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1 Introduction

Supersymmetric Wilson loops in N' = 6 super Chern-Simons-matter theory with gauge
group U(N) x UM) [1, 2], also known as ABJ theory (or ABJM when M = N), are
constructed in terms of a generalized U(N|M) connection which includes a coupling to the
scalar and fermionic fields of the theory [3]. Such coupling is given in terms of matrices
M } and M j and spinors n¢ and 7%, which in general depend on the parameter of the
curve. Straight and circular Wilson loops, whose M } and M } are constant, are among the
simplest supersymmetric Wilson loops. Typical examples are the 1/6 BPS Wilson loops
with M} = M} = diag(—1,1,—1,1) [4-6] and 1/2 BPS Wilson loops with M} = M1 =
diag(—1,1,1,1) (and certain non-vanishing n and 7 in the latter) [3]. Their expectation
values (W) are exactly known. For the straight Wilson loops, both the 1/6 BPS and the
1/2 BPS have (W) = 1, while for the circular ones (W) is given in terms of a matrix
model [3, 7, §].

An interesting problem is to study the expectation value of some deformations of these
highly symmetric objects. Concerning the straight Wilson loops, a natural possibility is
to distort them by adding a cusp in their trajectories. Their expectation values define the
cusp anomalous dimension, a quantity with valuable physical interpretations [9, 10]. No
exact results are known for this cusp anomalous dimension in generic situations, a notable
exception is the small angle limit for a geometrical cusp placed in the locally 1/6 BPS [11].



With respect to the circular Wilson loops, a possible generalization is to allow M 5,
M 5, N and 7L to be specific functions of the parameter of the curve. In particular, one can
consider Wilson loops which simultaneously move around a space-time circle and an internal
space circle. In N' = 6 super Chern-Simons-matter theory they would be the analogue of
the N = 4 super Yang-Mills latitude Wilson loops considered in [12], for which the internal
space circle is a latitude circle within a S? C S° and whose radius is parametrized by
an azimuthal angle 6. In N' = 4 super Yang-Mills theory, these 1/4 BPS latitude Wilson
loops are a particular class of loops within the larger family of DGRT Wilson loops [13-15].
Latitude Wilson loops in N/ = 6 super Chern-Simons-matter theory can be defined as a
generalization either of the 1/2 BPS [16] or the 1/6 BPS circular Wilson loops [17, 18] and
their vacuum expectation values were studied perturbatively at weak coupling in [18].

In the case of N’ = 4 super Yang-Mills theory, a relation between the cusped Wilson
loops vevs in the small angle limit and the latitude Wilson loops vevs was found, which
allowed the exact computation of the Bremsstrahlung function [19]. With this in mind,
a similar relation was proposed for small distortions of 1/2 BPS Wilson loops in NV = 6
super Chern-Simons-matter theory and tested at the first two weak coupling perturbative
orders [18]. In this regard, one of our motivations is to further test this proposal.

In this article we study string configurations in AdSy x CP3, dual to latitude Wilson
loops in A/ = 6 super Chern-Simons-matter theory. We present them and analyze their
supersymmetries. We also use our results and other considerations to verify the relation
that exists between latitude Wilson loops vevs and Bremsstrahlung functions.

2 BPS string solutions dual to latitude Wilson loops

In this section we study classical string configurations in AdS; x CP? that could be inter-
preted as the duals of latitude Wilson loops, i.e. circular Wilson loops whose coupling with
the scalar and fermion fields is not constant but changes along the loop. Therefore we will
focus in string configurations whose endpoints describe a circle inside CP3.

2.1 Classical string configuration and supersymmetry analysis

Let us begin with a presentation of the geometrical background. The dual geometry to the
ABJM theory is [1]
d82 = L2 (d52AdS4 + 4d8(%:]?3) . (21)

We write the AdS metric in global coordinates
ds%d& = —cosh®pdt? + dp* + sinh?p (d192 + sin0 de) , (2.2)

whereas for the complex projective space one has the canonical Fubini-Study metric. An ex-
plicit expression for it can be obtained from the homogeneous coordinates Z = (z1, 22, 23, 24)
parametrizing C*

z1 = T CO8 @ cos —e3¥1e1(x ) , 2z3=rsin @ cos 2 es¥2e1(6x) ,
2 2 2 2 2.3
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Explicitly one has

dsts = dzydzr = dr* + r*dQ3 (2.4)
with 1
A = dsgps + 75 (d + A)? (2.5)
e e
A = cosadyx + 2 cos 5 C08 01dp1 + 2sin 5 €08 Oadps . (2.6)

The definition of CP? as the equivalence relation Z ~ ¢Z with ¢ € C*, amounts to ‘forget’
the ¢ = re* coordinates in the standard C* metric. The result is

1
dsépg =1 [ala2 + cos? % (d67 + sin® Hldgpf) + sin? % (dﬁ% + sin? 92d<p%)
+ sin? % cos® % (dx + cos b1dp1 — cos Hgdgog)Q] , (2.7)

with coordinate ranges 0 < «,601,02 < 7, 0 < 1,902 < 27 and 0 < x < 4w. Concomi-
tantly (2.5) manifests the statement of odd dimensional spheres as circle bundles over
projective spaces.
The geometry (2.1) is supported by the following ITA fields
26 _ B0 w3200 2 _
e*? = 2 =3 vol(AdSy), ¥ =
where vol(AdS,) = coshp sinh?p sin ¥ dtAdpAdIAdip. The curvature radius of the geometry
relates to the A/ = 6 t'Hooft coupling constant A = N/k in the usual way L% = T2\,
therefore the supergravity approximation is valid in the small curvature regime L* ~ X > 1
and weak string coupling \>2/N? < 1 (we have set o/ = 1).
The ABJ theory corresponds to deforming the background by turning on a B®) flux
over the CP! c CP? [2]

k

TdA, (2.8)

M —-N
2k
In [2] it was argued that unitarity is preserved if |[N — M| < k.

