 0 and z = x have opposite residues.

This means that this term does not contribute to the monodromy of ψ(1). Now consider

the second term:

∫
dz
ψ

(0)
1 (−T (1)ψ

(0)
1 )

W
=

∫
dz

(1− z)
√

1−4ε2
(
c2(x−1)xz(x−z)

ε1
− x2(z + 1) + 2xz(z + 1)− 2z2

)

z2
√

1− 4ε2(x− z)2

(D.17)

After either a direct evaluation, or an examination of the residues of the poles at z = 0

and z = x, we find that under a 2π phase rotation, the integral shifts by a monodromy

(δM0x)12 given by

(δM0x)12 =
2πi

α2

(
(α2−1)−

(
c2(x)

ε1
(x−1)−1

)
(1−x)α2 +

c2(x)

ε1
(x−1)+α2(1−x)α2

)
,

(D.18)

where α2 ≡
√

1− 4ε2. The calculation for ψ
(1)
2 follows from the same calculation but with

α2 → −α2. At this order, we have therefore found the monodromy matrix is

δM0x =

(
0 (δM0x)12

(δM0x)21 0

)
, (D.19)

where (δM0x)21[α2] = −(δM0x)12[−α2]. The eigenvalues of M0x at this order are therefore

1± [(δM0x)12(δM0x)21]1/2. By inspection of (C.28) expanded to linear order in hp, we can

therefore identify
√

(δM0x)12(δM0x)21 as 2iπεp, or equivalently

(δM0x)12(δM0x)21 = −4π2ε2p. (D.20)

This equation can easily be solved for c2:

c2 =
ε1 (−1 + α2 + (1− x)α2(1 + α2))± α2(1− x)

α2
2 εp

(1− x)(1− (1− x)α2)
. (D.21)

Finally, this can be integrated to get the conformal block at O(ε1, εp) and any ε2. We

choose the integration constant and the sign of ± in the above equation so that f(z) ∼
2(ε1 − εp) log(z) at z ∼ 0, to obtain

f(z) = (2ε1 − εp) log

(
1− (1− z)α2

α2

)
+ ε1 (1− α2) log(1− z) + 2εp log

(
1 + (1− z)

α2
2

2

)
.

(D.22)

This gives us the conformal block in the limit we desired, where one operator h1 is a ‘test

mass’ and the other operator of dimension h2 ∝ c would create a finite deficit angle or a

BTZ black hole in AdS.

Let us pause to note the approximations we have made. Aside from the limit c → ∞
with hi/c fixed, we have also expanded the function f in the conformal block F ≈ e−

c
6
f

in h1/c. Since we have only computed f to first order in h1/c, we are dropping terms of

order h2
1/c

2, which means that we have ignored effects of order h2
1/c in the exponent. By
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pushing the monodromy method further and working to higher order in h1/c, we could

control these neglected terms. However, the monodromy method always neglects terms of

order 1� c in the exponent of F .

As a check, we can look at the identity block εp = 0 and compare to our results from

the direct approach. Replacing α2 =
√

1− 4ε2 and expanding to O(ε2) to compare with

the result of appendix B, one finds

1

ε1
f(z) = 2 log(z)− ε2

3
z2

2F1(2, 2, 4, z)

+ε22

(
4(z − 1) log2(1− z)

z2
+

(
4

z
− 2

)
log(1− z) + 8

)
+O(ε32) (D.23)

We see that the second term matches, as expected. We have also checked that equa-

tion (D.22) agrees with the recursion relation method [67, 74, 75] when we expand in small z.

