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Abstract

In this paper, we establish real Paley-Wiener theorems for the hypergeometric Fourier
transform on RY. More precisely, we characterize the functions of the generalized
Schwartz space S,(R)" and of Lj; (R%)", 1 < p < 2, whose hypergeometric Fourier
transform has bounded, unbounded, convex, and nonconvex support. Finally we
study the spectral problem on the generalized tempered distributions S(R%)".
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1 Introduction

We consider the differential-difference operators T}, j = 1,2,...,d, associated with a root
system R and a multiplicity function k, introduced by Cherednik in [1], called Cherednik
operators in the literature. These operators were helpful for the extension and simplifica-
tion of the theory of Heckman-Opdam, which is a generalization of the harmonic analysis
on the symmetric spaces G/K (cf. [2—4]).

The Paley-Wiener theorems for functions and distributions are most useful theorems
in harmonic analysis. These theorems have as aim to characterize functions with com-
pact support through the properties of the analytic extensions of their classical Fourier
transform on R¥. Recently there has been a great interest to real Paley-Wiener theorems.

The first theorem given by Bang (cf. [5]) can be stated as follows. Let f be a C*°-function
on R such that for all # € N, and let the function % f belong to the Lebesgue space L”(R),
then the limit Ry = lim,,_, o || % Sl 11,/" exists and we have

Ry :=sup{|A| : 1 € supp F(f)},

where F(f) is the classical Fourier transform of f. Next the analogue of this theorem was
established for many other integral transforms (¢f. [6-9]).

Motivated by the treatment in the Euclidean setting, we will derive in this paper new
real Paley-Wiener theorems for the hypergeometric Fourier transform, on some Lebesgue
space Lﬁk (R%)Y and on a generalized tempered distribution space S, (R%)"Y.
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The remaining part of the paper is organized as follows. In Section 2 we recall the main
results as regards the harmonic analysis associated with the Cherednik operators and the
Heckman-Opdam theory (cf [1-3]). Section 3 is devoted to a study of the L2-Schwartz
functions such that the supports of their hypergeometric Fourier transform are compact.
Next we prove a new real Paley-Wiener theorem for the hypergeometric Fourier trans-
form on generalized Paley-Wiener spaces. In Section 4 we characterize the functions in
the generalized Schwartz spaces such that their hypergeometric Fourier transform van-
ishes outside a polynomial domain. We give also a necessary and sufficient condition for
functions in Lik (RY)Y such that their hypergeometric Fourier transform vanishing in a
neighborhood of the origin. In Section 5 we study the generalized tempered distributions
with spectral gaps. Finally, in the last section we prove Roe’s theorem for the hypergeo-

metric Fourier transform.

2 Preliminaries
This section gives an introduction to the theory of Cherednik operators, hypergeometric

Fourier transform, and hypergeometric convolution. Our main references are [1-4, 10].

2.1 Reflection groups, root systems, and multiplicity functions

The basic ingredients in the theory of Cherednik operators are root systems and finite

reflection groups, acting on R with the standard Euclidean scalar product (-,-) and ||x|| =

/%,%). On C%, || - || denotes also the standard Hermitian norm, while (z, w) = 27:1 ZjW;.
For @ € R¥\{0}, let «¥ = %« be the coroot associated to « and let

" el

re(x) =% — (av,x)a, (2.1)

be the reflection in the hyperplane H, C R orthogonal to a.

A finite set R C R%\{0} is called a root system if R " R. « = {a,—«} and 0, R = R for
all « € R. For a given root system R the reflections o,, € R, generate a finite group
W C O(d), called the reflection group associated with R. All reflections in W correspond
to suitable pairs of roots. We fix a positive root system R, = {& € R : (@, B) > 0} for some
Be Rd\ Uae’R Hy.

Let

C,= {x eR?:Va € R,, (o, x) > 0},

be the positive chamber. We denote by C, its closure.
A function k : R — [0,00) is called a multiplicity function if it is invariant under the
action of the associated reflection group W. For abbreviation, we introduce the index

y=v(k)= ) k. (22)

aeR

Moreover, let A; denote the weight function

2k(at)
o

VxeR?,  Ai)= [] |sinh(-,

x (%) i <2 x>

aeR+

(2.3)
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We note that this function is W invariant and satisfies

VxeC,, Ailx)< exp(2(Q,x)), (2.4)
where
1 Z k(o)
72 aeR o

2.2 The eigenfunctions of the Cherednik operators
The Cherednik operators T}, j=1,...,d, on R associated with the finite reflection group
W and multiplicity function k are given by

k .
TS0 = )+ Y ) 9] - ) 25)
]

a€R4

The operators T} can also be written in the form

Tif (x) = aixjf(x) + % Z k(oz)ajcoth<%,x>{f(x) —f(ro,x)} - %ij(x),

aeR+

with

VaeRY Sf(x)= Y klo)oyf (rox).

aeR+

In the case k(«) = 0, for all « € R, the T}, j = 1,2,...,d, reduce to the corresponding
partial derivatives.

Example 1 For d =1, the root systems are R = {-«,«}, R = {-2¢,2a} or R = {2, -, 0,
2a} with o the positive root. We take the normalization « = 2.
For R, = {a}, we have the Cherednik operator

2k,

o @) () - o ),

d
Tif) = —f () +

with p = k,. This operator can also be written in the form

d
Tif (x) = af(x) + ky coth(x){f(x) —f(—x)} — kof (—x). (2.6)
For R, = {2a}, we have the Cherednik operator

4k 2a
l-—e%

d
Ty G) = (@) + [f(x) - f(=x)} - pf ).

This operator can also be written in the form

Tif (x) = d%f(x) + (Ko coth(x) + K tanh(@)) {£(x) - £(x)} - pf (=), (27)

with p = 2ky,.
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For R, = {«,2a}, we have the Cherednik operator

o /a
R ){f() A} of ),

with p = ky + 2ky,. It is also equal to

Tif (x) = di;cf(x) + ((ka + koo ) coth(x) + kaq tanh(x)) {f(x) —f(—x)} - pf (—x). (2.8)

The operators (2.6), (2.7), and (2.8) are particular cases of the differential-difference op-

erator

d
Agf(x) = %f(x) + (kcoth(x) + k" tanh(x)) {f (x) - f(~%)} - pf (=), (2.9)
which is refereed to as the Jacobi-Cherednik operator (cf [11, 12]).

