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Abstract: Massless conformal scalar field in d = 4 corresponds to the minimal unitary

representation (minrep) of the conformal group SU(2, 2) which admits a one-parameter

family of deformations that describe massless fields of arbitrary helicity. The minrep and

its deformations were obtained by quantization of the nonlinear realization of SU(2, 2) as

a quasiconformal group in arXiv:0908.3624. We show that the generators of SU(2, 2) for

these unitary irreducible representations can be written as bilinears of deformed twistorial

oscillators which transform nonlinearly under the Lorentz group and apply them to define

and study higher spin algebras and superalgebras in AdS5. The higher spin (HS) algebra

of Fradkin-Vasiliev type in AdS5 is simply the enveloping algebra of SU(2, 2) quotiented by

a two-sided ideal (Joseph ideal) which annihilates the minrep. We show that the Joseph

ideal vanishes identically for the quasiconformal realization of the minrep and its enveloping

algebra leads directly to the HS algebra in AdS5. Furthermore, the enveloping algebras

of the deformations of the minrep define a one parameter family of HS algebras in AdS5

for which certain 4d covariant deformations of the Joseph ideal vanish identically. These

results extend to superconformal algebras SU(2, 2|N) and we find a one parameter family

of HS superalgebras as enveloping algebras of the minimal unitary supermultiplet and its

deformations. Our results suggest the existence of a family of (supersymmetric) HS theories

in AdS5 which are dual to free (super)conformal field theories (CFTs) or to interacting but

integrable (supersymmetric) CFTs in 4d. We also discuss the corresponding picture in HS

algebras in AdS4 where the corresponding 3d conformal group Sp(4,R) admits only two

massless representations (minreps), namely the scalar and spinor singletons.
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1 Introduction

Motivated by the work of physicists on spectrum generating symmetry groups in the 1960s

the concept of minimal unitary representations of noncompact Lie groups was introduced

by Joseph in [1]. Minimal unitary representation of a noncompact Lie group is defined over

an Hilbert space of functions depending on the minimal number of variables possible. They

have been studied extensively in the mathematics literature [2–14]. A unified approach to

the construction and study of minimal unitary representations of noncompact groups was

developed after the discovery of novel geometric quasiconformal realizations of noncompact

groups in [15]. Quasiconformal realizations exist for different real forms of all noncompact

groups as well as for their complex forms [15, 16].1

The quantization of geometric quasiconformal action of a noncompact group leads di-

rectly to its minimal unitary representation as was first shown explicitly for the split excep-

tional group E8(8) with the maximal compact subgroup SO(16) [17]. The minimal unitary

representation of three dimensional U-duality group E8(−24) of the exceptional supergrav-

ity [18] was similarly obtained in [19]. In [20] a unified formulation of the minimal unitary

representations of noncompact groups based on the quasiconformal method was given and

it was extended to the minimal representations of noncompact supergroups G whose even

subgroups are of the form H×SL(2,R) with H compact.2 These supergroups include G(3)

with even subgroup G2×SL(2,R), F (4) with even subgroup Spin(7)×SL(2,R), D (2, 1;σ)

with even subgroup SU(2)×SU(2)×SU(1, 1) and OSp (N |2,R). These results were further
generalized to supergroups of the form SU(n,m|p + q) and OSp(2N∗|2M) in [21–23] and

applied to conformal superalgebras in 4 and 6 dimensions. In particular, the construc-

tion of the minreps of 5d anti-de Sitter or 4d conformal group SU(2, 2) and corresponding

supergroups SU(2, 2|N) was given in [21]. One finds that the minimal unitary represen-

tation of the group SU(2, 2) obtained by quantization of its quasiconformal realization is

isomorphic to the scalar doubleton representation that describes a massless scalar field in

four dimensions. Furthermore the minrep of SU(2, 2) admits a one parameter family (ζ) of

deformations that can be identified with helicity, which can be continuous. For a positive

(negative) integer value of the deformation parameter ζ, the resulting unitary irreducible

representation of SU(2, 2) corresponds to a 4d massless conformal field transforming in(
0 , ζ

2

) ((
− ζ

2 , 0
))

representation of the Lorentz subgroup, SL(2,C). These deformed min-

imal representations for integer values of ζ turn out to be isomorphic to the doubletons of

SU(2, 2) [24–26].

The minimal unitary supermultiplet of SU(2, 2|N) is the CPT self-conjugate (scalar)

doubleton supermultiplet, and for PSU(2, 2|4) it is simply the four dimensional N = 4

Yang-Mills supermultiplet. One finds that there exists a one-parameter family of defor-

mations of the minimal unitary supermultiplet of SU(2, 2|N). The minimal unitary super-

1For the largest exceptional group E8(8) the quasiconformal action is the first and only known geometric

realization of E8(8) and leaves invariant a generalized light-cone with respect to a quartic distance function

in 57 dimensions [15].
2We shall be mainly working at the level of Lie algebras and Lie superalgebras and be cavalier about

using the same symbol to denote a (super)group and its Lie (super)algebra.
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multiplet of SU(2, 2 |N) and its deformations with integer ζ are isomorphic to the unitary

doubleton supermultiplets studied in [24–26].

The minrep of 7d AdS or 6d conformal group SO(6, 2) = SO∗(8) and its deformations

were studied in [22]. One finds that the minrep admits deformations labelled by the eigen-

values of the Casimir of an SU(2)T subgroup of the little group, SO(4), of massless particles

in six dimensions. These deformed minreps labeled by spin t of SU(2)T are positive en-

ergy unitary irreducible representations of SO∗(8) that describe massless conformal fields

in six dimensions. Quasiconformal construction of the minimal unitary supermultiplet of

OSp(8∗|2N) and its deformations were given in [22, 23]. The minimal unitary supermulti-

plet of OSp(8∗|4) is the massless conformal (2, 0) supermultiplet whose interacting theory

is believed to be dual to M-theory on AdS7 × S4 . It is isomorphic to the scalar doubleton

supermultiplet of OSp(8∗|4) first constructed in [27].

For symplectic groups Sp(2N,R) the construction of the minimal unitary represen-

tation using the quasiconformal approach and the covariant twistorial oscillator method

coincide [20]. This is due to the fact that the quartic invariant operator that enters the

quasiconformal construction vanishes for symplectic groups and hence the resulting gen-

erators involve only bilinears of oscillators. Therefore the minreps of Sp(4,R) are simply

the scalar and spinor singletons that were called the remarkable representations of anti-de

Sitter group by Dirac [28]. Unitary supermultiplets of general spacetime superalgebras

were first constructed using the oscillator method developed in [29, 30]. The singleton su-

permultiplets of AdS4 superalgebras , in particular those of N = 8 superalgebra OSp(8|4)
were first constructed, using the oscillator method, in [31, 32]. Scalar and spinor singletons

as representation of the N = 1 , AdS4 super algebra OSp(1/4,R) were studied by Frons-

dal [33] who called it a Dirac supermultiplet. The oscillator construction of the general

unitary representations of OSp(N |4,R) was further developed in [27, 34]. The singleton

supermultiplets of OSp(N/4,R) were also studied in [35].

The Kaluza-Klein spectrum of IIB supergravity over the AdS5×S5 space was first ob-

tained via the twistorial oscillator method by tensoring of the CPT self-conjugate doubleton

supermultiplet of SU(2, 2 | 4) with itself repeatedly and restricting to the CPT self-conjugate

short supermultiplets [24]. Authors of [24] also pointed out that the CPT self-conjugate

doubleton supermultiplet SU(2, 2 | 4) does not have a Poincaré limit in five dimensions

and its field theory lives on the boundary of AdS5 on which SU(2, 2) acts as a conformal

group and that the unique candidate for this theory is the four dimensional N = 4 super

Yang-Mills theory that is conformally invariant. Similarly the Kaluza-Klein spectra of the

compactifications of 11 dimensional supergravity over AdS4 × S7 and AdS7 × S4 were ob-

tained by tensoring of singleton supermultiplet of OSp(8 | 4,R) [36] and of scalar doubleton

supermultiplet of OSp(8∗ | 4) [27], respectively. The authors of [36] and [27] also pointed

out that the field theories of the singleton and scalar doubleton supermultiplets live on

the boundaries of AdS4 and AdS7 as conformally invariant field theories, respectively.3 As

such these works represent some of the earliest work on AdS/CFT dualities within the

3That the Poincare limit of singletons of Sp(4,R) is singular and their local field theories must be

formulated on the boundary of AdS4 as conformally invariant field theirs was first pointed out by Fronsdal

and collaborators. See [33] and the references therein.

– 3 –



J
H
E
P
0
3
(
2
0
1
5
)
0
2
6

framework of Kaluza-Klein supergravity theories. Their extension to the superstring and

M-theory arena [37–39] started the modern era of AdS/CFT research. The fact that the

scalar doubleton supermultiplets of SU(2, 2|4) and OSp(8∗ | 4) and the singleton supermul-

tiplet of OSp(8 | 4,R) turn out to be the minimal unitary supermultiplets show that they

are very special from a mathematical point of view as well.

Tensor product of the two singleton representations of the AdS4 group Sp(4,R) de-

composes into infinitely many massless spin representations in AdS4 as was shown in [40].

These higher spin theories were studied by Fronsdal and collaborators [33, 41–43]. In the

eighties Fradkin and Vasiliev initiated the study of higher spin theories involving fields of

all spins 0 ≤ s < ∞ [44, 45]. A great deal of work was done on higher spin theories since

then and for comprehensive reviews on higher spin theories we refer to [46–50] and refer-

ences therein. The work on higher spin theories has intensified in the last decade since the

conjectured duality between Vasiliev’s higher spin gauge theory in AdS4 and O(N) vector

models in [51, 52]. The three point functions of higher spin currents were computed directly

and matched with those of free and critical O(N) vector models in [53, 54]. Substantial

work has also been done in higher spin holography in the last few years and for references

we refer to the review [55].

In the early days of higher spin theories it was pointed out in [56] that the Fradkin-

Vasiliev higher spin algebra in AdS4 [44] corresponds simply to the infinite dimensional Lie

algebra defined by the enveloping algebra of the singletonic realization of Sp(4,R) and that

this can be extended to construction of HS algebras in higher dimensions. The oscillator

construction of the singleton representations [31, 32] of AdS4 superalgebras were used in

the study of higher spin (super)algebras in [45], where the admissibility condition was

formulated. Conformal higher spin superalgebras were studied shortly thereafter in [57].

Again in [56] it was pointed out that the supersymmetric extensions of the higher spin

algebras in AdS4, AdS5 and AdS7 could be similarly constructed as enveloping algebras of

the singletonic or doubletonic realizations of the super algebras OSp(N/4,R), SU(2, 2|N)

and OSp(8∗|2N). Higher spin algebras and superalgebras in AdS5 and AdS7 were studied

along these lines in [58–61] using the doubletonic realizations of underlying algebras and

superalgebras given in [25–27, 62]. Higher spin superalgebras in dimensions d > 3 were

also studied by Vasiliev in [63]. However, they do not have the standard finite dimensional

AdS superalgebras as subalgebras except for the case of AdS4. The relation between higher

spin algebras and cubic interactions for simple mixed-symmetry fields in AdS space times

using Vasiliev’s approach was studied in [64].