D.2 S-channel Virasoro blocks at quadratic order

We can also obtain the conformal blocks at order O(ε21, ε
2
p) if we set ε2 = ε1 ≡ ε. To

do this, we take our first order solutions in the limit of small ε2 and substitute them back

into (D.15). The resulting expression for ψ
(2)
1,2 simply contains logarithms and dilogarithms,

and thus the monodromy can straightforwardly be matched to (C.28) at second order in

hp/c. We find the result:

f (1)(z) = (2ε− εp) log(z) + 2εp log

(
1 +
√

1− z
2

)
,

f (2)(z) = 2
(
2ε2 − ε2p

)
log(1− z) + 4ε2p log

(
1

2

(√
1− z + 1

))

+
2
(
z (εp − 2ε) 2 + log(1− z)

(
εp − 2

√
1− zε

)
2
)

z
. (D.24)

A feature of this result is that εp terms contain no divergences at z → 1 at this order:

f(1− y)
y�1∼ 4ε2 log(y) +O(y0, ε3, ε3p). (D.25)

E T-channel Virasoro blocks

In this appendix we will study the Virasoro blocks in the t-channel, based on the primary

exchange

〈φ1φ2|Op〉〈Op|φ1φ2〉. (E.1)

We will analyze the particular semiclassical heavy/light or probe limit [79], where h2
1 �

h2, hp, c. We will study two further limits which, when combined, are sufficient for dis-

cussions of the t-channel blocks on the right-hand side of the bootstrap equation (4.4) in

section 4. For the first limit, we define δh ≡ hp−h2 and then we assume δh2 � h2, c. This

is the limit that is relevant for the anti-holomorphic part of the Virasoro blocks. In the
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second limit we take hp � h2, c in order to obtain 2d Virasoro blocks with large spin and

fixed twist. This is discussed at the end of this appendix.

The Virasoro blocks greatly simplify in the first limit, so that they are dominated

solely by the exchange of the primary Op. To see this, note that the three-point function is

〈φ1(y1)φ2(y2)Op(y3)〉 =
1

yh1−δh
12 y2h2+δh−h1

13 yh1+δh
23

. (E.2)

Now, when we act on Op with L−n and take y3 → 0, we find

〈φ2(∞)φ1(1)L−n|Op〉
〈φ2(∞)φ1(1)|Op〉

= nh1 + δh. (E.3)

Similarly, the conjugate gives

〈Op|Lnφ1(z)φ2(0)〉
〈Op|φ1(z)φ2(0)〉 = zn(nh1 + δh). (E.4)

The point is that both of these ratios of 3-pt functions are proportional to h1 and δh, but

they never involve h2 or c. This persists if we study more general descendant states.

These computations are relevant for the t-channel blocks if we study a modified version

of the ‘graviton basis’ of equation (B.11), where we also include the Lk−1 operators. This is

necessary because the state Op|0〉 = |Op〉 will not be annihilated by these global conformal

generators. So we have a modified version of the projector in equation (B.19)

POp ≈
∑

{mi,ki}

Lk1
−m1
· · ·Lkn−mnL

k0
−1|Op〉〈Op|Lk0

1 L
kn
mn · · ·Lk1

m1

NOp{mi,ki}
, (E.5)

which we might use to compute the Virasoro block. The modified normalization

NOp{mi,ki} = 〈Op|Lk0
1 L

kn
mn · · ·Lk1

m1
Lk1
−m1
· · ·Lkn−mnL

k0
−1|Op〉 (E.6)

has a single important feature — namely that in this particular semiclassical limit, we

obtain an extra factor of either c or hp ≈ h2 from each additional Lm. Thus the contribution

of descendants to this Virasoro block is always suppressed as a power of one of the ratios

h2
1

h2
,
δh2

h2
,
h2

1

c
,
δh2

c
� 1, (E.7)

which are small in the probe limit. So in the t-channel, in this heavy / light probe semi-

classical limit, not only is it sufficient to use the global blocks for the 2d bootstrap; in fact,

it is sufficient to simply use the OPE limit, or the result of primary exchange!