B® = dA, (2.9)

Our aim now is to find a string worldsheet reaching the boundary along a spacelike
circle, while the string endpoints describe a circle inside CP?. To look for the solution we
start with the Polyakov action

1
S=1- / drdoVhh®P G (X )0 X ™05 X", (2.10)
T

here X represent the string coordinates, the target space metric G, can be read in (2.1)
and h,g is an auxiliary field which implies classical equivalence between Polyakov and
Nambu-Goto formulations. The appropriate ansatz is

t=0, p=plo), 9=n/2, =71, 0=000), e1=7, a=0. (2.11)

with 7 € (0,27). This ansatz implies that the AdS circle will be along the equator of the
S2. The boundary conditions to be imposed at infinity are

91 — (90. (2.12)

p—+00



Plugging the ansatz into the action and fixing the conformal gauge one finds
L’ 12 | a2 12 a2
S = = drdo [p'* + sinh?p + 6'% + sin®6] . (2.13)
m
The equations of motion result

p" = sinh p coshp, (2.14)
0" = sinf cosf. (2.15)

These equations must be supplemented with the Virasoro constraints,
Top = Gun(X)0, X0 X" — %hagﬁ =0, (2.16)
which in the present result in one non-trivial equation
p'? 4+ 0% =sinh?p + sin?g . (2.17)

Eq. (2.14) has a first integral
p'? =sinh?p+ A. (2.18)

The integration constant A must be set to zero in order for the worldsheet to close smoothly
in the interior of AdS and correspond to a single loop at the boundary. From (2.17)
and (2.18) we have

6'? = sin’f . (2.19)

The solutions to (2.18) and (2.19) are

1
— ginh™!
plo) =sin (sinha)’

0(c) = arcsin <Cosh(;0jw)> , (2.20)

where we have chosen the integration constant in p so that the range for o results o € [0, 00),
with the AdS boundary corresponding to o = 0. The integration constant o > 0 in (2.20)
sets the boundary value 6y € (0, §) to

1
coshog

sin Ay = (2.21)

Note that the @ profile gives a cup-like embedding of the string in CP? reaching §; = 0 or
7 at the center of AdS depending on the sign chosen in (2.20) (see figure 1).
We now proceed to evaluate the on-shell action

0 1 1
Son—shell — W\/ﬁ do ( + )

sinh?c  cosh?(og + o)

= 7V 2 (cosh ppax F cosby) , (2.22)

Omin

here ) is the ABJM 't Hooft coupling constant and we have used L?/m = v/2) and puax =
p(0min). We have introduced op;, in (2.22) to regulate the infinite worldsheet area, the
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Figure 1. The two classical solutions

first term in (2.22) is well understood and known to cancel with a boundary term, usually
disregarded when writing the action, which implements the correct boundary conditions.
The final result is

gen—shell — —7v/2X cos . (2.23)

Let us now analyze the supersymmetry of the string configuration (2.11), (2.20). We
work in the Green-Schwarz formulation where the target space supersymmetries are man-
ifest. The fermionic partners © (d = 10 Majorana spinor) of the embedding coordinates
X™ transform as

00 =(1+T)xk+e, (2.24)
under kappa and target space supersymmetries where!
0 Xm0, X"
I =i""—"Tpnm1 - (2.25)

N{

The I' projection matrix satisfies tr(I') = 0 and I'> = 1. In (2.24),  is an arbitrary local
Majorana parameter and e are the target space killing spinors, which for AdSy x CP? are
given in the appendix A.

The amount of supersymmetries preserved by a given string embedding in a particular
background are the € transformations which cannot be undone by a x transformation and
that leave the string solution invariant. This translates into looking for solutions to

(1-T)e=0. (2.26)
In what follows, we study the projection (2.26) for our string configuration. Inserting
the solution (2.20) into (2.25) we obtain

711 : . . .
= Sy (= sinh p p'y13 + sinh p 0'y35 — sin Op'y17 — sin 6 6'vs7) (2.27)

while for the target space killing spinors (A.4) we get

0 (2 J ~
€ = Mey = et 1M11) 5 e T2 T (-1 767 42728) ¢ (2.28)

lg = X2X? — (X . X)2 is the determinant of the pullback of the target space metric to the string
worldvolume.



For analyzing (2.26) and for subsequent comparison with the dual Wilson loop operator,
it is useful to expand the Killing spinor ¢y in terms of eigenvectors of the set of matri-
ces {01, 79711, 1757, 1749, ©Y68, 1723} With eigenvalues {so,s1, s2,83,54,85} (s = £1) (see
appendix A). We write ¢y as

€0 = Z 0(81782,83784)6(81752,83,84) , (2.29)

(50,85) (50,85)
85

(51,52,83,54) (51,52,83,54)
(50,85) and 9(80,85)
respectively. Note that the included s; is redundant since s; = s25354 2.

where € denotes the basis element and the expansion coefficient

Since (2.27) does not depend on 7, the killing spinor 7-dependence must be projected
out. It turns out that the appropriate projection conditions are

(1 + v239711)€0 =0,

(1 —v23757)€0 = 0. (2.30)
In terms of the eigenvalues (si, s2, s3, s4), these projections imply s; = —sy and by virtue
of (A.10) one has s3 = —s4. Therefore, the only possibilities allowed in (2.29) are:
(+,—+,—), (+,—,—+), (—,+,+,—) and (—,+,—,+). Notice that (2.30) relate the

Y23 and 4711 eigenvalues, s5 = s1. Therefore, the projection conditions leave 4 x 2 = 8 out
of the original 24 supersymmetries.