The Heckman-Opdam Laplacian A is defined by

d
Af(x):= Y T (x)
j=1
= Af(x) + QEZR /<(a)(coth<%,x>)(Vf(x),a> + I pII%f (x)
flox]|*
_aEXR: e )4(s1nh x))>2 Ve -fo) (210

where A and V are, respectively, the Laplacian and the gradient on R,
The Heckman-Opdam Laplacian on W-invariant functions is denoted by A,‘;V and we
have the expression

NG )+ ) ke (coth< >)<Vf(x),a> +lplIf @)

a€R,

Example 2 Ford =1, W =Z, and k > k' > 0, k #0, the Heckman-Opdam Laplacian A}
is the Jacobi operator defined for even functions f of class C> on R by

d? d
w _ - / - 2
AL fx) = def(x) + (2kc0thx + 2k tanhx) dxf(x) +07f(x),
with o =k + k.

We denote by G, the eigenfunction of the operators T}, j = 1,2,...,d. It is the unique
analytic function on R which satisfies the differential-difference system

Tju(x) = —idu(x), j=1,2,...,d,x¢€ R4,
u(0) =1.

It is called the Opdam-Cherednik kernel.
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We consider the function F; defined by

1
VieRY, B =) Gulwa).
Wi wew

This function is the unique analytic W-invariant function on R?, which satisfies the dif-

ferential equations

p(Tu(x) = p(-iM)u(x), xR A eRY,
u(0) =1,

for all W-invariant polynomial p on R? and p(T) = p(T1, ..., Ty).
In particular for all A € R? we have

AL Fu(x) = = AIPFa ().
The function F; is called the Heckman-Opdam kernel.
The functions G, and F, possess the following properties.
(i) For all x € R%, the functions G, and F; are entire on C%,
(ii) We have
Vx e Rd,V)\. € (Cd, ‘G,\(x)| < Glmm(x)
and
VxeRLVA € CY  |Fi(@)| < FmgyW).
(iii) There exists a positive constant My := /| W/| such that
Ve RLVAERY, |Filx)| <M (2.11)
and
Vre R, VA ERY, |Gi(x)| < M.

(iv) We have

VxeC,, Fo(x)=<e 1_[ (1 + (ot,x)).

aeRg

(v) Let p and g be polynomials of degree m and n. Then there exists a positive constant
M’ such that for all A € C% and for all x € R%, we have

0 a F
o (52)a(e )

(vi) The preceding estimate holds true for G, too.

<M1+ [lll)" (L + I2]1) " Fo () emoxwew dmiwt) = (3 19)
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Example 3 Whend =1and W =7Z,, and k > k' > 0, k # 0, the Opdam-Cherednik kernel
G,.(x) is given for all . € C and x € R by
(k-3.-1) 1 d

G = - - (ki%Yk/ié) )
(%) = ¢y () o di? (*)

where (pi“’ﬁ )(x) is the Jacobi function of index («, 8) defined by
1 1
wf\a’ﬂ)(x) = ZFI(E('O + 1)), E(p —i\);o + 1;—(sinhx)2>,

with p =« + 8 + 1 and »F) is the Gauss hypergeometric function.
In this case the Heckman-Opdam kernel F; (x) is given for all A € C and x € R by

1

(k-3.k-3)
Fw =9, > ().

2.3 The hypergeometric Fourier transform on W-invariant function and
distribution spaces

We denote by
ERY)Y the space of C*-functions on R, which are W-invariant;
D(RY)Y the space of C*-functions on R¥, which are W-invariant and with compact
support;
S(R?Y the Schwartz space of rapidly decreasing functions on R
S>(R%)Y the space of C*-functions on R? which are W-invariant, and such that for

all £,n € N, we have

sup (1+ llxl)) ‘Fy ()| DA ()| < +00,
wl=n
xeR4

where

9lnl 4
Dff = —————, = (.. pa) €N

T Qg . Qkdxy
PW/(C?Y the space of entire functions on C?, which are W-invariant, rapidly
decreasing and of exponential type;
PW(C?Y the space of entire functions on C%, which are W-invariant, slowly
increasing and of exponential type;
D'(R?)Y the space of distributions on R?, which are W-invariant;
E'(R)Y the space of distributions on R which are W-invariant and with compact
support;
S’ (R the space of tempered distributions on R?, which are W-invariant. It is the
topological dual of S(R)Y;
S5 (R4 the topological dual of S,(R?)Y. We have

dvi(X) := C(M) dA
. 1—[ T(=i{A oY) + k(o) + %k(%))r‘(i(k,av) + k(o) + %k(%))

. v l(a . Vi l,(a d)\"
acR, L(=i(h,aV) + 3k(GENT (A, a¥) + 3k(3))

with ¢ a normalizing constant and k(5) = 0 if 5 ¢ R,.
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The measure dvi (1) is called the symmetric Plancherel measure or the Harish-Chandra
measure (cf. [2, 4]).

Remark 1 The function Cj is positive, continuous on R4, and it satisfies the estimate
VAERY,  [C(n)| < const.(1+ A1)’
for some b > 0.

Lﬁk RHY, 1 < p < 00, is the space of measurable functions f on R“ which are W-

invariant and satisfy

1/p
Wfllz gayw = (/ [f(x)‘pAk(x) dx> <oo, ifl<p<oo,
Ay RA

Hf”Lf\ok(Rd)W =ess sul?i[f(x)‘ < +00.
xeR

L5, (RH)Y, 1 < p < 00, is the space of measurable functions f on R? which are W-invariant

and satisfy

1/p
Wfllz gayw = (/}Rd [f(x)‘P dvk(x)) <oo, ifl<p<oo,

Vi

I[fIIL%(Rd)W = ess sup [f(x)‘ < 00.
xeRd

The hypergeometric Fourier transform of a function f in D(R?)Y is given by
HY () (1) = / F@F, (x)Ar(x)dx, forall A € RY, (2.13)
R4

Proposition 1 The transform HY is a topological isomorphism from
(i) DRHY onto PW(CHV,
(i) Sy(RHYY onto S(RHV.

