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1 Introduction

Supersymmetric gauge theories have been extremely fruitful in our endeavor to uncover the
rich structure of quantum field theory. One of the most remarkable phenomenon discovered
in supersymmetric gauge theory is Seiberg duality [1] where two different UV gauge theories
flow to the same fixed-point in the IR . The original example studied by Seiberg was
N =1 SQCD with SU(N) gauge group, which was subsequently generalized to SO(N)
gauge groups by Intriligator-Seiberg [2] and to USp(2N) gauge groups' by Intriligator-
Pouliot [3].

'In this paper we use the notation USp(2N) = Cx for the symplectic groups so that USp(2) = SU(2).



Recently, a new dual description to SU(N) SQCD has been found by Gadde-Maruyoshi-
Tachikawa-Yan (GMTY) [4]. Their new dual theory involves coupling two copies of the
so-called Ty theory. The new theory can be thought of as a generalization of the (multiple)
self-duality of Csaki-Schmaltz-Skiba-Terning [5] from SU(2) to SU(NN). The main compo-
nent they used was the T theory which arises from wrapping N coincident M5-branes or
Apn_1 six-dimensional N' = (2,0) theory on a 3-punctured sphere [6].

One of the objectives of this paper is to generalize the GMTY duality to the SO/USp
theories thereby adding more dual theories in addition to the ones found in [2, 3]. Moreover,
we will show that there is not just one new dual theory but three more dual descriptions
to each theory. From this, we argue there are five different theories in the UV that flow to
the same superconformal theory in the IR.

We also find new dual theories for the G2 gauge theory with 8 fundamentals. Gs is
the simplest group with a trivial center and hence QCD with a G2 gauge group provide us
with an opportunity to study the role of the center of a gauge group in confinement [7]. A
dual for G> QCD with 5 flavors was discussed in [8, 9] while for 5 < Ny < 12, a magnetic
theory with an SU(Ny — 3) gauge group was found by Pouliot [10]. The duality frames
discovered in this paper are either non-Lagrangian or based on Spin(8) gauge group and
hence constitute a new class of magnetic theories.

Two dual frames among five have Lagrangian descriptions. The ‘electric theory’ U
is the original SQCD with certain number of flavors and the ‘magnetic theory’ U.; is
also an SQCD with the same number of flavors® but also has mesons coupled through a
superpotential. Three non-Lagrangian dual theories can be categorized into ‘swap’ theories
U, following the nomenclature of [4], and Argyres-Seiberg type Uys since it can be thought
of as N =1 version of the dualities found in [11], and the crossing type Ues.

Our discussion is motivated from the six-dimensional construction of NV = 1 super-
conformal field theories. It is an extension of the so-called the N = 2 theories of class
S [6, 12]. A class S theory is constructed by compactifying the six-dimensional N' = (2,0)
theory of type I' = A, D, E on a Riemann surface C with a partial topological twist. This
gives rise to A/ = 2 theory in 4-dimensions labeled by C called the UV curve. Since any
(negatively curved) Riemann surface can be decomposed in terms of pair of pants or 3-
punctured sphere, it is natural to associate a 4d theory to a 3-punctured sphere and regard
it as a building block for the 4d theory. The 4-dimensional theory associated to C has to be
the same regardless of how we decompose the Riemann surface. The statement of duality
is equivalent to saying that the different pair-of-pants decompositions give rise to the same
4-dimensional theory.

In order to write down various dual theories, one needs to identify the theory cor-
responding to the various different types of three punctured spheres. This has been ex-
tensively studied, for example in [13-16], from which they find new N' = 2 SCFTs and
dualities. The class S construction for the Dy type was first studied in [17] and the effect
of outer-automorphism twists has been studied in [18].

One can generalize this construction to N’ = 1 theory. The simplest way is to give
mass to the chiral adjoints in the A/ = 2 vector multiplets. In the IR, the massive chiral

2Except for the G2 case where both the gauge group and matter contents changed.



(a) SO(2N) theory. (b) USp(2N — 2) theory. (¢) G2 theory.

Figure 1: The UV curves realizing SQCDs in this paper. The symbol ® denotes twisted
null puncture, ® the full puncture having SO(2N) flavor symmetry, X the twisted full
puncture having USp(2N — 2) flavor symmetry and © denotes USp(4) puncture. The
dashed line and the green solid line denote Zs and Zs twist line respectively.

adjoints will be integrated out and we land on a SCFT [19, 20]. One can construct more
general theories by requiring non-baryonic U(1)r to be conserved. This gives rise to a new
class of N' =1 SCFTs generically not the same as the mass-deformed N = 2 theories in
class S [21, 22]. This class of theories are subsequently generalized to include the Riemann
surface with punctures in [4, 23, 24] so that the theory can have larger global symmetries.
Further studies of A/ = 1 class S theories have been done in [25-29]. In this paper, we
generalize this construction to the case of I' = Dy series with outer-automorphism twists.

This construction requires extra data beyond the choice of the Riemann surface, namely
the degree of the normal bundles L(p) ® L(q) — Cy, with p 4+ ¢ = 2¢g — 2 + n. This stems
from the fact that we have one parameter ways to twist the 6d N' = (2,0) theory while
preserving N' = 1 SUSY in 4-dimensions.? The punctures also have to be more general than
the N/ = 2 counterpart. In our case, we put Zs valued ‘color’ to the punctures in addition
to the usual N/ = 2 data. In order to realize SQCD of gauge group SO(2N)/USp(2N — 2)
with (4N — 4)/(4N) fundamental quarks,* we put the I' = Dy theory on a 4-punctured
sphere with two twisted full punctures with each color and two twisted null punctures with
each color and choose the normal bundle to be (p,q) = (1,1). For the case of G2 theory,
start with I' = D4 with 4 punctures, but also with Zs twist line running between two
USp(4) punctures of each color. We also need two twisted null punctures of each color
as well.

The notion of pair-of-pants decomposition needs an extra ingredient because of the
normal bundles. It can be realized by putting colors to the pair-of-pants itself. It turns out
there are five different colored pair-of-pants decompositions for our setup, thereby giving
five dual frames to the SQCD.® The list of dual theories we find are summarized as follows.
For the SO(2N) theory, the five dual frames are:

3For the purpose of preserving supersymmetry, the rank 2 bundle F — Cg,n is not necessarily given by a
sum of two line bundles. The only necessary condition is to have detE' equal to the canonical bundle K¢, ,, .
But here we restrict ourselves to the case where the rank 2 bundle is given by a direct sum.

“The number of flavors here is counted by the number of chiral multiplets. This is in contrast with the
SU(N) theory, which has both quarks and anti-quarks.

