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1 Introduction

It is well recognized that entanglement entropy is a useful tool to characterize a quan-
tum state [1]. Historically, quantum entanglement has been one of the most mysterious
and fascinating features of quantum mechanics in that performing a local measurement
may instantaneously affect the outcome of local measurements beyond the lightcone. This
apparent violation of causality is known as the Einstein-Podolsky-Rosen paradox [2]. How-
ever, since information does not get transferred in such a measurement, causality remains
intact. There are many phenomena which we are now finding that quantum entanglement
may play a role, including bubble nucleation [3]. Schwinger pair production in a constant
electric field can be considered as an analogue of bubble nucleation in a false vacuum. In
the case of pair creation, electron-positron pairs are spontaneously created with a certain
separation and such particle states should then be quantum correlated. Recent studies of
the Schwinger effect infer that observer frames will be strongly correlated to each other
when they observe the nucleation frame [4-6].

Entanglement entropy has now been established as a suitable measure of the degree of
entanglement of a quantum system. Entanglement entropy has since become a useful tool
in understanding phenomena in condensed matter physics, quantum information and high
energy physics. For example, entanglement entropy plays the roll of an order parameter



in condensed matter systems and thus the phase structure can be examined using this
measure of quantum correlation. It would be interesting to consider the consequences of a
measurable entanglement entropy in a cosmological setting, especially in view of the bubble
nucleation and the multiverse. Indeed, it may be possible to investigate whether a universe
entangled with our own universe exists within the multiverse framework. Such a scenario
may be observable through the cosmic microwave background radiation (CMB).

To calculate the entanglement entropy in quantum field theories explicitly has, until
recently, not been an easy task. In [7], Ryu and Takayanagi proposed a method of calcu-
lating the entanglement entropy of a strongly coupled quantum field theory with a gravity
dual using holographic techniques. This has proved extremely powerful and their formula
has passed many consistency checks [8]. Consequently, entanglement entropy, especially
within a holographic context has been attracting a great deal of attention of late.

In [9] Maldacena and Pimentel developed a method to explicitly calculate the entan-
glement entropy in a quantum field theory in the Bunch-Davies vacuum of de Sitter space
and discussed the gravitational dual of this theory and its holographic interpretation. In
this paper, we extend the calculation of the entanglement entropy in the Bunch-Davies vac-
uum to a-vacua. The use of conformal symmetry of the de Sitter invariant Bunch-Davies
vacuum as utilized by Maldacena and Pimental can be also extended to the a-vacua and
this will significantly simplify the calculation.

Our interest in a-vacua is three-fold: firstly, these new examples serve to further
develop our understanding of the nature of entanglement entropy in the non-trivial vacua
with de Sitter invariance. Second, understanding entanglement entropy in this de Sitter
invariant family of backgrounds will provide a non-trivial check of the holographic methods
employed by Ryu and Takayanagi which even today is the only tool at our disposal to
access the entanglement entropy of strongly-coupled quantum field theories. We would like
to clarify here how the change of the vacuum can be implemented into the holographic
scheme. This is related to the issue of how to describe the entanglement entropy of excited
states from the holographic point of view. Our final motivation stems from cosmology.
In conjunction with CMB observations, it has been suggested [10] that non-Bunch-Davies
vacua are preferable to explain the results of BICEP2 [11].

In this paper we calculate the entanglement entropy of a massive scalar field in the
family of a-vacua in a fixed de Sitter background. Note that this is not the entropy of the
metric on the de Sitter horizon which has already been discussed extensively in the liter-
ature [12, 13]. Intuitively, an a-vacuum can be thought of as a state of pair condensation
or, alternatively, as a squeezed state [14—17]. Thus the quantum uncertainty of the state
is heavily constrained. The pair condensation itself has an intrinsic quantum correlation
associated with it. When the rate of pair condensation increases, it is expected that the
quantum correlation would increase. Hence, we expect an increase of the entanglement en-
tropy with increasing a parameter, corresponding to the increased pair condensation. We
are also able to investigate the Rényi entropy using the same mathematical techniques. This
will gives rise to a new measure of quantum correlation in these vacua and we will explore
the a dependence. We try to give a holographic interpretation in the discussion, however,
we find it difficult to implement the change of the vacuum in a conventional manner.



The paper is organized as follows. In section 2, we review the method developed
by Maldacena and Pimentel with some comments relevant to the calculation of the en-
tanglement entropy of a-vacua. In section 3, we introduce the a-vacua and calculate the
relevant density matrix and the entanglement entropy. We also evaluate the Rényi entropy.
We conclude in section 4 with some summary remarks and speculation about a possible
holographic interpretation of our results.