Mikhailov showed the connection between AdS5/Conf4 higher spin algebra and the

algebra of conformal Killing vectors and Killing tensors in d = 4 and their relation to

to higher symmetries of the Laplacian [65] . The connection between conformal Killing

vectors and tensors and higher symmetries of the Laplacian was put on a firm mathematical

foundation by Eastwood [66] who gave a realization of the AdS(d+1)/CFTd higher spin

algebra as an explicit quotient of the universal enveloping algebra U (g), (g = so(d, 2)), by

a two-sided ideal J (g). This ideal J (g) was identified as the annihilator of the scalar

singleton module or the minimal representation and is known as the Joseph ideal in the

mathematics literature [67]
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This result agrees with the proposal of [56] for AdS4/CFT3 higher spin algebras since

singletons are simply the minreps of SO(3, 2) and in its singletonic twistorial oscillator

realization the Joseph ideal vanishes identically as discussed in section 4.1. The covariant

twistorial oscillators have been used extensively in the formulation and study of higher spin

AdS4 algebras since the early work of Fradkin and Vasiliev. For the doubletonic realization

of SO(4, 2) and SO(6, 2) in terms of covariant twistorial oscillators the two sided Joseph

ideal does not vanish identically as operators and must be quotiented out. However, as

will be shown explicitly in section 4.2.2, the Joseph ideal vanishes identically as operators

for the minimal unitary realization of SU(2, 2) obtained via quasiconformal approach. The

same result holds true for the AdS7/Conf6 algebras [68].

One of the key results of this paper is to show that the basic objects for the con-

struction of irreducible higher spin AdS5/Conf4 algebras are not the covariant twistorial

oscillators but rather the deformed twistorial oscillators that transform nonlinearly under

the Lorentz group SL(2,C). The minimal unitary representation of SO(4, 2) and its de-

formations obtained by quasiconformal methods [21] can be written as bilinears of these

deformed twistors. One parameter family of higher spin AdS5/Conf4 algebras and super-

algebras can thus be realized as enveloping algebras involving products of bilinears of these

deformed twistors.4 We shall also review the AdS4/CFT3 algebras and their supersymmet-

ric extensions so as to highlight the differences with the higher dimensional algebras. AdS4

group SO(3, 2) is isomorphic to the symplectic group Sp(4,R) and as was shown in [20] the

quasiconformal realization of symplectic groups reduce to realization in terms of bilinears

of covariant oscillators.

The plan of the paper is as follows: In section 2 we review the covariant twistorial

oscillator (singleton) construction of the conformal group in three dimensions SO(3, 2) ∼
Sp(4,R) and its superextension OSp(N |4,R). Then we review the covariant twistorial

oscillator (doubleton) construction for the four dimensional conformal group SO(4, 2) ∼
SU(2, 2) in section 3.1. In section 3.2, we present the minimal unitary representation

of SU(2, 2) obtained by the quasiconformal approach [21] in terms of certain deformed

twistorial oscillators that transform nonlinearly under the Lorentz group. We then define a

one-parameter family of these deformed twistors, which we call helicity deformed twistorial

oscillators and express the generators of a one parameter family of deformations of the

minrep given in [21] as bilinears of the helicity deformed twistors. They describe massless

conformal fields of arbitrary helicity which can be continuous. In section 3.4, we use the

deformed twistors to realize the superconformal algebra PSU(2, 2|4) and its deformations

in the quasiconformal framework. In section 4, we review the Eastwood’s formula for

the generator J of the annihilator of the minrep (Joseph ideal) and show by explicit

calculations that it vanishes identically for the singletons of SO(3, 2) and the minrep of

SU(2, 2) obtained by quasiconformal methods. We then present the generator J of the

Joseph ideal in 4d covariant indices and use them to define the deformations Jζ that

are the annihilators of the deformations of the minrep. In section 4.4, we use the fact

4 Our results for deformed twistorial oscillators extend to higher spin superalgebras in d = 6 and their

deformations [68].
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that annihilators vanish identically to identify the AdS5/Conf4 higher spin algebra (as

defined by Eastwood [66]) and define its deformations as the enveloping algebras of the

deformations of the minrep within the quasiconformal framework. In section 4.4 we discuss

the extension of these results to higher spin superalgebras. Finally in section 5 we discuss

the implications of our results for higher spin theories of massless fields in AdS5 and their

conformal duals in 4d.

2 3d conformal algebra SO(3, 2) ∼ Sp(4,R) and its minimal unitary

realization

In this section we shall review the twistorial oscillator construction of the unitary rep-

resentations of the conformal groups SO(3, 2) in d = 3 dimensions that correspond to

conformally massless fields in d = 3 following [36, 69]. These representations turn out to

be the minimal unitary representations and are also called the singleton (scalar and spinor

singleton) representations of Dirac [28]. The quasiconformal and covariant oscillator rcon-

structions of symplectic groups Sp(2N,R) coincide [20] and thus we will only review the

oscillator construction of Sp(4,R) following [36, 69].

2.1 Twistorial oscillator construction of SO(3, 2)

The covering group of the three (four) dimensional conformal (anti-de Sitter) group SO(3, 2)

is isomorphic to the noncompact symplectic group Sp(4,R) with the maximal compact

subgroup U(2). Commutation relations of its generators can be written as

[MAB , MCD] = i(ηBCMAD − ηACMBD − ηBDMAC + ηADMBC) (2.1)

where ηAB = diag(−,+,+,+,−) and A,B = 0, 1, . . . , 4. Spinor representation of SO(3, 2)

can be realized in terms of four-dimensional gamma matrices γµ that satisfy

{γµ , γν} = −2ηµν

where ηµν = diag(−,+,+) and µ, ν = 0, 1, . . . , 3 and γ5 = γ0γ1γ2γ3 as follows:

Σµν := − i

4
[γµ , γν ] , Σµ4 := −1

2
γµ (2.2)

We adopt the following conventions for gamma matrices in four dimensions:

γ0 =

(
12 0

0 −12

)
, γm =

(
0 −σm
σm 0

)
, γ5 = i

(
12 0

0 12

)
(2.3)

where σm (m = 1, 2, 3 are Pauli matrices. Consider now a pair of bosonic oscillators ai, a
†
i

( i = 1, 2) that satisfy [
ai , a

†
j

]
= δij . (2.4)

– 6 –



J
H
E
P
0
3
(
2
0
1
5
)
0
2
6

and define a twistorial (Majorana) spinor Ψ and its Dirac conjugate in terms of these

oscillators Ψ = Ψ†γ0

Ψ =




a1
−ia2

ia†2
−a†1


 , Ψ =

(
a†1 ia†2 ia2 a1

)
(2.5)

Then the bilinears MAB = 2ΨΣABΨ satisfy the commutation relations (2.1) of SO(3, 2)

Lie algebra.

The Fock space of these oscillators decompose into two ireducible unitary representa-

tions of Sp(4,R) that are simply the two remarkable representations of Dirac [28] which

were called Di and Rac in [41]. These representations do not have a Poincaré limit in

4d and their field theories live on the boundary of AdS4 which can be identified with the

conformal compactification of three dimensional Minkowski space [43].

2.2 SO(3, 2) algebra in conformal three-grading and 3d covariant twistors

The conformal algebra in d dimensions can be given a three graded decomposition with

respect to the noncompact dilatation generator ∆ as follows:

so(d, 2) = Kµ ⊕ (Mµν ⊕∆)⊕ Pµ (2.6)

We shall call this conformal 3-grading. The commutation relations of the algebra in this

basis are given as follows:

[Mµν , Mρτ ] = i (ηνρMµτ − ηµρMντ − ηντMµρ + ηµτMνρ)

[Pµ , Mνρ] = i (ηµν Pρ − ηµρ Pν)

[Kµ , Mνρ] = i (ηµν Kρ − ηµρKν)

[∆ , Mµν ] = [Pµ , Pν ] = [Kµ , Kν ] = 0

[∆ , Pµ] = +i Pµ [∆ , Kµ] = −iKµ

[Pµ , Kν ] = 2i (ηµν ∆+Mµν)

(2.7)

where Mµν (µ, ν = 0, 1, . . . , (d− 1)) are the Lorentz groups generators. Pµ and Kµ are the

generators of translations and special conformal transformations.

In d = 3 dimensions the Greek indices µ, ν, . . . run over 0, 1, 2 and dilatation generator

is simply

D = −M34 (2.8)

and translations Pµ and special conformal transformations Kµ are given by:

Pµ = Mµ4 +Mµ3 (2.9)

Kµ = Mµ4 −Mµ3 (2.10)

In order to make connection with higher spin (super-)algebras it is best to write the

algebra in SO(2, 1) covariant spinorial oscillators. Let us now introduce linear combinations

– 7 –
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of ai, a
†
i which we shall call 3d twistors:5

κ1 =
i

2

(
a1 + a†2 + a†1 + a2

)
, µ1 =

i

2

(
a1 − a†2 − a†1 + a2

)
(2.11)

κ2 =
1

2

(
a1 + a†2 − a†1 − a2

)
, µ2 =

1

2

(
a1 − a†2 + a†1 − a2

)
(2.12)

They satisfy the following commutation relations:
[
κα , µ

β
]
= δβα (2.13)

Using these we can write (spinor conventions for SO(2, 1) are given in appendix A):

Pαβ = (σµPµ)αβ = −κακβ (2.14)

Kαβ = (σ̄µKµ)
αβ = −µαµβ (2.15)

Similarly we can define the Lorentz generators

M β
α = i (σµ σ̄ν) β

α Mµν (2.16)

= καµ
β − 1

2
δβακγµ

γ (2.17)

and the dilatation generator

∆ = − i

4
(καµ

α + µακα) (2.18)

In this basis the conformal algebra becomes:
[
M β

α , M δ
γ

]
= δδαM

β
γ − δβγM

δ
α (2.19)

[
Pαβ , M

δ
γ

]
= 2δδ(αPβ)γ − δδγPαβ (2.20)

[
Kαβ , M δ

γ

]
= −2δ(αγ Kβ)δ + δδγK

αβ (2.21)
[
Pαβ , K

γδ
]
= 4δ

(γ
(αM

δ)
β) + 4iδ

(γ
(αδ

δ)
β)∆ (2.22)

[
∆ , Kαβ

]
= −iKαβ,

[
∆ , M β

α

]
= 0, [∆ , Pαβ ] = iPαβ (2.23)

The conformal group Sp(4,R) in three dimensions admits extensions to supergroups

OSp(N |4,R) with even subgroups Sp(4,R)×O(N). We review the minimal unitary real-

ization of OSp(N |4,R) in appendix B.

3 Conformal and superconformal algebras in four dimensions

In this section, we present two different realizations of the conformal algebra and its su-

persymmetric extensions in d = 4. We start by reviewing the doubleton oscillator realiza-

tion [24–26] and its reformulation in terms of Lorentz covariant twistorial oscillators [25, 69].

We then present a novel formulation of the quasiconformal realization of the minimal uni-

tary representation and its deformations first studied in [21] in terms of deformed twistorial

oscillators.
5Note that the 3d twistor variables defined in [69] look slightly different from the ones defined here

because the oscillators ai, a
i are linear combinations of the ones used in [69].