5 Actually there is one more in terms of colored pair-of-pants decomposition, but it is identical to one of
five upon inverting the color.



e U59: SO(2N) with 4N — 4 fundamentals (vectors)
e U5P: SO(2N) with 4N — 4 fundamentals and mesons [2]

e Three non-Lagrangian duals: U39, Y20 U550

as

and for the USp(2N — 2) theory:
e U5P: USp(2N — 2) with 4N fundamentals

. L{ip: USp(2N — 2) with 4N fundamentals and mesons [3]

e Three non-Lagrangian duals: Z/ISS P fsp , Z/lcszp

and for the G2 theory:
e UC2: G5 with 8 fundamentals
. Z/{g2: Spin(8) with 6 quarks in 8y and 8¢ and mesons

e Three non-Lagrangian duals: U452, U2, LICGQZ
Three out of five dual theories are non-Lagrangian. We will explain these non-Lagrangian
duals in detail in later sections.

We provide evidence to these dualities through computing the anomaly coefficients and
the superconformal indices. In order to compute the superconformal index of G2 theory,
we also discuss N = 2 index with Zg twist line and G5 puncture. Especially, we find that
the theory with UV curve given by three punctured sphere with USp(6), G2 and twisted
null punctures has enhanced E7 flavor symmetry as expected in [18] where it was identified
as the theory of Minahan-Nemeschansky [30].

The paper is organized as follows. In section 2, we review construction of the N' =1
theories of class S from which we construct our dual theories. We will also discuss the effect
of outer-automorphism twist in the setup. In section 3, we propose dualities of SO(2N)
gauge theories and check the ’t Hooft anomaly coefficients. In section 4, we discuss the
dualities of USp(2N — 2) gauge theories. In the section 5, we discuss the dualities of
G2 gauge theory. Finally, in section 6, we check our duality proposals by computing the
superconformal index. In the appendix, we derive certain chiral ring relations for the
Tso(2n) and the twisted TSO(Q ~) blocks, which are necessary in other sections.

2 Constructing N' = 1 theory from M5-branes

In this section, we review the construction of 4d A/ = 1 theories from 6d perspective due
to [4, 19-24]. From this, we propose several dual theories based on different ways of gluing
the 3-punctured spheres.



Setup and data. In order to obtain an NV = 1 SCFT from Mb5-branes dubbed the
theories of class S, we need the following data:

e Choice of the ‘gauge’ group I' = A,,, Dy, Fg 7 3.
e Riemann surface Cy, of genus g and n punctures. We call it a UV-curve.

e Choice of two normal bundles £1(p), L2(q) of degree p, q over C,,, such that p + ¢ =
29 —2+4+n.

e The choice of appropriate boundary condition on each punctures.

The choice of T' labels the 6-dimensional N' = (2, 0) theory and we compactify the 6d theory
on Cgp to obtain the N = 1 theory in 4-dimension. When compactifying the theory, we
have to perform partial topological twist in order to preserve any supersymmetry. It turns
out that there is an integer parameter family of different ways to twist the theory while
preserving 4 supercharges. This can be understood as the choice of the normal bundles
L1(p) @ L2(q) = Cq4,n- The total space of this rank-2 bundle becomes Calabi-Yau 3-fold if
it satisfies p +q¢ =29 — 2+ n.

The data on a puncture is specified by the following conditions which are all equivalent:

e 1-BPS boundary condition of N' = 4,d = 4 SYM theory.

e Choice of the singular boundary condition of a generalized Hitchin equation on Cy

D:®1 = D:9, =0,
(@1, P2] =0, (2.1)
F.z + [@1, ®7] + [P2, P5] = 0.

e Choice of the singular boundary condition of a generalized Nahm’s equation.

When one of p or g is zero, then we go back to the N' = 2 theories of class S [6, 12]. In this
case, the data on the puncture is specified by a %—BPS boundary condition of N =4,d = 4
SYM theory, or the embedding of SU(2) group to I'. Equivalently, one of the Higgs field
®; o vanishes and we get the ordinary Hitchin equation. When I' = A,,_; it is labeled by

a Young tableau with n boxes.

Colored N = 2 punctures. Generally, N’ = 1 puncture will involve both ®; and ®,
in (2.1) developing singularities at the same point where the punctures sits. Throughout
the paper we restrict ourselves to the case where only one of them develops a singularity
at a given point. In a sense this makes our system N = 2-like near the puncture. We will
label each puncture by a color o = + along with the choice of embedding p : SU(2) — T
We will call them as colored N/ = 2 punctures.

When the group I' admits an outer-automorphism (when the corresponding Dynkin
diagram is symmetric under a discrete action o), we can twist the punctures accordingly [17,
18, 31]. Once we twist the puncture, the punctures are no longer labeled by the SU(2)



Figure 2: A choice of UV curve with colored punctures. Here we suppressed the labeling
p for each punctures.

I' | Agn1 Aow Dpy1 Dy Eg
o ZQ ZQ Zg Zg ZQ
G B, Ch, C, G2 Fy
GV Cn B, C, G2 F,

Table 1: The group I' changes to G under the outer-automorphism twist o. It is given by
the Langlands-dual of the GV which is the subgroup of I' invariant under o.

SO(2N) SO(2N)

SO(2N) SO(2N) USp(2N —2) USp(2N —2)
(a) Dy theory on sphere with 3 untwisted (b) Dy theory on sphere with 1 untwisted and
punctures. 2 twisted punctures.

Figure 3: By twisting the punctures of Dy theory, we get twisted punctures having the
Cpn—1 flavor symmetry.

embedding into I" but into G, see table 1. Another thing to notice here is that the number
of twisted punctures cannot be arbitrary, but is required to be such that the product of
monodromies around the punctures should be equal to one.® For example, we need to have
even numbers of Zs-twisted punctures. In the case with Z3 punctures, we could also have
odd number of Zs-twisted punctures as in the figure 23.

Colored pair-of-pants decomposition. For a given such configuration, we can have
various different dual frames by considering different pair-of-pants decompositions. On
each pair of pants, we also label it by a color ¢ = £. The number of the pair-of-pants

SWe thank Yuji Tachikawa for bringing this to our attention.
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Figure 4: An example of colored pair-of-pants decomposition. Here red/blue means o = +
respectively. Three red punctures and two blue punctures with p = 1,q¢ = 2. Grey tube
denotes N/ = 1 vector, white tube denotes N' = 2 vector multiplet. We have 3 mesons
associated to the blue puncture on the right and two red punctures on the left.

labelled by + and by — are given by the degree of line bundles p and g respectively. Now,
for a given pair of pants, we have the following data:

1. The choice of color oP of the pair of pants itself.

2. (p?,0F) where p!' : SU(2) — G labels the SU(2) embedding in G and o denotes a
coloring for each punctures ¢ = 1,2, 3.

