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Abstract
In this paper, we establish real Paley-Wiener theorems for the hypergeometric Fourier
transform on R

d . More precisely, we characterize the functions of the generalized
Schwartz space S2(Rd)W and of LpAk (R

d)W , 1≤ p ≤ 2, whose hypergeometric Fourier
transform has bounded, unbounded, convex, and nonconvex support. Finally we
study the spectral problem on the generalized tempered distributions S ′

2(R
d)W .
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1 Introduction
We consider the differential-difference operators Tj, j = , , . . . ,d, associated with a root
systemR and a multiplicity function k, introduced by Cherednik in [], called Cherednik
operators in the literature. These operators were helpful for the extension and simplifica-
tion of the theory of Heckman-Opdam, which is a generalization of the harmonic analysis
on the symmetric spaces G/K (cf. [–]).
The Paley-Wiener theorems for functions and distributions are most useful theorems

in harmonic analysis. These theorems have as aim to characterize functions with com-
pact support through the properties of the analytic extensions of their classical Fourier
transform on R

d . Recently there has been a great interest to real Paley-Wiener theorems.
The first theorem given by Bang (cf. []) can be stated as follows. Let f be a C∞-function

on R such that for all n ∈N, and let the function dn
dxn f belong to the Lebesgue space L

p(R),
then the limit Rf = limn→∞ ‖ dn

dxn f ‖/np exists and we have

Rf := sup
{|λ| : λ ∈ suppF (f )

}
,

where F (f ) is the classical Fourier transform of f . Next the analogue of this theorem was
established for many other integral transforms (cf. [–]).
Motivated by the treatment in the Euclidean setting, we will derive in this paper new

real Paley-Wiener theorems for the hypergeometric Fourier transform, on some Lebesgue
space LpAk

(Rd)W and on a generalized tempered distribution space S ′
(Rd)W .

©2014 Mejjaoli and Trimèche; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-
mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-
duction in any medium, provided the original work is properly cited.

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Springer - Publisher Connector

https://core.ac.uk/display/81754061?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.journalofinequalitiesandapplications.com/content/2014/1/99
mailto:hatem.mejjaoli@ipest.rnu.tn
mailto:hatem.mejjaoli@yahoo.fr
http://creativecommons.org/licenses/by/2.0


Mejjaoli and Trimèche Journal of Inequalities and Applications 2014, 2014:99 Page 2 of 26
http://www.journalofinequalitiesandapplications.com/content/2014/1/99

The remaining part of the paper is organized as follows. In Section  we recall the main
results as regards the harmonic analysis associated with the Cherednik operators and the
Heckman-Opdam theory (cf. [–]). Section  is devoted to a study of the L-Schwartz
functions such that the supports of their hypergeometric Fourier transform are compact.
Next we prove a new real Paley-Wiener theorem for the hypergeometric Fourier trans-
form on generalized Paley-Wiener spaces. In Section  we characterize the functions in
the generalized Schwartz spaces such that their hypergeometric Fourier transform van-
ishes outside a polynomial domain. We give also a necessary and sufficient condition for
functions in LAk

(Rd)W such that their hypergeometric Fourier transform vanishing in a
neighborhood of the origin. In Section  we study the generalized tempered distributions
with spectral gaps. Finally, in the last section we prove Roe’s theorem for the hypergeo-
metric Fourier transform.

2 Preliminaries
This section gives an introduction to the theory of Cherednik operators, hypergeometric
Fourier transform, and hypergeometric convolution. Our main references are [–, ].

2.1 Reflection groups, root systems, andmultiplicity functions
The basic ingredients in the theory of Cherednik operators are root systems and finite
reflection groups, acting on R

d with the standard Euclidean scalar product 〈·, ·〉 and ‖x‖ =√〈x,x〉. On C
d , ‖ · ‖ denotes also the standard Hermitian norm, while 〈z,w〉 = ∑d

j= zjwj.
For α ∈ R

d\{}, let α∨ = 
‖α‖α be the coroot associated to α and let

rα(x) = x –
〈
α∨,x

〉
α, (.)

be the reflection in the hyperplane Hα ⊂R
d orthogonal to α.

A finite set R ⊂ R
d\{} is called a root system if R ∩ R. α = {α, –α} and σαR =R for

all α ∈ R. For a given root system R the reflections σα ,α ∈ R, generate a finite group
W ⊂ O(d), called the reflection group associated withR. All reflections inW correspond
to suitable pairs of roots. We fix a positive root system R+ = {α ∈ R : 〈α,β〉 > } for some
β ∈R

d\⋃
α∈RHα .

Let

C+ =
{
x ∈R

d : ∀α ∈R+, 〈α,x〉 > 
}
,

be the positive chamber. We denote by C+ its closure.
A function k : R → [,∞) is called a multiplicity function if it is invariant under the

action of the associated reflection groupW . For abbreviation, we introduce the index

γ = γ (k) =
∑

α∈R+

k(α). (.)

Moreover, let Ak denote the weight function

∀x ∈R
d, Ak(x) =

∏
α∈R+

∣∣∣∣sinh
〈
α


,x

〉∣∣∣∣
k(α)

. (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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We note that this function isW invariant and satisfies

∀x ∈ C+, Ak(x)≤ exp
(
〈�,x〉), (.)

where

ρ =



∑
α∈R+

k(α)α.

2.2 The eigenfunctions of the Cherednik operators
The Cherednik operators Tj, j = , . . . ,d, on R

d associated with the finite reflection group
W and multiplicity function k are given by

Tjf (x) =
∂

∂xj
f (x) +

∑
α∈R+

k(α)αj

 – e–〈α,x〉
{
f (x) – f (rαx)

}
– ρjf (x). (.)

The operators Tj can also be written in the form

Tjf (x) =
∂

∂xj
f (x) +




∑
α∈R+

k(α)αj coth

〈
α


,x

〉{
f (x) – f (rαx)

}
–


Sjf (x),

with

∀x ∈R
d, Sjf (x) =

∑
α∈R+

k(α)αjf (rαx).

In the case k(α) = , for all α ∈ R+, the Tj, j = , , . . . ,d, reduce to the corresponding
partial derivatives.

Example  For d = , the root systems areR = {–α,α},R = {–α, α} orR = {–α, –α,α,
α} with α the positive root. We take the normalization α = .
ForR+ = {α}, we have the Cherednik operator

Tf (x) =
d
dx

f (x) +
kα

 – e–x
{
f (x) – f (–x)

}
– ρf (x),

with ρ = kα . This operator can also be written in the form

Tf (x) =
d
dx

f (x) + kα coth(x)
{
f (x) – f (–x)

}
– kαf (–x). (.)

ForR+ = {α}, we have the Cherednik operator

Tf (x) =
d
dx

f (x) +
kα

 – e–x
{
f (x) – f (–x)

}
– ρf (x).

This operator can also be written in the form

Tf (x) =
d
dx

f (x) +
(
kα coth(x) + kα tanh(x)

){
f (x) – f (x)

}
– ρf (–x), (.)

with ρ = kα .

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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ForR+ = {α, α}, we have the Cherednik operator

Tf (x) =
d
dx

f (x) +
(

kα

 – e–x
+

kα
 – e–x

){
f (x) – f (–x)

}
– ρf (x),

with ρ = kα + kα . It is also equal to

Tf (x) =
d
dx

f (x) +
(
(kα + kα) coth(x) + kα tanh(x)

){
f (x) – f (–x)

}
– ρf (–x). (.)