– 8 –
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3.1 Covariant twistorial oscillator construction of the doubletons of SO(4, 2)

The covering group of the conformal group SO(4, 2) in four dimensions is SU(2, 2). Denoting

its generators as MAB the commutation relations in the canonical basis are

[MAB , MCD] = i(ηBCMAD − ηACMBD − ηBDMAC + ηADMBC)

where ηAB = diag(−,+,+,+,+,−) and A,B = 0, . . . , 5. The spinor representation of

SO(4, 2) can be realized in terms in four-dimensional gamma matrices γµ that satisfy

{γµ , γν} = −2ηµν (3.1)

where ηµν = diag(−,+,+,+) ( µ, ν = 0, . . . , 3) as follows:

Σµν := − i

4
[γµ , γν ] , Σµ4 := − i

2
γµγ5, Σµ5 := −1

2
γµ, Σ45 := −1

2
γ5 (3.2)

Consider now two pairs of bosonic oscillators ai, a
†
j (i, j = 1, 2) and br, b

†
s (r, s = 1, 2)

that satisfy [
ai , a

†
j

]
= δij ,

[
br , b

†
s

]
= δrs (3.3)

We form a twistorial Dirac spinor Ψ and its conjugate Ψ = Ψ†γ0 in terms of these oscillators:

Ψ =




a1
a2

−b†1
−b†2


 , Ψ =

(
a†1 a†2 b1 b2

)
(3.4)

Then the bilinears MAB = ΨΣABΨ (A,B = 0, . . . , 5) generate the Lie algebra of SO(4, 2):

[
ΨΣABΨ , ΨΣCDΨ

]
= Ψ [ΣAB , ΣCD] Ψ (3.5)

which was called the doubleton realization [24–26].6

The Lie algebra of SU(2, 2) can be given a three-grading with respect to the algebra

of its maximal compact subgroup SU(2)L × SU(2)R ×U(1)

su(2, 2) = Lir ⊕ (Li
j +Ri

j + E)⊕ Lir (3.6)

which is referred to as the compact three-grading. For the doubleton realizations one has

Li
j = aiaj −

1

2
δij(a

kak), Rr
s = brbs −

1

2
δrs(b

tbt) (3.7)

Lir = aibr, E =
1

2
(aiai + brb

r), Lir = aibr (3.8)

6The term doubleton refers to the fact that we are using oscillators that decompose into two irreps under

the action of the maximal compact subgroup. For SU(2, 2) that is the minimal set required. For symplectic

groups the minimal set consists of oscillators that form a single irrep of their maximal compact subgroups.
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where the creation operators are denoted with upper indices, i.e a†i = ai. Under the

SU(2)L × SU(2)R subgroup of SU(2, 2) generated by the bilinears Li
j and Rr

s oscillators

ai(a
†
i ) and br(b

†
r) transform in the (1/2, 0) and (0, 1/2) representation. In contrast to

the situation in three dimensions, the Fock space of these bosonic oscillators decomposes

into an infinite set of positive energy unitary irreducible representations (UIRs), called

doubletons of SU(2, 2). These UIRs are uniquely determined by a subset of states with

the lowest eigenvalue (energy) of the U(1) generator and transforming irreducibly under

the SU(2)L × SU(2)R subgroup. The possible lowest energy irreps of SU(2)L × SU(2)R for

positive energy UIRs of SU(2, 2) are of the form

a†i1a
†
i2
· · · a†in |0〉 ⇔ (jL, jR) =

(n
2
, 0
)

E = 1 + n/2 (3.9)

b†r1b
†
r2 · · · b†rm |0〉 ⇔ (jL, jR) =

(
0,

m

2

)
E = 1 +m/2 (3.10)

It is worth mentioning that the doubleton representations are massless in four dimensions

and their tensor products decompose into an infinite set of massless spin representations in

AdS5 [24–26]. The tensoring procedure is straightforward in oscillator construction and it

just corresponds to taking two copies ( colors) of oscillators ai(ξ), a
i(ξ), bi(η), b

i(η) where

ξ, η = 1, 2. The resulting representations are multiplicity free.7 Tensoring more that two

copies of doubleton irreps decomposes into an infinite set of massive representations in

AdS5 which are also multiplicity free [24–26].

To relate the oscillators transforming covariantly under the maximal compact sub-

group SO(4) × U(1) to twistorial oscillators transforming covariantly with respect to the

Lorentz group SL(2,C) with a definite scale dimension one acts with the intertwining

operator [26, 69]

T = e
π
4
M05 . (3.11)

which intertwines between the compact and the noncompact pictures

MaT = TLa

NaT = TRa

DT = TE (3.12)

where La and Ra denote the generators of SU(2)L and SU(2)R, respectively. Ma and Na

are the generators of SU(2)M and SU(2)N given by the following linear combinations of

the Lorentz group generators Mµν

Ma = −1

2

(
1

2
ǫabcMbc + iM0a

)
, Na = −1

2

(
1

2
ǫabcMbc − iM0a

)
(3.13)

They satisfy

[Ma , Mb] = iǫabcMc, [Na , Nb] = iǫabcNc, [Ma , Nb] = 0 (3.14)

7The explicit formulas for the tensor product decompositions of two irreducible doubleton representations

were given in [70].
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where a, b, . . . = 1, 2, 3.

The oscillators that transform covariantly under the compact subgroup SU(2)L ×
SU(2)R get intertwined into the oscillators that transform covariantly under the Lorentz

group SL(2,C). More specifically the oscillators ai(a
i) and bi(b

i) that transform in the

(1/2, 0) and (0, 1/2) representation of SU(2)L × SU(2)R go over to covariant oscillators

transforming as Weyl spinors (1/2, 0) and (0, 1/2) of the Lorentz group SL(2,C). Denot-

ing the components of the Weyl spinors with undotted (α, β, . . . = 1, 2) and dotted Greek

indices (α̇, β̇, . . . = 1, 2) one finds:

ηα = TaiT
−1 =

1√
2
(bi − ai)

λα = TaiT−1 =
1√
2
(bi + ai)

η̃α̇ = TbiT
−1 =

1√
2
(ai − bi)

λ̃α̇ = TbiT−1 =
1√
2
(ai + bi) (3.15)

where α, β, α̇, β̇, . . . = 1, 2 and the covariant indices on the left hand side match the indices

i, j . . . on the right hand side of the equations above. They satisfy

[ηα, λβ ] = δαβ

[η̃α̇, λ̃β̇ ] = δα̇
β̇

(3.16)

They lead to the standard twistor relations.8

Pαβ̇ = −(σµPµ)αβ̇ = 2λαλ̃β̇ = TaibrT−1 (3.17)

Kα̇β = −(σ̄µKµ)
α̇β = 2η̃α̇ηβ = TaibrT

−1 (3.18)

The dilatation generator in terms of covariant twistorial oscillators takes the form:

∆ =
i

2

(
λαη

α + η̃α̇λ̃α̇

)
(3.19)

The Lorentz generators Mµν in a spinorial basis can also be written as bilinears of

Lorentz covariant twistorial oscillators:

M β
α = − i

2
(σµσ̄ν) β

α Mµν = λαη
β − 1

2
δ β
α λγη

γ (3.20)

M̄ α̇
β̇
= − i

2
(σ̄µσν)β̇α̇Mµν = −

(
η̃α̇λ̃β̇ − 1

2
δα̇

β̇
η̃γ̇ λ̃γ̇

)
(3.21)

8 Note the overall minus sign in these expressions compared to [69]. This is due to the fact that we are

using a mostly positive metric in this paper.
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In this basis the conformal algebra becomes:

[
M β

α , M δ
γ

]
= δ β

γ M δ
α − δ δ

α M β
γ ,

[
M̄ α̇

β̇
, M̄ γ̇

δ̇

]
= δγ̇

β̇
M̄ α̇

δ̇
− δα̇

δ̇
M̄ γ̇

β̇
(3.22)

[
Pαβ̇ , M

δ
γ

]
= −δδαPγβ̇ +

1

2
δδγPαβ̇ ,

[
Pαβ̇ , M̄

γ̇

δ̇

]
= δγ̇

β̇
Pαδ̇ −

1

2
δγ̇
δ̇
Pαβ̇ (3.23)

[
Kα̇β , M δ

γ

]
= δβγK

α̇δ − 1

2
δδγK

α̇β ,
[
Kα̇β , M̄ γ̇

δ̇

]
= −δα̇

δ̇
K γ̇β +

1

2
δγ̇
δ̇
Kα̇β (3.24)

[
∆ , Kα̇β

]
= −iKα̇β ,

[
∆ , M β

α

]
=
[
∆ , M̄ α̇

β̇

]
= 0,

[
∆ , Pαβ̇

]
= iPαβ̇ (3.25)

[
Pαβ̇ , K

γ̇δ
]
= 4

(
δδαM̄

γ̇

β̇
− δγ̇

β̇
M δ

α + i∆
)

(3.26)

The linear Casimir operator Z = Na − Nb = aiai − brbr when expressed in terms of

SL(2,C) covariant oscillators becomes

Z = Na −Nb = λ̃α̇η̃
α̇ − λαη

α (3.27)

which shows that 1
2Z is the helicity operator.

Denoting the lowest energy irreps in the compact basis as |Ω(jL, jR, E)〉 one can show

that the coherent states of the form

e−ixµPµT |Ω(jL, jR, E)〉 ≡ |Φℓ
jM,jN

(xµ)〉 (3.28)

transform exactly like the states created by the action of conformal fields Φℓ
jM,jN

(xµ) acting

on the vacuum vector |0〉
Φℓ
jM,jN

(xµ)|0〉 ∼= |Φℓ
jM,jN

(xµ)〉

with exact numerical coincidence of the compact and the covariant labels (jL, jR, E) and

(jM, jN ,−l), respectively, where l is the scale dimension [26]. The doubletons correspond

to massless conformal fields transforming in the (jL, jR) representation of the Lorentz group

SL(2,C) whose conformal (scaling dimension) is ℓ = −E where E is the eigenvalue of the

U(1) generator which is the conformal Hamiltonian (or AdS5 energy) [24–26].

3.2 Quasiconformal approach to the minimal unitary representation of SO(4, 2)

and its deformations

The construction of the minimal unitary representation (minrep) of the 4d conformal group

SO(4, 2) by quantization of its quasiconformal realization and its deformations were given

in [21], which we shall reformulate in this section in terms of what we call deformed twisto-

rial oscillators which transform nonlinearly under the Lorentz group.

The group SO(4, 2) can be realized as a quasiconformal group that leaves invariant

light-like separations with respect to a quartic distance function in five dimensions. The

quantization of this geometric action leads to a nonlinear realization of the generators of

SO(4, 2) in terms of a singlet coordinate x, its conjugate momentum p and two ordinary

bosonic oscillators d, d† and g, g† satisfying [21]:

[x , p] = i,
[
d , d†

]
= 1,

[
g , g†

]
= 1 (3.29)
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The nonlinearities can be absorbed into certain “singular” oscillators which are functions

of the coordinate x, momentum p and the oscillators d, g, d†, g†:

AL = a− L√
2x

A†
L = a† − L√

2x
(3.30)

where

a =
1√
2
(x+ ip)

a† =
1√
2
(x− ip)

L = Nd −Ng −
1

2
= d†d− g†g − 1

2
(3.31)

They satisfy the following commutation relations:

[AG , AK] = −(G − K)

2x2[
A†

G , A
†
K

]
= +

(G − K)

2x2[
AG , A

†
K

]
= 1 +

(G +K)

2x2

(3.32)

assuming that [G,K] = 0.

The realization of the minrep of SO(4, 2) obtained by the quasiconformal approach is

nonlinear and “interacting” in the sense that they involve operators that are cubic or quartic

in terms of the oscillators in contrast to the covariant twistorial oscillator realization,

reviewed in section 3.1 [24], which involves only bilinears. The algebra so(4, 2) can be given

a 3-graded decomposition with respect to the conformal Hamiltonian, which is referred to

as the compact 3-grading and the generators in this basis are reproduced in appendix C

following [21].