When we glue two pair of pants, we gauge the flavor symmetry associated to punctures we
glue. When the oP of two pair of pants are the same, we gauge it using the A’ = 2 vector
multiplets, and when the o? are different, we glue it through N' = 1 vector multiplet. Note
that when we glue two punctures, we can always choose the coloring of the punctures as
the same as the pair of pants that we are gluing. See figure 4 for an illustration of the
construction.

Now, for a given colored pair of pants with color o, we identify the building block as
follows. When all the punctures have the same color as the pair of pants itself, we identify
the theory as the same one as N' = 2 theory. For example, when all the punctures are
(untwisted) full punctures, then we get Tt theory.” When a full puncture has a different sign
from the pair of pants, we add a ‘meson’ field that transforms as an adjoint of I' associated
to the puncture. Moreover we add a superpotential term for the meson field: W = Tr(Mp),
where 1 is an operator associated to the puncture. The operator u transforms under the
adjoint representation of I' and has the conformal weight A = 2.

For a theory in class S, we have U(1)x global symmetry in addition to the N’ = 1
superconformal symmetry and the global symmetry labeled by the punctures. Suppose we
have only maximal punctures meaning p is given by the trivial embedding and has the full

"For T = An_1, it is usually called as T theory.



global symmetry G. We define the U(1)z global charge to be

F = ZO'iJZ‘, (2'2)

where J; are the global U(1) charge at each pair of pants. Note that each pair-of-pants or
three punctured sphere describes N' = 2 superconformal theory. It has SU(2)g x U(1)r
R-symmetry which is broken down to U(1)g x U(1);, upon coupling to N' = 1 vectors.
The coloring o; labels the choice of the sign of U(1);, charge we can make.

The color o of a puncture tells us the charges of the operator pf. We assign U(1) # of
p to be 267, When we have a meson field M7, the U(1)# charge for the u! is reversed to
—20% and the meson has charge 207 instead. In addition to the operators corresponding
to the punctures, we also have ‘internal’ operators u; associated to the punctures glued
via cylinders in the pair-of-pants decompositions. The U(1)x charge for u; is given by 20;.
When the gluing is done through AV = 2 vectors, we also have an adjoint chiral multiplet ¢.
The U(1) £ charge for ¢ is —20;, so that the N' = 2 superpotential term W = Tr(¢u + o)
preserves the U(1)r where [ is the operator corresponds to the other glued puncture.
For the N' = 1 gluing, we can have a superpotential term W = Tr(ui) which is exactly
marginal.

This global symmetry is not anomalous and in general not baryonic. The true R-
charge in the IR will mix with U(1)# charge in the UV. Therefore one needs to perform
a-maximization [32] to obtain the correct R-charge.

Non-maximal punctures via Higgsing. If the labeling of the punctures p is non-
maximal, we ‘Higgs’ a maximal puncture down to a non-maximal one in the following ways:
for the puncture with the same color as the color of the pair-of-pants o, we give vev to the
moment map (u) = p(c™), and for the puncture with different color o, we give vev to the
meson (M) = p(o™) where p is the embedding of SU(2) into G which labels the puncture
itself. For the latter case, this yields the superpotential W = trp(oc™*)u + trM’u’ where
' are the components of ;i which commute with p? and M’ are the mesonic fluctuations
around its vev. Higgsing breaks the global symmetry from G down to the commutant Gg
of p(SU(2)) in G.

When some of the punctures are non-maximal, it shifts the U(1)z of (2.2) by a certain
amount, if the color of the puncture is different from the pair-of-pants. The shifted U(1)
is given by

F = Z oiJi +2 Z ol pl(o3) |, (2.3)

p,of=—0;
where (p, o¥) labels the punctures and their colors.

N = 1 Dualities from colored pair-of-pants decompositions. As we discussed
above, the different pair of pants decomposition describes different dual frames. Additional
ingredient here is the assignment of color o} for each pair of pants. This adds another



a) U5, : ) USO. d) Uge. :

Figure 5: Colored pair-of-pants decompositions for a 4-punctured sphere with two twisted
full punctures and two twisted null punctures of each color. The degrees of normal bundles
are (p,q) = (1,1). Each subscript stands for: crossing-type 1, swap, Argyres-Seiberg type,
crossing-type 2. The first two dual frames have Lagrangian descriptions. The theory
U0 turns out to be identical to the dual theory of [2]. The latter three theories are all
non-Lagrangian theories. The theory Ufo is an SO version of [4].

choices on the top of the pair of pants decomposition and it makes the duality structure
richer than the A/ = 2 counterpart. We call it colored pair-of-pants decomposition.

The SQCD with SO(2N) gauge group and 4N — 4 vectors can be realized by choosing
the normal bundles and the UV curve to be £(1) ® L(1) — Cy—g,n—4. Two of the punctures
are twisted maximal ones having USp(2N — 2) flavor symmetries with each color, and
we also put two twisted punctures with no flavor symmetry with each color. Since we
have 4 distinct punctures and two distinct pair-of-pants, there are many more dual frames
compared to the case of N' = 2 theory. See figure 5.

One can also consider having other type of punctures to realize USp(2N — 2) gauge
theories or Gy gauge theory. The colored pair-of-pants decompositions will be almost
the same as this example. There are five dual frames, one of them being the electric
gauge theory. There is one Lagrangian dual which we denote as crossing 1 and three non-
Lagrangian theories which we name as swap, Argyres-Seiberg type and the crossing 2 type.
This fact will be universal regardless of the choice of the gauge group, as it can be easily
read off from the geometry. In the later sections, we study each theories in more detail.

3 Dualities for SO(2N) gauge theory

In this section, we study dualities for the SO(2N) gauge theory with 4N — 4 vectors.

3.1 Ts002n) and TSO(QN) theory and Higgsing

For a class S theory of type I', the most basic building block is Tt which is given by
wrapping the 6d theory on a three punctured sphere with 3 maximal punctures. The
theory has I'y x I'g x I'c global symmetry, and has special dimension 2 operators pa g.c
that transform under the adjoint of I'y g ¢ respectively. These operators satisfy a chiral



SO(2N) SO(2N)

yd

SO(2N) SO(2N) y : USp(2N — 2)

(a) Tso(en)- (b) Tso(n)-

Figure 6: Left: T5o(2) theory, Right: TSO(2N) theory.

ring relation

tr,u?A = tr,u23 = tr,uQC.

(3.1)

This relation is proved in [20] for the I' = SU(NN) where the theory is usually called as T .
We will mainly use the twisted TSO(2 ~) theory to construct various theories of interest. It
has SO(2N) x USp(2N — 2) x USp(2N — 2) global symmetry. We prove the chiral ring

relation (3.1) for the Tp, and the twisted Tp, in appendix A.

The number of effective vector multiplets n, and hypermultiplets n;, for Tp, and ’fpn

can be computed using the equations (3.16) and (3.19) of [31]. Each puncture contributes by

ny(SO(2N)) = %N(? — 15N +8N?),
ny(USp(2N — 2)) = é(—s + 20N — 30N? 4+ 16N?),
nn(SO(2N)) = 1y (USp(2N — 2)) = %N(QN _1)(2N —2).