The operators (.), (.), and (.) are particular cases of the differential-difference op-
erator


k,k′ f (x) =
d
dx

f (x) +
(
k coth(x) + k′ tanh(x)

){
f (x) – f (–x)

}
– ρf (–x), (.)

which is refereed to as the Jacobi-Cherednik operator (cf. [, ]).

The Heckman-Opdam Laplacian �k is defined by

�kf (x) :=
d∑
j=

T
j f (x)

= �f (x) +
∑
α∈R+

k(α)
(
coth

〈
α


,x

〉)〈∇f (x),α
〉
+ ‖ρ‖f (x)

–
∑
α∈R+

k(α)
‖α‖

(sinh〈 α
 ,x〉)

{
f (x) – f (rαx)

}
, (.)

where � and ∇ are, respectively, the Laplacian and the gradient on R
d .

The Heckman-Opdam Laplacian on W -invariant functions is denoted by �W
k and we

have the expression

�W
k f (x) =�f (x) +

∑
α∈R+

k(α)
(
coth

〈
α


,x

〉)〈∇f (x),α
〉
+ ‖ρ‖f (x).

Example  For d = ,W = Z and k ≥ k′ ≥ , k �= , the Heckman-Opdam Laplacian �W
k

is the Jacobi operator defined for even functions f of class C on R by

�W
k f (x) =

d

dx
f (x) +

(
k cothx + k′ tanhx

) d
dx

f (x) + �f (x),

with � = k + k′.

We denote by Gλ the eigenfunction of the operators Tj, j = , , . . . ,d. It is the unique
analytic function on R

d which satisfies the differential-difference system

{
Tju(x) = –iλju(x), j = , , . . . ,d,x ∈R

d,
u() = .

It is called the Opdam-Cherednik kernel.

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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We consider the function Fλ defined by

∀x ∈R
d, Fλ(x) =


|W |

∑
w∈W

Gλ(wx).

This function is the unique analytic W -invariant function on R
d , which satisfies the dif-

ferential equations

{
p(T)u(x) = p(–iλ)u(x), x ∈R

d,λ ∈R
d,

u() = ,

for allW -invariant polynomial p on R
d and p(T) = p(T, . . . ,Td).

In particular for all λ ∈R
d we have

�W
k Fλ(x) = –‖λ‖Fλ(x).

The function Fλ is called the Heckman-Opdam kernel.
The functions Gλ and Fλ possess the following properties.
(i) For all x ∈R

d , the functions Gλ and Fλ are entire on C
d .

(ii) We have

∀x ∈R
d,∀λ ∈C

d,
∣∣Gλ(x)

∣∣ ≤GIm(λ)(x)

and

∀x ∈R
d,∀λ ∈C

d,
∣∣Fλ(x)

∣∣ ≤ FIm(λ)(x).

(iii) There exists a positive constantM :=
√|W | such that

∀x ∈R
d,∀λ ∈R

d,
∣∣Fλ(x)

∣∣ ≤M (.)

and

∀x ∈R
d,∀λ ∈R

d,
∣∣Gλ(x)

∣∣ ≤M.

(iv) We have

∀x ∈ C+, F(x)� e–〈ρ,x〉 ∏
α∈R+

(
 + 〈α,x〉).

(v) Let p and q be polynomials of degreem and n. Then there exists a positive constant
M′ such that for all λ ∈C

d and for all x ∈R
d , we have

∣∣∣∣p
(

∂

∂λ

)
q
(

∂

∂x

)
Fλ(x)

∣∣∣∣ ≤M′( + ‖x‖)n( + ‖λ‖)mF(x)emaxw∈W (Im〈wλ,x〉). (.)

(vi) The preceding estimate holds true for Gλ too.

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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Example  When d =  andW = Z, and k ≥ k′ ≥ , k �= , the Opdam-Cherednik kernel
Gλ(x) is given for all λ ∈C and x ∈R by

Gλ(x) = ϕ
(k– 

 ,k
′– 

 )
λ (x) –


ρ – iλ

d
dx

ϕ(k– 
 ,k

′– 
 )(x),

where ϕ
(α,β)
λ (x) is the Jacobi function of index (α,β) defined by

ϕ
(α,β)
λ (x) = F

(


(ρ + iλ),



(ρ – iλ);α + ;–(sinhx)

)
,

with ρ = α + β +  and F is the Gauss hypergeometric function.
In this case the Heckman-Opdam kernel Fλ(x) is given for all λ ∈ C and x ∈R by

Fλ(x) = ϕ
(k– 

 ,k
′– 

 )
λ (x).

2.3 The hypergeometric Fourier transform onW-invariant function and
distribution spaces

We denote by
E(Rd)W the space of C∞-functions on R

d , which areW -invariant;
D(Rd)W the space of C∞-functions on Rd , which areW -invariant and with compact
support;
S(Rd)W the Schwartz space of rapidly decreasing functions on R

d ;
S(Rd)W the space of C∞-functions on R

d which areW -invariant, and such that for
all �,n ∈N, we have

sup
|μ|≤n
x∈Rd

(
 + ‖x‖)�F–

 (x)
∣∣Dμf (x)

∣∣ < +∞,

where

Dμ =
∂ |μ|

∂μx · · · ∂μdxd
, μ = (μ, . . . ,μd) ∈N

d;

PW (Cd)W the space of entire functions on C
d , which areW -invariant, rapidly

decreasing and of exponential type;
PW(Cd)W the space of entire functions on C

d , which areW -invariant, slowly
increasing and of exponential type;
D′(Rd)W the space of distributions on R

d , which areW -invariant;
E ′(Rd)W the space of distributions on R

d which areW -invariant and with compact
support;
S ′(Rd)W the space of tempered distributions on Rd , which areW -invariant. It is the
topological dual of S(Rd)W ;
S ′
(Rd)W the topological dual of S(Rd)W . We have

dνk(λ) := Ck(λ)dλ

= c
∏
α∈R+

�(–i〈λ,α∨〉 + k(α) + 
k(

α
 ))�(i〈λ,α∨〉 + k(α) + 

k(
α
 ))

�(–i〈λ,α∨〉 + 
k(

α
 ))�(i〈λ,α∨〉 + 

k(
α
 ))

dλ,

with c a normalizing constant and k( α
 ) =  if α

 /∈ R+.

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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The measure dνk(λ) is called the symmetric Plancherel measure or the Harish-Chandra
measure (cf. [, ]).

Remark  The function Ck is positive, continuous on R
d , and it satisfies the estimate

∀λ ∈R
d,

∣∣Ck(λ)
∣∣ ≤ const.

(
 + ‖λ‖)b,

for some b > .

LpAk
(Rd)W ,  ≤ p ≤ ∞, is the space of measurable functions f on R

d which are W -
invariant and satisfy

‖f ‖LpAk (Rd)W =
(∫

Rd

∣∣f (x)∣∣pAk(x)dx
)/p

< ∞, if  ≤ p < ∞,

‖f ‖L∞
Ak

(Rd)W = ess sup
x∈Rd

∣∣f (x)∣∣ < +∞.