The Lie algebra of SO(4, 2) has also a noncompact (conformal) three graded decom-

position determined by the dilatation generator ∆ as well

so(4, 2) = N− ⊕N0 ⊕N+ (3.33)

= Kµ ⊕ (Mµν ⊕∆)⊕ Pµ (3.34)

One can write the generators of quantized quasiconformal action of SO(4, 2) as bilinears of

deformed twistorial oscillators Zα, Z̃α̇, Yα, Ỹα̇ (α, α̇ = 1, 2) which are defined as:

Z1 =
AL√
2
− i g†, Y 1 = −A†

L√
2
+ i g (3.35)

Z̃1̇ =
A†

L√
2
+ i g, Ỹ 1̇ =

AL√
2
+ i g† (3.36)

Z2 = −
A†

−L√
2

− i d, Y 2 = −A−L√
2

− i d† (3.37)

Z̃2̇ = −A−L√
2

+ i d†, Ỹ 2̇ =
A†

−L√
2

− i d (3.38)
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Using (σµ)αα̇ = (12, ~σ) and (σ̄µ)α̇α = (−12, ~σ) one finds that the generators of translations
and special conformal transformations can be written as follows:9

Pαβ̇ = (σµPµ)αβ̇ = −ZαZ̃β̇ (3.39)

Kα̇β = (σ̄µKµ)
α̇β = −Ỹ α̇Y β (3.40)

We see that the operators Z and Y in the quasiconformal realization play similar roles

as covariant twistorial oscillators λ and η in the doubleton realization. However, they

transform nonlinearly under the Lorentz group and their commutations relations are given

in appendix D

The dilatation generator in terms of deformed twistorial oscillators takes the form:

∆ =
i

4

(
ZαY

α + Ỹ α̇Z̃α̇

)
(3.41)

The Lorentz group generators Mµν in a spinorial basis can also be written as bilinears of

these deformed twistorial oscillators:

M β
α = − i

2
(σµσ̄ν) β

α Mµν =
1

2

(
ZαY

β − 1

2
δ β
α ZγY

γ

)
(3.42)

M̄ α̇
β̇
= − i

2
(σ̄µσν)β̇α̇Mµν = −1

2

(
Ỹ α̇Z̃β̇ − 1

2
δα̇

β̇
Ỹ γ̇Z̃γ̇

)
(3.43)

We should stress the important point that even though the deformed twistorial oscillators

transform nonlinearly under the Lorentz group, their bilinears Pαβ̇ ,K
α̇β ,M β

α and M̄ α̇
β̇

transform covariantly and satisfy the commutation relations given in equations (3.22).

3.3 Deformations of the minimal unitary representation of SU(2, 2)

As was shown in [21], the minimal unitary representation of SU(2, 2) that corresponds to

a conformal scalar field admits a one-parameter, ζ, family of deformations that correspond

to massless conformal fields of helicity ζ
2 in four dimensions, which can be continuous. For

non-integer values of the deformation parameter ζ they correspond, in general, to unitary

representations of an infinite covering of the conformal group.

The generators of the deformed minrep take the same form as given in section 3.2

with the simple replacement of the singular oscillators AL and A†
L by “deformed” singular

oscillators:

ALζ
= a− Lζ√

2x
A†

Lζ
= a† − Lζ√

2x
(3.44)

where

Lζ = L+ ζ = Nd −Ng + ζ − 1

2
(3.45)

9Note that in our conventions P 0 is positive definite.
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Since ζ/2 labels the helicity we define “helicity deformed twistors” as follows:

Z1(ζ) =
ALζ√

2
− i g†, Y 1(ζ) = −

A†
Lζ√
2

+ i g (3.46)

Z̃1̇(ζ) =
A†

Lζ√
2

+ i g, Ỹ 1̇(ζ) =
ALζ√

2
+ i g† (3.47)

Z2(ζ) = −
A†

−Lζ√
2

− i d, Y 2(ζ) = −
A−Lζ√

2
− i d† (3.48)

Z̃2̇(ζ) = −
A−Lζ√

2
+ i d†, Ỹ 2̇(ζ) =

A†
−Lζ√
2

− i d (3.49)

The realization of the minimal unitary representation in terms of deformed twistors carry

over to realization in terms of helicity deformed twistors:

Pαβ̇ = (σµPµ)αβ̇ = −Zα(ζ)Z̃β̇(ζ) (3.50)

Kα̇β = (σ̄µKµ)
α̇β = −Ỹ α̇(ζ)Y β(ζ) (3.51)

The dilatation generator then takes the form:

∆ =
i

4

(
Zα(ζ)Y

α(ζ) + Ỹ α̇(ζ)Z̃α̇(ζ)
)

(3.52)

and the Lorentz generators Mµν also take the same form in terms of helicity deformed

twistors:

M β
α = − i

2
(σµσ̄ν) β

α Mµν =
1

2

(
Zα(ζ)Y

β(ζ)− 1

2
δ β
α Zγ(ζ)Y

γ(ζ)

)
(3.53)

M̄ α̇
β̇
= − i

2
(σ̄µσν)β̇α̇Mµν = −1

2

(
Ỹ α̇(ζ)Z̃β̇(ζ)−

1

2
δα̇

β̇
Ỹ γ̇(ζ)Z̃γ̇(ζ)

)
(3.54)

The realization of the generators of SU(2, 2) in terms of helicity deformed twistors describe

positive energy unitary irreducible representations which can best be seen by going over to

the compact three-grading reviewed in appendix C.

Since the quasiconformal realization of the minrep and its deformations are nonlinear

the tensoring procedure in quasiconformal framework is a non-trivial and open problem.

However since the representations with integer values of ζ are isomorphic to the doubleton

representations, the result of tensoring is already known and was discussed in section 3.1.

3.4 Minimal unitary supermultiplet of SU(2, 2|4), its deformations and de-

formed twistors

The construction of the minimal unitary representations of noncompact Lie algebras by

quantization of their quasiconformal realizations extends to noncompact Lie superalge-

bras [20–23]. In particular, the minimal unitary supermultiplets of SU(2, 2|N) and their

deformations were studied in [21] using quasiconformal methods. In this section we shall
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reformulate the minimal unitary realization of 4d superconformal algebra SU(2, 2|4) and

its deformations in terms of deformed twistorial oscillators.10

The superconformal algebra su(2, 2|4) can be given a (noncompact) 5-graded decom-

position with respect to the dilatation generator ∆:

su(2, 2|4) = N−1 ⊕N−1/2 ⊕N0 ⊕N+1/2 ⊕N+1 (3.55)

= Kα̇β ⊕ S α
I , S̄Iα̇ ⊕ (M β

α ⊕ M̄ α̇
β̇
⊕∆⊕RI

J)⊕QI
α, Q̄Iα̇ ⊕ Pαβ̇ ,

(I, J = 1, 2, 3, 4)

where the grade zero subspace N0 consists of the Lorentz algebra so(3, 1) (M β
α , M̄ α̇

β̇
),

the dilatations (∆) and R-symmetry su(4) (RI
J) generators, grade +1 and −1 subspaces

consist of translation (Pαβ̇) and special conformal generators (Kα̇β) and the grade +1/2

and -1/2 subspaces consist of Poincaré supersymmetry (QI
α, Q̄Iα̇) and special conformal

supersymmetry generators (S α
I , S̄Iα̇) respectively.

The helicity deformed twistors for the superalgebra SU(2, 2|4) are obtained from the

deformed twistors of SU(2, 2) by replacing Lζ in the corresponding deformed singular os-

cillators ALζ
with Ls

ζ :

Lζ −→ Ls
ζ = Nd −Ng +Nξ + ζ − 5

2
(3.56)

where Nξ = ξJξJ is the number operator of four fermionic oscillators ξI (ξ
J) (I, J =

1, 2, 3, 4) that satisfy

{
ξI , ξ

J
}
= δJI (3.57)

The expressions for the generators of SU(2, 2) given in 3.2 get modified as follows in

going over to SU(2, 2|4):

Pαβ̇ = −Zs
α(ζ)Z̃

s
β̇
(ζ) (3.58)

Kα̇β = −Ỹ sα̇(ζ)Y sβ(ζ) (3.59)

∆ =
i

4

(
Zs
α(ζ)Y

sα(ζ) + Ỹ sα̇(ζ)Z̃s
α̇(ζ)

)
(3.60)

M β
α =

1

2

(
Zs
α(ζ)Y

sβ(ζ)− 1

2
δ β
α Zs

γ(ζ)Y
sγ(ζ)

)
(3.61)

M̄ α̇
β̇
= −1

2

(
Ỹ sα̇(ζ)Z̃s

β̇
(ζ)− 1

2
δα̇

β̇
Ỹ sγ̇(ζ)Z̃s

γ̇(ζ)

)
(3.62)

10 PSU(2, 2|4) is the symmetry superalgebra of IIB supergravity compactified over AdS5 × S5 ymme-

try [24].
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where the ”supersymmetric” helicity deformed twistors are defined as:

Zs
1(ζ) =

ALs
ζ√
2

− i g†, Y s1(ζ) = −
A†

Ls
ζ√
2

+ i g

Z̃s
1̇
(ζ) =

A†
Ls
ζ√
2

+ i g, Ỹ s1̇(ζ) =
ALs

ζ√
2

+ i g†

Zs
2(ζ) = −

A†
−Ls

ζ√
2

− i d, Y s2(ζ) = −
A−Ls

ζ√
2

− i d†

Z̃s
2̇
(ζ) = −

A−Ls
ζ√

2
+ i d†, Ỹ s2̇(ζ) =

A†
−Ls

ζ√
2

− i d

The supersymmetry generators of SU(2, 2|4) are given by the bilinears of deformed

twistorial oscillators and fermionic oscillators:

QI
α = Zs

α(ζ)ξ
I , Q̄Iα̇ = −ξI Z̃

s
α̇(ζ) (3.63)

S α
I = −ξIY

sα(ζ), S̄Iα̇ = Ỹ sα̇(ζ)ξI (3.64)

The generators RI
J of R-symmetry group SU(4) are given by:

RI
J = ξIξJ − 1

4
δIJξ

KξK (3.65)

They satisfy the following anti-commutation relations:
{
QI

α , Q̄Jβ̇

}
= δIJPαβ̇ (3.66)

{
S̄Iα̇ , S β

J

}
= δIJK

α̇β (3.67)
{
QI

α , S
β

J

}
= −2δIJM

β
α + 2δβαR

I
J + δIJδ

β
α (i∆+ C) (3.68)

{
S̄Iα̇ , Q̄Jβ̇

}
= 2δIJM̄

α̇
β̇
− 2δβ̇α̇R

I
J + δIJδ

β̇
α̇ (i∆− C) (3.69)

where C = ζ
2 is the central charge.

The commutators of conformal group generators with supersymmetry generators are

as follows:
[
Pαβ̇ , S

γ
I

]
= 2δγαQ̄Iβ̇ ,

[
Kα̇β , Q I

γ

]
= −2δβγ S̄

Iα̇ (3.70)
[
Pαβ̇ , S̄

I γ̇
]
= 2δγ̇

β̇
Q I

α ,
[
Kα̇β , Q̄Iγ̇

]
= −2δα̇γ̇S

β
I (3.71)

[
M β

α , QI
γ

]
= δβγQ

I
α − 1

2
δβαQ

I
γ ,

[
M β

α , S γ
I

]
= −δαγS

β
I +

1

2
δβαS

γ
I (3.72)

[
M̄ α̇

β̇
, Q̄Iγ̇

]
= −δα̇γ̇ Q̄Iβ̇ +

1

2
δα̇
β̇
Q̄Iγ̇ ,

[
M̄ α̇

β̇
, S̄Iγ̇

]
= δγ̇

β̇
S̄Iα̇ − 1

2
δα̇
β̇
Q̄Iγ̇ (3.73)

[
∆ , QI

α

]
=

i

2
QI

α,
[
∆ , Q̄Iα̇

]
=

i

2
Q̄Iα̇ (3.74)

[∆ , S α
I ] = − i

2
S α
I ,

[
∆ , S̄Iα̇

]
= − i

2
S̄Iα̇ (3.75)
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The su(4)R generators satisfy the following commutation relations:

[
RI

J , R
K
L

]
= δKJ RI

L − δILR
K
J (3.76)

They act on the R-symmetry indices I, J of the supersymmetry generators as follows:

[
RI

J , Q
K
α

]
= δKJ QI

α − 1

4
δIJQ

K
α,

[
RI

J , Q̄Kα̇

]
= −δIKQ̄Jα̇ +

1

4
δIJQ̄Kα̇ (3.77)

[
RI

J , S
α

K

]
= −δIKS α

J +
1

4
δIJS

α
K ,

[
RI

J , S̄
Kα̇
]
= δKJ S̄Iα̇ − 1

4
δIJ S̄

Kα̇ (3.78)

The minimal unitary representation of PSU(2, 2|4) is obtained when the deformation pa-

rameter ζ, which is also the central charge, vanishes. The resulting minimal unitary su-

permultiplet of massless conformal fields in d = 4 is simply the N = 4 Yang-Mills super-

multiplet [21]. For each value of the deformation parameter ζ one obtains an irreducible

unitary representation of SU(2, 2|4). For integer values of the deformation parameter these

unitary representations are isomorphic to doubleton supermultiplets studied in [24–26].