Having imposed (2.30), equation (2.26) can be re-written as a condition on the constant
spinor €y as

(1 - Mp'TMp)eg =0, (2.31)

where Mp is M acting on the projected subspace. This means that the 7-dependent
exponential in (2.28) is set to one. Explicitly one obtains

- 1711 . ! 019~ —T . ;014
MG Mp = (— sinh pp'e”175e™ 272~ 4 + sinh pf; 1775
P P sinh2 o+ sin2 0, pPp 713 pY V35
—sinfple” iM2eP 1M IN2, — sin ngie—nge/}%le%vm%?)
=iv11(sin Ogy27 — cos Opys7) - (2.32)

where, in the final line, explicit solution (2.20) has been used. Note that this operator is
coordinate independent and unaffected by the sign choice in (2.20), which means that both
classical configurations preserve the same supersymmetries. Since the operator in (2.32)
commutes with the projection conditions (2.30) they can be simultaneously diagonalized.
The outcome is that only half of the eigenvectors of MI_DIFM p satisfy (2.31), leaving 4
conserved supercharges. Thus we conclude that configuration (2.20) is 1/6 BPS.

Projections (2.30) imply that s; = s5 = —sg, which results in 8 independent compo-
nents. If we further impose (2.31) we get the conditions

(s2,—s2,53,—53)
(50,52)

— so(1 — so82 cos )9 5252 7%8) — (2.33)

sin 909 (80 —52)

2The choice of basis {4711, V57,749, 76s} is motivated by its appearance in the Killing spinor (A.5)
associated with the phases & of the embedding coordinates z;.



which can be solved as follows, using v = cos fy, in terms of four independent coefficients
Hgi;;'_):\/l—uwl, O:_F)Jr ):\/1+1/w1,
Htl;_):\/l—l—vwg, _
(+——+) _
€(++) =vV1—-rvuws,
o = Vitves, 6

As an aside, note that in the Killing spinors (2.28) we have set f; = 0 and ¢ = 0.

+)+_):—\/1—1/w2,

(
(
(
(
D = Vitws,
T = VT (2.34)

)

>
+

However, since the sphere spanned by 05 and 9 is shrunk to zero size, se should be able to
keep them arbitrary and preserve the same supersymmetries. Consider for example taking
02 = 01 and @y = ¢ and still having & = 0. While the I' projector remains as (2.27), the
corresponding Killing spinor would be defined by

01 (R Y PR, T T o — T (A — _
M = ea =711 +798+716) 0 5371 0 1712 05723 o~ 7 (Y711 =757 749 —768) | (2.35)

At first sight, this may appear problematic since the 7-dependence cannot be projected
out from M. Nevertheless this is not a problem, since what it matters is to project out
the 7-dependence from M™'T'M. Since 7os, 746, Va9 and vgs commutes with I', upon
imposing (2.30) one finds that M p'TMp is given by (2.32), either for M defined in (2.28)
or for M defined in (2.35). Therefore, the kappa symmetry equation is not modified leading
to the preservation of the same supersymmetries.

2.2 Dwual Wilson loop operators

As we will see in this section, the previous semiclassical string configuration is dual to a kind
of BPS latitude Wilson loop. The term latitude was used in [18] to refer to a deformation
of circular Wilson loops that involves both, a geometrical azimuth on the S$? C AdSy
and an internal space azimuth on some S? C CP3. It was observed nevertheless that their
expectation values depend on a single combination of the two azimuths: v = sin 0y, cos ins.

For the sake of simplicity, we set the geometrical circle at the equator, i.e. 0400 = 5, and

s
2
call fy the internal space azimuth ;.

BPS Wilson loops in A/ = 6 super Chern-Simons-matter theory have been constructed

in terms of a U(N|M) connection [3, 16]

(A MICCT i3 il o0
i/ ElEegnl A+ L NCIC ‘
as 1 ‘
Wr = 55T [Pe’ fe LdTT} : (2.37)

where N = STr(T) is a normalization factor and 7 is a twisting matrix which depends
on the particular choice of M }, M }, n{ and 7!, which is necessary for the Wilson loop to
be gauge invariant.

We are interested in identifying the Wilson loop operator dual to the string configura-
tion of section 2. Therefore, we will consider the contour C in (2.37) to be the unit circle



—

Z(r) = (0,cosT,sinT). In this section we will identify the specific choice of M j, M 5, ny
and 77%. We shall start with M 5 =M § in the ABJM case, i.e. gauge group ranks M = N,
which has a neater geometrical interpretation [6]. For the kind of BPS Wilson loop we are
interested we take .
- 225Z
I I I J
MJ = MJ = 5J - |Z|2 ) (238)
where z7(7) is the trajectory of the endpoints of the string configuration inside CP3, ex-
pressed in terms of the complex coordinates given in (2.3). For the classical string solu-

tion (2.11), (2.20) we have
i

- 0o ,i% — qin %0 1% =0 =0 2.39
1=cosge?, z=sinFe 2, 23 , 24 , (2.39)

which leads to

ME=pt = , 2.40
S 0 0 10 (2.40)
0 0 01
This matrices, altogether with spinor couplings given by
‘ v1+v
« 6% _Vl_yeiT . T\ e <o T
= 1, —ie , =1 , 241
nr 2 0 ( ) Un (n7) ( )

0 I

give rise to a family of 1/6 BPS Wilson loops. Their supersymmetry parameters ol =
017 — (- )/, which has been explicitly spelled out in [18], are such that®

=307 —ig’) =Vi—vw, (=306 -&")=Vitrw,
¢ =301 +ie’) = V1t vws, (3 =330+ =V1—vws,
M =L@ —idhy =Vv1i—vws, (=13 -EH=Vitrws,
M=l ey = Vitrvw, 5 =160+ &Y = V1—vuwy, (2.42)

Note that these supercharges coincide exactly with (2.34), provided the identification be-
tween ¢1/ and 9((23:2;3573’84) given in the appendix (B) is used.