2 A review of entanglement entropy of the Bunch-Davies vacuum

In [9], Maldacena and Pimentel developed a method to calculate a specific contribution
to the entanglement entropy of a massive scalar field in de Sitter space explicitly. They
showed that the long range correlations implied by the entanglement entropy are maximal
for small masses and decay exponentially as the mass increases. Here we will review the
formalism developed in that paper before extending it to a-vacua in section 3.

2.1 Entanglement entropy

The entanglement entropy is a quantity which characterizes quantum correlations of a
system. In particular it is the long-range correlations in which we will be interested. It can
be thought of as a measure of how much we can discover about the full state of a system,
given only a subsystem of it to measure. To explain this, let us divide the system into two
subsystems A and B. The Hilbert space becomes a direct product H = Ha @ Hp. As an
illustration, we choose a special state

O) = cili)ali)s, (2.1)

%

where ¢; is the amplitude of finding the i-th state. In this case, the density matrix is

p=1U)W =" "cici|i)ali)p alilp(il- (2.2)
i J

If we trace over the degrees of freedom of B, we find that the density matrix of the
subsystem A is given by

pa=Trg p=> cic;p(kli)ali)pa(ila(ilk)s = lexl|k)aalk],  (2.3)
i7j7k k
and the density matrix is normalized to 1 because of the conservation of probability

Trapa= Y lex> =1. (2.4)
k

However, Tra p%4 = >, |ck|* # 1 in general.
The entanglement entropy is defined via the density matrix as the Von-Neumann en-
tropy

S:—TrApAlogpA:—Z]ck\2log\ck\2, (2.5)
k



where we traced over the subsystem A. For a pure state such as ¢y = 1, ¢o = ¢3 =
---cy = 0, the entanglement entropy is given by S = 0. For a mixed state such as
cp=cp=--cy=1/ VN , where N is the dimensionality of the correlated Hilbert space,
the entanglement entropy takes the maximum value

Y1
S:—Zﬁlogﬁzlogl\ﬁ (2.6)
k

Since the number N describes the extent to which the system correlates, the entanglement
entropy is certainly a measure of the quantum correlations. In other words, the entangle-
ment entropy is related to the relevant degrees of freedom in the system. For instance, in
a two dimensional conformal field theory the entanglement entropy is proportional to the
central charge which counts the degrees of freedom in such a system [18].

2.2 Setup of entanglement entropy in de Sitter space

In order to study entanglement entropy in 3 4+ 1-dimensional de Sitter space we consider a
closed surface S? in a hypersurface at fixed time. This divides the spacelike hypersurface
into an inside region (A) and an outside region (B). The total Hilbert space, as in the
previous section can then be written as a direct product H = Hin @ Hout- From this we can
trace over the outside region to construct the density matrix for the internal region py, =
Troue |[¥)(¥|. From this we can then obtain the entanglement entropy defined in eq. (2.5).

In order to apply this procedure to de Sitter space, we first consider the closed surface
in the flat chart. In the flat chart of de Sitter space, the metric reads

ds®

= H;nz [—dn? + 6;j dz'da’] (2.7)
where indices (i, j) denote the three spatial components. H is the Hubble parameter and
7 is conformal time.

We consider a free scalar field of mass m on a 1 = constant hypersurface. The entan-
glement entropy associated to this field in the field theory consists of UV divergent and
UV finite parts

S = Suv-div + Suv-fin - (2.8)

The divergent part is well known and takes the form [19, 20]

A
SUV-div = 016—2 + log(eH) [02 + e Am? + C4AH2] , (2.9)

where ¢; are numerical coefficients. Here, ¢ is the UV-cutoff and A is the proper area of
the shared surface of the two regions. Since all of these terms arise in flat space and from
local effects, we are not interested in this part. The UV-finite part contains information
about the long-range correlations of the quantum state in de Sitter space. We can expect
the IR behavior (n — 0 limit) of the UV-finite part to be of the form

SUv-fin = ¢5 AH? — %6 log (A H2) + finite = ¢5 Az + cg logn + finite,, (2.10)
n
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Figure 1. De Sitter space and the Penrose diagram.

where A = AH?,? is the area of the surface in comoving coordinates. The quantity we
calculate to get the information about the long range correlations of the state is cg, which
is a cut-off independent quantity.

In order to compute cg, we take the radius of the surface to be much bigger than the de
Sitter horizon, R > Rgqg = H~!. In the asymptotic future n — 0, we can use a conformal
transformation of the de Sitter invariance to map the shared S? to the equator of the S3
hypersurface at fixed time. Once we can divide the region in half in the asymptotic future,
the flat chart is indistinguishable from the open chart as in figure 1. Once we can map the
surface on the boundary between the L and R regions of the open chart in the asymptotic
future, it is convenient to trace over the outside region of the surface to obtain the density
matrix of the inside region. Thus, the detailed calculation will be able to be performed in
the open chart as follows.