The inverse transform is given by

Vx € RY, (Hw)fl(h)(x) =/ h(L)F; (=x) dvg(A).
R4

Proposition 2 For f in L;k(Rd)W the function HY (f) is continuous on R? and we have
w
”H (f)HL?);(Rd)W = MO”]C”L}qk(Rd)W,
where My is the constant given by the relation (2.11).

Proposition 3 (i) Plancherel formula. For all f, g in D(R?)Y (resp. Sy(R*)Y) we have

/ Fx)gX)Ax(x) dx = / HY(N)WHY ()N dve(R). (2.14)
R4 R4
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(ii) Plancherel theorem. The transform HY extends uniquely to an isomorphism from
Lik (RHY onto L‘zjk(Rd)W.

Proposition 4 For all f in Lik(Rd)W such that HY (f) belongs to L}}k RYHYY | we have the

inversion formula
f@) = f HYOOED ), ae. (2.15)
R
2.4 The hypergeometric convolution
Definition 1 Let y be in R?. The hypergeometric translation operator f > 7,f is defined
on S,(RY)Y by

HY (1)) = E)HY ()(x), forall x € R (2.16)

Using the hypergeometric translation operator, we define the hypergeometric convolu-
tion product of functions as follows.

Definition 2 The hypergeometric convolution product of f and g in S,(R)" is the func-
tion f 4 g defined by

f i glx) = ./]Rd o.f (=g Ar() dy, forall x € R?. (2.17)
Proposition 5 ([10]) (i) Let1 <p<2<q <oo. Then

4 (R w13 (R c L} (R (2.18)
and

L, (&Y

s L3 (R crf (RY)". (2.19)
(ii) Let f be in Lik RHY and g in L}qk(Rd)W. Then
HY (f s g) =HY (1) - HY (g). (2.20)

Definition 3 (i) We define the hypergeometric Fourier transform H" of a distribution S
in &'(RY)Y by

VieRY,  HY(S)A) = (S,E).
(i) The hypergeometric Fourier transform of a distribution S in S} (R?) is defined by
HY S w)=(s,(HY) W), v eSRY)".
Theorem 1 The transform HY is a topological isomorphism from

Q) E'RYY onto PW(CHY,
(ii) Sy(RH)Y onto S'(RY)V.
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Let T be in Sﬁ(Rd)W. We define the distribution Agt, by
(AT, ) = (1, A),  forall yr € Sy(RY) Y. (2.21)
This distribution satisfies the following property:
My (BiT) = =y IPH (7). (2.22)

3 Functions with compact spectrum
We consider f in Lik(Rd)W. We define the distribution 7 in Sy(R%)Y by

Tro) = [ f@ewA@ds, ¢ <SR

Notations We denote by
ij,c(]Rd)W the space of functions in Lﬁk(Rd)W with compact support;
H 12 (C?) the space of entire functions f on C* of exponential type such that Sird
belongs to L2 (RY)Y.

Theorem 2 The hypergeometric Fourier transform H"Y is bijective from Lik,C(Rd )W onto

'HL]% (CH.

Proof (i) We consider the function f on C¢ given by
VzeC? f(z)= / g(X)E,(x) A (x) dx, (3.1)
R4

with g € Lik,c(Rd)W.

By derivation under the integral sign and by using the inequality (2.12), we deduce that
the function f is entire on C# and of exponential type. On the other hand the relation (3.1)
can also be written in the form

vyeR?,  f)=HY (@)
Thus from Proposition 3 the function fjz« belongs to Ll%k RHY ., Thus f € HL%((C‘{).

(ii) Reciprocally let ¥ be in H L/z(((Cd). From [10] there exists S € £'(R%)Y with support in
the boule B(0, a), such that

VyeRY, ¥ (y) = (e Ey)). (3.2)

On the other hand as y/gs belongs to L%k(]Rd)W, from Proposition 3 there exists % in
Lik (RYHY such that

Yira = HY (h). (3.3)

Thus from (3.2), for all ¢ € D(R%)Y we have

/ VORT@0) dvy) <s / a(x)HW«p)(y)dvk(y))
R4 R4
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Thus using (2.14) we deduce that

[ T 0 dntr) = 5.9 (3.4

On the other hand (3.3) implies

/ YOHYD6) dvi) = / HY OV HY @) 5) dve ).
]Rd ]Rd

But from Proposition 3 we deduce that
[ 0000 w0 = [ 0040 dy
= (T ®).
Thus the previous relation and the relation (3.4) imply
S=Th.
This relation shows that the support of % is compact. Then s € Lik,c(Rd)W. O
In the following 7; will be denoted by f.

Definition 4 (i) We define the support of g € L2 " (RY)Y and we denote it by suppg, the
smallest closed set, outside of which the function g vanishes almost everywhere.

(ii) We denote by
Rg:= sup [[All,
Aesuppg

the radius of the support of g.
Remark 2 It is clear that R, is finite if and only if g has compact support.

Proposition 6 Let g ¢ Lﬁk RHYY such that for all n € N, the function ||1|*"g()) belongs to
Lﬁk(Rd)W. Then

Ry = lim { fR A |g<x)|2dvk<x)} (3.5)

Proof We suppose that ||g||L5k ®ayw 70, otherwise R, = 0 and (3.5) is trivial.
Assume now that g has compact support with R; > 0. Then

{ / ||x||4"|g<x)|2duk<x>}4" - { / |g()»)|2dvk(k)}4ﬂRg.
R4 IlI<Rg

Thus we deduce that

&=

1
in
limsup{/ ||A||4”|g(k)|2dvk(k)} glimsup{/ |g(A)|2dvk(A)} Ry =R,.
R4 IMlI<Rg

n—00 n—00
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On the other hand, for any positive ¢ we have

/ g dve(3) > 0.
Re—e< <R,

Hence

1

1

in 4n
liminf{ / ||A||4”|g(k)|2dvk(k)} > liminf{ / ||A||4"|g(k)|2dvk(k)}
n—00 R4 Rg—e=|M|=Rg

n—00

>R, —e.
Thus

Ry = nlifgo{,[gd 71 }g(k)|2 dvk(k)} 4n.