Lpνk (Rd)W ,  ≤ p ≤ ∞, is the space of measurable functions f onRd which areW -invariant
and satisfy

‖f ‖Lpνk (Rd)W =
(∫

Rd

∣∣f (x)∣∣p dνk(x)
)/p

<∞, if  ≤ p < ∞,

‖f ‖L∞
νk (R

d)W = ess sup
x∈Rd

∣∣f (x)∣∣ < ∞.

The hypergeometric Fourier transform of a function f in D(Rd)W is given by

HW (f )(λ) =
∫
Rd

f (x)Fλ(x)Ak(x)dx, for all λ ∈R
d. (.)

Proposition  The transformHW is a topological isomorphism from
(i) D(Rd)W onto PW (Cd)W ,
(ii) S(Rd)W onto S(Rd)W .

The inverse transform is given by

∀x ∈R
d,

(
HW )–(h)(x) = ∫

Rd
h(λ)Fλ(–x)dνk(λ).

Proposition  For f in LAk
(Rd)W the functionHW (f ) is continuous on R

d and we have

∥∥HW (f )
∥∥
L∞
νk (R

d)W ≤M‖f ‖LAk (Rd)W ,

where M is the constant given by the relation (.).

Proposition  (i) Plancherel formula. For all f , g in D(Rd)W (resp. S(Rd)W ) we have

∫
Rd

f (x)g(x)Ak(x)dx =
∫
Rd

HW (f )(λ)HW (g)(λ)dνk(λ). (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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(ii) Plancherel theorem. The transform HW extends uniquely to an isomorphism from
LAk

(Rd)W onto Lνk (R
d)W .

Proposition  For all f in LAk
(Rd)W such that HW (f ) belongs to Lνk (R

d)W , we have the
inversion formula

f (x) =
∫
Rd

HW (f )(λ)Fλ(–x)dνk(λ), a.e. (.)

2.4 The hypergeometric convolution
Definition  Let y be in R

d . The hypergeometric translation operator f �→ τyf is defined
on S(Rd)W by

HW (τyf )(x) = Fx(y)HW (f )(x), for all x ∈R
d. (.)

Using the hypergeometric translation operator, we define the hypergeometric convolu-
tion product of functions as follows.

Definition  The hypergeometric convolution product of f and g in S(Rd)W is the func-
tion f ∗k g defined by

f ∗k g(x) =
∫
Rd

τxf (–y)g(y)Ak(y)dy, for all x ∈R
d. (.)

Proposition  ([]) (i) Let ≤ p <  < q ≤ ∞. Then

LpAk

(
R

d)W ∗k LAk

(
R

d)W ⊂ LAk

(
R

d)W (.)

and

LAk

(
R

d)W ∗k LAk

(
R

d)W ⊂ LqAk

(
R

d)W . (.)

(ii) Let f be in LAk
(Rd)W and g in LAk

(Rd)W . Then

HW (f ∗k g) =HW (f ) ·HW (g). (.)

Definition  (i) We define the hypergeometric Fourier transformHW of a distribution S
in E ′(Rd)W by

∀λ ∈R
d, HW (S)(λ) = 〈S,Fλ〉.

(ii) The hypergeometric Fourier transform of a distribution S in S ′
(Rd) is defined by

〈
HW (S),ψ

〉
=

〈
S,

(
HW )–(ψ)

〉
, ψ ∈ S

(
R

d)W .

Theorem  The transformHW is a topological isomorphism from
(i) E ′(Rd)W onto PW(Cd)W ,
(ii) S ′

(Rd)W onto S ′(Rd)W .

http://www.journalofinequalitiesandapplications.com/content/2014/1/99
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Let τ be in S ′
(Rd)W . We define the distribution �kτ , by

〈�kτ ,ψ〉 = 〈τ ,�kψ〉, for all ψ ∈ S
(
R

d)W . (.)

This distribution satisfies the following property:

HW
k (�kτ ) = –‖y‖HW

k (τ ). (.)

3 Functions with compact spectrum
We consider f in LAk

(Rd)W . We define the distribution Tf in S ′
(Rd)W by

〈Tf ,ϕ〉 =
∫
Rd

f (x)ϕ(x)Ak(x)dx, ϕ ∈ S
(
R

d)W .

Notations We denote by
LAk ,c(R

d)W the space of functions in LAk
(Rd)W with compact support;

HLk
(Cd) the space of entire functions f on C

d of exponential type such that f|Rd

belongs to Lνk (R
d)W .

Theorem  The hypergeometric Fourier transform HW is bijective from LAk ,c(R
d)W onto

HLk
(Cd).

Proof (i) We consider the function f on C
d given by

∀z ∈C
d, f (z) =

∫
Rd

g(x)Fz(x)Ak(x)dx, (.)

with g ∈ LAk ,c(R
d)W .

By derivation under the integral sign and by using the inequality (.), we deduce that
the function f is entire onC

d and of exponential type. On the other hand the relation (.)
can also be written in the form

∀y ∈R
d, f (y) =HW (g)(y).

Thus from Proposition  the function f|Rd belongs to Lνk (R
d)W . Thus f ∈HLk

(Cd).
(ii) Reciprocally let ψ be inHLk

(Cd). From [] there exists S ∈ E ′(Rd)W with support in
the boule B(,a), such that

∀y ∈R
d, ψ(y) =

〈
Sx,Fy(x)

〉
. (.)

On the other hand as ψ|Rd belongs to Lνk (R
d)W , from Proposition  there exists h in

LAk
(Rd)W such that

ψ|Rd =HW (h). (.)

Thus from (.), for all ϕ ∈D(Rd)W we have

∫
Rd

ψ(y)HW (ϕ)(y)dνk(y) =
〈
Sx,

∫
Rd

Fy(x)HW (ϕ)(y)dνk(y)
〉
.
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Thus using (.) we deduce that

∫
Rd

ψ(y)HW (ϕ)(y)dνk(y) = 〈S,ϕ〉. (.)

On the other hand (.) implies
∫
Rd

ψ(y)HW (ϕ)(y)dνk(y) =
∫
Rd

HW (h)(y)HW (ϕ)(y)dνk(y).

But from Proposition  we deduce that
∫
Rd

HW (h)(y)
(
HW

)
(ϕ)(y)dνk(y) =

∫
Rd

h(y)ϕ(y)Ak(y)dy

= 〈Th,ϕ〉.

Thus the previous relation and the relation (.) imply

S = Th.

This relation shows that the support of h is compact. Then h ∈ LAk ,c(R
d)W . �

In the following Tf will be denoted by f .

Definition  (i) We define the support of g ∈ Lνk (R
d)W and we denote it by supp g , the

smallest closed set, outside of which the function g vanishes almost everywhere.
(ii) We denote by

Rg := sup
λ∈supp g

‖λ‖,

the radius of the support of g .

Remark  It is clear that Rg is finite if and only if g has compact support.

Proposition  Let g ∈ Lνk (R
d)W such that for all n ∈ N, the function ‖λ‖ng(λ) belongs to

Lνk (R
d)W . Then

Rg = lim
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n
. (.)

Proof We suppose that ‖g‖Lνk (Rd)W �= , otherwise Rg =  and (.) is trivial.
Assume now that g has compact support with Rg > . Then

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n ≤
{∫

‖λ‖≤Rg

∣∣g(λ)∣∣ dνk(λ)
} 

n
Rg .