To use the Virasoro blocks at high spin, as is necessary in section 4, we also need to

study a very different limit where

hp � h1, h2. (E.8)
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Combining an anti-holomorphic Virasoro block with h̄p ≈ h̄2 and a holomorphic block with

hp � h1, h2 allows us to construct a block with twist τ ≈ ∆2 but with large ` = hp − h̄p.
Fortunately this large hp limit has already been studied [75], see appendix D of [78] for a

thorough discussion using the monodromy method. The result is that

F(z) ∼ (16q)hp−
c
24 θ3(q)

c
2
−8h1−8h2z

c
24
−h1−h2(1− z) c

24
−h1−h2 , (E.9)

where

q = e−πK(1−z)/K(z), θ3(q) =
∞∑

n=−∞
qn

2
=

√
2

π
K(z), (E.10)

and K is the elliptic function

K(z) =
1

2

∫ 1

0

dt√
t(1− t)(1− zt)

. (E.11)

This is the result for the operators inserted at x1 = 0, x2 = z, x3 = 1, x4 = ∞. To apply

this to the t-channel of the bootstrap equation, we need to map to x1 = 0, x2 = ∞, x3 =

z, x4 = 1, which corresponds to

F(z)→ 1

z2h1
F
(

1− 1

z

)
. (E.12)

Expanding near z ∼ 0, we find

F(z) ∼ z c
24
−2h1 , (E.13)

which should be compared with the singularity z−2h1 of the identity block in the s-channel.

Clearly there is a mismatch in the power of the singularity, and since c� 1, the singularity

of the Virasoro blocks is much weaker in the limit hp � h1, h2, c at small z.

F Calculation of deficit angle spectrum

In this appendix, we present a more detailed calculation of the results discussed in sec-

tion 4.1. Specifically, we will use the 2d bootstrap equation to place bounds on the coeffi-

cients of t-channel global conformal blocks. These bounds provide rigorous evidence that

the large ` spectrum of 2d CFTs with large central charge matches that of deficit angles

in AdS3.

F.1 Bootstrap equation in the lightcone OPE limit

In the limit u� v � 1, the bootstrap equation takes the approximate form

1 ≈ α−∆1z
1
2

(∆1+∆2−∆12)v−
1
2

(α∆1+∆2)
∑

τ,`

Pτ,` k
′
2`(1− z) 2τv

τ
2 k′τ (v). (F.1)
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where k′2β(x) = xβ2F1(β− 1
2∆12, β− 1

2∆12; 2β;x). The left side of this expression is clearly

constant and finite, so the u, v-dependence of the right side must also vanish. The small v

behavior of each term in this series is approximately v
1
2

(τ−α∆1−∆2), which greatly constrains

the possible twists τ that can dominate at large `.

In particular, there must exist operators with τ ≈ α∆1 + ∆2 in order to produce a

constant result in the limit v → 0. For the right side to also be independent of u ≈ z, there

must actually be an infinite tower of conformal blocks with twist accumulating at α∆1 +∆2

as ` → ∞, such that the full sum introduces a power-law singularity in z not possessed

by any individual term. In the small v limit, where these conformal blocks provide the

dominant contribution, we can approximate the bootstrap equation as

1 ≈ 2τ0α−∆1z
1
2

(∆1+∆2−∆12)
∑

`

Pτ0,` k
′
2`(1− z), (F.2)

where Pτ0,` can be formally thought of as the sum of all conformal block coefficients with

twist within some small range centered about τ0 ≡ α∆1 + ∆2.

Following the work of [7], the sum over ` can be written as an integral over a conformal

block coefficient density f0(`),

∑

`

Pτ0,` k
′
2`(1− z) =

∫ ∞

0
d` f0(`) k′2`(1− z), (F.3)

where f0(`) is defined as

f0(`) ≡
∑

`′

Pτ0,`′ δ(`− `′). (F.4)

In the following section we will derive bounds on the structure of f0(`) which indicate that

it is of the form

f0(`) = A0
Γ2(`)

Γ(2`)
`∆1+∆2−1. (F.5)

Assuming this form, we can rewrite the bootstrap equation as

1 ≈ 2τ0+1α−∆1z
1
2

(∆1+∆2)A0

∫ ∞

0
d` `∆1+∆2−1K∆12(2`

√
z). (F.6)