We prove now the assertion in the case where g has unbounded support. Indeed for any

positive N, we have
/ g0 dvi(2) > 0.
IAI=N

Thus

|~

&=
N

7

liminf{/ ||A||4”|g(k)|2dvk(k)} zliminf{/ ||A||4”|g(k)|2dvk(k)} > N.
n—oo | Jpd n—00 Ix=N

This implies that

1

i
liminf{/ ||)L||4”|g(k)|2dvk(k)} = 00. 0
n—00 R4

Notations We denote by
L2, (R%)Y the space of functions in L} (R?)Y with compact support;
L 2ROV :={gel? (RY)Y:Ry =R}, forR>0;

Dp(RY)Y := {g e D(R))Y : R, = R}, for R > 0.

Definition5 We define the generalized Paley-Wiener spaces PWZ(R?)Y and PW} JBRHY
as follows.
(i) PWZ(RY)Y is the space of functions f € E(R?)Y satisfying
(@) Alf e Lf\k(]Rd)W forall m e N;

1
A . 2n
(b) Rf k = llmn—>oo ”AZf”Zik(Rd)W < o0.

(i) PW2 R)Y = {f € PWE(RHY : RfA" =R).

The real L?-Paley-Wiener theorem for the hypergeometric Fourier transform can be

formulated as follows.

Theorem 3 The hypergeometric Fourier transform HY is a bijection
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() from PW,ER(Rd)W onto sz,c,R (RHW,

V

(i) from PWE(RY)Y onto Lfk‘c(Rd)W.
Proof Letg e PW,?(Rd)W. Using (2.22), we see that the function
HY (21g) (&) = ()" IE I HY (@)6) € L2 (RY)Y, VneN.

On the other hand from Proposition 3 we deduce that

-Pl,_

n

tin f [ ier @@ v = i f [ |ogew a0 as]

_ ph
=R * <o0.
Thus using Proposition 6 we conclude that #Y (g) has compact support with

RHW(g) = RgAk .

Conversely let f € L2 _(R%)Y. Then £"f(£) € Ly, R for any n € N, and (HY)71(f)

Vi,GR
belongs to £(R%)Y. On the other hand from Proposition 3 we have

»Pl,_.

n
n—00

i { [ |ty e acwas] = i { [ el ane)|

=R.

Thus (HY)7(f) € PWE(RE)Y.
(ii) We deduce the result from (i). a

We finish this section with an application on the generalized Schrédinger equation,
which was introduced and studied in [13].

Corollary 1 Let f € L} (R)Y. Then f belongs to PWZ(RY)Y if and only if the solution
u(t,-) of the Cauchy problem for the generalized Schriodinger equation

ohu —iNu=0,

S
(S) o =f

has the following properties:
(i) as a function of t, it has an analytic extension u(z,-), z € C? to the complex plane C¢
as an entire function,
(ii) it has exponential type o in the variable z, that is,

. < olzl
” M(Z: )”L}lk(Rd)W =€ ”f“L%k(]Rd)W’
and it is bounded on the real line.

4 Hypergeometric Fourier transform of functions with polynomial domain
support
Notation We denote by Cl[x] the set of polynomials on R with complex coefficients.
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Definition 6 Let u be a distribution on R? and P a polynomial. Then we let

R(P,u) = sup{|P(lyI*)| : y € suppu} € [0, 00],
where by convention R(P,u) = 0 if u = 0.

Theorem 4 Let P € C[x]. For any function f € Sy(R%)Y the following relation holds:

hm ||P”

L2 (RHW sup |P(||y||2) |' (4.1)
yesuppHW(f)

Proof We consider f # 0 in S;(R%)Y. The proof is divided in two steps. In the following
step we suppose that

sup  |P(Ilyll*)] < oo. (4.2)
yesupp HW ()

First step: In this step we shall prove that

1
limsup|| P"(~AQf | o payw = sup_ |P(Ilyl1%)]-
=00 Ak yesupp HY (f)

In this case we assume firstly that " (f) has compact support. Holder’s inequality gives

172 gayw = W1 [ (14 Il2) 7" (1 + [102) " ()| A () dxc
k Cy

< |W|( fc 1+ [%1%)" dx) sup [Ax(x) (L + [lx)?)"

xeRd

for m > %. Using the relation (2.4), we obtain

|lf||L2 RHW = =<C Sup‘egx (1 + x| ) f(x)|
xcR4

Consequently for all # € N, we deduce that

[P*20f | 2 gayw = C sup [e® (1+ 1)) P (- Ar)f ()]
k

xeR4

< Csup e (1 + Ix2)"[(H™) " (" (1 12) HY () | )] -

xeR4

Using the continuity of (%")~! we can show that

[P 20 15 ayw = € sup
£cR4

S L+l dél[P”(nsu WYN©],  @3)

1<lj<M

with positive constants C and integers M, m, independent of #n. Using Leibniz’s rule we
deduce that

[P0 3 ey <G sup [P(IyI?)",
Ak yesupp HY (f)
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with C is a constant independent of n. Hence, from the previous inequalities we obtain

1
limsup|| P"(~AQf | o ayw = sup_ |P(llyl1%)]- (4.4)
0o A yesupp HY (f)