The unitarity of the representations of SU(2, 2|N) may not be manifest in the Lorentz

covariant noncompact five grading. It is however manifestly unitary in compact three

grading with respect to the subsupergroup SU(2|N −M)× SU(2|M)×U(1) as was shown

for the the doubletons in [24, 25] and for the quasiconformal construction in [21]. The Lie

algebra of SU(4) can be given a 3-graded structure with respect to the Lie algebra of its

subgroup SU(2)× SU(2)× U(1). Similarly the Lie superalgebra SU(2, 2|4) can be given a

3-graded decomposition with respect to its subalgebra SU(2|2)×SU(2|2)×U(1). This is the

basis that was originally used by Gunaydin and Marcus [24] in constructing the spectrum

of IIB supergravity over AdS5×S5 using twistorial oscillators. In this basis, choosing the

Fock vacuum as the lowest weight vector leads to CPT-self-conjugate supermultiplets and

it is also the preferred basis in applications to integrable spin chains. The corresponding

compact 3-grading of the quasiconformal realization of SU(2, 2|4) was given in [21], to

which we refer for details.

4 Higher spin (super-)algebras, Joseph ideals and their deformations

In this section we start by reviewing Eastwood’s results [66, 71] on defining HS(g) algebras

as the quotient of universal enveloping algebra U (g) by its Joseph ideal J (g). We will

then explicitly compute the Joseph ideal for SO(3, 2), SO(4, 2) and its deformations, using

the Eastwood formula [71] and recast it in a Lorentz covariant form.

The universal enveloping algebra U (g), g = so(d− 1, 2) is defined as follows:

U (g) = G /I (4.1)

where G is the associative algebra freely generated by elements of g, and I is the ideal of

G generated by elements of form gh− hg − [g , h] (g, h ∈ g).

The enveloping algebra U (g) can be decomposed into standard adjoint action of g

which by Poincare-Birkhoff-Witt theorem is equivalent to computing symmetric products
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MAB ∼ . In particular,
⊗2

so(d− 1, 2) decomposes as:

⊗ = ⊕ ⊕ ⊕ • (4.2)

where • is the quadratic Casimir C2 ∼ M A
B M B

A . It was already noted in [47] that the

higher spin algebra HS(g) must be a quotient of U (g) because the higher spin fields in

AdSd are described by traceless two row Young tableaux. Thus the relevant ideal should

quotient out all the diagrams except the first one in the above decomposition. This ideal

was identified in [66] to be the Joseph ideal or the annihilator of the minimal unitary

representation (scalar doubleton). The uniqueness of this quadratic ideal in U (g) was

proved in [71] and an explicit formula for the generator JABCD of the ideal was given as:

JABCD = MABMCD −MAB ⊚MCD − 1

2
[MAB , MCD] +

n− 4

4(n− 1)(n− 2)
〈MAB,MCD〉1

=
1

2
MAB ·MCD −MAB ⊚MCD +

n− 4

4(n− 1)(n− 2)
〈MAB,MCD〉1 (4.3)

where the dot · denotes the symmetric product

MAB ·MCD ≡ MABMCD +MCDMAB (4.4)

of the generators and 〈MAB,MCD〉 is the Killing form of SO(n−2, 2). ηAB is the SO(n−2, 2)

invariant metric and the symbol ⊚ denotes the Cartan product of two generators, which

for SO(n− 2, 2), can be written in the form [72]:

MAB ⊚MCD =
1

3
MABMCD +

1

3
MDCMBA +

1

6
MACMBD

−1

6
MADMBC +

1

6
MDBMCA − 1

6
MCBMDA

− 1

2(n−2)

(
MAEM

E
C ηBD−MBEM

E
C ηAD+MBEM

E
DηAC−MAEM

E
DηBC

)

− 1

2(n−2)

(
MCEM

E
A ηBD−MCEM

E
B ηAD+MDEM

E
B ηAC−MDEM

E
A δBC

)

+
1

(n− 1)(n− 2)
MEFM

EF (ηACηBD − ηBCηAD) (4.5)

The Killing term is given by

〈MAB,MCD〉 = hMEFMGH(ηEGηFH − ηEHηFG)(ηACηBD − ηADηBC) (4.6)

where h = 2(n−2)
n(4−n) is a c-number fixed by requiring that all possible contractions of JABCD

with the metric vanish. We shall refer to the operator JABCD as the generator of the

Joseph ideal.

The generator of the Joseph ideal defined in equation (4.3) contains exactly the opera-

tors that correspond to the “unwanted” diagrams described in equation (4.2) and quotient-

ing the enveloping algebra by this ideal guarantees that the resulting algebra will contain

only two row traceless diagrams and thus correctly describe massless higher spin fields.
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In the following sections we will compute the generator JABCD for d = 3 and 4 confor-

mal algebras SO(3, 2) and SO(4, 2) in various realizations discussed in previous sections.

We shall also decompose the generators of the Joseph ideal of SO(3, 2) and SO(4, 2) with re-

spect to the corresponding Lorentz groups SO(2, 1) and SO(3, 1), respectvely. The Lorentz

covariant decomposition makes the massless nature of the minimal unitary representations

explicit along with certain other identities that must be satisfied within the representation

in order for it to be annihilated by the Joseph ideal. This will also allow us to define the

annihilators of the deformations of the minrep of SO(4, 2) and the corresponding deforma-

tions of the Joseph ideal. These deformations define a one parameter family of AdS5/CFT4

HS algebras.

4.1 Joseph ideal for SO(3, 2) singletons

We will now use the twistorial oscillator realization for SO(3, 2) described in section 2.1.

For Sp(4,R) = SO(3, 2), the generator JABCD of the Joseph ideal is

JABCD = MABMCD −MAB ⊚MCD − 1

2
[MAB , MCD]−

1

40
〈MAB,MCD〉

=
1

2
MAB ·MCD −MAB ⊚MCD − 1

40
〈MAB,MCD〉 (4.7)

Substituting the realization of Sp(4,R) = SO(3, 2) in terms of a twistorial Majorana spinor

Ψ one finds that the operator JABCD vanishes identically.

Considered as the the three dimensional conformal group the minreps of Sp(4,R) (Di

and Rac) correspond to massless scalar and spinor fields which are known to be the only

massless representations of the Poincaré group in three dimensions [4].

If instead of a twistorial Majorana spinor one considers a twistorial Dirac spinor corre-

sponding to taking two copies (colors) of the Majorana spinor one finds that the generators

JABCD of the Joseph ideal do not vanish identically and hence they do not correspond to

minimal unitary representations. The corresponding Fock space decomposes into an infi-

nite set of irreducible unitary representations of Sp(4,R), which correspond to the massless

fields in AdS4 [43]. Taking more than two colors in the realization of the Lie algebra of

Sp(4,R) as bilinears of oscillators leads to representations corresponding to massive fields

in AdS4 [36].

4.1.1 Joseph ideal of SO(3, 2) in Lorentz covariant basis

To get a more physical picture of what the vanishing of the Joseph ideal means we shall

go to the conformal 3-graded basis defined in equation (2.6). Evaluating the Joseph ideal

in this basis, we find that the vanishing ideal is equivalent to the linear combinations of

certain quadratic identities, full set of which hold only in the singleton realization. First

we have the masslessness conditions:

P 2 = PµPµ = 0 , K2 = KµKµ = 0 (4.8)
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The remaining set of quadratic relations that define the Joseph ideal are

6∆ ·∆+ 2Mµν ·Mµν + Pµ ·Kµ = 0 (4.9)

Pµ · (Mµν + ηµν∆) = 0 (4.10)

Kµ · (Mνµ + ηνµ∆) = 0 (4.11)

ηµνMµρ ·Mνσ − P(ρ ·Kσ) + ηρσ = 0 (4.12)

∆ ·Mµν + P[µ ·Kν] = 0 (4.13)

M[µν · Pρ] = 0 (4.14)

M[µν ·Kρ] = 0 (4.15)

The ideal generated by these relations is completely equivalent to equation (4.7) but it sheds

light on the massless nature of these representations. The scalar and spinor singleton

modules for SO(3, 2) are the only minreps and there are no other deformations. This

is a general phenomenon for all symplectic groups Sp(2n,R) (n > 2) and within the

quasiconformal approach it can be explained by the fact that the corresponding quartic

invariant that enters the minimal unitary realization vanishes for symplectic groups.

The Casimir invariants for the singleton or the minrep of SO(3, 2) are as follows:

C2 = M A
B M B

A =
5

2
(4.16)

C4 = M A
B M B

C M C
D M D

A = −35

8
(4.17)

Computing the products of the generators of the above singleton realization corresponding

to the Young tableaux and one finds that they vanish identically and the resulting

enveloping algebra contains only the operators whose Young tableaux have two rows.

4.2 Joseph ideal of SO(4, 2)

In this subsection we shall first evaluate the generator JABCD of the Joseph ideal of SO(4, 2)

in the covariant twistorial operator realization and then in the quasiconformal realization

of its minrep to highlight the essential differences.

4.2.1 Joseph ideal in the covariant twistorial oscillator or doubleton realiza-

tion

We will use the doubleton realization [24, 25] reviewed in section 3.1 to compute the

generator JABCD of the Joseph ideal for SO(4, 2):

JABCD = MABMCD −MAB ⊚MCD − 1

2
[MAB , MCD]−

1

60
〈MAB,MCD〉

=
1

2
MAB ·MCD −MAB ⊚MCD − 1

60
〈MAB,MCD〉 (4.18)

Substituting the expressions for the generators in the covariant twistorial realization one

finds that it does not vanish identically as an operator in contrast to the situation with the
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singletonic realization of SO(3, 2). However one finds that JABCD has only 15 independent

non-vanishing components which turn out to be equal to one of the following expressions

(up to an overall sign):
(
(a1b2 + a2b1)± (a†2b

†
1 + a†1b

†
2)
)
Z (4.19)

(
(a1b2 − a2b1)± (a†2b

†
1 − a†1b

†
2)
)
Z (4.20)

(
(a1b1 + a2b2)± (a†2b

†
2 + a†1b

†
1)
)
Z (4.21)

(
(a1b1 − a2b2)± (a†2b

†
2 − a†1b

†
1)
)
Z (4.22)

(
a†1a2 + a1a

†
2 ± b†1b2 ± b1b

†
2

)
Z (4.23)

(
a†1a2 − a1a

†
2 ± b†1b2 ∓ b1b

†
2

)
Z (4.24)

((Na1 −Na2)± (Nb1 −Nb2))Z (4.25)

(Na +Nb + 2)Z (4.26)

Similarly, computing the products of the generators corresponding to the the Young

tableaux explicitly in the covariant twistorial realization one finds that they do not

vanish but we have the following relation:

= Z (4.27)

Thus all non-vanishing four-row diagrams can be dualized to two-row diagrams and the re-

sulting generators of the universal enveloping algebra in doubleton realization are described

by two-row diagrams.