2.3 Entanglement entropy in the Bunch-Davies vacuum

The following section follows the derivation of [9]. The outline of the section is as follows.
We will first solve the equations of motion for a free scalar field in the L and R regions and
find the solution written in terms of the appropriate operators which annihilate the Bunch-
Davies vacuum. We will then perform a transformation of this state into the operators
written in terms of creation and annihilation operators on the L and R regions separately.
This will then allow us to trace over one part of the space to obtain the density matrix and
eventually the entanglement entropy. We start by finding the solutions to the equation of
motion on the two sections of the space and find a suitable solution which is analytic on
going between the two regions.

The open chart of de Sitter space is studied in detail in [21]. Now, we consider a free
scalar field of mass m with the canonical action given by

2
S = /d4x\/jg [—;g“”a“qﬁayqb— %& . (2.11)



We write the metric in each region R and L in terms of the local definitions of ¢ and r as
defined from the Euclidean coordinates

ds}, = H % [—dt}, + sinh® tp (dry, + sinh? rp dQ?)] |
ds} = H™? [—dt] +sinh?t;, (dr} + sinh®rp dQ?)] , (2.12)

where d©Q? is the metric on the two-sphere. These coordinate systems are obtained by
analytic continuation from the Euclidean metric. Since it is natural to choose the Eu-
clidean vacuum (the Bunch-Davies vacuum [22-24]) as the initial condition, we need to
find the positive frequency mode functions corresponding to the Euclidean vacuum. After
separation of variables

H
sinh ¢ Xp

the equations of motion for x, and Y, in the R or L regions are found to be

¢ = (t) Yoo (r, ), (2.13)

0? 0  1+p*> m?
[8t2+3C0tht6’t+sinhzt+H?] Xp(t) :0, (214)
ok 9, 1 2 5
gyz T 2eothr o = o L2 Yo (1, 9) = = (140%) Yo (@), (2.15)

where L2 is the Laplacian operator on the unit two-sphere, the Y,em are eigenfunctions
on the three-dimensional hyperboloid and the temporal and radial coordinates are left
undistinguished for the R and L regions. The solutions can be found explicitly in [21]. By
defining a parameter

9 m2

- — 2.1
1 (2.16)

vV =

the time dependent part of x, () is given by

1 e™P—ige VY pip e ™P—jge TV p—ip
2sinh7p (F(V+ip+1/2) Pufl/z(COShtR) T(v—ip+1/2) Pufl/Q(COSh tR)) )

Xp,a(t) - (2'17)

fed e™P—ijge 'V PP
2sinhwp \ T'(v+ip+1/2) " v—1/2

—iTY

(coshtr) — %Pgﬁ/z(coshuw ,

where the index ¢ takes the values 1 and Pui_i}i are Legendre functions. This is a solution
supported on the R and L regions respectively.szo independent solutions for each region
are distinguished by the sign of 0. Note that the solutions are obtained by analytic contin-
uation between the L and R regions. This procedure requires the solutions to be analytic in
the Euclidean hemisphere and produces the factor e in the above solutions. In this way,
the Bunch-Davies vacuum is selected. As the Bunch-Davies vacuum is de Sitter invariant,
it is legitimate to use the mapping in figure 1.
We expand the field in terms of the creation and anihilation operators,

om0 =Y / @p [ Gt ot (17,2 + 0l w0 | (218)

olm



where agpry, satisfies aypen|BD) = 0. The mode function wepem (t,7,§2) representing the
Bunch-Davies vacuum is

H

X (t) Youm (1, 2) (2.19)

Ugptm =

In order to calculate the density matrix, we write the states in a matrix form. If we write

the bases of the L and R regions in a simple form Pfl = p (coshtpy), P*il =

v—1/2

Py__i]i /2(cosh tr,1), the two lines of eq. (2.17) are expressed in one line

XT=N,1 Y [ag Py gg P (2.20)
q=R,L

where the support of the functions of ¢; and ¢g are the relevant sub-regions. N, is a
normalization factor including the 1/sinh 7p in eq. (2.17) and

" e™ Z'O.e—iﬂ'l/ " e~ P _ Z'O.e—im/
O‘R:F—~1’ 5}2:_—.17 (2‘21)
(v+ip+3) T'(v—ip+3)
™ _ o, — TV —Tp __ g, IV
0 =g IO e e (22)
T (v+ip+3) I'(v—ip+3)