Let us conclude this section studying a family of bosonic Wilson loops, also considered
in [18], that correspond to a latitude deformation of the well known bosonic 1/6 BPS

circular Wilson loop?*

Wy = %H [pei§(Am“f%lilM§CzéJ)dT} , (2.43)

3917 and €’ generates super Poincaré and super conformal transformations respectively, where o is a
spinor index and IJ are antisymmetrized SU(4) indices in the fundamental representation.

4 Analogously one can define a U(M) Wilson loop as

)

L [pe S~ aitjcr crar]
M

where M}T = M=



where ‘
—v e V1—-v2 0 0
T /1_ 2
Mi=|° Y v 001 (2.44)
0 0 -10

0 0 01

The supercharges preserved by this bosonic Wilson loop happen to be a subset of the
supercharges given by (2.42). More specifically they are obtained by setting w; = wq = 0
in (2.42), leaving 2 free parameters and then concluding that this bosonic Wilson loops are
1/12 BPS.

We would like to analyze whether there is a relation between the dual of the 1/6
BPS latitude Wilson loop and the dual of the bosonic 1/12 BPS latitude Wilson loop
in terms of a geometrical smearing, as it is the case for the 1/2 BPS Wilson loop and
the bosonic 1/6 BPS Wilson loop (see [4]). Recall that the scalar coupling of the latter,
Ml = M} = diag(—1,1,—1,1), cannot be realized as (2.38) for any z;(7),> the suggestion
in [4] was to interpret the bosonic Wilson loop (2.43) with M% = M1 = diag(—1,1,—1,1)
not as dual to a single string configuration but as a the dual to a distribution of strings
smeared over a CP! ¢ CP3. The amount supersymmetry preserved by the smearing is
understood as follows: if one considers rotations of string configurations dual to the 1/2
BPS Wilson loop along the aforementioned CP! some of the supercharges will depend on
the angles of the rotations. The supersymmetries of the smeared distribution are only those
supercharges independent of the rotation angles, which are precisely the supercharges of
the bosonic 1/6 BPS Wilson loop [4].

The bosonic Wilson loop defined with M } given by (2.44), which has eigenvalues
{-1,1,—-1,1}, cannot correspond to a single string either. Since by turning off the lati-
tude deformations setting v = 1 we have the relation described in the previous paragraph,
we would like to analyze what happen if one smears over a CP! strings dual to 1 /6 BPS
latitude Wilson loops. More specifically we would like to ask whether there are common su-
percharges among the rotated configurations. For this purpose, we construct a 2-parameter
family of string configurations related to the one of section 2.1 via a SU(4) rotation on the
CP? embedding coordinates.

Writing

Z = (21722723724) - (Za U_j)

with Z = (21, 22) and @ = (23, 24), the solution found on the previous section having o = 0
corresponds to

0(o) 0(o)

o iz . —iT .
zoz(cosTe 2,sin—~e z), Wop=0

Acting on it with the following SU(2) element

- 90
Qo —gin @0 et
C082 Sln2€2>
i

g(ao, o) = (

%0
B Qo
Sin 2 e COS )

23737

® A matrix given by 6% — HE

will always have eigenvalues {—1,1,1,1}.



one finds .
o oy
Z = (%,0) — Z' = (cos 707?0,8111 ?0671702’_‘0) (2.45)
It is straight forward to see that this rotated configuration satisfies the classical equations
of motion. The new solution reads

t=0, p=plo), V=72, =7, a=0ay, 1 =02=0(0), pr =2 =17, x =9 (2.46)

Since we have obtained the solution acting with a symmetry of the action, the value of the
on-shell action does not change.

The supersymmetry analysis for these configurations is made in appendix C, where
we find that the killing equation has the same form as (2.31) but in a rotated base of
spinors. Therefore, they preserve the same amount of supersymmetry, i.e. they are all 1/6
BPS. However there is no common subspace of solutions for the kappa symmetry equation
between the different configurations parametrized by (g, ¢g). Therefore, a smeared con-
figuration obtained from the rotations defined in (2.45), cannot be regarded as the dual of
any BPS Wilson loop. In particular it would not correspond to the dual of the 1/12 BPS
bosonic Wilson loop defined by (2.43)—(2.44).

Given the fact that the preserved supersymmetries of the 1/12 BPS bosonic Wilson
loop (2.43)—(2.44) are a subset of the preserved supersymmetries of the 1/6 BPS latitude
Wilson loop, it can still be possible that the dual of the former is interpreted as some more
general smearing of the dual of the latter. To further speculate about this possibility let
us note that a projection that would enforce w; = wy = 0 would require to set sg —s3 =0
in (2.34). This condition is clearly equivalent to imposing the projection

(1 - Z")/01’}/49)6() =0. (2.47)

However, at the moment we do not have an interpretation of (2.47) in terms of a geometrical
smearing. Note that such a projection that relates sy and s3 cannot be obtained as a
consequence of smearing with rotations acting on CP? only.

3 Bremsstrahlung functions and latitude Wilson loops

One of our motivations to study latitude Wilson loops is the possibility of relating their
expectation values with Bremsstrahlung functions, as it is the case in N' = 4 super Yang-
Mills theory [19]. The prospect of such a relation in N/ = 6 super Chern-Simons-matter
theory has also been considered in [18]. We will now further elaborate on this possibility.