In particular, if SUP,cqupp 1V (1) |P(||y]|1*)| = 0, the identity (4.1) follows at once.
Second step: In this step we shall prove that

lim inf| P"(- > sup [P(IIy1?)]
Hes 00 ” RA)W yesuppHW(f)| ( )|

Fix & € supp H Y (f). We can assume that P(]|£||?) # 0. We will show that
1
liminf| P"(~A0f | 13, iy |P(I&1%)| - &,

for any fixed & > 0 such that 0 < 2¢ < |P([|&|?)].
To this end, choose and fix x € D(R%)Y such that (%" (f), x) #0, and

supp x C {€ € R?:|P(I1& %) | — & < [P(IE1%)| < |P(I€011%)| + &}

For n € N, let x,(§) = P"(|l&|*)x(&). In the following we want to estimate

HHY) 2 (xn) ||L34 ®4)w- Indeed as above we have
k

L) 0 13, e = € sup € (14 1) () ()]

xcR4

< Csup e (1 + ||x||2)m[(HW)_l(an(||§o||2)X)]

xeR4

with m > %. Using the continuity of (%")~! we can show that

I (HW) X”)”L2 (RO = Csup
gcRd

>+l dél[ TER)@], @)

1<lj<M

with positive constants C and integers M, m, independent of #n. Using Leibniz’s rule we
deduce that

1) ol gy = (P18 1) [ =)™
Then

(HY (), x) = (Y, P (I1E 1) x)
= (P(IENP)HY (1), xn)
= (HY (P"(—=20)f), xn)
=

(P2, (") ()
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Hence, from the Holder inequality we obtain

(1Y), )| < [P 20 1z gy | (HW)_](X")”Lik(Rd)W

= Cn"([P(1&011”)] = &) [P (=24 | 2 gy
k
Since |[{HY(f), x)| > 0, we deduce that
1
timinf| P20 | gy = [P(1E0l)] - e
Thus

1
. . ﬁ 2
liminf |22 [y ey = yesuffiwm“)("y” )l

In particular, if sup,cq,on 2% () [P([l y11?)| = oo, the identity (4.1) follows at once.
Hence the proof of the theorem is finished. O

Definition 7 Let P be in C[x]. We define the domain Up by
Up:={xeR?: |P(|x]%)] <1}.
We have the following result.

Corollary2 Letf € S,(R%)Y. The hypergeometric Fourier transform H" (f) vanishes out-
side a polynomial domain Up, if and only if

1
lim sup”P”(—Ak)f”L"2 'Y S 1 (4.6)
n—00 Ay

Remark 3 If we take P(y) = —y, then P(—Ax) = A, and Theorem 4 and Corollary 2 charac-
terize functions such that the support of their hypergeometric Fourier transform is B(0, 1).

Theorem 5 Let P € C[x]. Let f be in E(RY) N Lik(Rd)W,for some p € [1,2], such that for
all n € N*, the function P"(—Ay)f belongs to Lik RHY, Then

lim [ P"(~20f |5 = sup |[P(Iy1?)].

,Hoo” kf||L§k(Rd)W yesuppgw(f)| (y1*)|
Proof Let now f be in £(RY) N Lﬁk(Rd)W, for some p € [1,2[ such that for all n € N*, the
function P"(—A;)f belongs to Lik(Rd)W and H WY (f) has compact support.

Let ¢ > 0. We choose ® € S,(R%)Y such that %" (®) =1 on a neighborhood of

supp 1Y (f) and |P(||€]|)| < R(P, HY (f)) + & for all £ € supp H Y (P). Moreover it is easy
to see that f #; ® = f, hence from (2.18) we deduce

[P 80f iz aye = 1P 200 5 )13 gy
= “f *Kk Pn(—Ak)(D”Lz (RA)W
Ak

< cufnLik(Rd)W [P (~20)® ”Lik (R
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Thus from Theorem 4

Tim sup [P (=20 |2 gy < R(PHY(9)) < R(P,HY () + &

1, RHY

Since the case R(P, HY (f)) = oo is trivially true, we obtain

1/n

,}E{}o SuP“Pn(_Ak)f“Lg ®HW = R(P,HY(f)).
k

Now we consider f in £(R?) such that the function P"(-A;)f belongs to ij (RHYY and we
proceed as in Theorem 4, step 2 to obtain

lim inf| P (=20 |5 ayw = R HY(£)),
n— o0 Ak
and the theorem follows. O

The following theorem gives the radius of the large disc on which the hypergeometric

Fourier transform of functions in Lik (R%)Y vanishes everywhere.

Theorem 6 Let f € Lf\k(Rd)W be non-negligible. We consider the sequence
fu@) = EX 5 f(x), xeRYneN\{0}, (4.7)
where

EXG) = (V) () ).

Then
. 1
nlingo —; In ”f?l ”Lf\k(]Rd)W = )‘HW(}()’ (48)
where
Ay gy = inf{[|]| : & € suppH " ()} (4.9)

Proof To prove (4.8) it is sufficient to verify the equivalent identity
. 1 2
Jm ”f"“Lik(Rd)W = exp(=Ajwp)- (4-10)

Using (2.20) we deduce that the hypergeometric Fourier transform of f;,(x) is exp(—#||& ||?)x
HY (f)(£). Then by applying Proposition 3 we obtain

WVl gy = lexp(=nlE2)HY (FYEN T2 zape
Ak Vk

(IHY(NHE)P)

2
VI e

= |V||§ik(Rd)W[ /SUPPHW) exp(-2n(§|?) dvk(s)]. (4.11)
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On the other hand it is well known that if 7 is the Lebesgue measure on R% and I/ a subset
of R? such that m(U) = 1, then for all ¢ in the Lebesgue space L?(U,dm), 1 < p < oo, we
have

im (|l 2 @am) = @ | 2o (wam)- (4.12)
p—>00

By applying formula (4.12) with

w 2
U=suppH" (), ¢=exp(-lEl?):p=2n and dm(e) == DO 4 )

2
s g

and using the fact that lim,Hoo(HfIILZ‘ (Rd)w/)% =1, we obtain
k

1
lim [|f,]|" = sup  exp(—l€]1?) =exp(=A2 ). (4.13)
n—oo V" L,qu(Rd)W eesupp HY (f) ( ) ( H (f))

This is the relation (4.10). O

A function f € Lik(Rd)W is the hypergeometric Fourier transform of a function vanish-
ing in a neighborhood of the origin, if and only if, 1w ) > 0, or equivalently, if and only
if the limit (4.10) is less than 1. Thus we have proved the following result.