The complex conjugate of eq. (2.20) which is needed in eq. (2.18) is

XT=N,U > [BT P4 at] P (2.23)
q=R,L

Then eq. (2.17) and its conjugate can be accommodated into the simple matrix form
x'=N, M, P7 (2.24)
where the capital indices (I, .J) run from 1 to 4 and

aa 50’
q q
X'=(x7x7), M= . P/ =(PR PL PR p*L)  (2.25)

Now we focus on the time dependent part! of the field operator, which is written as
¢(t):aIXI=Np_1aIM]JPJ, CLI:(ag,aL) , (2.26)

where the mode functions are defined via the appropriate annihilation of the Bunch-Davies
vacuum. Note that this relation can be regarded as the Bogoliubov transformation by
changing the mode functions defined in the Bunch-Davies vacuum into the Legendre func-
tions, which realize the positive frequency modes in the past. The Bogoliubov coefficients
are then expressed by a and § in the matrix M. To trace out the region R (or L) in the
end to obtain the density matrix of the L (or R) regions, we need to know the relation
between the Bunch-Davies vacuum and the R and L-vacua. By introducing new creation

!We omit the factor 1/sinht because it will be canceled when comparing eqs. (2.26) with (2.27).



and anihilation operators by defined such that br|R) = 0 and by|L) = 0, we expand the
field operator as

¢(t) = N, "oy P7, by = (bR, br, bl b}) : (2.27)

Note that we took the Legendre functions as the mode functions of the R, L-vacua because
they realize the positive frequency mode in the past. By comparing egs. (2.26) with (2.27),
we find the relation between ay and by such as

Ego Ogo ¢=(a—Bar1p) 7",
ay = by (M_l)l 7 (M_I)I Jj= w , (a ) ) (2.28)

5ty Eir 5= —a18e"
This leads to the relation between a, and b,
ar =3 [&wrbo+ 05,0 - (2.29)
q=R,L

Thus, the Bunch-Davies vacuum can be regarded as the Bogoliubov transformation
from the R, L-vacua as

1
[BD) =exp 5 Y mydfb} | IR)IL), (2.30)
i,j=R,L
where the operators b; satisfy the commutation relation [bi,bﬂ = 0i;. The condition

a,|BD) = 0 gives

_ I'(v—ip+1/2) 2™ cosTv isinhpm
= —0F o= : . (231
mzy 10 (é- )a’] T (7/ + Zp + 1/2) 627Tp + 627'7”/ ( )

isinhpr  cos v

The phase terms are unimportant for 2 > 0. We will comment on the case v? < 0 later in
section 2.4. Here, we consider v2 > 0 and write them as e’ for simplicity. Then

; 2ePT cosmr ¢sinhpm
mgj = €% V2 : (2.32)
Vcosh 2mp + cos 2mv \ jsinh PT COS TV
where e contains all phase factors. We write mgrr = mp; = w, which is real and

mrr = mpr, = ¢, which is purely imaginary for positive 2.

It is still difficult to trace over the R (or L) degrees of freedom when the state is
written in the form of eq. (2.30). Thus, we perform the Bogoliubov transformation again
by introducing new operators cg and cy,

CR:ubR—I-UbE, CL:ﬂbL—f-@bTL, (233)
to get the relation

[BD) = exp (v clyel, ) [RHIL), (2.34)



where |u|?—|v|? = 1 and |u|>—|0|? = 1 are assumed. The operators satisfy the commutation
relation {ci, cﬂ = 0;5. It should be noted that the Bogoliubov transformation does not mix

L and R Hilbert spaces although the vacuum is changed by this transformation from |R)|L)
into |R')|L’). The consistency conditions for eq. (2.34) are

cr|BD) =, ¢l [BD),  ¢f[BD) =~,ck [BD). (2.35)
Putting egs. (2.33) and (2.34) into eq. (2.35), we find the system of four homogeneous
equations

wu+v—7¢0" =0, Cu—ypt" —ypwit" =0, (2.36)

wiu+0—"y¢v" =0, Cu—ypu* —ypwv* =0. (2.37)
Here, w is real w* = w and ( is pure imaginary ¢* = —( for positive 2. Taking the compex

conjugate of eq. (2.36), we find that we can set v* = v and u* = @ if ~, is pure imaginary
Y, = —7Yp- Then eq. (2.37) becomes identical with eq. (2.36) and the system is reduced to
that of two homogeneous equations. The normalization condition |u|? — |v|?> = 1 must be
imposed.