The Bremsstrahlung functions are related to the expectation values of straight Wilson
loops with small cusps. If one considers a line in R? with a cusp at some point

AIR

_ I
(Weusp) = € 18 20y (3.1)

where Arr and Ayy are infrared and ultraviolet cutoffs respectively [9, 10]. Given that we
could distort either a 1/2 BPS straight Wilson loop or 1/6 BPS straight Wilson loop with
cusps, we shall distinguish between By /5 and B; /s Bremsstrahlung functions accordingly.

~10 -



Moreover, in each of the cases it is possible to distort the straight Wilson loop with
either a geometrical cusp angle ¢ or an internal cusp angle 6. Since a 1/2 BPS straight
Wilson loop distorted with two cusp angles such that 8§ = +¢ remains BPS, one has a
unique Bremsstrahlung function By /p. Therefore, when 0, ¢ < 1,

Teusp = (62 = ¢°) By 2(N) - (3.2)

However, a 1/6 BPS straight Wilson loop distorted with two cusp angles is not BPS,
not even for § = +¢. Therefore, we have to distinguish between internal and geometrical
cusp angles Bremsstrahlung functions. For 6, ¢ < 1,

Teusp = 6°BY 16(A) — 6°BY;5(A) . (3.3)

We now analyze the relation between these Bremsstrahlung functions and the latitude
Wilson loop we have been studying. In [18], the proposal
0

1

v=1

was check up to two-loop in the weak coupling expansion, with (WWr) computed at framing
0. Since the relation (3.4) has not been derived or proven, verifying that it is also satisfied
in the strong coupling limit can be seen as compelling evidence that it may be valid to
all-loop order. This Bremsstrahlung function has been computed in the strong coupling
limit from a classical string ending in a cusped line in [29], obtaining to leading order the

result
V2
By =—— 1). .
/2 = +O(1) (3.5)
To test (3.4) in this limit we need (Wg), which at leading order is
(Wp) =57 L 0(1) = ™2 + 0(1) (3.6)

where the on-shell action has been evaluated in (2.23). We have chosen the sign that
minimizes the action and dominates the saddle point approximation. Upon using (3.6) to
compute r.h.s. of (3.4) we observe the agreement with (3.5).

Let us now turn to the other Bremsstrahlung functions. Concerning Bf /6()\), it has
been noted in [18] that a relation analogous to (3.4) would fail already at leading order in the
weak coupling expansion. In passing, we would like to mention that there exists nevertheless
a proposed exact expression for Bf’ /6(/\) in terms of the derivatives of a multiply wound
Wilson loop [11], but we will not discuss here.

On the other hand, the analogous relation for BY /6()\),

1 0
B s(\) = 2 5y etWe)| -, (3.7)

can be checked to leading weak coupling order with the two-loop results of [27] and [18].
By means of an analysis similar to the one in [19], we will now argue that (3.7) is valid to
all-loop order.
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We will consider a bosonic Wilson loop with internal cusp angle 6 which is of the form

1 i o 2mi s g Iy AT
We = NTr {Pelfcﬁ%(A“m” F M §C1C7 )dr : (3.8)
where C; and Cy are two radial lines in R3. There is no geometrical cusp between the lines

but the coupling with scalar fields changes from C; to Cs

(M) ifa(r) ec,
M. = { M(8) if a(7) € Ca, (3:9)

with
—cosf —sinf 0 O
—sinf cosf 0 O
M(9) = 1
0 0 01

We will parametrize the half-lines with the logarithm of the radial distance, which is related
to the global time when mapping R® to R x S2. For instance, for the half-line C we use
x# = (e7,0,0) for which ffooo dr ~ AT = log //\\éﬁ Expanding for small values of the
internal cusp angle 6 we obtain to leading order

A
<5WC> = (WC> - <W0>9:0 = _92Bf/6 log TIR
Uv
02 (2m)° I K 10,71 J L
= 9\ - dr . d7'2(mc)J(mc)L€ € <<(I)(7-1)I(I)(7—2)K>>straight’ (3.11)
2 2

where gzb(T)f = C’(m(T))IC_'(a:(T))J is an operator in the adjoint of U(N) and m. comes from
the first order expansion of the matrix M.,

0 -100
1000

= . 12

mn 0 000 (3.12)
0 000

The double brackets denote correlation functions along the Wilson loop (with no cusp). In
general we can define them for any Wilson loop as

27

(Tr [PO(Tl)O(TQ)ei fc(AMi“*T|i|M§CIC'J)dT:|>

(Tr [Pei $e (Aui”—%meclé")dT} )

(O(r)O(72)))c = (3.13)

The structure of the double brackets, as correlation functions of in a 1-dimensional
theory, are constrained by conformal symmetry. When writing (3.11) we have already used
that one-point double brackets are vanishing. In the present case, 2-point double brackets
are determined up to an overall constant v (see appendix D)

—11 ,—To §J SL
ye e 20507

cosh(ry — ) — 1)’

(D(11)]D(72) § Dstraight = 2 (I,J,K,L=1,2) . (3.14)
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Inserting (3.14) in (3.11) and eliminating one of the integrals as AT = log [Ql’] I, we obtain

27r2’y +oo dr 472y
1/6 k2 /Oo cosht —1 k2 (3.15)

where the integral was regularized and a UV divergence was discarded.