The operator Z = (Na − Nb) commutes with all the generators of SU(2, 2) and its

eigenvalues label the helicity of the corresponding massless representation of the conformal

group [21, 24, 25]. All the components of the generator JABCD of Joseph ideal vanish on

the states that form the basis of an UIR of SU(2, 2) whose lowest weight vector is the Fock

vacuum |0〉 since
Z|0〉 = 0 (4.28)

The corresponding unitary representation describes a conformal scalar field in four dimen-

sions (zero helicity) and is the true minrep of SU(2, 2) annihilated by the Joseph ideal [21].

The Casimir invariants for SO(4, 2) in the doubleton representation are as follows:

C2 = M A
B M B

A =
3

2

(
4−Z2

)
(4.29)

C ′
3 = ǫABCDEFMABMCDMEF = 4ZC2 = 8C2

√
1− C2

6
(4.30)

C4 = M A
B M B

C M C
D M D

A =
C2
2

6
− 4C2 (4.31)

Thus we see that all the higher order Casimir invariants are functions of the quadratic

Casimir C2 which itself is given in terms of Z = Na −Nb.
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4.2.2 Joseph ideal and the quasiconformal realization of the minrep of SO(4, 2)

To apply Eastwood’s formula to the generator of Joseph ideal in the quasiconformal real-

ization it is convenient to go from the conformal 3-graded basis to the SO(4, 2) covariant

canonical basis where the generators MAB satisfy the following commutation relations:

[MAB , MCD] = i(ηBCMAD − ηACMBD − ηBDMAC + ηADMBC) (4.32)

where the metric ηAB = diag(−,+,+,+,+,−) is used to raise and lower the indices A,B =

0, 1, . . . , 5 etc. In addition to Lorentz generators Mµν (µ, ν, . . . = 0, 1, 2, 3) , we have the

following linear relations between the generators in the canonical basis and the conformal

3-graded basis

Mµ4 =
1

2
(Pµ −Kµ) (4.33)

Mµ5 =
1

2
(Pµ +Kµ) (4.34)

M45 = −∆ (4.35)

Substituting the expressions for the quasiconformal realization of the generators of SO(4, 2)

given in subsection 3.2 into the generator of the Joseph ideal in the canonical basis:

JABCD =
1

2
MAB ·MCD −MAB ⊚MCD − 1

60
〈MAB,MCD〉 (4.36)

one finds that it vanishes identically as an operator showing that the corresponding unitary

representation is indeed the minimal unitary representation.

We should stress the important point that the tensor product of the Fock spaces of the

two oscillators d and g with the state space of the singular oscillator AL (A†
L) form the basis

of a single UIR which is the minrep. In contrast, the Fock space of the covariant twistorial

oscillators reviewed in section 3.1 decomposes into infinitely many UIRs (doubletons) of

which only the irreducible representation whose lowest weight vector is the Fock vacuum,

which is annihilated by JABCD, is the minimal unitary representation of SO(4, 2).

4.2.3 4d Lorentz Covariant Formulation of the Joseph ideal of SO(4, 2)

Above we showed that the generator of the Joseph ideal given in equation (4.36) vanishes

identically as an operator for the quasiconformal realization of the minrep of SO(4, 2) in the

canonical basis. To get a more physical picture of what the vanishing of generator JABCD

means we shall go to the conformal three grading defined by the dilatation generator ∆.

Evaluating the generator of the Joseph ideal in this basis, we find that the vanishing con-

dition is equivalent to linear combinations of certain quadratic identities, full set of which

hold only in the quasiconformal realization of the minrep. First we have the conditions:

P 2 = PµPµ = 0 , K2 = KµKµ = 0 (4.37)

which hold also for the twistorial oscillator realization given in section 3.1. The remaining

set of quadratic relations that define the Joseph ideal are

4∆ ·∆+Mµν ·Mµν + Pµ ·Kµ = 0 (4.38)

Pµ · (Mµν + ηµν∆) = 0 (4.39)

Kµ · (Mνµ + ηνµ∆) = 0 (4.40)
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ηµνMµρ ·Mνσ − P(ρ ·Kσ) + 2ηρσ = 0 (4.41)

Mµν ·Mρσ +Mµσ ·Mνρ +Mµρ ·Mσν = 0 (4.42)

∆ ·Mµν + P[µ ·Kν] = 0 (4.43)

M[µν · Pρ] = 0, M[µν ·Kρ] = 0 (4.44)

In four dimensions, using the Levi-Civita tensor one can define the Pauli-Lubanski vector,

Wµ and its conformal analogue, V µ as follows:

Wµ =
1

2
ǫµνρσPνMρσ, V µ =

1

2
ǫµνρσKνMρσ (4.45)

where ǫ0123 = +1, ǫ0123 = −1 and the indices are raised and lowered by the Minkowski

metric. For massless fields, Wµ and V µ are proportional to Pµ and Kµ respectively with

the proportionality constant related to helicity of the fields [73, 74]. Equations (4.44) imply

that for the minrep both the Wµ and V µ vanish implying that it describes a zero helicity

(scalar) massless field.11

Computing the products of the generators in the above quasiconformal realization cor-

responding to Young tableaux and explicitly one finds that they vanish identically

and the resulting enveloping algebra contains only operators with two row Young tableaux.

The Casimir operators of the minrep of SO(4, 2) are as take on the following values

(using the definitions given in equations (4.29)–(4.31)):

C2 = 6, C3 = 0 C4 = −18. (4.46)

4.3 Deformations of the minrep of SO(4, 2) and their associated ideals

As was shown in [21], the minimal unitary representation of SU(2, 2) that corresponds to

a conformal scalar field admits a one-parameter (ζ) family of deformations corresponding

to massless conformal fields of helicity ζ
2 in four dimensions, which can be continuous. For

non-integer values of the deformation parameter ζ they correspond, in general, to unitary

representations of an infinite covering of the conformal group.12

The generators of the deformed minreps were reformulated in terms of deformed twisto-

rial oscillators in section 3.3. Substituting the expressions for the generators of the deformed

minreps of SO(4, 2) into the generator JABCD of the Joseph ideal one finds that it does

not vanish for non-zero values of the deformation parameter ζ. One might therefore ask if

there exists deformations of the Joseph ideal that annihilate the deformed minimal unitary

representations labelled by the deformation parameter ζ. Remarkably, this is indeed the

case. The quadratic identities that define the Joseph ideal in the conformal basis discussed

in the previous section go over to identities involving the deformation parameter ζ and

11 We should note that a similar set of identities (constraints) were discussed in [74] in the context of

deriving field equations for particles of all spins (acting on field strengths) where they arise as conformally

covariant forms of massless particles.
12Recently, such a continuous helicity parameter was introduced as a spectral parameter for scattering

amplitudes in N=4 super Yang-Mills theory in [75].
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define the deformations of the Joseph ideal. One finds that the helicity conditions are

modified as follows:

1

2
ǫµνρσMνρ · Pσ = ζPµ (4.47)

1

2
ǫµνρσMνρ ·Kσ = −ζKµ (4.48)

The identities (4.41), (4.42) and (4.43) get also modified as follows:

ηµνMµρ ·Mνσ − P(ρ ·Kσ) + 2ηρσ =
ζ2

2
ηρσ (4.49)

Mµν ·Mρσ +Mµσ ·Mνρ +Mµρ ·Mσν = ζǫµνρσ∆ (4.50)

∆ ·Mµν + P[µ ·Kν] = −ζ

2
ǫµνρσM

ρσ (4.51)

The other quadratic identities remain unchanged in going over to the deformed minimal

unitary representations.

The Casimir invariants for the deformations of the minrep of SO(4, 2) depend only

the deformation parameter ζ and are given as follows (using the definitions given in equa-

tions (4.29)–4.31):

C2 = 6− 3ζ2

2
(4.52)

C ′
3 = 6ζ

(
ζ2 − 4

)
= −8C2

√
1− C2

6
(4.53)

C4 =
3

8

(
ζ4 + 8ζ2 − 48

)
=

C2
2

6
− 4C2 (4.54)

The products of generators corresponding to the Young tableaux do not vanish for

the deformed minimal unitary representations and depend on the deformation parameter

ζ as follows:

= ζ (4.55)

Hence all non-vanishing four-row diagrams can be dualized to two-row diagrams and the re-

sulting generators of the universal enveloping algebra in deformed realization are described

by two-row diagrams. For ζ = 0 all four row diagrams vanish and one obtains the standard

high spin algebra of Vasiliev type whose generators transform in representations of the

underlying AdS group corresponding to Young tableaux containing only two row traceless

diagrams. For non-zero ζ the corresponding enveloping algebras describe deformed higher

spin algebras as discussed in the next subsection.

We saw earlier in section 4.2.1 that the generator JABCD of the Joseph ideal did

not vanish identically as an operator for the covariant twistorial oscillator realization of

SO(4, 2). It annihilates only the states belonging to the subspace that form the basis of
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the true minrep of SO(4, 2). By going to the conformal three grading, one finds that the

generator JABCD of the Joseph ideal can be written in a form similar to the deformed

quadratic identities above with the deformation parameter replaced by the linear Casimir

operator Z = Na −Nb

ηµνMµρ ·Mνσ − P(ρ ·Kσ) + 2ηρσ =
Z2

2
ηρσ (4.56)

Mµν ·Mρσ +Mµσ ·Mνρ +Mµρ ·Mσν = −Zǫµνρσ∆ (4.57)

∆ ·Mµν + P[µ ·Kν] =
Z
2
ǫµνρσM

ρσ (4.58)

1

2
ǫµνρσMνρ · Pσ = −ZPµ (4.59)

1

2
ǫµνρσMνρ ·Kσ = ZKµ (4.60)

The Fock space of the oscillators decompose into an infinite set of unitary irreducible

representations of SU(2, 2) corresponding to massless conformal fields of all integer and

half-integer helicities labelled by the eigenvalues of Z/2.

4.4 Higher spin algebras and superalgebras and their deformations

We shall adopt the definition of the higher spin AdS(d+1)/CFTd algebra as the quotient

of the enveloping algebra U (SO(d, 2)) of SO(d, 2) by the Joseph ideal J (SO(d, 2)) and

denote it as HS(d, 2) [66]:

HS(d, 2) =
U (SO(d, 2))

J (SO(d, 2))
(4.61)

We shall however extend it to define deformed higher spin algebras as the enveloping

algebras of the deformations of the minreps of the corresponding AdSd+1/Confd algebras.

For these deformed higher spin algebras the corresponding deformations of the Joseph ideal

vanish identically as operators in the quasiconformal realization as we showed explicitly

above for the conformal group in four dimensions. We expect a given deformed higher spin

algebra to be the unique infinite dimensional quotient of the universal enveloping algebra

of an appropriate covering13 of the conformal group by the deformed ideal as was shown

for the undeformed minrep in [76]. Similarly, we define the higher spin superalgebras and

their deformations as the enveloping algebras of the minimal unitary realizations of the

underlying superalgebras and their deformations, respectively.14

In four dimensions (d = 4) we have a one parameter family of higher spin algebras

labelled by the helicity ζ/2:

HS(4, 2; ζ) =
U (SO(4, 2))

Jζ(SO(4, 2))
(4.62)

13In d = 4 deformed minreps describe massless fields with the helicity ζ

2
. For non-integer values of ζ one

has to go to an infinite covering of the 4d conformal group.
14We should note that the universal enveloping algebra of a Lie group as defined in the mathematics

literature is an associative algebra with unit element. Under the commutator product inherited from the

underlying Lie algebra it becomes a Lie algebra.
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where Jζ(SO(4, 2)) denotes the deformed Joseph ideal of SO(4, 2) defined in section 4.3.15

On the AdSd+1 side the generators of the higher spin algebras correspond to higher spin

gauge fields, while on the Confd side they are related to conserved tensors including the

conserved stress-energy tensor. The charges associated with the generators of conformal

algebra SO(d, 2) are defined by conserved currents constructed by contracting the stress-

energy tensor with conformal Killing vectors. Similarly, the higher conserved currents are

obtained by contracting the conformal Killing tensors with the stress-energy tensor. These

higher conformal Killing tensors are obtained simply by tensoring the conformal Killing

vectors with themselves. Though implicit in previous work on the subject [78, 79], explicit

use of the language of conformal Killing tensors in describing higher spin algebras seems to

have first appeared in the paper of Mikhailov [65].16 This connection was put on a rigorous

foundation by Eastwood in his study of the higher symmetries of the Laplacian [66] who

showed that the undeformed higher spin algebra can be obtained as the quotient of the

enveloping algebra of SO(d, 2) generated by the conformal Killing tensors quotiented by

the Joseph ideal.