This expression can be used to fix the value of A0, which in turn provides the result

Pτ0,` ≈
4
√
πα∆1

2τ0+2`Γ(∆1)Γ(∆2)
`∆1+∆2− 3

2 ≈ 2∆1(1−α)α∆1PGFT
∆1+∆2,` (`� 1). (F.7)

At large `, the approximate conformal block coefficients have been related to those of

GFT, with an α-dependent coefficient. This is not strictly obligatory, since we are only

constraining the accumulation at large `, and not the contribution of each individual block,

but it provides a plausible expectation. It should be noted that we are using the Virasoro

blocks in the semi-classical limit, so this result will be corrected by 1/c effects.
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We can extend this argument to higher twists by considering the bootstrap equation

to all orders in v,

α∆1v−
1
2

∆1(1−α)

(
1− v
1− vα

)∆1

≈
(u
v

) 1
2

(∆1+∆2)
u−

1
2

∆12
∑

τ,`

Pτ,` gτ,`(v, u), (F.8)

which can be rewritten in the more useful form

(1− vα)−∆1 ≈ α−∆1z
1
2

(∆1+∆2−∆12)v−
τ0
2 (1− v)−∆12

∑

τ,`

Pτ,` gτ,`(v, u), (F.9)

where we have used the relation u ≈ z(1−v). We can now subtract the τ0 contributions from

both sides of this expression. Since we are specifically working in the limit ∆1 � ∆2, such

that τ0 ≈ ∆2, we can use the approximate global conformal blocks derived in appendix A

to calculate the approximate τ0 contribution,

∑

`

Pτ0,` gτ0,`(v, u) ≈ α∆1z−
1
2

(∆1+∆2−∆12)v
τ0
2 (1− v)∆12 . (F.10)

Notice that this expression is of precisely the right form to cancel the overall prefactor,

such that the τ0 contribution is simply 1, with no subleading corrections in v. Our modified

bootstrap equation then becomes

(1− vα)−∆1 − 1 ≈ α−∆1z
1
2

(∆1+∆2−∆12)v−
τ0
2 (1− v)−∆12

∑

τ>τ0,`

Pτ,` gτ,`(v, u). (F.11)

We can now repeat our earlier procedure with this modified bootstrap equation. Ex-

panding the left side as a power series in vα and taking the small v limit, we obtain the

relation

∆1v
α ≈ α−∆1z

1
2

(∆1+∆2−∆12)v−
τ0
2

∑

τ>τ0,`

Pτ,` k
′
2`(1− z) 2τv

τ
2 k′τ (v). (F.12)

For this expression to be satisfied, there must be an infinite tower of conformal blocks with

twist τ ≈ α(∆1 + 2) + ∆2. To find the corresponding conformal block coefficients, we can

again consider the limit v → 0, where these operators are the dominant contribution,

∆1 ≈ 2τ1α−∆1z
1
2

(∆1+∆2−∆12)
∑

`

Pτ1,` k
′
2`(1− z), (F.13)

where we have introduced the generalized notation τn ≡ α(∆1 + 2n) + ∆2. We can also

define a generalized conformal block coefficient density fn(`), such that

∑

`

Pτn,` k
′
2`(1− z) =

∫ ∞

0
d` fn(`) k′2`(1− z). (F.14)

The bounds we will derive in the following section indicate that this more general density
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is also of the form

fn(`) = An
Γ2(`)

Γ(2`)
`∆1+∆2−1. (F.15)

Assuming this form for our case of n = 1, the modified bootstrap equation becomes

∆1 ≈ 2τ1+1α−∆1z
1
2

(∆1+∆2)A1

∫ ∞

0
d` `∆1+∆2−1K∆12(2`

√
z). (F.16)

Solving this expression for A1, we then find the conformal block coefficients

Pτ1,` ≈
4
√
π∆1α

∆1

2τ1+2`Γ(∆1)Γ(∆2)
`∆1+∆2− 3

2 (`� 1). (F.17)