Thus we deduce that

lim sup
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n ≤ lim sup
n→∞

{∫
‖λ‖≤Rg

∣∣g(λ)∣∣ dνk(λ)
} 

n
Rg = Rg .
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On the other hand, for any positive ε we have

∫
Rg–ε≤‖λ‖≤Rg

∣∣g(λ)∣∣ dνk(λ) > .

Hence

lim inf
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n ≥ lim inf
n→∞

{∫
Rg–ε≤‖λ‖≤Rg

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n

≥ Rg – ε.

Thus

Rg = lim
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n
.

We prove now the assertion in the case where g has unbounded support. Indeed for any
positive N , we have

∫
‖λ‖≥N

∣∣g(λ)∣∣ dνk(λ) > .

Thus

lim inf
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n ≥ lim inf
n→∞

{∫
‖λ‖≥N

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n ≥N .

This implies that

lim inf
n→∞

{∫
Rd

‖λ‖n∣∣g(λ)∣∣ dνk(λ)
} 

n
=∞. �

Notations We denote by
Lνk ,c(R

d)W the space of functions in Lνk (R
d)W with compact support;

Lνk ,c,R(R
d)W := {g ∈ Lνk ,c(R

d)W : Rg = R}, for R ≥ ;
DR(Rd)W := {g ∈D(Rd)W : Rg = R}, for R≥ .

Definition Wedefine the generalized Paley-Wiener spaces PW 
k (Rd)W and PW 

k,R(Rd)W

as follows.
(i) PW 

k (Rd)W is the space of functions f ∈ E(Rd)W satisfying
(a) �n

k f ∈ LAk
(Rd)W for all n ∈ N;

(b) R�k
f := limn→∞ ‖�n

k f ‖

n
LAk

(Rd)W < ∞.

(ii) PW 
k,R(Rd)W := {f ∈ PW 

k (Rd)W : R�k
f = R}.

The real L-Paley-Wiener theorem for the hypergeometric Fourier transform can be
formulated as follows.

Theorem  The hypergeometric Fourier transformHW is a bijection
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(i) from PW 
k,R(Rd)W onto Lνk ,c,R(R

d)W ;
(ii) from PW 

k (Rd)W onto Lνk ,c(R
d)W .

Proof Let g ∈ PW 
k (Rd)W . Using (.), we see that the function

HW (�n
kg

)
(ξ ) = (–)n‖ξ‖nHW (g)(ξ ) ∈ Lνk

(
R

d)W , ∀n ∈N.

On the other hand from Proposition  we deduce that

lim
n→∞

{∫
Rd

‖ξ‖n∣∣HW (g)(ξ )
∣∣ dνk(ξ )

} 
n

= lim
n→∞

{∫
Rd

∣∣�n
kg(x)

∣∣Ak(x)dx
} 

n

= R�k
g < ∞.

Thus using Proposition  we conclude thatHW (g) has compact support with

RHW (g) = R�k
g .

Conversely let f ∈ Lνk ,c,R(R
d)W . Then ξnf (ξ ) ∈ Lνk (R

d)W for any n ∈ N, and (HW )–(f )
belongs to E(Rd)W . On the other hand from Proposition  we have

lim
n→∞

{∫
Rd

∣∣�n
k
((
HW )–f )(x)∣∣Ak(x)dx

} 
n

= lim
n→∞

{∫
Rd

‖ξ‖n∣∣f (ξ )∣∣ dνk(ξ )
} 

n

= R.

Thus (HW )–(f ) ∈ PW 
k (Rd)W .

(ii) We deduce the result from (i). �

We finish this section with an application on the generalized Schrödinger equation,
which was introduced and studied in [].

Corollary  Let f ∈ LAk
(Rd)W . Then f belongs to PW 

k (Rd)W if and only if the solution
u(t, ·) of the Cauchy problem for the generalized Schrödinger equation

(S)

{
∂tu – i�ku = ,
u|t= = f

has the following properties:
(i) as a function of t, it has an analytic extension u(z, ·), z ∈C

d to the complex plane Cd

as an entire function,
(ii) it has exponential type σ in the variable z, that is,

∥∥u(z, ·)∥∥LAk
(Rd)W ≤ eσ |z|‖f ‖LAk (Rd)W ,

and it is bounded on the real line.

4 Hypergeometric Fourier transform of functions with polynomial domain
support

Notation We denote by C[x] the set of polynomials on R with complex coefficients.
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Definition  Let u be a distribution on R
d and P a polynomial. Then we let

R(P,u) = sup
{∣∣P(‖y‖)∣∣ : y ∈ suppu

} ∈ [,∞],

where by convention R(P,u) =  if u = .

Theorem  Let P ∈C[x]. For any function f ∈ S(Rd)W the following relation holds:

lim
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W = sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣. (.)

Proof We consider f �=  in S(Rd)W . The proof is divided in two steps. In the following
step we suppose that

sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣ <∞. (.)

First step: In this step we shall prove that

lim sup
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≤ sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣.
In this case we assume firstly thatHW (f ) has compact support. Hölder’s inequality gives

‖f ‖LAk (Rd)W = |W |
∫
C+

(
 + ‖x‖)–m∣∣( + ‖x‖)mf (x)∣∣Ak(x)dx

≤ |W |
(∫

C+

(
 + ‖x‖)–m dx

)
sup
x∈Rd

∣∣Ak(x)
(
 + ‖x‖)mf (x)∣∣,

form ≥ d+
 . Using the relation (.), we obtain

‖f ‖LAk (Rd)W ≤ C sup
x∈Rd

∣∣e〈�,x〉( + ‖x‖)mf (x)∣∣.
Consequently for all n ∈N, we deduce that

∥∥Pn(–�k)f
∥∥
LAk

(Rd)W ≤ C sup
x∈Rd

∣∣e〈�,x〉( + ‖x‖)mPn(–�k)f (x)
∣∣

≤ C sup
x∈Rd

∣∣e〈�,x〉( + ‖x‖)m[(
HW )–(Pn(‖ξ‖)HW (f )

)]
(x)

∣∣.
Using the continuity of (HW )– we can show that

∥∥Pn(–�k)f
∥∥
LAk

(Rd)W ≤ C sup
ξ∈Rd

∣∣∣∣ ∑
≤l,j≤M

(
 + ‖ξ‖)j dl

dξ l

[
Pn(‖ξ‖)HW (f )(ξ )

]∣∣∣∣, (.)

with positive constants C and integers M, m, independent of n. Using Leibniz’s rule we
deduce that

∥∥Pn(–�k)f
∥∥
LAk

(Rd)W ≤ CnM sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣n–M,
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with C is a constant independent of n. Hence, from the previous inequalities we obtain

lim sup
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≤ sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣. (.)

In particular, if supy∈suppHW (f ) |P(‖y‖)| = , the identity (.) follows at once.
Second step: In this step we shall prove that

lim inf
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≥ sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣.
Fix ξ ∈ suppHW (f ). We can assume that P(‖ξ‖) �= . We will show that

lim inf
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≥ ∣∣P(‖ξ‖)∣∣ – ε,

for any fixed ε >  such that  < ε < |P(‖ξ‖)|.
To this end, choose and fix χ ∈D(Rd)W such that 〈HW (f ),χ〉 �= , and

suppχ ⊂ {
ξ ∈R

d :
∣∣P(‖ξ‖)∣∣ – ε <

∣∣P(‖ξ‖)∣∣ < ∣∣P(‖ξ‖)∣∣ + ε
}
.