The connection between the doubleton realization of SO(4, 2) in terms of covariant

twistorial oscillators and the corresponding conformal Killing tensors was also studied by

Mikhailov [65]. He pointed out that the higher conformal Killing tensors correspond to

the products of bilinears of oscillators that generate SO(4, 2) in the doubleton realization

of [24–26], which are elements of the enveloping algebra. The undeformed higher spin

algebra HS(4, 2; ζ = 0) was also studied by the authors of [58] who used the doubletonic

construction as well.17 The undeformed higher spin algebra corresponding to 4.62 describes

fields of all spins which are multiplicity-free. The model studied in detail in [58] is based

on the minimal infinite dimensional subalgebra of HS(4, 2; ζ = 0) that describes only

even spins. For the purely bosonic higher spin algebras in AdSd the factorization of the

ideal generated by the bilinear operators corresponding to the last three irreps in 4.2 was

discussed in great detail, at the level of abstract enveloping algebra, in [93] without reference

to explicit oscillator realization. They corroborated that in d = 5 there is an equivalence

between factoring out this ideal and the oscillator construction in [58].

The supersymmetric extension of the higher spin algebras HS(4, 2; ζ) is given by the

enveloping algebra of the deformed minimal unitary realization of the N-extended conformal

15After the main results of this paper was announced at the GGI Conference on higher spin theories in

May 2013, we became aware of the work of [64] where possible deformations of purely bosonic higher spin

algebras in arbitrary dimensions were studied and it was shown that the deformations can depend at most

on one parameter. In a subsequent work [77] it was shown that the AdSd higher spin algebra is unique in

d = 4 and d > 6 under their assumptions on the spectrum of generators. They also imply that the one

parameter family of deformations of [64] must be the same as the one parameter family discussed in this

paper which is based on earlier work [21] that they cite. The results of [64] are based on Young tableaux

analysis of gauge fields in AdS5. Whether and how their deformation parameter is related to helicity in

4d is not known at this point. Furthermore, we find a discrete infinite family of higher spin algebras and

superalgebras in AdS7 [68].
16The generators of the higher spin algebra shsE(8|4) of reference [45] in terms of Killing spinors in AdS4

were obtained in the work of [80] on higher spin N = 8 supergravity in d = 4.
17 We should note that the infinite dimensional ideal that appears in the work of [58] is not the Joseph

ideal.
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superalgebras SU(2, 2|N)ζ with the even subalgebras SU(2, 2) ⊕ U(N). We shall denote

the resulting higher spin algebra as HS[SU(2, 2|N); ζ]. These supersymmetric extensions

involve odd powers of the deformed twistorial oscillators and the identities that define the

Joseph ideal get extended to a supermultiplet of identities obtained by the repeated actions

of Q and S supersymmetry generators on the generators of Joseph ideal. On the conformal

side the odd generators correspond to the products of the conformal Killing spinors with

conformal Killing vectors and tensors. If we denote the resulting deformed super-ideal as

Jζ [SU(2, 2|N)] we can formally write

HS[SU(2, 2|N); ζ] =
U (SU(2, 2|N)

Jζ [SU(2, 2|N)]
(4.63)

As discussed in previous sections, the bosonic higher spin gauge fields are described

by two-row Young tableaux of SO(4, 2). However in order to extend the SO(4, 2) Young

tableaux to super Young tableaux , one needs to represent the corresponding representa-

tions in terms of SU(2, 2) Young tableaux since the relevant superconformal algebras are

SU(2, 2|N) with the even subalgebra SU(2, 2) ⊕ U(N) and not superalgebras of the or-

thosymplectic type. The identifications of Young tableaux can be easily checked by calcu-

lating the dimensions of corresponding irreps. In going from SU(2, 2) to SU(2, 2|N) one sim-

ply replaces the Young tableaux of SU(2, 2) by super Young tableaux of SU(2, 2|N).18 The

Young diagram of the adjoint representation of SO(4, 2) = SU(2, 2) goes over to the follow-

ing super tableau of SU(2, 2|N) which involves one dotted and one undotted “superboxes”:

SO(4,2)︷︸︸︷
⇐⇒

SU(2,2)︷ ︸︸ ︷
supersymmetrize−−−−−−−−−−→

SU(2,2|N)︷ ︸︸ ︷
����• (4.64)

Notice that the of SU(2, 2) is represented as • . This is because supersymmetric ex-

tensions of SU(2, 2) do not have an invariant super Levi-Civita tensor. The adjoint represen-

tation ����• os SU(2, 2|N) can be decomposed with respect to SU(2, 2)×U(N) as follows:

����• = ( • , 1)⊕ ( • , )⊕ ( , • )⊕ (1, • )⊕ (1, 1) (4.65)

The window diagram appearing in the tensor product of two adjoint representations

can be supersymmetrized as follows:

SO(4,2)︷ ︸︸ ︷
⇐⇒

SU(2,2)︷ ︸︸ ︷
supersymmetrize−−−−−−−−−−→

SU(2,2|N)︷ ︸︸ ︷
������•��• (4.66)

18For a review of super Young tableaux we refer to [81] and a study of the relations between Super young

tableaux and Kac-Dynkin labelling see [82].
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Thus the higher spin gauge fields are described by the following SU(2, 2) diagram and can

be consequently supersymmetrized in a straightforward manner:

· · ·

two-row diagram︷ ︸︸ ︷
⇐⇒

SU(2,2)︷ ︸︸ ︷

· · ·
· · ·

supersymmetrize−−−−−−−−−−→

SU(2,2|N)︷ ︸︸ ︷
��•��• · · · ��•���� · · · ��

(4.67)

Thus the generators of the supersymmetric extension of the undeformed (ζ = 0)

bosonic higher spin algebra decompose as

HS[SU(2, 2|N); 0] =
∑

⊕

SU(2,2|N)︷ ︸︸ ︷
��•��• · · · ��•���� · · · �� (4.68)

For the decomposition of the deformed higher spin algebras for integer values of the de-

formation parameter one can also use the super tableaux to represent their generators.

However for non-integer values of the deformation parameter it may be necessary to use

Kac-Dynkin or other labellings. We should stress the important point that the maximal fi-

nite dimensional subalgebra ofHS[SU(2, 2|N); ζ] is the superconformal algebra SU(2, 2|N)ζ
with ζ labelling the central charge. The decomposition of the generators of the higher spin

superalgebra with respect to the SU(2, 2|N)ζ subalgebra is multiplicity free.

Furthermore, the minimal unitary realization of the supersymmetric extensions

SU(2, 2|N) of SU(2, 2) the enveloping algebra of SU(2, 2|N) has as subalgebras the en-

veloping algebras of different unitary representations of SU(2, 2) that form the minimal

unitary supermultiplet modded out by the corresponding deformed Joseph ideals. These

different irreps of SU(2, 2) are deformations of the minrep where the deformation is driven

by the fermionic oscillators and the deformation parameter ζ is given by the eigenvalue

of the number operator of these fermionic oscillators Nξ in the minimal unitary super-

multiplet. In the deformations of the minimal unitary supermultiplet labelled by ζ the

enveloping algebra of SU(2, 2|N) has a similar decomposition in which the irreps making

of the supermultiplet are labelled by a linear combination of ζ and the eigenvalue of Nξ.

We should note that the undeformed super algebra HS[SU(2, 2|4); ζ = 0] for the par-

ticular value of N = 4 was studied in [60] by using the doubletonic realization. As in

the purely bosonic case the higher spin theory studied in [60] is based on a subalgebra

of HS[SU(2, 2|4); ζ = 0] and the resulting linearized gauging was shown to correspond to

massless PSU(2, 2|4) multiplets whose maximal spins are even integers 2, 4, . . ..19

The situation is much simpler for AdS4/Conf3 higher spin algebras. There are only

two minreps of SO(3, 2), namely the scalar and spinor singletons. The higher spin alge-

bra HS(3, 2) is simply given by the enveloping algebra of the singletonic realization of

Sp(4,R) [45, 56]. Singletonic realization of the Lie algebra of Sp(4,R) describes both the

scalar and spinor singletons. They form a single irreducible supermultiplet of OSp(1|4,R)
19 We should stress again that the infinite dimensional ideal that appears in the work of [60] is not the

Joseph ideal.
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generated by taking the twistorial oscillators as the odd generators [56]. The odd gen-

erators correspond to conformal Killing spinors , which together with conformal Killing

vectors in d = 3 , generate the Lie super-algebra of OSp(1|4,R). Its enveloping algebra

leads to the higher spin super-algebra of Fradkin-Vasiliev type involving all integer and half

integer spin fields in AdS4. One can also construct N-extended higher spin superalgebras

in AdS4 as enveloping algebras of the singletonic realization of OSp(N |4,R) [45, 56].

5 Discussion

The existence of a one-parameter family of AdS5/Conf4 higher spin algebras and super-

algebras raises the question as to their physical meaning. Before discussing the situation

in four dimensions, let us summarize what is known for AdS4/Conf3 higher spin algebras.

In 3d, there is no deformation of the higher spin algebra except for the super extension

corresponding to Sp(4;R) → OSp(N |4;R). For the bosonic AdS4 higher spin algebras

one finds that the higher spin theories of Vasiliev are dual to certain conformally invariant

vector-scalar/spinor models in 3d [51, 52] in the large N limit. More recently, Maldacena

and Zhiboedov studied the constraints imposed on a conformal field theory in d = 3 three

dimensions by the existence of a single conserved higher spin current. They found that

this implies the existence of an infinite number of conserved higher spin currents. This

corresponds simply to the fact that the generators of SO(d, 2) get extended to an infinite

spin algebra when one takes their commutators with an operator which is bilinear or higher

order in the generators, except for those operators that correspond to the Casimir elements.

They also showed that the correlation functions of the stress tensor and the conserved cur-

rents are those of a free field theory in three dimensions, either a theory of N free bosons

or a theory of N free fermions [83], which are simply the scalar and spinor singletons.