Corollary 3 The condition
. 1
nlggo Hﬁl”fok(Rd)W <1, (4.14)

is necessary and sufficient for a function f € Lik RNV to have its hypergeometric Fourier
transform vanishing in a neighborhood of the origin.

Remark 4 From Theorem 3 and Corollary 3 it follows that the support of the hypergeo-
metric Fourier transform of a function in Lik (RHY is in the torus Agw gy < NENN = Rygw gy,
if and only if,

. 1 . L
A = im \/—; I fall 2, ey = n{%”“kf||fik(w)w = Rywyp). (4.15)

Theorem 7 For any function f € S*(R%)V the following relation holds:

i (n&)™f g

1

lim

n—00

=exp(-A (4.16)

)

m=0 L124k (Rd)W

In particular, a function f € So(R%)Y is the inverse hypergeometric Fourier transform of a
Sfunction in S(RY)Y vanishing in B(0, R), if and only if we have

1
n

lim

Hm 00 Z w2’y <exp(-R?). (4.17)

!

_ P Rd\W
m=0 1 ®)
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Proof A similar proof to that of Theorem 4 gives the result. O

5 Real Paley-Wiener theorems for the hypergeometric Fourier transform on
S;(]Rd)w

Theorem 8 Let u € ERY)Y N S)(RY)Y, and suppose the set V, := {£ e R? : [P(|£]|?)| < r}

is compact for a polynomial P € C[x] and a constant r > 0. Then the support of H"Y (u) is

contained in V,, if and only if for each R > r, there exist Ng and a positive constant C(R)

such that

|P"(~20) () (%)| < CRXNER"(1 + ||x||) (o), (5.1)
forallneNand x € RY.

Proof Assume that the support of H " (u) is contained in the compact V,. We choose x €
D(R%)Y such that x =1 on an open neighborhood of support of 1" (1), and x = 0 outside
V,. As HY (u) is of order N, there exists a positive constant C such that for all x € R*

P20 @)| = [(HY) T (P (1E17)HY () @)

= |(HY) " (x©P"(IE17)HY ) )]
(x@EP"(IEIP)HY ()(&), Fs ()|
(HY () (&), x )P (I1E]1”) Fe ()|

<C 30 1D (e @P" (1817) e (=) | o -

0<j<N

Thus from the Leibniz formula, relation (2.5), we deduce the result.

Conversely we assume that we have (5.1).

Suppose & € R is fixed and such that |P(||£]|?)| > R + ¢, for some & > 0. Choose and
fix x € D(RY)Y such that supp x C {€ € R?: [P(|£]|*)] = R + £}, and put x, = P"(|£]%)x.
We have

(HY ), x) = (HY @), P(I1E12) %) = (P (1E 1) HY (1), X0
= <HW(PH(_A/<)”): Xn)
= (€@ (1 + 1x1) N P (=Lp)u), e @ (1+ ) (HY) " ()

Hence, from the Holder inequality we obtain
(1% @), x)| = Clle® 1+ xl) ™ P 2000 e iy
k

X ||ef<g’x> (1 + ||9C||)N(fHW)_l(X")”Lf1 (RA)W
k

We proceed as in Theorem 4, step 2, and we prove that

e ()™ () ) 12, e <|P(||s 12)] + >_n§CnM<R+E>_n,
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Thus

w v R Y
|<’H (u),)(>| <CR)n (R—_'_%) .

Thus we deduce (HY (u), x) = 0, which implies that & ¢ supp H"Y (u). O

Corollary 4 Let u € ERY)Y N Sﬁ(Rd)W such that supp H" (u) is compact. Let P € C[x].
Then

sup  |P(IylI%)] = Rus
yesupp HW ()

where R, is defined as the infimum of all R > 0 for which there exist N and C(N,R) > 0,
such that for all n € N and x € R?

|P"(—=20) ) (%) < C(R,N)nNR" (1 + ||x||)Ne‘<@’x>,

Remark 5 We note that the analogue of Theorem 8 and Corollary 4, studied in [14, 15],
is missing it the term el (as a typing error).

Notations Let u € S;(R?)Y. We denote by

I, == inf{r € (0, 00] : supp(H" (1)) C B(0,7)},

Yu 1= sup{r € [0,00) : supp(H" (u)) C B(0,r)},
where B(0,7) = {x € R%: ||x|| < r} and B(0,7)¢ = {x e R%: ||x|| > r}.

Theorem 9 Let u € S)(R?)Y. Then the support of H" (u) is included in B(0, M), with M >
0, if and only if for all R > M we have

lim R Afu=0, inSRY)".
H—0Q

Proof Let u € S)(R%)Y and M > 0 such that

lim R‘z”AZu =0, forallR>M.

n—0o0

Let ¢ € D(R%)Y satisfying supp(¢) C B(0, M)°. We have to prove that
(HW(u),w) =0.

Let > M satisfying ¢(x) = 0 for all x € B(0,r) and R € ]JM, r[. Then for all n € N the func-
tion |lx] "¢ is in D(R%)Y and we can write

(HY (), ) = ((=1121*) "R HY (w), (~11x1*) "R*"p) = 0,
and by (2.22), we have

(HY (), @) = (HY (R AL (w)), (<IIxI1*) "R*"p) = 0.
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The hypothesis implies that H" (R A%(u)) — 0 in S'(R?)Y. Moreover from the Leibniz
formula we deduce that (—|x[?)™"R*¢ — 0 in S(R?)". So using the Banach-Steinhaus
theorem we prove that

(’HW(u),go) =0.

Conversely, let u € Sj(R%)" and M > 0 such that supp H" (x) C B(0, M). We are going
to prove that for all R > M

lim R>Afu=0, inSy(RY)".

n—00

Let M < R and choose o €]M,r[ and ¢ € D(R) satisfying ¢ =1 on a neighborhood of
B(0,M) and ¥ (x) = 0 for all x ¢ B(0, 0). Then for all ¢ € D(R?)Y we have

(HY (), 0) = (1Y (), ¥ ),
and then
(HY (R A1), ) = (HY (), (~11x1%) "Ry o).
Finally we deduce the result by using the fact that (—||x[|>)"R"*"/¢ — 0 in S(RH)Y. O

From the previous theorem we obtain the following.