There is also a contribution from the bulk

4

ny(g =0) = —§(2N —2)N(2N —-1)— N,
m(g=0) = — (2N ~ 2NN ~ 1),

from which we can compute the n,,n, for Tp, and ’fpn to get

1
ny(Tp,) = gN(10 — 21N +8N?),

. 16 8
ny(Tp,) = —1+ SN - TN? + gN3 :

nw(Tp,) = np(Tp,) = %n(n - 1H)(2n—-1).

We will use these formula in later sections to compute the anomaly coefficients.

~10 -

(3.2)
(3.3)

(3.4)

(3.5)

(3.6)



Higgsing the Tso(z ~N) theory. From the TSO(Q ~) theory, we can obtain other building
blocks by partially closing the full puncture to a one with smaller global symmetries. The
SU(2) embedding p : SU(2) — G where G = SO(2N) or G = USp(2N — 2) induces a
decomposition of adjoint representations into the representations of SU(2) and its commu-
tant Gp

adi= @R @V, (3.10)
J

where Vj is the spin-j representation of SU(2) and R; are the representations of the flavor
symmetry G associated to the puncture.

For example, when we close one of the twisted puncture having USp(2N —2) completely
to have no global symmetry, we obtain a free theory with bifundamental of SO(2N)-
USp(2N —2). More concretely, we give vev to the operator u associated to the puncture as

(n) = palo®) =) Eq. (3.11)

where « are the simple roots of USp(2N — 2) and EJ are the corresponding raising
operators.® The py denotes the principal embedding of SU(2) into USp(2N — 2), and
0T = 01 +i09 where o; are the Pauli matrices. This embedding leaves no flavor symmetry
at all. Under this embedding the adjoint representation of USp(2N — 2) decomposes as

N—-1
(=P Va1, (3.12)
k=1

where V; is the spin-j representation of SU(2). The dimension of the nilpotent orbit of
p(c™) then gives us the number of free half-hyper multiplets produced in the process. Thus
we find that after Higgsing, the theory flows to an SO(2N)-USp(2N — 2) bifundamental
along with 2(INV — 1)? free half-hypermultiplets. See for example section 2 of [31].

3.2 Dualities for SO(2N)-coupled TSO(ZN) theories

Before going into the SQCD, let us consider the theory that does not have a known La-
grangian description. Consider a theory realized by the UV curve given by 4 punctured
sphere with two red and blue colors each. Choose all the punctures to be the twisted max-
imal ones having USp(2N — 2) flavor symmetries. We decompose it as two pair-of-pants
with red and blue colors and arrange all the punctures to lie in the same color as the
pair-of-pants. Each pair-of-pants gives TSO(2 ~) block. Let us call the red punctures to be
A, B and blue punctures to be C, D.

This construction realizes two 7. so(2n) blocks coupled along their SO(2N) puncture by
an N = 1 vector multiplet and a superpotential given by

W = ctruji. (3.13)

8We will be cavalier about our notations denoting the Lie groups and Lie algebras.

- 11 -
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Figure 7: Coupling two copies of T so(2n) theories.

(a) Electric theory 799, (b) Crossing T.5°. (¢) Swapped 7.9,

Figure 8: Dual frames of the two T blocks coupled by SO gauge group. The red/blue
color means o = +/— respectively.

Here p is the dimension 2 operator transforming in the adjoint representation of the SO(2N)
flavor symmetry of T so(2n) while /i is its counterpart coming from the other TSO(Q ~) block.
The U(1) £ charge for p is +2 while i has —2. The U(1) z charges of the operators are deter-
mined by the color choice ¢ for each punctures as described in section 2. Diagrammatically
we can represent this theory as in figure 8a. We will call this theory as 7°¢.

This theory can also be obtained by starting from two TSO(2 ~) blocks coupled along
with their SO(2N) flavor symmetry by an N’ = 2 vector multiplet and then integrating
out the adjoint chiral in the vector multiplet by giving it mass and then flowing to the IR.
Since the operators p and i both have R-charge 1, the operator uji is marginal.

A dual of this theory can be obtained by exchanging the punctures labeled B and
C. We will also have to integrate in mesons Mp and Mg that transform in the adjoint
representation of USp(2N — 2)p and USp(2N — 2)¢ respectively [4]. The superpotential
in the dual theory is given by

W = étrjfi + tr QMpQip + tr QMeQjic (3.14)

where Q is the USp(2N —2) invariant antisymmetric form. We now have the dual operators
ip, fic for the punctures B, C which have their U(1)r charges reversed, and also meson
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) Electric theory U5© (b) Magnetic theory U3C.

Figure 9: Intriligator-Seiberg duality.

operators Mp, Mo which has the same U(1)x charges as up, puc. We depict this theory by
figure 8b.

We can further exchange punctures A and D to obtain a third theory which is dual to
the previous two. The superpotential now becomes

W = étrjifi + trMaQiaQ + trQMpQip + trQMoQfic + trMpQipQ, (3.15)

with extra meson fields M4 and Mp. See the figure 8Sc.

One can also derive these dualities starting from N = 2 S-duality and giving mass to
the adjoint chiral multiplet in the N' = 2 vector multiplet and integrating it out and then
flowing to the IR. Then by using the chiral ring relation derived in the appendix A and
integrating in the mesons, one can reproduce the superpotentials (3.14), (3.15). We refer
to the section 2.2.4 of [4] for details.

Following the nomenclature used in [4], we refer to the dual theories obtained above

» TSO
C

as being in the “crossing frame and the “swapped frame” ’7'550 respectively. These

three duality frames will be the basis of the dualities discussed in this section.

3.3 Dualities for SO(2N) SQCD

Now, let us move on to discuss dualities for the theory with UV Lagrangian descriptions.