The distinguishing feature of 3d is the fact that there exists only two minimal unitary

representations corresponding to massless conformal fields which are simply theDi and Rac

representations of Dirac. However in 4d, we have a one-parameter, ζ, family of deformations

of the minimal unitary representation of the conformal group corresponding to massless

conformal fields of helicity ζ/2. The same holds true for the minimal unitary supermultiplet

of SU(2, 2|N). From M/superstring point of view the most important interacting and

supersymmetric CFT in d = 4 is the N = 4 super Yang-Mills theory. It was argued in

references [58, 84, 85] that the holographic dual of N = 4 super Yang-Mills theory with

gauge group SU(N) at g2YMN = 0 for N → ∞ should be a free gauge invariant theory in

AdS5 with massless fields of arbitrarily high spin and this was supported by calculations

in [65]. Moreover the scalar sector of N = 4 super Yang-Mills theory at g2YMN = 0

with N → ∞ should be dual to bosonic higher spin theories in AdS5 which provides a

non-trivial extension of AdS/CFT correspondence in superstring theory [37, 38] to non-

supersymmetric large N field theories. The Kaluza-Klein spectrum of IIB supergravity

over AdS5 × S5 was first obtained by tensoring of the minimal unitary supermultiplet

(scalar doubleton) of SU(2, 2|4) with itself repeatedly and restricting to CPT self-conjugate

sector [24]. The massless graviton supermultiplet in AdS5 sits at the bottom of this infinite

tower. In fact all the unitary representations corresponding to massless fields inAdS5 can be
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obtained by tensoring of two doubleton representations of SU(2, 2) which describe massless

conformal fields on the boundary of AdS5 [24–26, 56]. As was argued by Mikhailov [65], in

the large N limit the correlation functions in the CFT side become products of two point

functions which correspond to products of two doubletons. As such they correspond to

massless fields in the AdS5 bulk. At the level of correlation functions the same arguments

suggest that corresponding to a one parameter family of deformations of the N=4 Yang-

Mills supermultiplet there must exists a family of supersymmetric massless higher spin

theories in AdS5. Turning on the gauge coupling constant on the Yang-Mills side leads to

interactions in the bulk and most of the higher spin fields become massive.

The fact that the quasiconformal realization of the minrep of SU(2, 2|4) is nonlinear

implies that the corresponding higher spin theory in the bulk must be interacting. Since

the same minrep can also be obtained by using the doubletonic realization [24], which cor-

responds to free field realization, suggests that the interacting supersymmetric higher spin

theory may be integrable in the sense that its holographic dual is an integrable conformal

field theory with infinitely many conserved currents , just like the classical N = 4 super

Yang-Mills theory in four dimensions [86]. There are other deformed higher spin algebras

corresponding to non-CPT self-conjugate supermultiplets of SU(2, 2|4) that contain scalar

fields and are deformations of the minrep. The above arguments suggest that they too

should correspond to interacting but integrable supersymmetric higher spin theories in

AdS5. One solid piece of the evidence for this is provided by the fact that the symmetry

superalgebras of interacting (nonlinear) superconformal quantum mechanical models of [87]

furnish a one parameter family of deformations of the minimal unitary representation of

the N = 4 superconformal algebra D(2, 1;α) in one dimension. This was predicted in [88]

and shown explicitly in [89].

Most of the work on higher spin algebras until now have utilized the realizations of

underlying Lie (super)algebras as bilinears of oscillators which correspond to free field

realizations. The quasiconformal approach allows one to give a natural definition of super

Joseph ideal and leads directly to the interacting realizations of the superextensions of

higher spin algebras. The next step in this approach is to reformulate these interacting

quasiconformal realizations in terms of covariant gauge fields and construct Vasiliev type

nonlinear theories of interacting higher spins in AdS5.

Another application of our results will be to reformulate the spin chain models asso-

ciated with N = 4 super Yang-Mills theory in terms of deformed twistorial oscillators and

study the integrability of corresponding spin chains non-perturbatively. In fact, a spectral

parameter related to helicity and central charge was introduced recently for scattering am-

plitudes in N = 4 super Yang-Mills theory [90]. This spectral parameter corresponds to

our deformation parameter which is helicity and appears as a central charge in the quasi-

conformal realization of the super algebra SU(2, 2|4). We hope to address these issues in

future investigations.
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A Spinor conventions for SO(2, 1)

We follow [91] for the spinor conventions in d = 3 and thus all the 3d spinors are Majorana

with ηµν = diag(−,+,+). The gamma-matrices in Majorana representation terms of the

Pauli matrices σi are as follows:

γ0 = −iσ2, γ1 = σ1, γ2 = σ3 (A.1)

and they satisfy

{γµ, γν}αβ = 2ηµνδαβ . (A.2)

Thus the matrices (γµ)αβ are real and the Majorana condition on spinors imply that they

are real two component spinors. Spinor indices are raised/lowered by the epsilon symbols

with ǫ12 = ǫ12 = 1 and choosing NW-SE conventions

ǫαγǫβγ = δαβ , λα := ǫαβλβ ⇔ λβ = λαǫαβ . (A.3)

Introducing the real symmetric matrices (σµ)αβ := (γµ)ρβ ǫρα and (σ̄µ)αβ := (ǫ · σµ ·
ǫ)αβ = −ǫβρ (γµ)αρ, a three vector in spinor notation writes as a symmetric real matrix as

Vαβ := (σµVµ)αβ ⇒ V µ =
1

2
(σ̄µ)αβ Vαβ . (A.4)

B Minimal unitary supermultiplet of OSp(N |4,R)

In this section we will formulate the minimal unitary representation of OSp(N |4,R) which
is the superconformal algebra with N supersymmetries in three dimensions. The superal-

gebra osp(N |4) can be given a five graded decomposition with respect to the noncompact

dilatation generator ∆ as follows:

osp(N |4) = Kαβ ⊕ SIα ⊕ (OI
J ⊕M β

α ⊕∆)⊕Q I
α ⊕ Pαβ (B.1)

We shall call this superconformal 5-grading. The bosonic conformal generators are the

same as given in previous section. In order to realize the R-symmetry algebra SO(N)
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and supersymmetry generators, we introduce Euclidean Dirac gamma matrices γI (I, J =

1, 2, . . . , N) which satisfy {
γI , γJ

}
= δIJ (B.2)

The R-symmetry generators are then simply given as follows:

OIJ =
1

2

(
γIγJ − γJγI

)
(B.3)

and supersymmetry generators are the bilinears of 3d twistorial oscillators and γI :

Q I
α = καγ

I , SIα = γIµα (B.4)

They satisfy the following commutation relations:

{
Q I

α , Q J
β

}
= δIJPαβ ,

{
SIα , SJβ

}
= δIJKαβ (B.5)

{
Q I

α , SJβ
}
= M β

α δIJ + 2OIJδβa + i

(
∆− i

2

)
δIJδβα (B.6)

The action of conformal group generators on supersymmetry generators is as follows:

[
M β

α , Q I
γ

]
= −δβγQ

I
α +

1

2
Q I

γ ,
[
M β

α , SIγ
]
= δαγS

Iβ − 1

2
SIγ (B.7)

[
∆ , Q I

α

]
=

i

2
Q I

α ,
[
∆ , SIα

]
= − i

2
SIα (B.8)

[
Pαβ , S

Iγ
]
= −2δγ(αQ

I
β),

[
Kαβ , Q I

γ

]
= 2δ(αγ Sβ)I (B.9)

[
Pαβ , Q

I
γ

]
=
[
Kαβ , SIγ

]
= 0 (B.10)

The R-symmetry generators act only on the I, J indices and rotate them as follows:

[
Q I

α , OJK
]
=

1

2
δI[JQ K]

α ,
[
SIα , OJK

]
=

1

2
δI[JSK]α (B.11)

For even N the singleton supermultiplet consists of conformal scalars transforming in a

chiral spinor representation of SO(N) and conformal space-time spinors transforming in the

opposite chirality spinor representation of SO(N) [36, 92]. There exists another singleton

supermultiplet in which the roles of two spinor representations of SO(N) are interchanged.

For odd N both the conformal scalars and conformal space-time spinors transform in the

same spinor representation of SO(N).

C The quasiconformal realization of the minimal unitary representation

of SO(4, 2) in compact three-grading

In this appendix we provide the formulas for the quasiconformal realization of genera-

tors of SO(4, 2) in compact 3-grading following [21]. Consider the compact three graded

decomposition of the Lie algebra of SU(2, 2) determined by the conformal Hamiltonian

so(4, 2) = C− ⊕ C0 ⊕ C+
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where C0 = so(4) ⊕ so(2). Folllowing [21] we shall label the generators in C± and C0

subspaces as follows:

(B1, B2, B3, B4) ∈ C− (C.1)

L±,0 ⊕H ⊕R±,0 ∈ C0 (C.2)

(B1, B2, B3, B4) ∈ C+ (C.3)

where L±,0 and R±,0 denote the generators of SU(2)L×SU(2)R andH is the U(1) generator.

The generators of so(4, 2) in the compact 3-grading take on very simple forms when

expressed in terms of the singular oscillators introduced in section 3.2:

H =
1

2

(
A†

L+1AL+1 + L+
1

2
(Nd +Ng) +

5

2

)
(C.4)

L+ = − i

2
ALd

†, L− =
i

2
dA†

L, L3 = Nd −
1

2
(H − 1) (C.5)

R+ =
i

2
g†A−L, R− = − i

2
A†

−Lg, R3 = Ng −
1

2
(H + 1) (C.6)

B1 = −iALA−L, B2 = −i
√
2dA−L, B3 = −i

√
2ALg, B4 = −2igd (C.7)

B1 = iA†
−LA

†
L, B2 = i

√
2A†

−Ld
†, B3 = i

√
2g†A†

L, B4 = 2ig†d† (C.8)

D Commutation relations of deformed twistorial oscillators

[
Y 1 , Ỹ 1

]
=

1

2x
(Y 1 − Ỹ 1),

[
Y 2 , Ỹ 2

]
= − 1

2x
(Y 2 − Ỹ 2) (D.1)

[
Y 1 , Y 2

]
=

1

2x
(Y 1 + Y 2),

[
Ỹ 1 , Ỹ 2

]
=

1

2x
(Ỹ 1 + Ỹ 2) (D.2)

[
Y 1 , Ỹ 2

]
= − 1

2x
(Y 1 + Ỹ 2),

[
Ỹ 1 , Y 2

]
= − 1

2x
(Ỹ 1 + Y 2) (D.3)

[
Z1 , Z̃1

]
= − 1

2x
(Z1 + Z̃1),

[
Z2 , Z̃2

]
= − 1

2x
(Z2 + Z̃2) (D.4)

[Z1 , Z2] = − 1

2x
(Z1 − Z2),

[
Z̃1 , Z̃2

]
=

1

2x
(Z̃1 − Z̃2) (D.5)

[
Z1 , Z̃2

]
= − 1

2x
(Z1 + Z̃2),

[
Z̃1 , Z2

]
=

1

2x
(Z̃1 + Z2) (D.6)

[
Y 1 , Z1

]
= 2 +

1

2x
(Y 1 − Z1),

[
Ỹ 1 , Z̃1

]
= 2− 1

2x
(Ỹ 1 + Z̃1) (D.7)

[
Y 1 , Z2

]
=

1

2x
(Y 1 − Z2),

[
Ỹ 1 , Z̃2

]
= − 1

2x
(Ỹ 1 + Z̃2) (D.8)

[
Y 1 , Z̃1

]
=

1

2x
(Y 1 + Z̃1),

[
Ỹ 1 , Z1

]
= − 1

2x
(Ỹ 1 − Z1) (D.9)

[
Y 1 , Z̃2

]
=

1

2x
(Y 1 + Z̃2),

[
Ỹ 1 , Z2

]
= − 1

2x
(Ỹ 1 − Z2) (D.10)

[
Y 2 , Z1

]
=

1

2x
(Y 2 + Z1),

[
Ỹ 2 , Z̃1

]
= − 1

2x
(Ỹ 2 − Z̃1) (D.11)

[
Y 2 , Z2

]
= 2 +

1

2x
(Y 2 + Z2),

[
Ỹ 2 , Z̃2

]
= 2− 1

2x
(Ỹ 2 − Z̃2) (D.12)
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[
Y 2 , Z̃1

]
=

1

2x
(Y 2 − Z̃1),

[
Ỹ 2 , Z1

]
= − 1

2x
(Ỹ 2 + Z1) (D.13)

[
Y 2 , Z̃2

]
=

1

2x
(Y 2 − Z̃2),

[
Ỹ 2 , Z2

]
= − 1

2x
(Ỹ 2 + Z2) (D.14)
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