In order to have a non-trivial solution in the system of equations (2.36), 7, must be

vpzzlg[‘“’2+<2+1—J(w2—<2—1>2—4<2 : (2.38)

where we took a minus sign in front of the square root term to make «y, converge. Plugging
the w and (¢ defined in eq. (2.32) into eq. (2.38), we get

V2

=1 . 2.39
V/cosh 2mp + cos 2 + /cosh 2wp + cos 27v + 2 (2:39)

Tp

Note that v, is pure imaginary. For negative 12, eq. (2.39) is analytic under substitution
v — +ilv| as we will explain in section 2.4.
If we trace over the R degree of freedom, the density matrix is found to be diagonalized

pr = Trg [BDYBD| = (1= yp[2) S 12" s ptm) (s ptm (2.40)
n=0

where we used eq. (2.34) and defined |n; pfm) = 1/v/n! (cTL)n |L’). Notice that we put the

normalization factor 1 — |v,|? because

o
1 — |y 1
Z h’p’% — lim A - lpl<1 - (2.41)
0 n—oo 1 — || 1 — |l
Then, the entanglement entropy as a function of p and v is calculated to be
[ l?
S(p,v) = —Trpr(p)log pr.(p) = —log (1 — |yl*) — %W log lwl?.  (242)
P

Note that this formula is derived under the condition |v,| < 1.
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Figure 2. Plots of the entanglement entropy Sint:/S,—1/2. The red line is for the Bunch-Davies
vacuum « = 0, the purple line is a = 0.03, the green line is @ = 0.1 and the blue is @ = 0.3. The
Sy—1/2 is independent of a.

The quantity cg that we want to calculate to get the information about the long range
correlation of the quantum state is obtained by integrating over p and a volume integral
over the hyperboloid,

1 o0
Sintr = 6 = 7T/ dpp*S(p,v). (2.43)
0

Maldacena and Pimentel plot the entanglement entropy, normalized by the conformally
invariant case (v = 1/2), Sintr/Sy=1/2, as a function of 2. (See the red line in figure 2).
They found that the long range entanglement is largest for small mass (positive v?) and
decays exponentially for large mass (negative v?) in [9].

2.4 Large mass range

2 we need to take care of the

For large masses (m > 3/2H), corresponding to negative v
phase factors in eq. (2.32). In the case of the Bunch-Davies vacuum, all factors in front
of the matrix in eq. (2.31) after substitution v — +i|v| can be equivalently obtained by

performing the analytic continuation on eq. (2.32) which drops all phase factors, that is,

I'(v—ip+1/2) 2™ vz T(G+i(E]—p) 277V
T (v +ip+ 1/2) €2 + e2imv T (L i (£y] +p)) 2 + eF2]
V2ePr
\/cosh 2mp + cosh 27|y '

(2.44)

(2.45)

Thus, we can use eq. (2.39) for all ranges of masses.

~10 -



2.5 Super-curvature modes

So far, we have considered only continuous spectrum for the eigenvalue p. However, it
is known that there exists a discrete mode p = i (v — 1/2) in the spectrum, the so-called
super-curvature mode [21]. We need to worry about it, namely, the super-curvature mode
may contribute to the long-range entanglement of a quantum state. However, since the
super-curvature modes exist with a spacial value of p =i (v — 1/2), it is plausible that the
integration would not produce a finite measure unless the super-curvature modes behaves
as delta-functions due to unnormalizable nature of the super-curvature mode. It would be
interesting to investigate this more precisely.

3 Entanglement entropy of a-vacua

In the previous section, we reviewed the entanglement entropy in the Bunch-Davies vac-
uum [9]. Here, we extend the calculation to more general a-vacua, which corresponds to
a state filled with particles from the point of view of the Bunch-Davies vacuum [25, 26].
The a-vacua are also de Sitter invariant, so we can use the same mapping in figure 1 that
was used to define a simple representation of the two subspaces. We will examine if the
long range entanglement is affected by the state in which particles are pair-created in the

vacuuinmn.

3.1 «-vacua

The CPT invariant a-vacua can be parametrized by a single positive real parameter a.
The Bunch-Davies vacuum is realized when a = 0. The mode function is obtained by
the Bogoliubov transformation from the mode function of the Bunch-Davies vacuum in
eq. (2.19) such as

Ugpem (t, 7, 82) = cosh a ugppm (t, 7, Q) + sinh aug (2, 7,Q) . (3.1)

The relation between the annihilation operators in the a-vacua and the Bunch-Davies
vacuum is also defined by the Bogoliubov transformation

dy = coshaa, —sinhaal . (3.2)
The definition of an a-vacuum is then simply
dola)y =0. (3.3)

The scalar field in eq. (2.18) is expanded by those mode functions and operators

St =Y dp[dgpgmugpgm(t,T,Q)—l—degm () | (3.4)

o l,m

- 11 -



It is helpful to note that the a-vacua are directly related to the Bunch-Davies vacuum
and the R and L-vacua as

|a) = exp ftanha ala } |IBD)

1 . .
— exp |5 tanha (€0 b+ 00 | | [ D0 [ 6o b+ 80 by |
i q=R,L q=R,L
1
xexp | 5 > mi bl vl | |R)IL), (3.5)
ij=R,L

where we used egs. (2.29) and (2.30) and pairs of o are summed over. It is well known that
the a-vacua are nothing but squeezed states. Looking at the above formula, we see that
the a-vacua should create extra correlations across the R and L sub-systems.