We therefore find coefficients of a very similar form to those for n = 0. Inspired by

those previous results, let’s compare this expression to the coefficients of GFT [22],

PGFT
∆1+∆2+2n,` ≈

(∆1)n
n!22n

PGFT
∆1+∆2,`, (F.18)

where we have specifically taken the limit ∆1, n� ∆2 � `. We therefore have the relation

Pτ1,` ≈ 2(∆1+2)(1−α)α∆1PGFT
∆1+∆2+2,` (`� 1). (F.19)

with the same caveat as above, namely that we can really only constrain the large `

accumulation, and not the contribution of each individual term.

We can continue to repeat this procedure to find the coefficients for increasing values

of n. To see this most clearly, we expand the left side of the bootstrap equation as a series

in vα,

∞∑

n=0

(∆1)n
n!

vnα ≈ α−∆1z
1
2

(∆1+∆2−∆12)v−
τ0
2 (1− v)−∆12

∑

τ,`

Pτ,` gτ,`(v, u). (F.20)

For n � ∆2, each individual vnα term in the series on the left corresponds to the full

contribution of the τn tower of conformal blocks on the right side. Our procedure can be

iterated to find the corresponding coefficients Pτn,`, but we can already see the full answer

from this expression. The factor of (∆1)n
n! in the power series is precisely the factor needed

to reproduce the appropriate GFT coefficients, such that we obtain the general relation

Pτn,` ≈ 2(∆1+2n)(1−α)α∆1PGFT
∆1+∆2+2n,` (`� 1). (F.21)

We therefore see that in the limit α→ 1, with vanishing deficit angle, the large ` spectrum

of operators and conformal block coefficients for any CFT with large central charge perfectly

reproduces that of a generalized free theory. This is precisely what we would expect, as it

corresponds to the c→∞ limit with fixed ∆1 and ∆2.
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F.2 Bounds on coefficient density

We will now place bounds on the asymptotic behavior of the conformal block coefficient

density fn(`). More specifically, we will prove that given a function Ln(z), defined as

Ln(z) ≡
∫ ∞

0
d` fn(`)k′2`(1− z), (F.22)

which behaves like z
1
2

(∆12−a) at small z, then the integrated density

Fn(L) ≡
∫ L

0
d`

Γ(2`)

Γ2(`)
fn(`), (F.23)

behaves at large L like

lim
L→∞

Fn(L) =
An

a
2Γ2(a2 )

. (F.24)

First, we establish an upper bound on Fn(L). This discussion will be almost identical to

a similar proof in [7], which interested readers may consult for more details. For simplicity,

we define the function

h(`, z) ≡ Γ2(`)

Γ(2`)
k′2`(1− z), (F.25)

which is a positive, decreasing function of ` at any fixed z. Since the integrand of Ln(z) is

non-negative, we can place the bound

Ln(z) ≥ h(L, z)Fn(L), (F.26)

for any value of L. As shown in appendix A, at large L and fixed λ ≡ L
√
z the function

h(L, z) takes the approximate form

lim
L→∞

h(L, z) = 2z
1
2

∆12K∆12(2λ). (F.27)

Combining these two results, we obtain the upper bound

Fn(L) ≤ La

2λaK∆12(2λ)
(L� 1). (F.28)

The parameter λ is arbitrary and L-independent, such that we can identify this upper

bound as AUL
a.