For n ∈ N, let χn(ξ ) = P–n(‖ξ‖)χ (ξ ). In the following we want to estimate
‖(HW )–(χn)‖LAk (Rd)W . Indeed as above we have

∥∥(
HW )–(χn)

∥∥
LAk

(Rd)W ≤ C sup
x∈Rd

∣∣e〈�,x〉( + ‖x‖)m(
HW )–(χn)(x)

∣∣
≤ C sup

x∈Rd

∣∣e〈�,x〉( + ‖x‖)m[(
HW )–(P–n(‖ξ‖)χ)]

(x)
∣∣,

with m≥ d+
 . Using the continuity of (HW )– we can show that

∥∥(
HW )–(χn)

∥∥
LAk

(Rd)W ≤ C sup
ξ∈Rd

∣∣∣∣ ∑
≤l,j≤M

(
 + ‖ξ‖)j dl

dξ l

[
P–n(‖ξ‖)χ (ξ )]∣∣∣∣, (.)

with positive constants C and integers M, m, independent of n. Using Leibniz’s rule we
deduce that

∥∥(
HW )–(χn)

∥∥
LAk

(Rd)W ≤ CnM
(∣∣P(‖ξ‖)∣∣ – ε

)–n.
Then

〈
HW (f ),χ

〉
=

〈
HW (f ),Pn(‖ξ‖)χn

〉
=

〈
Pn(‖ξ‖)HW (f ),χn

〉
=

〈
HW (

Pn(–�k)f
)
,χn

〉
=

〈(
Pn(–�k)f

)
,
(
HW )–(χn)

〉
.
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Hence, from the Hölder inequality we obtain

∣∣〈HW (f ),χ
〉∣∣ ≤ ∥∥Pn(–�k)f

∥∥
LAk

(Rd)W
∥∥(
HW )–(χn)

∥∥
LAk

(Rd)W

≤ CnM
(∣∣P(‖ξ‖)∣∣ – ε

)–n∥∥Pn(–�k)f
∥∥
LAk

(Rd)W .

Since |〈HW (f ),χ〉| > , we deduce that

lim inf
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≥ ∣∣P(‖ξ‖)∣∣ – ε.

Thus

lim inf
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≥ sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣.
In particular, if supy∈suppHW (f ) |P(‖y‖)| =∞, the identity (.) follows at once.
Hence the proof of the theorem is finished. �

Definition  Let P be in C[x]. We define the domain UP by

UP :=
{
x ∈R

d :
∣∣P(‖x‖)∣∣ ≤ 

}
.

We have the following result.

Corollary  Let f ∈ S(Rd)W . The hypergeometric Fourier transformHW (f ) vanishes out-
side a polynomial domain UP , if and only if

lim sup
n→∞

∥∥Pn(–�k)f
∥∥ 

n
LAk

(Rd)W ≤ . (.)

Remark  If we take P(y) = –y, then P(–�k) = �k , and Theorem andCorollary  charac-
terize functions such that the support of their hypergeometric Fourier transform is B(, ).

Theorem  Let P ∈ C[x]. Let f be in E(Rd) ∩ LpAk
(Rd)W , for some p ∈ [, [, such that for

all n ∈N
∗, the function Pn(–�k)f belongs to LAk

(Rd)W . Then

lim
n→∞

∥∥Pn(–�k)f
∥∥/n
LAk

(Rd)W = sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣.
Proof Let now f be in E(Rd) ∩ LpAk

(Rd)W , for some p ∈ [, [ such that for all n ∈ N∗, the
function Pn(–�k)f belongs to LAk

(Rd)W andHW (f ) has compact support.
Let ε > . We choose � ∈ S(Rd)W such that HW (�) ≡  on a neighborhood of

suppHW (f ) and |P(‖ξ‖)| < R(P,HW (f )) + ε for all ξ ∈ suppHW (�). Moreover it is easy
to see that f ∗k � = f , hence from (.) we deduce

∥∥Pn(–�k)f
∥∥
LAk

(Rd)W =
∥∥Pn(–�k)(f ∗k �)

∥∥
LAk

(Rd)W

=
∥∥f ∗k Pn(–�k)�

∥∥
LAk

(Rd)W

≤ C‖f ‖LpAk (Rd)W
∥∥Pn(–�k)�

∥∥
LAk

(Rd)W .
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Thus from Theorem 

lim
n→∞ sup

∥∥Pn(–�k)f
∥∥/n
LAk

(Rd)W ≤ R
(
P,HW (φ)

) ≤ R
(
P,HW (f )

)
+ ε.

Since the case R(P,HW (f )) = ∞ is trivially true, we obtain

lim
n→∞ sup

∥∥Pn(–�k)f
∥∥/n
LAk

(Rd)W ≤ R
(
P,HW (f )

)
.

Now we consider f in E(Rd) such that the function Pn(–�k)f belongs to LAk
(Rd)W and we

proceed as in Theorem , step  to obtain

lim
n→∞ inf

∥∥Pn(–�k)f
∥∥/n
LAk

(Rd)W ≥ R
(
P,HW (f )

)
,

and the theorem follows. �

The following theorem gives the radius of the large disc on which the hypergeometric
Fourier transform of functions in LAk

(Rd)W vanishes everywhere.

Theorem  Let f ∈ LAk
(Rd)W be non-negligible.We consider the sequence

fn(x) = E(k)
n ∗k f (x), x ∈R

d,n ∈N\{}, (.)

where

E(k)
n (y) =

(
HW )–(e–n‖x‖)(y).

Then

lim
n→∞

√
–

n
ln‖fn‖LAk (Rd)W = λHW (f ), (.)

where

λHW (f ) := inf
{‖ξ‖ : ξ ∈ suppHW (f )

}
. (.)

Proof To prove (.) it is sufficient to verify the equivalent identity

lim
n→∞‖fn‖


n
LAk

(Rd)W = exp
(
–λ

HW (f )

)
. (.)

Using (.)wededuce that the hypergeometric Fourier transformof fn(x) is exp(–n‖ξ‖)×
HW (f )(ξ ). Then by applying Proposition  we obtain

‖fn‖LAk (Rd)W =
∥∥exp(–n‖ξ‖)HW (f )(ξ )

∥∥
Lνk (R

d)W

= ‖f ‖LAk (Rd)W

[∫
suppHW (f )

exp
(
–n‖ξ‖) (|HW (f )(ξ )|)

‖f ‖LAk (Rd)W
dνk(ξ )

]
. (.)
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On the other hand it is well known that ifm is the Lebesguemeasure onR
d andU a subset

of Rd such that m(U) = , then for all φ in the Lebesgue space Lp(U ,dm),  ≤ p ≤ ∞, we
have

lim
p→∞‖φ‖Lp(U ;dm) = ‖φ‖L∞(U ;dm). (.)

By applying formula (.) with

U = suppHW (f ), φ = exp
(
–‖ξ‖) : p = n and dm(ξ ) =

|HW (f )(ξ )|
‖f ‖LAk (Rd)W

dνk(ξ ),

and using the fact that limn→∞(‖f ‖LAk (Rd)W ) n = , we obtain

lim
n→∞‖fn‖


n
LAk

(Rd)W = sup
ξ∈suppHW (f )

exp
(
–‖ξ‖) = exp

(
–λ

HW (f )

)
. (.)