Intriligator-Seiberg duality. By partially closing the punctures A and D in the electric
theory 79, we reduce it to SQCD with gauge group SO(2N) and Ny = 4N —4 fundamental
(vector) flavors. Partial closing of the puncture is implemented by giving appropriate vevs
as in (3.11) to pa and pp. Closing the punctures changes the dual theories as well. Upon
Higgsing, the two copies of TSO(QN) become free bifundamentals of SO(2/N) x USp(2N —2)p
and SO(2N) x USp(2N — 2)¢. Therefore, the original theory 7 becomes SO(2N) gauge
group with 4N —4 fundamental(vector) flavors where only the USp(2N —2)p x USp(2N —
2)c C SU(4N — 4) global symmetry is manifest. This is nothing but the usual SQCD. We
also have the marginal superpotential

W = ctrufi, (3.16)

where now 1o = (QaiQingj)B and fias = (Qinngj)c with a, 8 =1,...,2N denoting
the SO(2N) vector indices and 7,7 = 1,...,2N — 2 denoting the USp indices. Here (QB)a;
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is the quark transforming as the bifundamental of SO(2N) x USp(2N — 2)p while (Q¢)ai
is the bifundamental of SO(2/N) x USp(2N — 2)¢. This superpotential term breaks the
global symmetry to USp(2N — 2)p x USp(2N — 2)¢. We will denote this theory as ¢°°.
Now, let us look at the theory obtained by closing the punctures A and B of crossing
frame, TCS O The theory so obtained has two meson fields Mg, M each transforming under
the adjoint of USp(2N — 2)p and USp(2N — 2)¢. Also we get superpotential terms as

W = étrjfi + trMpQisQ + trMeQuc) . (3.17)

We can write fip and jic in terms of the fundamental dual quarks Q as ug = Q BQ B and
pe = QcQc which are in the adjoint (=symmetric) representations of USp(2N — 2)p c.
The i and fL are given by the dual quark bilinears as i = Q BQQ B and ﬁ = QCQQC which
are in the adjoint of SO(2N).

The duality frames obtained through this procedure are depicted in figure 9. These two
duality frames are related to each other by the Intriligator-Seiberg duality [2]. Applying
Intriligator-Seiberg duality to the SO(2N) gauge theory with 4N — 4 fundamentals we find
that the magnetic dual is given by the theory with SO(2N) gauge group and 4N — 4 dual
quarks Q along with mesons and the superpotential term W = trM QQ In the absence
of any other superpotential the global symmetry of this theory would be SU(4N — 4) with
the mesons transforming in the symmetric representation of SU(4N — 4). In terms of
USp(2N — 2)p x USp(2N — 2)¢ C SU(4AN — 4), the quarks split into bifundamentals of
SO(2N) x USp(2N — 2)p and SO(2N) x USp(2N — 2)p while the meson splits into the
following irreducible representations.

e symmetric tensor of USp(2N —2)p : (Mp);;
e symmetric tensor of USp(2N — 2)¢ : (Mc)ij
e bifundamental of USp(2N — 2)p x USp(2N — 2)¢ = M;;

Note that M;; is dual to the meson of the electric theory formed by @ pniQcqj. The electric
superpotential truf induces a mass term for M;;. The dual superpotential of the magnetic
theory can be written as

W = trMQMQ + trMpQQpQp0 + McQQcQcQ + trMQQpQcQ.  (3.18)

Integrating out the massive mesons M;; then gives us the superpotential of (3.17). We will
denote this theory as L{CSIO since it arises from exchanging the two punctures in the electric
theory.

Non-Lagrangian dual 1: swap. An interesting non-Lagrangian dual (figure 10) to the
SO(2N) SQCD is obtained by the Higgsing the swapped theory 7.5 of figure 8c. In this
frame the Higgsing of USp(2N — 2)4 and USp(2N — 2)p is implemented through a vev
pz(o™) to the meson fields My and Mp. The low energy dynamics of this theory can be
obtained as follows. With a little abuse of notation, let M4 now represent the fluctuations
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Mp (Mp)

Figure 10: Non-Lagrangian dual 459 of SO(2N) SQCD.

around the vev p(oT). The deformed superpotential now becomes
W = trQp? (o) Qfia + trQMaQjia
= (A1 + > _(Ma)j—m(ita)jm (3.19)
J.m

where we rewrite the components of (14);; and (Ma);; by decomposing into SU(2) repre-
sentations as in (3.10). The indices j,m with m = —j,—j +1,...,7 — 1, j labels the spin-j
representations of SU(2) and k = 1,...,dimRy. Since there is no flavor symmetry left here,
we do not have any k dependence.

Since the first term of (3.19) break the U(1)z, we should shift its charge appropriately.
Also we want our superpotential term to have U(1)g charge 2. In order to achieve this, we
shift the U(1)r flavor symmetry and R-symmetry to

F = Fo+2p"(c”),
R =Ry~ p"(c*),
where Fy and Ry are the U(1)r and R-charges of the fields before Higgsing.
The USp(2N — 2)4 flavor symmetry gets broken and the resulting non-conservation of

(3.20)

the associated global currents can be expressed as
D*(Ja)jum = 6W = (f1a)jm—1- (3.21)

The right-hand side vanishes only if m = —j. This implies that the operators (fi4);m—1
are no longer BPS and hence the superpotential terms that couples them to mesonic fields
become IR-irrelevant. As a result of this, the fields (Ma);m for m # —j decouple. The
number of such free fields is 2(N — 1)? which is same as the number of free half-hypers
obtained from Higgsing USp(2N — 2) 4 in figure 8a.

Repeating the same analysis for USp(2N — 2)p then leads to the following superpo-
tential for our proposed dual

W = étrpifi+trQMeQfic +trQMpQiip+> (Ma)j—j(a)j i+ (Mp)j—i(in)js, (3.22)
J J
where j =1,3,...,2N — 3 from which we see 2(/N — 1) gauge singlets. The charges for the
U(1)r and U(1)g are shifted to

F = Fo+2p%(0%) — 29" (%),
R =Ry —p*(c®) = p"(c”).
We will denote this theory as US©.

(3.23)
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(Ma)

Figure 11: Argyres-Seiberg type dual U>° of SO(2N) SQCD.

Non-Lagrangian dual 2: Argyres-Seiberg type dual. Another type of dual theory
to the SQCD can be obtained from Higgsing punctures B and D of the duality frames in
figure 8. This is possible since the punctures with the same colors are indistinguishable in
the non-Lagrangian theory of figure 8 and therefore their labels can be interchanged. In

the present case we relabel A <> B.

uSO

Higgsing the frames 7°¢ and T.°C give us the theories and US© respectively.

uSO

as

punctures in 7.°¢ (see figure 11). Firstly, Higgsing the puncture D will make the theory

However an Argyres-Seiberg type dual, is obtained upon closing the afore mentioned
TSO(2 ~) on the upper sphere to be the theory of bifundamentals. Therefore we have TSO(Q N)
theory with SO(2N) flavor symmetry gauged and coupled to 2N —2 fundamentals (vectors).

The punctures A and C have different colors from their pair of pants. Therefore we
will have meson field M4 and Mg coupled through

W = étrjif + trMAQ(QQ) AQ + trMc Qi) (3.24)

where we replaced the operator fip by the product of the quarks (Qni@si)4. In order to
Higgs the puncture A, we give vev to the meson field (Mp) = py. We can now consider low
energy fluctuations around this vacuum and repeat the analysis of the previous subsection.
The vev for the meson gives a mass to one of the quark bifundamentals which should be
integrated out. The resulting low energy theory consists of 2N —3 fundamentals coupled to
a TSO(Q ~y block along with IV —1 gauge singlets (Ma4); —; and mesons Mc¢ coupled through
the superpotential

W= étrjiji + > (Ma)j—j(fia)jj + trMcQicS (3.25)
J

The R- and F-charges are shifted to

F=Fo+20"(c"),

R — Ro— p(o"). (3.26)

One interesting aspect of this dual description compared to the N’ = 2 counterpart is
that this dual theory has the same gauge group as the electric one. In the N' = 2 case, this
type of duality changes the gauge group to be SU(2) subgroup of Tt [11, 13], whereas in
the present case the gauge group is still SO(2/N') unbroken.
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Figure 12: Crossing type dual U3° of SO(2N) SQCD.