We have related directly the Bremsstrahlung function Bf /6 with the coefficient ~ in
the double bracket two-point correlator, defined with the straight 1/6 BPS Wilson loop.
Now, by a similar argument we relate the derivative of the latitude Wilson loop vev with
the coefficient v in the double bracket two-point correlator for the circular 1/6 BPS Wilson

loop.
We start by considering a latitude Wilson loop with a very small azimuth 6, and
compute
0028log<WB) |6p=0 ~ Wg) — (Wgs)lg,—o
960° Wa)lgy=o
0o (21 I K J L
~ 7 cdﬁ Cdem(Tl)Jm(T2)L {@(11)7 0(72) Kk Dcircle
(3.16)
where C is a unit circle and the matrix m(7) is given by
0e ™00
e” 0 00
= 3.17
0 0 00

Now the integration in the double bracket is over the circular contour C, for which (see
appendix D)

V95 0F
2(1 —cos(my — 72))

(@ ()7 (1) kW civele = (I,J,K,L=1,2). (3.18)
Note that since the straight and the circular Wilson loops are related by a conformal
transformation and (3.13) is conformal invariant, the coefficient v appearing in (3.18) is
the same as the one in (3.14). Inserting (3.18) into (3.16) we obtain

1 B 9 2m 2m _ 4
01log(Wg) |gy=0 _ < 7T> / dﬁ/ g 7'1 ) __8r ’Y7 (3.19)

8902 1 — cos Tl — TQ) k2

where again a UV was eliminated through regularization. If we now compare with (3.15)

we conclude that
0 1 0

By =5 272 9602 log{(W) 65=0 (3.20)

or in terms of the parameter v = cos 6
B! L 0 log(W 21
1/6 — 472 Ov og(Wg) |v=1 - (3.21)
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4 Conclusions

We have studied latitude Wilson loops in N/ = 6 super Chern-Simons-matter theory and
their relation to Bremsstrahlung functions. By latitude Wilson loops we mean certain class
of circular Wilson loops, whose coupling with the scalar and fermion fields changes along
an internal space circle as the position in the geometrical space-time circle changes. They
are generalizations of either the 1/2 BPS or the 1/6 BPS circular Wilson loops.

More specifically we have studied the description of such latitude Wilson loops in the
strong coupling limit, in terms of classical strings in the type IIA background AdSy x CP3.
We have found a family of 1/6 BPS classical string solutions that we have identified with
the 1/6 BPS latitude Wilson loops discussed in [18]. Our string solutions are the analogues
of the 1/4 BPS circular ones found in AdSs x S° [12]. As in the N' = 4 SYM case, the
strong coupling limit for the latitude Wilson loops vevs can be obtained from the circular
Wilson loop vev by the replacement A — A cos? fy. However, it is known that this relation
is not valid to all orders in A, in particular it is violated in the weak coupling limit [18].
This prevents from finding a simple relation between the Bremsstrahlung function and A-
derivatives of the circular Wilson loop, which vev can be computed from a matrix model [8].

Concerning the bosonic 1/12 BPS latitude Wilson loops given by (2.43)—(2.44), they
cannot be described in the strong coupling limit by a single string because its coupling
matrix M } cannot be represented in the form of (2.38). It would be then interesting to
further investigate if they can be described in terms of a geometrical smearing of 1/6 BPS
latitude strings. As we discussed in the text, smearing only in the internal space CP? does
not work, in contrast to the case of bosonic 1/6 BPS [4].

In [18] a relation between the Bremsstrahlung function associated with the cusp de-
formation of 1/2 a BPS Wilson line and derivatives of the latitude Wilson loop has been
proposed. We have verified such proposal, which had been verified in the weak coupling
limit in [18], in the strong coupling regime. This is compelling evidence that the rela-
tion (3.4) should be valid to all-loop order.

Moreover, we have derived the expression (3.7) for the Bremsstrahlung function asso-
ciated with an internal cusp deformation of the 1/6 BPS Wilson line in terms of derivatives
of the bosonic 1/12 BPS latitude Wilson loops (2.43)(2.44). In this case, the derivation
is similar to the one presented in [19] for the N'=4 SYM Bremsstrahlung function, which
relies on the conformal symmetry of the problem.

Another interesting problem to consider in the future is to analyze if a similar derivation
can be provided for the relation proposed in [18]. Also, in order to make this kind of
relations between the Bremsstrahlung functions and latitude Wilson loops more useful, it
would be important to investigate whether the latter can be computed exactly by some
supersymmetric localization argument.
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A AdS, x CP?® Killing spinors

Target space AdSyxCP? can be found from the (maximally supersymmetric) 11-dimensional
supergravity solution AdS; x S7 via a Kaluza-Klein reduction. Thus, AdS; x CP? Killing
spinors are a subset of those of AdS; x S”. Killing spinors in d = 11 are given by the

solutions to

1 vpoT VT\poT
VME + ﬁ(l—‘ﬂp — 86NFP )prg—r = 0, (A].)

where V, is the standard covariant derivative containing the spin connection and p runs
over all the 11 coordinates. We denote tangent space gamma matrices as y* = e, I'¥, with
the following elfbeine basis

eV = Lcosh pdt, el = Ldp, e? = Lsinh pdd,

e3 = Lsinh psind dip, e* = Lda, e’ = L cos % dbn,
eG:Lsin%dﬁg, 67:Lcos%sin01d901, eS:Lsin%sinegdgog,

11 L 9 @ @
e =-7 (d¢+ A) e’ = Lcos 5 sing (dx + cos 61 dp1 — cos by dgz)g), (A.2)

A was defined in (2.6).
The 4-form in the d = 11 solution is simply proportional to the AdS volume form,
Fuvpe = 6€u0p0, reducing (A.1) to the Killing spinor equation