This is the relation (.). �

A function f ∈ LAk
(Rd)W is the hypergeometric Fourier transform of a function vanish-

ing in a neighborhood of the origin, if and only if, λHW (f ) > , or equivalently, if and only
if the limit (.) is less than . Thus we have proved the following result.

Corollary  The condition

lim
n→∞‖fn‖


n
LAk

(Rd)W < , (.)

is necessary and sufficient for a function f ∈ LAk
(Rd)W to have its hypergeometric Fourier

transform vanishing in a neighborhood of the origin.

Remark  From Theorem  and Corollary  it follows that the support of the hypergeo-
metric Fourier transform of a function in LAk

(Rd)W is in the torus λHW (f ) ≤ ‖ξ‖ ≤ RHW (f ),
if and only if,

λHW (f ) ≤ lim
n→∞

√
–

n
ln‖fn‖LAk (Rd)W ≤ lim

n→∞
∥∥�n

k f
∥∥ 

n
LAk

(Rd)W ≤ RHW (f ). (.)

Theorem  For any function f ∈ S(Rd)W the following relation holds:

lim
n→∞

∥∥∥∥∥
∞∑
m=

(n�k)mf
m!

∥∥∥∥∥

n

LAk
(Rd)W

= exp
(
–λ

HW (f )

)
. (.)

In particular, a function f ∈ S(Rd)W is the inverse hypergeometric Fourier transform of a
function in S(Rd)W vanishing in B(,R), if and only if we have

lim
n→∞

∥∥∥∥∥
∞∑
m=

(n�k)mf
m!

∥∥∥∥∥

n

LpAk
(Rd)W

≤ exp
(
–R). (.)
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Proof A similar proof to that of Theorem  gives the result. �

5 Real Paley-Wiener theorems for the hypergeometric Fourier transform on
S ′
2(R

d)W

Theorem  Let u ∈ E(Rd)W ∩ S ′
(Rd)W , and suppose the set Vr := {ξ ∈ R

d : |P(‖ξ‖)| ≤ r}
is compact for a polynomial P ∈ C[x] and a constant r ≥ . Then the support of HW (u) is
contained in Vr , if and only if for each R > r, there exist NR and a positive constant C(R)
such that

∣∣Pn(–�k)(u)(x)
∣∣ ≤ C(R)nNRRn( + ‖x‖)Ne–〈�,x〉, (.)

for all n ∈N and x ∈ R
d .

Proof Assume that the support ofHW (u) is contained in the compact Vr . We choose χ ∈
D(Rd)W such that χ ≡  on an open neighborhood of support ofHW (u), and χ ≡  outside
Vr . AsHW (u) is of order N , there exists a positive constant C such that for all x ∈R

d

∣∣Pn(–�k)(u)(x)
∣∣ = ∣∣(HW )–(Pn(‖ξ‖)HW (u)

)
(x)

∣∣
=

∣∣(HW )–(
χ (ξ )Pn(‖ξ‖)HW (u)

)
(x)

∣∣
=

∣∣〈χ (ξ )Pn(‖ξ‖)HW (u)(ξ ),Fξ (–x)
〉∣∣

=
∣∣〈HW (u)(ξ ),χ (ξ )Pn(‖ξ‖)Fξ (–x)

〉∣∣
≤ C

∑
≤j≤N

∥∥Dj(χ (ξ )Pn(‖ξ‖)Fξ (–x)
)∥∥

L∞
νk (R

d)W .

Thus from the Leibniz formula, relation (.), we deduce the result.
Conversely we assume that we have (.).
Suppose ξ ∈ R

d is fixed and such that |P(‖ξ‖)| ≥ R + ε, for some ε > . Choose and
fix χ ∈ D(Rd)W such that suppχ ⊂ {ξ ∈ R

d : |P(‖ξ‖)| ≥ R + ε
 }, and put χn = P–n(‖ξ‖)χ .

We have

〈
HW (u),χ

〉
=

〈
HW (u),Pn(‖ξ‖)χn

〉
=

〈
Pn(‖ξ‖)HW (u),χn

〉
=

〈
HW (

Pn(–�k)u
)
,χn

〉
=

〈(
e〈�,x〉( + ‖x‖)–NPn(–�k)u

)
, e–〈�,x〉( + ‖x‖)N(

HW )–(χn)
〉
.

Hence, from the Hölder inequality we obtain

∣∣〈HW (u),χ
〉∣∣ ≤ C

∥∥e〈�,x〉( + ‖x‖)–N+d+Pn(–�k)u
∥∥
L∞
Ak

(Rd)W

× ∥∥e–〈�,x〉( + ‖x‖)N(
HW )–(χn)

∥∥
LAk

(Rd)W .

We proceed as in Theorem , step , and we prove that

∥∥e–〈�,x〉(+‖x‖)N(
HW )–(χn)

∥∥
LAk

(Rd)W ≤ CnM
(∣∣P(‖ξ‖)∣∣+ ε



)–n

≤ CnM
(
R+

ε



)–n

.
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Thus

∣∣〈HW (u),χ
〉∣∣ ≤ C(R)nM+N

(
R

R + ε


)n

.

Thus we deduce 〈HW (u),χ〉 = , which implies that ξ /∈ suppHW (u). �

Corollary  Let u ∈ E(Rd)W ∩ S ′
(Rd)W such that suppHW (u) is compact. Let P ∈ C[x].

Then

sup
y∈suppHW (f )

∣∣P(‖y‖)∣∣ =Ru,

where Ru is defined as the infimum of all R ≥  for which there exist N and C(N ,R) ≥ ,
such that for all n ∈ N and x ∈R

d

∣∣Pn(–�k)(u)(x)
∣∣ ≤ C(R,N)nNRn( + ‖x‖)Ne–〈�,x〉.

Remark  We note that the analogue of Theorem  and Corollary , studied in [, ],
is missing it the term e–�|x| (as a typing error).

Notations Let u ∈ S ′
(Rd)W . We denote by

�u := inf
{
r ∈ (,∞] : supp

(
HW (u)

) ⊂ B(, r)
}
,

γu := sup
{
r ∈ [,∞) : supp

(
HW (u)

) ⊂ B(, r)c
}
,

where B(, r) = {x ∈ R
d : ‖x‖ < r} and B(, r)c = {x ∈R

d : ‖x‖ ≥ r}.

Theorem  Let u ∈ S ′
(Rd)W . Then the support ofHW (u) is included in B(,M), with M >

, if and only if for all R >M we have

lim
n→∞R–n�n

ku = , in S ′

(
R

d)W .

Proof Let u ∈ S ′
(Rd)W andM >  such that

lim
n→∞R–n�n

ku = , for all R >M.

Let ϕ ∈D(Rd)W satisfying supp(ϕ)⊂ B(,M)c. We have to prove that

〈
HW (u),ϕ

〉
= .