3.2 Bogoliubov transformation to R, L-vacua

We calculate the entanglement entropy of a-vacua with the setup of the previous subsection.
The calculation is completely parallel to that of the Bunch-Davies vacuum but we start
with a different set of creation and annihilation operators.

We first to find a relation between operators of a-vacua and ones of R (or L) vacua.
Plugging eq. (2.29) into eq. (3.2), we get the relation

de = Z [{coshafqg —sinha 640} by + {cosh a6}, —sinha &, } bg] . (3.6)
q=R,L
Comparing this with eq. (2.29), we find that the Bogoliubov transformation for the original
§qo and &7, is

£qo — cosha &y —sinhadye, g0 — coshady, —sinha &y, . (3.7)

The Bogoliubov transformation between a-vacua and R (or L) vacua can be found by the
consistency of the definition of the a-vacua eq. (3.3) of

1
o) =exp | 5 > g b bl | |R)ILY, (3.8)
i,j=R,L
provided

iy = — {coshadl, —sinha &l } {coshaé —sinhad})} (3.9)

oj
where we used the first equation in eq. (2.31) and eq. (3.7). Using the expression of { and
J given by eq. (2.28), we get

I'(v—ip+3) 2

T (v+ip+ 3) e2™ (cosh o — sinh ae=27)% 4 €27 (cosh a 4 sinh o e=207v)?

D D
w [ TR (3.10)
Drr Dprr

mij:—
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where

Dgrr = Dy = (cosh2 ae™ + sinh? o e_“”’) cos v — sinh 2acsinh? 7p | (3.11)

—imY

Dgp, = Dpg =i [cosh® ae™ + sinh® ae + sinh 2 cos v] sinhp.  (3.12)

3.3 Diagonalization

In order to trace out the R (or L) degree of freedom, the density matrix has to be diagonal-
ized as in the form eq. (2.40). To do this, we need to perform the Bogoliubov transformation
eq. (2.33) again to get the relation

o) = exp (] cfy ) RIIL). (3.13)
The consistency conditions for eq. (3.13)
Ccr |c) :fychL|Oz>, cr o) :fypc%]a% (3.14)

gives rise to the system of four homogeneous equations egs. (2.36) and (2.37). Here, w and
¢ in the case of a-vacua are read off from eq. (3.10) and

W =MmpRr =mrr,, (=mRr =MLR . (3.15)

We see that w and ¢ are not real and pure imaginary respectively for positive v, which
are different from the case of de Sitter vacuum. Thus we cannot reduce the system of four
homogeneous equation egs. (2.36) and (2.37) into two by setting v* = v and «* = @ in the
case of a-vacua. We need to solve the system of four homegeneous equations for positive
v?, with conditions |u|> — |[v|?> =1 and || — |7]? = 1.

Fortunately, we find a non-trivial solution of v, of this system:

1
Ypl® = 2 [— WP = w4 Jwl* = 20wl + 1+ ¢
—\/(w24*2 + w202 — ot 20w = T [C[1) —4¢* | . (3.16)
This recovers eq. (2.38) when o = 0, w* = w and (* = —(. So these results are analytically

consistent. For negative 12, we find eq. (3.16) is analytic under substitution v — —i|v|.2
This can be checked as follows. As we will see in section 3.5, w becomes real and ¢ becomes
pure imaginary for negative v2. So we can reduce the system of four equations into that
of two equation as in the case of the Bunch-Davies vacuum. We can plot from v? < 0
by using eq. (2.38) and we find the plots agree with the ones obtained by using analytic
continuation of eq. (3.16).

*Here, we have two choices of v — =+i|v|. In the case of the Bunch-Davies vacuum, the result doesn’t
change whichever sign we choose. In the a-vacua case, however, we find that the substitution ¢|v| produces
the divergence where |vp| > 1.
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Figure 3. A plot of the entanglement entropy Sine:/S,—1/2 for a = 0.3. This is completely smooth
around v = 0 in the complex plane.