Non-Lagrangian dual 3: crossing type. One more dual frame can be obtained from
Higgsing B and C punctures of 7,59 of figure 8b and relabeling A ++ B and C « D. We
call this the crossing type dual and denote it by Z/{C%O (see figure 12). It consists of two
T, s0(2n) blocks coupled to each other along their SO(2V) flavor symmetry. Also there will
be mesons My and Mp with a vev (My) = (Mp) = py. The low energy superpotential
for the theory becomes

W= étrﬂﬁ + Z(MA)jﬁm(ﬂA)j,m + Z(MD)jﬁm(ﬂD)j,m J (3.27)

j?m ]7m
and shifted R- and F-charges

F = Fo+2p"(0%) = 2p"(0?),

R=Ry— pA(0'3) — pD(o-3) . (3.28)

3.4 ’t Hooft anomaly matching

Now we test our dualities by computing the anomaly coefficients in different dual frames.

Non-Lagrangian duals. Upon giving a mass to the adjoint chiral superfield in the vector
multiplet of an A" = 2 theory and hence reducing SUSY down to A/ = 1, the residual U(1)g
symmetry that is preserved by this deformation is given by

1
Ry—1 = iR'/\/'ZQ + I3, (3.29)

where I3 is the Cartan of SU(2)g in the parent theory. Thus we can write the trRar— and
trR3 _, anomalies in terms of the anomalies of the parent N' = 2 theory as

1
trRy—1 = EtrRNzg =Ny, — Ny, (3.30)
and
3 L3 3 2 1
trRy— = gtl"RN:Q + §trRN:213 = v = LM (3.31)

where n, is the effective number of vector multiplets and nj, is the effective number of
hyper-multiplets in the parent theory.
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It is now straight-forward to check that the trR and trR3 anomalies of the duality
frames shown in figure 8 match. This is because the mesons have R-charge 1 and hence
do not contribute to the R-anomalies. Thus all the R-anomalies of these theories are
destined to match as a direct consequence of their matching in the A/ = 2 parent theories.
This also implies that the flavor central charge given by K§% = —3trRT*T® will only get
contributions from the coupled Tso(g ~) blocks and hence match in all the three duality
frames.

Let us now consider the matching of trFT%T? across the various duality frames. The
global current F = ). 0;J; is given by the sum of J; where the global symmetry J is
given by

J = Ry—y — 215, (3.32)

for the each building block TSO(2 ~)- Note that if the corresponding TSO(Q ~) block has a
U(1) r-charge o then
trFTOT? = otr Ry _oTOT" = —%kg. (3.33)

To begin with, consider the anomaly coefficient for T € sp(2N —2) 4. Note that kg,on—2)
for TSO(Q N) 18 4N as can be checked by comparing the dual theories of figure 28. Thus for
the electric theory, 7€ (figure 8a) we have

trFTSTS = —2N§%. (3.34)

This matches trivially to the anomaly coefficient of the theory, 7.°C (figure 8b). It is much
more interesting to compare this with the anomaly coefficient of 7.9¢ (figure 8c) which,
after taking the contributions of the meson M4 into account, becomes

trFTGTS = 2N — 2tr, g T§TY
= 2N§% — 2(2N)§% (3.35)
= —2N§",

which agrees with the original theory. The anomalies of USp(2N —2)5, USp(2N —2)¢ and
USp(2N — 2)p match in all the duality frames in an analogous manner.

Dual theories of SO(2N) SQCD. The various duality frames obtained after Higgsing
some of the USp(2N — 2) punctures are shown in figure 13. The theories U°© and U5 are
related by Intriligator-Seiberg duality and their anomalies match in the usual manner. For
the purpose of matching the anomalies between U°© and USC, we observe that we only
have to match the anomalies of the SO(2N) x USp(2N —2) bifundamental to the anomalies
of the TSO(Q ~) block appropriately coupled to mesons (figure 14). For the bifundamental

we have

trR|, g = <—;> (2N)(2N —2) = —N(2N —2). (3.36)

Note that on the dual side, after giving a vev to the meson M4, the R-charge gets shifted:
R — R — p(03). This will not affect the contribution of the TSO(QN) block, since its
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) SO(2N) gauge theory: U°°. (b) Intriligator-Seiberg dual: 5°
(M A) Mc

Mg (Mp) (M 4)

(c) Swapped dual: UZ©. (d) Argyres-Seiberg type dual: U>C.

(Ma)

(e) Crossing type dual: U3°.

Figure 13: Dual frames of SO(2/N) SQCD.

B A

2N Mp MA>

B 2N

(a) Bifundamentals. (b) Tso@ ~y with Meson and Higgsing.

Figure 14: Building blocks used to construct the electric and the swapped frames.

trp(o3) = 0. For the mesons, we will only consider the contributions of (My4); _; since the
others decouple. This implies

N-1
trR\WA) =>i=> (@n—-1)=(N-1)7>. (3.37)
J n=1
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The meson Mp does not contribute to the R-anomalies since its R-charge is not shifted
and is equal to 1. Putting these together, we find that in this frame

trR = trR]TSO(QN) + trR[<MA> =-N(2N -2), (3.38)

which matches with the corresponding anomaly of the bifundamental.
Moving on, we now compare the trR> anomalies on the two sides and find

wR|, - (_;)3 (2N)2N ~2) =~ N(N ~1). (3.39)

On the dual side, since R = Ry — p(c3), where Ry = %RN:Q + I3, therefore
trR® = trR3 + 3trRp?. (3.40)

Also 3trRp%6% = 3Ltr Ry oT3TY, where T is the SU(2) embedding index. Since our em-
bedding takes 2N —2 dimensional representation of USp(2/N —2) to the 2N —2 dimensional
representation of SU(2), therefore

N-3/2
1
=2 i2 = (N — 1)(4N? — 8N ) )
> 2=V =1)( 8N +3) (3.41)

Thus, due to the shift in R-charges the T so(2n) now contributes

trR3 = trR3 + 3trRp?