1
V€= 5’3/FH6, (A.3)
here 4 = 4%y192~3. The solution to (A.4) can be written as [4]
e(x) = M(x) €, (A.4)
where
M(z) = e%(’y’mf’ywu)e%(’7’75*’77711)e%(’798+746)6*%’?’7116*%2757
. 6—%37496—%4’76865’7’71e%’?voeg%ze%Vw’ (A.5)
with
201+ x+E 201+ x+¢€ 209 —x+¢ 20y —x+¢§
b=——7—, H=——"7—"—, HG=—"7"""— &L=—.
4 4 4
(A.6)

In (A.4) the constant spinor €y has 32 real components and all v’s in (A.5) are flat. Since
all the matrices multiplying the phases & in (A.5): i9v11, 757, i749 and iygs are traceless,
square to the identity and commute among themselves, we choose ¢y to be an eigenvector
of the set

iYY11€0 = S1€0, UY57€0 = S2€0, 1V49€0 = S53€0, 1Y68€0 = S4€0 , (A7)

where all s; are +1. Note that these matrices are not all independent because in odd
dimensions the product of all gamma matrices gives the identity matrix

YV11Y57V49768 = V0123456789711 = 1. (A.8)
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Choosing our set of gamma matrices to satisfy 9123456789711 = +1, we see that there are
only three independent eigenvalues among (A.7): the eigenvalues must satisfy s1s9s354 = 1.
This leaves us with the following possibilities for the ¢y eigenvalues

(+7 +> +7 +)7 (+> +7 ) _)7 (+a Ty T +)? (+7 ) +7 _)a
(_7 +7 ) +)) (_7 +a +7 _)7 (_a ) +7 +)7 (_7 Ty T _)a

Each of these choices corresponds to four independent spinors which could be further
classified in terms of the eigenvalues of 791 and iv23. Generically we will write the spinor
€o as in (2.29).

The reduction to ten dimensions is accomplished along the £ direction. Therefore, to
find the ITA Killing spinors we demand invariance under £ — £ + §¢. This shift results in

e(z) = € (x) = M(z) e's Crmtiverivaotives) e, (A.9)

Thus, invariance under §¢ in (A.9) translates into
S1+82+s3+s4=0. (A.10)
This condition eliminates the (4, +,+,+) and (—, —, —, —) cases and implies that AdSy x

CP? preserves 3/4 of the original 32 supersymmetries, this means 24 supercharges.

B Supersymmetry correspondence

In our supersymmetry analysis we use the following representation for the v matrices

Y =103 RIRTRITRT, 1=01RIRNRXIRT,
Y2=03R02QIRIRI, V3=03R0 QIRIRT,
T=03R03R03R02RL, v =03003R0IR1I, (B.1)

V6 =03R03Q03R03R02, 7T=03R03R01QIRI,
V8=03R03R03R03R01, Y9=03R03R03X01 I,

for which ~p1, Y23, 57, 749 and gg are diagonal.

We want to identify the preserved supercharges of the latitude Wilson loops (2.42) with
the preserved supercharges of the string configuration (2.34). To begin with, we should
understand how the bulk space quantum numbers s; are related to antisymmetric pairs of
SU(4) indices I, J.

Recall that the su(4) Lie algebra generators Rg, in the fundamental representation,
act as follows

1
Ry|2") =07 |2) = ;07 12%). (B.2)

5This same analysis shows that the AdSy x S” /Zy, solution preserves also 24 supersymmetries except for
the k = 1,2 cases.
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The operators R}, R% and Rj commute among themselves and can be identified with the
3-dimensional Cartan subalgebra of su(4).” The R} operators have a diagonal form

1 _1
4 4 4 1
., R2= 4 , Ri= 1, . (B.3)

IS
N

_1 _1 _1
4 4 4

By inspecting the action of the generators Ri, R2, R% and R} on the projective space coor-
dinates zj, one realizes that they induce shifts in the phases &1, &2, &3 and &4 respectively,
which motivates the following identification

{R{, R3, R}, R} «— {iA11, 57, 1749, iv68 } - (B.4)

Therefore every ¢!/ can be identified with a specific ¢(51:52:58:54)  For instance (12 <
¢Chtmm) (18 oy ¢(h =) ete. Essentially, s; and s, are taken positive, while the other
two are taken negative.

The bulk quantum numbers (sg, s5) can also be identified 3-dimensional spinorial in-
dices. For the conventions used in [18] these identifications are as follows.

¢ e egfﬂ“, ¢ 0,
3 — —9E:f)+_), % e 05,
+——+) +——+)
C-l‘r%l A 9271) +)7 C£41 — HE(FJ:L) +)a
24 —+- 24 —+-
(55— 79( 50 (25— 0(+_) .

C Supersymmetry of the rotated solutions

We would like to analyze the condition (2.31) again, this time for the solution with the
extra two parameters (o, o) given in (2.46). We need to write I' and the matrix M
defining the Killing spinors. Inserting the solution (2.46) into (2.25) we obtain

;. 1
sinh? p + sin? 6

{p' sinh p~y31 + @' sinh p3 <cos %75 + sin %76) + p/sinf (cos %77 + sin %78> o4t

+0'sin (cos %77 + sin %750 <cos %75 + sin %76)} Y11 - (C.1)
In comparison with the I' given in (2.27), there is an extra ag dependence. The ag de-
pendence can be factorized in terms of a rotation in the planes 56 and 78 of the tangent
space.