We now turn to establishing that the behavior of Fn(L) is exactly power-law, and that

the coefficient can be determined. We would like to be able to use the limit (A.9) to work

with the simpler function K(2`
√
z) ≡ z 1

2
∆12K∆12(2`

√
z) instead of k′2`(1− z) in (F.22). To
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do this, we can split up the representation of L(x) into two parts:

Ln(z) = z
1
2

∆12

∫ y∗√
z

0

Γ(2`)

2Γ2(`)
d`f(`)K(2`

√
z) +

∫ ∞
y∗√
z

d`f(`)k′2`(1− z) (F.29)

The advantage is that the second integral gives a negligible contribution to the small z

limit of L(z) when y∗ is large, in the sense that

lim
y∗→∞

lim
z→0

z
1
2

(a−∆12)

∫ ∞
y∗√
x

d`f(`)k′2`(1− z) = 0 (F.30)

This follows from the fact that the contribution from k′2`(1− z) shuts down exponentially

at large `, so f(`) would have to grow exponentially in order to avoid the above conclusion,

which would violate the upper bound (F.28). Thus we can work with K(2`
√
z). We can

simplify our formulas a bit by defining x = 2
√
z, as well as G(x) = 2−1(x/2)−∆12L(x) and

f̃(`) = Γ(2`)
Γ2(`)

fn(`). Now, we can take y∗ →∞ and consider

G(x) =

∫ ∞

0
d`f̃(`)K(`x) ∼ 2−a−1x−a (F.31)

at x ∼ 0. We want the limiting behavior of F (L):

F (L) =

∫ L

0
d`f̃(`) (F.32)

The rest of the proof will be a straightforward generalization of a proof of the Hardy-

Littlewood theorem due to Karamata [80]. To do this, we define the linear functional

L[g](x):

L[g](x) ≡
∫ ∞

0
d`f̄(`)K(`x)g(K(`x)). (F.33)

We want to prove that at x ∼ 0, this linear functional behaves like

L[g](x) ∼ 2−a−1x−a
∫∞

0 d``a−1K(`)g(K(`))∫∞
0 d``a−1K(`)

. (F.34)

To do this, we will show that it behaves this way on a dense set of functions:

gn(y) ≡ 1

y
K((n+ 1)K−1(y)), (F.35)

where K−1 indicates the inverse function of K (which exists by the monotonicity of K).9

9The fact that gn(y) are a dense set of functions in the space of piece-wise continuous functions on
(0, limy→0 K(y)), which is equivalent to the condition that {K(nx)}n∈N are dense, follows from the fact
that one can turn Kν(nx) into e−nx by an invertible integral transform. Specifically, take f(t) = tν−1e−nt,
perform a Hankel transform, to get H[f ](s) ∝ sν

(s2+n2)ν+1/2 , divide by sν , and perform a Fourier transform

to get ∝ zνKν(nz), (z > 0). For ν = 0, the combination of these two transforms is an Abel transform.
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On this set of functions, the relation (F.34) follows straightforwardly. First,

L[gn](x) =

∫ ∞

0
d`f̃(`)K(`x)gn(K(`x)) =

∫ ∞

0
d`f̃(`)K(`x(n+ 1)) ∼ 2−a−1

(x(n+ 1))a
. (F.36)

Second,

∫ ∞

0
d``a−1K(`)gn(K(`)) =

∫ ∞

0
d``a−1K((n+ 1)`) =

1

(n+ 1)a

∫ ∞

0
d``a−1K(`).(F.37)

By comparison of (F.36) with (F.37), we see that equation (F.34) holds for the dense set

of functions gn(x).

The last step is to define a function ḡ(x):

ḡ(x) ≡
{

0 x > K(λ)
1
x x < K(λ)

(F.38)

Here, λ is a fixed real number in (0,∞); its specific value is not important. Now, we take

x = λ/L and evaluate

L[ḡ](λ/L) =

∫ ∞

0
d`f̃(`)K(

`λ

L
)g(K(

`λ

L
)) =

∫ L

0
d`f̃(`) = F (L). (F.39)

On the other hand, by equation (F.34), in the limit of large L, we have

L[ḡ](λ/L) ∼ 2−a−1L
a

λa

∫ L
λ

0 d``a−1

∫∞
0 d``a−1K(`)

= 2−a−1La
1

a
∫∞

0 d``a−1K(`)
. (F.40)

Thus, we have shown that

F (L) ∼ (L/2)a

2a
∫∞

0 d``a−1K(`)
(F.41)

in the limit of large L.
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