1 9 (3.42)
=1 3N——3N2+8N3 IN?.
2 2
Also
N—-1
trR3 :Z Z (2n —1)3=1—6N + 11N% — 8N3 + 2N*. (3.43)
i n=1

Adding the contributions of the T so(2n) block and the mesons we find that the trR3
anomalies match with those of the bifundamental. The tr RTET g and trFT3T g anomalies
for the bifundamental are given by (—3)(2N) and (—1)(2N) respectively. On the dual side
these have the same values as in the scenario before Higgsing. This is because trpT ng =0
for the T so(2n) block. We therefore conclude that these anomalies have the same value in
the electric and the swapped theory.

Similarly, we can match the anomaly coefficients of 4°© and UC. In U we have
(up to the gaugino-contributions)

1
R =trRlz o+ teR g, + 2N ( -5 m> = —2N(2N —2) (3.44)

1 3
trR? = trR3|TSO(2N) +trR3| (g + 2N Y < -5 m) = _-N(N-1) (3.45)
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(a) Bifundamentals. (b) TSO(Q ~) with Meson and Higgsing.

Figure 15: Building blocks used to construct the electric and the crossing frames.

which match with those in the electric theory. The coefficients of trRTRT] g, trRTAT, g,
trF Tng and trF’ TgT(l} are not affected by Higgsing and therefore match with their electric
counterparts.

The anomaly coefficients in Z/{C%O can also be matched to those in the other duality
frames. This follows from the matching between the anomalies of the bifundamental and
the TSO(Z ~) block (with mesons) shown in figure 15.

4 Dualities for USp(2IN — 2) gauge theory

We now repeat the same procedure as the previous section for USp(2N — 2) gauge theory
with 4N fundamentals.

4.1 Dualities for USp(2N — 2)-coupled TSO(QN)w theories

We begin by considering two TSO(QN) blocks coupled to each other at a USp(2N — 2)
puncture via an N' = 1 vector multiplet, giving the electric theory of figure 16a. The
superpotential for this theory is

W = ctrpf2a2 (4.1)

We will henceforth denote this theory by 7°P. The frames dual to 7P can be obtained by
using the rules of section 2 to move the punctures around. This gives us the set of theories
shown in figure 16.

We will call the theory in figure 16b as ‘crossing frame 1’ and denote it by 7-5;; It
is obtained by exchanging punctures B and C. Since these punctures will no longer have
the same color as their pants, we will therefore have to integrate in mesons Mp and M¢
transforming as the adjoints of the respective symmetries. The superpotential of the theory
becomes

W = étrpQpuQ + trMejic + trMpiip (4.2)

Similarly when we exchange the puncture A and D, we end up with the theory in
‘crossing frame 2’ (figure 16¢) which is denoted by 7;‘;10 . Once again we will have to couple
mesons M4 and Mp via the superpotential

W = étriQpQ 4+ trM 4 QuaQ + trMpQipQ (4.3)
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D 2N | B D 2N |
_ e
\
Mp
W = ctrupp W =étrip 4+ trMcojic +trMpip
(a) Electric theory: 75P. (b) Crossing frame 1: 7;‘?1’ .
Mp Mp
\
2N | B B| 2N

M
W = étrfifi + trMajia + tr]\];DﬂD W = étrfifi + trMppig + trMpiip
(c) Crossing frame 2: T3P (d) Crossing frame 3: 7,57,
Mg M‘c
A 2N | C
B| 2N \m D
Mp Mp

W = étrfifs + trMajia + trMpjiip + trMcjic + ttMpip

(e) Swapped theory: 7.5P.

Figure 16: The 7°P theory, obtained by coupling two TSO(QN) blocks along a USp(2N —2)
puncture with an A/ = 1 vector multiplet, and its duals obtained by moving the punctures
around. Here we omit the anti-symmetric forms in the superpotential. The red/blue color
means o = =+.

The theory in ‘crossing frame 3’ (figure 16d) is obtained by exchanging punctures B
and D. This will correspond to a pair of pants decomposition where one of the pants has
no outer automorphism twists. In other words it consists of an Tso(g ~) block coupled to
a Tso(2n) block at its SO(2N) puncture. To compensate for the mismatch in the color of
the punctures their respective pants, we will have to integrate in mesons Mp and Mp with
the superpotential being

W = étrifi + trMpip + trMpQapQ, (4.4)

Interestingly this gives us a duality between an A" = 1 theory with a USp(2N — 2) gauge
group and a theory with SO(2NN) gauge group. We will denote the theory in this duality
frame by 7;‘;7’ i
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2N 2N Mo
B C
W = ctrufi W = étrjii + trMejic + trMpiip
(a) Electric theory U°P. (b) Magnetic theory Z/{ip .

Figure 17: Intriligator-Pouliot duality.

The theory in figure 16e will be called the ‘swapped’ theory and we will denote it by
7;Sp . It is obtained by moving the 4 punctures around such that none of them have the
same color as the pants in which they reside. This will require us to integrate in mesons
at each puncture. The superpotential will now become

W = etriQa + trMaQpaQ + trMpip + trMcjic + trMpQipQ. (4.5)

4.2 Dualities for USp(2N —2) SQCD

Now, let us consider the dual theories of SQCD.

The Intriligator-Pouliot duality. By Higgsing punctures A and D of 7°P and 7;*?7’
(figure 16a and 16b), with a vev to their adjoint representation operators, we obtain the
usual pair of Intriligator-Pouliot dual theories [3]. The electric theory is given by figure 17a.
We will use the short-hand notation 24P to denote this theory. It is a USp(2N — 2) gauge
theory with 4N fundamental quarks. It has an SO(2N)p x SO(2N)c C SU(4N) global
symmetry. Its superpotential is given by

W = ctruQus, (4.6)

where now f;; = (Qai®Qa;j)B and fijj = (QaiQaj)c- Here (QB)qi is the quark transforming
as the bifundamental of SO(2N)p x USp(2N — 2) while (Q¢)ai is the bifundamental of
SO(2N)c x USp(2N — 2).

Applying Intriligator-Pouliot duality to the above electric theory, we get a theory
with 4N quarks Q transforming under a USp(2/N — 2) gauge group. In the absence of any
superpotential this theory will enjoy SU(4N) global symmetry. The spectrum of the theory
will also include mesons transforming in the anti-symmetric representation of SU(4N). In
terms of the SO(2N)p x SO(2N )¢ subgroup of the flavor symmetry the quarks split into
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Figure 18: Non-Lagrangian dual ” of USp(2N — 2) SQCD.

bifundamentals of SO(2N)p x USp(2N —2) and SO(2N )¢ x USp(2N — 2) while the meson
splits into the following irreducible representations.

1. anti-symmetric tensor of SO(2N)p : Mpas
2. anti-symmetric tensor of SO(2N)c : Mcag
3. bifundamental of SO(2N)p x SO(2N)c : Mag

Note that Mg is dual to the meson of the electric theory formed by (QB)ai2(Qc) 8-
The dual superpotential becomes

Wi = cttM M + tI“MBQBQQB + tI‘MchﬁQC + tI“MQBQQC (4.7)

Integrating out the massive mesons M,g then gives us the theory of figure 17b. We will
use L{cslp to denote this theory.