3.4 Long range entanglement entropy

Now, we can plot the entanglement entropy in eq. (2.43) for various value of a. The
results are found in figure 2. The Bunch-Davies vacuum corresponds to o = 0 (red line).
It shows that there exists a long range entanglement for small masses of the scalar field
(positive 2) and it decays exponentially for large masses (negative ?). The entanglement
could exist beyond the Hubble horizon because de Sitter expansion separates off the pair
of particles created within the Hubble horizon. For large masses one expects a lower rate
of pair creation and thus a reduced entanglement entropy.

The pair condensation effect of the a vacuum in de Sitter space enhances the entan-
glement entropy, as expected. Once the effect of a state with condensed particles starts to
work as « increases, we see that the entanglement entropy is enhanced, which agrees with
our expectation that the state with condensed particles would increase the rate of pair
creation by de Sitter expansion for small mass. We also see that the entanglement entropy
does not depend on « when the mass parameter v = 1/2. This is because conformally flat
space is indistinguishable from Minkowski space for conformally invariant case (v = 1/2).
So the differences due to the choice of vacua don’t show up at this point. This however is a
feature of the particular normalization chosen. For large mass, the long range correlation
decreases as the Bunch-Davies vacuum. There appears to be a discontinuity in the deriva-
tive in the plots at 2 = 0 as « increases. However, the plots are completely smooth in the
complex plane as shown in figure 3. We also plotted Sint,; as a function of a for some fixed
values of v/ in figure 4 where we see the qualitative feature is consistent with figure 2.
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Figure 4. Plots of the entanglement entropy Sine: as a function of a.. The blue line is for 2 =0
and 1, the green line is for 2 = 1/16, 9/16 and 25/16, and the purple line is for v? = 1/4 and 9/4.

3.5 Large mass range

For the negative v? region (v — —i|v|), w and ¢ as defined in eq. (3.15) are written by

w = N (cosh2a cosh? 7|v| — sinh 2asinh? rp + sinh 7r|v| cosh 7|v| ) | (3.17)
¢ = i N [(cosh 2« + sinh 2cr) cosh 7|v| + sinh 7|v| | sinh 7p, (3.18)
where
h — 2
N — COs (‘V‘ p) (319)

cosh(|v| +p) (€2 + e27¥l) cosh? o + (e~27 + e~ 27Il) sinh® o’

where we have dropped the unimportant phase factor. Note that w is real and ( is purely
imaginary. Thus we can reduce the system of four homogeneous equation egs. (2.36)
and (2.37) into two eq. (2.36) as we did in the Bunch-Davies case. We checked that the
plots completely agree with each other in the negative 12 region.

3.6 Rényi entropy

The entanglement entropy characterizes the features of a quantum state. However, ap-
parently, it is not a unique such characterization. Actually, there exists a one parameter
family generalization of the entanglement entropy, the so-called Rényi entropy [27-29]. It
is defined by

Sy = log Tr p?, qg>0, (3.20)

l—gq
with the limit ¢ — 1 corresponding to the entanglement entropy. In fact, this gives rise to
a convenient way to calculate the entanglement entropy. In another limit ¢ — 0, the Rényi
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Figure 5. Plots of the Rényi entropy Sgintr/Sg,v=1/2- The order of Rényi entropy is ¢ = 1/2. The
red line is for the Bunch-Davies vacuum « = 0, the purple line is @ = 0.03, the green line is a = 0.1
and the blue is a = 0.3.

entropy measures a dimension of the density matrix, the so-called Hartley entropy [30]. In

the limit ¢ — oo, on the other hand, the Rényi entropy tells us the largest eigenvalue of the

density matrix. Thus, the Rényi entropy is useful to look at details of a quantum state.
In the present cases, the Rényi entropy as a function of p and v is

1
T log (1 —|y|?) -

log (1 — |7,|%9) , 3.21
Y ¢ (1= |pl™) (3.21)

Sq,intr (pa V) = 1
where 7, is defined in eq. (3.16). The information about the long range correlation of the
quantum state is obtained by integrating over p and a volume integral over the hyperboloid,
which is expressed by

1 oo
Sq,intr - 7T/ dpp2Sq(p7 V) . (322)
0

This is plotted in figure 5. We took the order of the Rényi entropy ¢ = 1/2. We see the effect
of o enhances the Rényi entropy compared with the Bunch-Davies vacuum for small mass.
For large mass, the rate of decreasing appears slower than the case of the entanglement
entropy. The plots eventually become flat irrespective of o as ¢ — 0. Remarkably, the
Rényi entropy exists in spite of the heavy mass. In figure 6, we plotted Sy intr as a function
of ¢. We find Sy intr is @ monotonic function of ¢g. It diverges in the limit ¢ — 0 and
approaches the asymptotic value in the limit ¢ — oo. The asymptotic value of the Rényi
entropy increases as « increases. This means the largest eigenvalue of the density matrix
is an increasing function of a.. These features can be explained as follows. From eq. (3.21),
we see Sy intr(p,v) < —logq which is independent of a in complete agreement with the
numerical result figure 6 and the fact that Hartley entropy measures the dimensions of the
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Figure 6. Plots of the Rényi entropy S; intr as a function of q. The mass parameter is ¥ = 1. The
red line is for the Bunch-Davies vacuum « = 0, the purple line is a = 0.03, the green line is @ = 0.1
and the blue is a = 0.3.