Let r >M satisfying ϕ(x) =  for all x ∈ B(, r) and R ∈ ]M, r[. Then for all n ∈ N the func-
tion ‖x‖–nϕ is in D(Rd)W and we can write

〈
HW (u),ϕ

〉
=

〈(
–‖x‖)nR–nHW (u),

(
–‖x‖)–nRnϕ

〉
= ,

and by (.), we have

〈
HW (u),ϕ

〉
=

〈
HW (

R–n�n
k (u)

)
,
(
–‖x‖)–nRnϕ

〉
= .
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The hypothesis implies thatHW (R–n�n
k (u)) →  in S ′(Rd)W . Moreover from the Leibniz

formula we deduce that (–‖x‖)–nRnϕ →  in S(Rd)W . So using the Banach-Steinhaus
theorem we prove that

〈
HW (u),ϕ

〉
= .

Conversely, let u ∈ S ′
(Rd)W and M >  such that suppHW (u) ⊂ B(,M). We are going

to prove that for all R >M

lim
n→∞R–n�n

ku = , in S ′

(
R

d)W .

Let M < R and choose � ∈ ]M, r[ and ψ ∈ D(R) satisfying ψ ≡  on a neighborhood of
B(,M) and ψ(x) =  for all x /∈ B(,�). Then for all ϕ ∈D(Rd)W we have

〈
HW (u),ϕ

〉
=

〈
HW (u),ψϕ

〉
,

and then

〈
HW (

R–n�n
k (u)

)
,ϕ

〉
=

〈
HW (u),

(
–‖x‖)nR–nψϕ

〉
.

Finally we deduce the result by using the fact that (–‖x‖)nR–nψϕ →  in S(Rd)W . �

From the previous theorem we obtain the following.

Corollary  We have

�u = inf
{
R >  : lim

n→∞R–n�n
ku = , in S ′


(
R

d)W}
.

Theorem  Let u ∈ S ′
(Rd)W such that (–‖x‖)–nHW (u) ∈ S ′(Rd)W for all n ∈ N. Let

un = (HW )–((–‖x‖)–nHW (u)). Then the support ofHW (u) is included in B(,M)c,M > ,
if and only if for all R <M we have

lim
n→∞Rnun = , in S ′


(
R

d)W .

Proof Let u ∈ S ′
(Rd)W andM >  such that

lim
n→∞Rnun = , for all R <M.

Let ϕ ∈D(Rd)W satisfying supp(ϕ)⊂ B(,M). We have to prove that

〈
HW (u),ϕ

〉
= .

Let ϕ ∈D(Rd)W satisfying suppϕ ⊂ B(,M) and R ∈ ]r,M[. Then for all n ∈N the function
‖x‖nϕ is in D(Rd)W and we can write

〈
HW (u),ϕ

〉
=

〈(
–‖x‖)–nRnHW (u),

(
–‖x‖)nR–nϕ

〉
= ,
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and by (.), we have

〈
HW (u),ϕ

〉
=

〈
HW (

Rnun
)
,
(
–‖x‖)nR–nϕ

〉
= .

The hypothesis implies thatHW (Rnun) →  in S ′(Rd)W . Moreover, from the Leibniz for-
mula we deduce that (–‖x‖)nR–nϕ →  in S(Rd)W . So applying the Banach-Steinhaus
theorem we prove that

〈
HW (u),ϕ

〉
= .

Conversely, let u ∈ S ′
(Rd)W and M >  such that suppHW (u) ⊂ B(,M)c. We are going

to prove that for all R <M

lim
n→∞Rnun = , in S ′


(
R

d)W .

Let M > R and choose � ∈ ]M, r[ and ψ ∈ D(R) satisfying ψ(x) ≡  for ‖x‖ ≥ M+�

 and
ψ(x) =  for all ‖x‖ ≤ �. Then for all ϕ ∈D(Rd)W we have

〈
HW (u),ϕ

〉
=

〈
HW (u),ψϕ

〉
,

and then

〈
HW (

Rnun
)
,ϕ

〉
=

〈
HW (u),

(
–‖x‖)–nRnψϕ

〉
.

Finally we deduce the result by using the fact that (–‖x‖)–nRnψϕ →  in S(Rd)W . �

From the previous theorem we obtain the following.

Corollary  We have

γu = sup
{
R >  : lim

n→∞Rnun = , in S ′

(
R

d)W}
.

6 Roe’s theorem associated with the Heckman-Opdam Laplacian operator
In [] Roe proved that if a doubly infinite sequence (fj)j∈Z of functions on R satisfies dfj

dx =
fj+ and |fj(x)| ≤ M for all j = ,±,±, . . . and x ∈R, then f(x) = a sin(x+ b) where a and b
are real constants. This result was extended toRd by Strichartz [] where d

dx is substituted
for by the Laplacian on R

d as follows.

Theorem (Strichartz) Let (fj)j∈Z be a doubly infinite sequence of measurable functions on
R

d such that for all j ∈ Z, (i) ‖fj‖L∞(Rd) ≤ C for some constant C >  and (ii) for some a > ,
�fj = afj+. Then �f = –af.

The purpose of this section is to generalize this theorem for the Heckman-Opdam
Laplacian operator. We now state our main result.

Theorem  Suppose P(ξ ) =
∑

n anξn is real-valued. Let a ≥  and let {fj}∞–∞ be a sequence
of W-invariant complex-valued functions on R

d so that

P(–�k)fj = fj+
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and

∀x ∈ C+,
∣∣fj(x)∣∣ ≤Mj

(
 + ‖x‖)ae–〈�,x〉, (.)

where (Mj)j∈Z satisfies the sublinear growth condition,

lim
j→∞

M|j|
j

= . (.)

Then f = f+ + f– where P(–�k)f+ = f+ and P(–�k)f– = –f–. If  (or –) is not in the range of P
then f+ =  (or f– = ).

We break the proof up into three steps. In the first step we consider the hypergeometric
Fourier transformHW (f) of f, which exists as a distribution.

Lemma  Let a≥ . Let (fj)j∈Z is a sequence of W-invariant functions on R
d satisfying

P(–�k)fj = fj+, (.)

∀x ∈ C+,
∣∣fj(x)∣∣ ≤Mj

(
 + ‖x‖)ae–〈�,x〉 (.)

and

lim
j→∞

Mj

( + ε)j
= , (.)

for all ε > , then

support
(
HW (f)

) ⊂ S :=
{
ξ :

∣∣P(‖ξ‖)∣∣ = 
}
.

Proof First we show that HW (f) is supported in {ξ : |P(‖ξ‖)| ≤ }. To do this we need
to show that 〈HW (f),φ〉 =  if φ ∈ D(Rd) and support(φ) ∩ {ξ : |P(‖ξ‖)| ≤ } = ∅. Since
support(φ) is compact, there is some r <  so that 

|P(‖ξ‖)| ≤ r, for all ξ ∈ support(φ). Then

〈
HW (f),φ

〉
=

〈
PjHW (f),

φ

Pj

〉

=
〈(
HW )(

P(–�k)jf
)
,
φ

Pj

〉

=
〈
P(–�k)jf,

(
HW )–( φ

Pj

)〉
.