P, — e_a/2 F ea/2 , a = % (’Y56 + 778) . (Cz)

"Note that the R} operator is not independent since RY + R% + R + R; = 0.
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The matrix M’ after the rotation takes the form

o 2 (ra=79m11) o § (375 =17 711708 +746) o — 20 (47114757 —Y49—68)

M/

. e—%(’7711—’7574—’749—768)6%’?71 e1V125723

— P (Bm—0m1) A g R (1757119 —768) , (C.3)

where M is the one defined in (2.35).
In order to consider M’ IV M’, it is convenient to collect the two exponentials de-
pending on «y in a single rotation R,

R = ¢ 2 (ra—r9mi+ys6+778) , (C.4)
and define the rotated matrices as
A=RAR™. (C.5)

For example, for the rotated gamma matrices we obtain,

o « ~ ., «

4 = cOS 574 + sin 57, 4 = cos 57 — sin 574 ,

Yo = (:os'g —l—sing Y11 = COS g’y — sin g’y

Y9 279 2’Y11 » V1L 5 11 5795

v :(zosg —s'ng 0| :cosg +sing

V5 2 V5 1 9 Y6 Y6 5 2 Y6 2 V5,

~ (64 .« - o e’
Yr=cosgyr—singys, s = cos 58 +sin g, (C.6)

In what follows, it will be important that the following combinations of gamma matrices
remain invariant under the rotation

A1+ Vi = 4711 + a0
Y57 + Y68 = V57 + Y68 5
Y5 + Y46 = Y5 + V46 »

—Y7911 + Yos = —y7711 + Y98 5 (C.7)
which imply that
M=RMR' =M. (C.8)
We can then conclude that
M’I_Dlr’M’P - ed);?o(’Y’Yll+757*749*’768)RflMl—:.lI‘MPRe*%O("A/’Yn+757*’749*768) ) (C.9)

Therefore, the SUSY equation in the rotated base is the same as in the previous case
(aw = 0) and we can conclude that this configuration is 1/6 BPS too.

Note that the corresponding base of killing eigenvectors are parametrized by the «q
value that defines the rotation (C.4) in the spinor space. So, even though the amount of
preserved supersymmetries is always the same, each configuration with different g values
preserves a different set of them. We can search for the common set of eigenvectors between
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all of these different bases. This common set is the subspace that remains invariant under
the action of (C.4). In other words, we are searching for the solutions of

(Y74 — Y9711 + V56 +778) €0 = 0. (C.10)

Making use of these conditions we rewrite (C.10) to the form

(1 — s284)(—y9711 + v78)€0 = 0. (C.11)

The last equation is satisfied only by spinors that satisfy (145776s)€0 = 0. This projection
does not commute with conditions (2.30), and from (2.33) it is straight forward seeing that
both projections do not have a common space of solutions.

D CFT correlators in projective space coordinates

In this section we review how CF'T correlation functions can be written in terms of coordi-
nates of a higher dimensional projective space [28]. The group of conformal transformations
in a d-dimensional space-time can be realized in terms of rotations in a d + 2-dimensional
projective space. For a d = 3 Euclidean space the conformal group is SO(1,4), so we will
work with the cone defined by

X X =mpX?XB =0, (D.1)

where A,B = 1,2,...5 and nap = diag(1,1,1,1,—1). Since X4 are coordinates of a
projective space ¢cX4 and X should be identified for any non-vanishing ¢. We can relate
space-time coordinates z* (u = 1,2, 3) with the projective space ones according to
XH
"= XX (D-2)
so that conformal transformations acting on the z# are simply SO(1,4) rotations acting on
XA, With these definitions is not difficult to see that,

X X' = S(X*+ X)X + XY@ —2)?. (D.3)

1
2
Tensor fields in the projective space are then related to tensor fields in the 3-dimensional

space. In particular, a space-time scalar field ¢ of conformal dimension A relates to a
SO(1,4) scalar field ® according to

o(x) = (X* + X5)2d(X) . (D.4)

Therefore, for a pair of scalar fields of equal conformal dimension we have that

A yrd 15\ A
(Gn@)onla)) = (X1 + XOME 1 X701 (X)Ba(x)) = EF fﬁx(ﬁ«; =
- o _%m . (D.5)

~19 —



In the last equation we have been referring to ordinary vacuum expectation values. How-
ever, conformal symmetry of the problem also constrain the two-point double bracket
correlator defined in (3.13). Either for the straight or the circular Wilson loop we have

(XU7) + X () (X () + X°(7)

—2X(1)- X (1) 9197 - (D-6)

(o5 (x()or (2(r))) =v(N)
where ¢} (z) = Cy(z)C!(z) and I, J, K, L is understood as taking the values 1,2 hereafter.
Note that in (D.6) the only A-dependent comes through 7, i.e. no anomalous dimension
develops. A key point for this asseveration is that the insertion should preserve some of the
Wilson loop supersymmetries. This is precisely the case for the insertions Cy (z)C?(z) and
Cy(x)C(z) considered in (3.11), (3.16) when the Wilson loop has M1 = diag(—1,1,-1,1).%

Let us now evaluate (D.6) for a half-line and a circle. We parametrize a half-line in
R? as
(2!, 2% 2%) = (€7,0,0), T € (—00,00), (D.7)

where 7 is in correspondence with Euclidean time in R x S2. In terms of projective coor-
dinates (D.2) the curve reads

(X1, X2 X3 X% X®°) = (1,0,0, —sinh 7, cosh 1) , (D.8)
and then from (D.6) one gets

-7 ,—7' 51 sSK
ye Te T 6107

I K ! . _
(@7 (x(7))or (2(7))) straight 2cosh(r — /) — 2 (D.9)
For the circular loop in R?
(z', 2%, 2%) = (0,cos 7,sin 1), (D.10)
we can use
(X' X2 X3, X4 X%) = (0,cos 7,sin7,0,1), (D.11)
and then
I K /1 v61 8%
(@7 (@(7)oL (2(7)))circle = (D.12)

2 —2cos(t—1)°
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