Corollary 5 We have

r,= inf{R >0: lim R Alu =0, in S;(R“’)W}.

n—00

Theorem 10 Let u € Sﬁ(Rd)W such that (—||x|>) " HY (u) € S'RH)Y for all n € N. Let
= (HY) (= |x12) " HY (). Then the support of HY (u) is included in B(0, M), M > 0,
if and only if for all R < M we have

lim R*"u, =0, inSy(RY)".

n—00

Proof Let u € S)(R%)Y and M > 0 such that

lim R*"y, =0, forallR<M.

n—00

Let ¢ € D(R?)Y satisfying supp(¢) C B(0, M). We have to prove that
(Hw(u),w) =0.

Let ¢ € D(R%)"Y satisfying supp ¢ C B(0, M) and R € ]r, M[. Then for all # € N the function
l%]1>"¢ is in D(RY)Y and we can write

(HY (), 0) = ((~ll1”) "R HY (), (- 1%]1*)"R™>"¢) = 0,
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and by (2.22), we have
(HY (w), @) = (HY (R*"u,.), (~lI%1*) "R ¢) = 0.

The hypothesis implies that H " (R?"u,,) — 0 in S'(R%)¥. Moreover, from the Leibniz for-
mula we deduce that (—[x[?)"R?"¢ — 0 in S(R?)Y. So applying the Banach-Steinhaus
theorem we prove that

(HY (), ¢) = 0.

Conversely, let € S;(R%)Y and M > 0 such that supp %" (x) C B(0, M)°. We are going
to prove that for all R< M

lim R*"u, =0, inSy(RY)".

n—00

Let M > R and choose ¢ €]M,r[ and ¥ € D(R) satisfying ¥ (x) =1 for |x| > M;Q and
¥ (x) = 0 for all ||x] < o. Then for all ¢ € D(R%)Y we have

(HY (W), 0) = (H" ), v o),
and then
(HY (R'un), @) = (HY (), (= l1x]1*) "R rgp).
Finally we deduce the result by using the fact that (—||x||?)™"R*"ty¢ — 0 in SR)Y. O
From the previous theorem we obtain the following.
Corollary 6 We have

Vi = sup{R >0: nli)lgoRz"u,, =0,in Sé(Rd)W}.
6 Roe’s theorem associated with the Heckman-Opdam Laplacian operator

In [16] Roe proved that if a doubly infinite sequence (f;);cz of functions on R satisfies Z—{i =
fia and [fi(x)| <M forallj=0,£1,42,...and x € R, then fo(x) = asin(x + b) where 2 and b
are real constants. This result was extended to R? by Strichartz [17] where dix is substituted
for by the Laplacian on R? as follows.

Theorem (Strichartz) Let (fj)jcz be a doubly infinite sequence of measurable functions on
R? such that for all j € 7, (i) i ll Lo ray < C for some constant C > 0 and (ii) for some a > 0,
Af; = afj.1. Then Mo = —afy.

The purpose of this section is to generalize this theorem for the Heckman-Opdam
Laplacian operator. We now state our main result.

Theorem 11 Suppose P(§) =), a,&" is real-valued. Let a > 0 and let {f;}* be a sequence
of W-invariant complex-valued functions on R so that

P(_Ak)ﬁ =ﬁ+l
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and
VreCy,  fitx)| < Mi(1+ [lx]) e, (6.1)

where (M;);cz, satisfies the sublinear growth condition,

M,
lim —2 = 0. 6.2)

Then f = f, +f- where P(=Ap)f, =fr and P(—-Ap)f- = —f~. If 1 (or -1) is not in the range of P
then f, =0 (or f- =0).

We break the proof up into three steps. In the first step we consider the hypergeometric
Fourier transform HY (f) of fy, which exists as a distribution.

Lemmal Leta > 0. Let (f)jez is a sequence of W-invariant functions on R? satisfying

P(—A)f; = fis1s (6.3)
VxeC,,  |fix)| < Mi(L+|lx)) et (6.4)
and
M;

- =0, 6.5
il (1+ey (65)

forall e >0, then
support(H"Y (o)) € S:= {& : |P(I&11*)| =1}.

Proof First we show that HY (fy) is supported in {£ : |P(||£]|?)| < 1}. To do this we need

to show that (HY (fy), #) = 0 if ¢ € D(R?) and support(¢) N {£ : |P(||€||?)| <1} = @. Since

support(¢) is compact, there is some r < 1 so that Wélﬁ)l <r, for all £ € support(¢). Then

(HY (o), ¢) = <P7HW(}%), %>
_ <(HW)(p(—AkYﬁ>)» %>
_ <P(—Ak)jfo; (1Y) (%»

Choose an integer m with 2m > 2a+d + 1. A calculation, using the hypothesis of the lemma
and the Cauchy-Schwartz inequality, implies

0y (5 )
el (1+ ||x||2)m(7-lw)_1<%>(x)

(HY (), )| < fR P2 Aw)] Aul) dx

< CM; sup
xeR4

Page 22 of 26
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Using the continuity of (H%)™! and the fact that ¢ is supported in {& : |P(||€||?)| > 1 + &}
for some fixed ¢ > 0, it is not hard to prove that the right-hand side of this goes to zero
as j — oo and so (HY(fy), ¢) = 0. To complete the proof we need to show that HY (f;)
is also supported in {£ : |P(||€|?)| > 1}, which means (HY (fy), #) = 0 if ¢ is supported in
{£:|P(||€]1%)| < 1}. Here we use (6.3) to obtain

(HW(fO)7 ¢> = (HW(f—j)’Pj¢>’
and the argument proceeds as before. O

In the next step in the proof we assume firstly that —1 is not a value of P(||£]|?), and we
show that P(—A)fo = fo.