Choose an integermwith m≥ a+d+. A calculation, using the hypothesis of the lemma
and the Cauchy-Schwartz inequality, implies

∣∣〈HW (f),φ
〉∣∣ ≤

∫
Rd

∣∣P(–�k)jf(x)
∣∣∣∣∣∣(HW )–( φ

Pj

)
(x)

∣∣∣∣Ak(x)dx

≤ CMj sup
x∈Rd

∣∣∣∣e〈�,x〉( + ‖x‖)m(
HW )–( φ

Pj

)
(x)

∣∣∣∣.
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Using the continuity of (HW )– and the fact that φ is supported in {ξ : |P(‖ξ‖)| ≥  + ε}
for some fixed ε > , it is not hard to prove that the right-hand side of this goes to zero
as j → ∞ and so 〈HW (f),φ〉 = . To complete the proof we need to show that HW (f)
is also supported in {ξ : |P(‖ξ‖)| ≥ }, which means 〈HW (f),φ〉 =  if φ is supported in
{ξ : |P(‖ξ‖)| ≤ }. Here we use (.) to obtain

〈
HW (f),φ

〉
=

〈
HW (f–j),Pjφ

〉
,

and the argument proceeds as before. �

In the next step in the proof we assume firstly that – is not a value of P(‖ξ‖), and we
show that P(–�k)f = f.

Lemma  There exists an integer N such that

(P – )N+HW (f) = . (.)

Proof From the growth conditions on the sequence (fj)j∈Z, Lemma , and the assumption
that P(‖ξ‖) �= –, we obtain

support
(
HW (f)

) ⊂ {
ξ : P

(‖ξ‖) = 
}
.

AsHW (f) is a continuous linear functional on S(Rd), there is a constant C and there are
integers m and N so that

∣∣〈HW (f),φ
〉∣∣ ≤ C‖φ‖N ,m, (.)

for all φ ∈ S(Rd) when the topology on the space S(Rd) is defined by the seminorms

‖φ‖N ,m = sup
x∈Rd

∑
n≤N

(
 + ‖x‖)m∣∣�n

kφ(x)
∣∣.

Thus the distributionHW (f) is of order ≤N . For this N we want to prove that

(P – )N+HW (f) = . (.)

To simplify the notation set Q := (P – ). Then we need to show, for any compactly sup-
ported C∞ function φ, that

〈
QN+HW (f),φ

〉
=

〈
HW (f),QN+φ

〉
= .

Let g :R→ [, ] be a C∞ function with g =  on [– 
 ,


 ] and g =  outside (–, ).

Set gr(t) := g( tr ), Qr = gr(Q)QN+φ. Then Qr =QN+φ in a neighborhood of

supportHW (f) ⊂
{
ξ :Q(ξ ) = 

}
=

{
ξ : P

(‖ξ‖) = 
}
.
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Thus by (.) we have

∣∣〈HW (f),QN+φ
〉∣∣ = ∣∣〈HW (f),Qr

〉∣∣ ≤ C‖Qr‖N ,m.

We proceed as [] to prove that ‖Qr‖N ,m →  as r → . Thus (.) is proved.
Inverting the hypergeometric Fourier transform in (.) yields

(
P(–�k) – 

)N+f = . (.)

This equation implies

span{f, f, f, . . .} = span
{
f,P(–�k)f,P(–�k)f, . . .

}
= span

{
f,P(–�k)f, . . . ,Pn(–�k)f

}
.

We shall now show that we can take N =  in (.). If not then (P(–�k) – )f �= . Let p be
the largest positive integer so that (P(–�k) – )pf �= . Clearly p ≤N . Thus

f :=
(
P(–�k) – 

)p–f ∈ span{f, f, . . . , fN }

will satisfy

(
P(–�k) – 

)f =  and
(
P(–�k) – 

)
f �= . (.)

Write

f = af + · · · + aNfN ,

for constants a, . . . ,aN . Then

Pj(–�k)f = afj + · · · + aNfN+j.

If

Cj = |a|Mj + · · · + |aN |Mj+N ,

then this and (.) imply

∣∣Pj(–�k)f (x)
∣∣ ≤ Cj

(
 + ‖x‖)a. (.)

By (.) these satisfy the sublinear growth condition,

lim
j→∞

Cj

j
= . (.)

An induction using (.) implies for j ≥  that

Pj(–�k)f = jP(–�k)f – (j – )f = j
(
P(–�k) – 

)
f + f .
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Thus

∣∣(P(–�k) – 
)
f (x)

∣∣ ≤ 
j
∣∣Pj(–�k)f (x)

∣∣ + |f (x)|
j

≤ Cj

j
(
 + ‖x‖)a + |f (x)|

j
.

Letting j → ∞ and using (.) implies (P(–�k)– )f = . But this contradicts (.). Con-
sequently, N =  in (.). This completes the proof in the case that – is not in the range
of P.
In the case that  is not in the range of P we apply the same argument to –P(–�k) to

conclude P(–�k)f = –f.
In the general case, let Lk = P(–�k). Then HW (Lkf )(ξ ) = P(‖ξ‖)HW (f )(ξ ). We have

Lkfp = f(p+) and P(‖ξ‖) �= –. Thuswe can (as before) conclude for the sequence (fp)p∈Z
that

Lkf = P(–�k)f = f.

Set f+ = 
 (f + P(–�k)f) and f– = 

 (f – P(–�k)f). Then f = f+ + f–, P(–�k)f+ = f+ and
P(–�k)f– = –f–. This completes the proof of Theorem . �

Remark  (i) If we take P(y) = –y, then P(–�k) = �k and Theorem  gives �kf = –f.
This characterizes the eigenfunctions f of the generalized Laplace operator �k with poly-
nomial growth in terms of the size of the powers �j

k f , –∞ < j <∞.
(ii)We note that the analogue of Theorem  and Lemma , studied in [, ], is missing

it the term e–�|x| (as a typing error).
(iii) We note that Barhoumi and Mili in [] have studied the range of the generalized

Fourier transform associated with a Cherednick type operator on the real line, and have
generalized the Roe’s theorem for this operator.

As an application of the above theorem we have the following.

Theorem  If, in Theorem , we replace (.) with

lim
j→∞

M|j|
( + ε)j

= , (.)

for all j > , then the span of (fj)j is finite dimensional.Moreover, f = f+ + f–,where, for some
integer N , (P(–�k) – )Nf+ =  and (P(–�k) + )Nf– = . Thus f+ (or f–) is a generalized
eigenfunction of P(–�k) with eigenvalue  (or –).

Before we demonstrate this theorem we needs the following lemma.

Lemma  ([]) Let X be a finite dimensional complex vector space, and let T : X → X be
a linear map with eigenvalues λ, . . . ,λp. Then X = X ⊕ · · · ⊕Xp, where Xj = ker((T – λj)N )
and dimX =N .

Proof We prove Theorem .
We first prove the result under the assumption that P(‖ξ‖) �= –. Using the growth con-

dition (.) and Lemma , we may still conclude that

support
(
HW (f)

) ⊂ S =
{
ξ : P

(‖ξ‖) = 
}
.
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But then, as before, we can conclude that (.) holds. But this is enough to complete the
proof in this case. A similar argument shows that if P(‖ξ‖) �= , then (P(–�k) + )Nf = .
In the general case we again let Lk = P(–�k) and P = P. Then P(‖ξ‖) �= – and the

span of (fj)j is finite dimensional. The map P(–�k) takes the span of (fj)j onto the span of
(fj+)j. Thus X is finite dimensional. Any f ∈ X will have support(f ) inside the set defined
by P(‖ξ‖) = ±. From this the only possible eigenvalues of P(–�k) restricted to X are 
and –, as it is not hard to show. The result now follows from the last lemma. �
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