density matrix. We can also evaluate Sgintr (p,v) in the limit ¢ — oo which results in the
formula

1 0
Sq:oo,intr(p7 V) = _71_/0 dpp2 IOg (1 - h/p‘2> . (323)

It is easy to evaluate this integral and find that it increases exponentially as « increases.

4 Discussion

We studied the entanglement entropy of a free massive scalar filed in de Sitter space by
using a method developed by Maldacena and Pimentel. In particular, we focused on the
state dependence of the entangle entropy, namely, we have considered a-vacua which is
de Sitter invariant. The a-vacua can be thought of as a state filled with pair of particles
from the point of view of the Bunch-Davies vacuum. In order to obtain the entanglement
entropy, we need to determine the density matrix of the subsystem A in terms of the
notation in section 2.1. This can be done when the density matrix is diagonal. To make
the density matrix diagonal, it is essential to transform the original matrix into a special
form. This can be done for the Bunch-Davies vacuum. In the case of a-vacua it is not
so straightforward to obtain diagonal density matrix. However, we found a formula which
can be used to obtain the entanglement entropy. We find that the entanglement entropy in
de Sitter space takes the minimal value for the Bunch-Davies vacuum among the a-vacua.
We argue these features stem from the pair condensation of a-vacua where the pair has
the intrinsic quantum correlation. We also calculated the Rényi entropy and showed that
the asymptotic value of the Rényi entropy increases exponentially as « increases.
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In terms of future extensions of this work, one of the most pressing would be a holo-
graphic interpretation along the lines of the work of Maldacena and Pimentel for the
Bunch-Davies vacuum in [9]. To summarize their argument; a free field theory on a curved
de Sitter space

ds® = dw? + sinh® w [—dt2 + cosh? t (d92 + cos? § dQQ)] , (4.1)

can be investigated in a holographic context by treating the de Sitter space as the boundary
of an anti-de Sitter (AdS) bulk which can then be considered as the gravitational dual [31,
32]. Here, d©2? is the metric of a two-sphere and w, ¢, are a radial, a time, and an angular
coordinate, respectively. Then, following Ryu and Takayanagi [7], they match the field
theory computation of the entanglement entropy to the area of an appropriate minimal
surface in the AdS space. The minimal surface is identified as the surface ¢ = constant and
6 = 0. Starting with a conformally coupled scalar (v = 1/2), they generalize the model to
non-conformal theories in this holographic scheme. Then, the bulk geometry is modified as

ds® = dw® + a*(w) ds3g, (4.2)

where ds?q, is a four-dimensional de Sitter metric and the function a(w) is determined by
solving the Einstein equation with the scalar field. The surface we should take is the one
at 0 =0, t = t(w) which extremizes the area

A=Vg /a2 cosh? t(w)v/ dw? — a2dt? (4.3)

where Vg2 is two-volume. It would be of great interest to understand how this line of
reasoning is modified for a-vacua.

The first hurdle to such a holographic computation of the entanglement entropy of
the a-vacua in a strongly coupled phase is the lack of clarity as to what precisely the
gravity duals of a field theory on such « backgrounds are beyond the fact that they will
likely be some one-parameter deformation of AdS. Nevertheless, having demonstrated that
at v = 1/2 the entanglement entropy is a-independent, we believe that in this case, the
Maldacena-Pimentel argument should go through essentially unchanged since the latter
does not require a choice of vacuum. More generally though, as we saw above, the entan-
glement entropy of a-vacua is decidedly different from that of the Bunch-Davies vacuum.
Hence, we expect the three-dimensional area at § = 0, t = ¢(w) in the AdS bulk must
be further deformed to match the entanglement entropy. However, it is not clear how to
implement this state dependence in to the holographic scheme.? In the conventional case,
the boundary geometry is Minkowski space where we do not have vacuum ambiguity. Now
that there is a continuum of vacua in de Sitter space, we are not sure what surface corre-
sponds to each vacuum. A naive answer is that because there is a difficulty in defining an
interacting field theory on an a-vacuum [15-17] the holographic principle may not lead to
a well-defined gravitational theory. We leave these considerations for future investigation.

3There is a possible approach to this direction in [33].
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