Lemma 2 There exists an integer N such that
(P-DNIHY (fy) = 0. (6.6)

Proof From the growth conditions on the sequence (f});ez, Lemma 1, and the assumption
that P(||£]]?) # -1, we obtain

support(HW(fo)) C {S :P(||§||2) = 1}.

As HY (fy) is a continuous linear functional on S(R¥), there is a constant C and there are

integers m and N so that

(1Y (f0), ¢)| < Clllniyms (6.7)

for all ¢ € S(R?) when the topology on the space S(R?) is defined by the seminorms

Ipllnm = sup D (1+ [1%1%)" |27 ()]

xeRd n<N
Thus the distribution H ¥ (f;y) is of order < N. For this N we want to prove that
P-1)NHY (fy) = 0. (6.8)

To simplify the notation set Q := (P — 1). Then we need to show, for any compactly sup-
ported C* function ¢, that

(@1 (fy), ) = (H™ (o), @) = 0.

Let g: R — [0,1] be a C* function with g =1 on [—%, 11and g = 0 outside (-1,1).

Set g,(£) := g(%), Qr = g-(Q)QV*'¢. Then Q, = QV*'¢ in a neighborhood of

support H" (fo) € {& : Q(§) = 0} = {£ : P(|I€ %) = 1}.
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Thus by (6.7) we have

(HY (f), @' 9)| = [(HY (1), Q)| < ClIQ/lInym-

We proceed as [18] to prove that ||Q,||x,m — 0 as r — 0. Thus (6.6) is proved.
Inverting the hypergeometric Fourier transform in (6.6) yields

Nle 0. (6.9)

(P(-Ag) - 1)
This equation implies

span{fo,fi,f2,..-} = span{ﬂ),P(—Ak)ﬁ),P(—Ak)zﬁ),...}
= span{fy, P(-Ax)fo, ..., P (=Li)fo )

We shall now show that we can take N = 0 in (6.9). If not then (P(—Ax) —1)fo # 0. Let p be
the largest positive integer so that (P(—Ax) — 1)’fy # 0. Clearly p < N. Thus

fi= (P(=00) = 1)y € span{fo, fi, ... fiv)
will satisfy

(P(-21) 1)’ =0 and (P(-Ag) -1)f #0. (6.10)
Write

f=ayfo+- - +anfu,
for constants ay,...,ay. Then

P(=A)f = aofi + - -+ + anfuj.
If

Ci=laolMj + - + |an|Mj:n,
then this and (6.1) imply

|P(—00)f ()] < C(1+ [lx11)“. (6.11)
By (6.2) these satisfy the sublinear growth condition,

C

lim -~ = 0. (6.12)

j—o0 Ji

An induction using (6.10) implies for j > 2 that

P(=20)f =jP(-A0)f = (= 1)f = j(P(~Ak) = 1)f +f.
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Thus

. C; a
|(P(=) = 1)f ()| < j—,|Pf<—Ak>f(x)| N ‘f" S

If @)l
.

Letting j — oo and using (6.12) implies (P(—Ak) —1)f = 0. But this contradicts (6.10). Con-
sequently, N = 0 in (6.9). This completes the proof in the case that —1 is not in the range
of P.

In the case that 1 is not in the range of P we apply the same argument to —P(-Ay) to
conclude P(-Ap)fo = —fo-

In the general case, let £; = P(—Ag)2. Then HY (£f)(€) = P(|€]12)2HY (f)(£). We have
Lifop = fop+1) and P(J|€ || 2)2 4 1. Thus we can (as before) conclude for the sequence (fop)pez
that

Lifo = P(-20)*fo = fo

Set f, = %(fo + P(-Ap)fo) and f- = %(fo - P(=Ap)fo). Then f = f, + f, P(-Ak)f: =f, and
P(-Ay)f- = —f-. This completes the proof of Theorem 11. O

Remark 6 (i) If we take P(y) = —y, then P(—Ay) = Ar and Theorem 11 gives Arfo = —fo.
This characterizes the eigenfunctions f of the generalized Laplace operator Ay with poly-
nomial growth in terms of the size of the powers A’,;f , —00 < j < 00.

(i) We note that the analogue of Theorem 11 and Lemma 1, studied in [14, 15], is missing
it the term e (as a typing error).

(iii) We note that Barhoumi and Mili in [19] have studied the range of the generalized
Fourier transform associated with a Cherednick type operator on the real line, and have
generalized the Roe’s theorem for this operator.

As an application of the above theorem we have the following.

Theorem 12 If, in Theorem 11, we replace (6.2) with

My
- =0, 6.13
j—oo (L+¢g)y ( )

Sorallj >0, then the span of (f;); is finite dimensional. Moreover, fy = f. + f~, where, for some
integer N, (P(=Ax) — DYNf, = 0 and (P(=Ax) + YNF. = 0. Thus f, (or f.) is a generalized
eigenfunction of P(—Ay) with eigenvalue 1 (or —1).

Before we demonstrate this theorem we needs the following lemma.

Lemma 3 ([18]) Let X be a finite dimensional complex vector space, and let T : X — X be
a linear map with eigenvalues Li,...,1p. Then X =X, @ - - - ® X, where X; = ker((T — Aj)N)
and dimX = N.

Proof We prove Theorem 12.
We first prove the result under the assumption that P(||£ [|2) # —1. Using the growth con-
dition (6.13) and Lemma 3, we may still conclude that

support(H" (fo)) € S = {& : P(I§11%) = 1}.
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But then, as before, we can conclude that (6.9) holds. But this is enough to complete the
proof in this case. A similar argument shows that if P(||£||?) #1, then (P(—Ag) + D)Nfy = 0.

In the general case we again let £, = P(-A¢)? and Py = P2. Then Py(]|£]|?) # -1 and the
span of (fy); is finite dimensional. The map P(—Ay) takes the span of (f;;); onto the span of
(foj+1);- Thus X is finite dimensional. Any f € X will have support(f) inside the set defined
by P(||£]|?) = £1. From this the only possible eigenvalues of P(-Ay) restricted to X are 1
and —1, as it is not hard to show. The result now follows from the last lemma. O
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