Non-Lagrangian dual 1: swap. A non-Lagrangian dual (figure 18) of the electric
theory US?P is generated upon Higgsing the punctures A and D in 7;579 . This Higgsing
is implemented by giving vev pg(c™) from eq. (3.11) to the mesons M4 and Mp. Upon
considering the mesonic fluctuations around their vev and taking into account the breaking
of flavor symmetries and the resulting non-conservation of their currents, we obtain the
superpotential of our proposed non-Lagrangian dual:

W = etrfiYiQ + trMojic + teMpjip + > _(Ma)j—j(fta)jj + > _(Mp)j—j(iip)s; - (4.8)
J J
As usual the R- and F-charges get shifted to:
F =Fo+2p"(0%) — 20" (%),
R =Ry —p*(c®) = p"(c%).

We will denote this theory by 7.

Non-Lagrangian dual 2: Argyres-Seiberg type dual. A more interesting non-
Lagrangian dual is obtained if one considers Higgsing the A and D punctures of ﬂgp
(figure 16d). Closing the puncture for USp(2N — 2)4 reduces the corresponding TSO(2 N)
block to a bifundamental of USp(2N —2) x SO(2N). Giving vev to Mp then gives mass to
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Figure 19: Argyres-Seiberg type dual Z/{(fsp to USp gauge theory.

one of the quarks. We therefore end up with a theory of 2N — 3 fundamentals of SO(2N)
coupled to a Tgo(an) block as shown in figure 19. The dual superpotential now becomes

W = étrjiji + teMpfip + Y (Mp);—;(iin); (4.10)
J

where (fip)ag = (Qma™Qi3)p and the new U(1)# and U(1)g charges are

F=TFo—2p"(c%),

R By P0%). (4.11)

We will use the short-hand notation 27 for this theory.

Non-Lagrangian dual 3: crossing type dual. The crossing type dual of 4°© can be
obtained by exchanging its (closed) punctures A and D. This will bring A (and similarly D)
into a pair pants whose color is opposite to that of A. The statement that these punctures
are closed in U5 is then equivalent to saying that the puntures are Higgsed by giving a
vev to the mesons that we had to couple to the pants. We will denote this theory by Z/{ff .
The quiver diagram for Z/Icgp is shown in figure 20. Its superpotential is

W = i + Y (Ma)j—m(2B)jm + D (Mp)j—m(ic)jm (4.12)
j7m j,m
while R- and F-charges are
F = Fo+20%(0%) = 2p%(c%),

R:RO_pB’(UZ’»)_pC(O_?))7 (4.13)

where Ry and Fy are the charges in the theory without a vev for the mesons i.e. ’Tcgp (see
figure 16¢).
4.3 ’t Hooft anomaly matching

Let us go on to put the dualities to test.
Non-Lagrangian duals. It is a simple exercise to check that the trR and trR?* anomalies
of the electric theory, the theories in the crossing frames 1 and 2, and the theory in the

swapped frame match since the mesons have R-charge 1 and hence do not contribute to the
R-anomalies. This also implies that the flavor central charge given by K§% = —3trRT*T?
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Figure 20: The Crossing type dual L{ép of USp(2N —2) SQCD.

will also only get contributions from the TSO(Q ~) blocks and hence will match in all the

these frames.

It is instructive to match the trR and trR® anomalies of 7°P and ’Tcgp . Thus in
the electric frame these anomalies get contributions from the two Tso(2n) blocks and the

gauginos in the USp(2N — 2), N/ = 1 vector multiplet. Each T. so(2n) block contributes

2 2
trR‘TSO@N) =ny,—np=—-2(N—-1)"—N*“+1,
while the gauginos give

trR)| =1(N-1)(2N —1).

gaugino

This implies

trR‘TSp = 2trR‘TSO(2N) +trR

‘ gaugino

= —4N? +5N —1.
Similarly,

trR> =4N3 —10N?+7N — 1.

TSP

(4.14)

(4.15)

(4.16)

(4.17)

Let us calculate the above anomalies in 7;‘;” . The mesons will not contribute since they

have R-charge 1. Thus the contributions come from a Tgo(2n) block, a TSO(2 ~) block and

the SO(2N) gauginos. For the Tgoan) block we find that

trR‘TSO(zN) =ny,—np=(2—-3N)N,

and

1
trR? —nv—znh:N(3—6N+2N2).

|TSO(2N) =

The anomalies of 7;‘3’) can now be computed:

TR s = trR\TSO<2N) + tr]-‘z\fso(2 + trR

N) |gaugino

= —4N? +5N -1,
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and

3 _ 3 3 3
trR =trR ‘TSO@N) + trR o) + trR ‘gaugmo

=4N3 —10N?>+ 7N — 1.

Sp
Tes

(4.21)

Thus we see the anomalies of the duality frames proposed here match perfectly.
Let us now consider the matching of trFT%T? across the various duality frames. For
the Tgo(an) block with U(1)z-charge o, we have

trFTOT? = otrRy—oTOT? = —%kg. (4.22)

To begin with, consider the anomaly coefficient for 7% € sp(2N — 2) 4. Note that Ksp(2n—2)
for Tgo(an) is 4N as can be checked by comparing the dual theories of figure 28. In the
electric frame 7P, we find

trFTSTY = —2N 5% (4.23)

This matches trivially to the anomaly coefficient of 7373 and 7;‘;” . It is much more
interesting to compare this with the anomaly coefficient of 7;‘27’ and TP, After taking the
contributions of the meson M4 into account, the anomaly evaluates to

trFTSTY = 2N6 — 2tr,q; TS TS.
= 2N§® — 2(2N)§% (4.24)
= —2N§

This agrees with the original theory. We can analogously match the anomaly coefficient
when 7% € sp(2N — 2)p.

We now consider the case when T* € s0(2N)p. This time, by comparing the dual
theories of figure 29, we find that the contribution of TSO@ N) 10 kgoany is 4N — 4 and
hence in 7°P, the requisite coefficient is

trFTSTS = —(2N — 2)5%. (4.25)

After adding the contributions of the meson Mp in the theories corresponding to 7;‘1% and
TSSp respectively , it is simple to check that their coefficients match the original theory. The
above discussion also applies when comparing the anomaly coefficients with T € s0(2N )¢
or T € sp(2N — 2)p. The matching of these coefficient between 7P and ﬂgp is trivial.

It is much more non-trivial and interesting to match the anomalies of SO(2N)p and
SO(2N)¢ in 7°P and 7;§p. Let us start by comparing the SO(2N)c anomalies. In the
electric theory we find that

trFTETE = —trRy—oTETY

_ N 2y (4.26)

Using the linear quiver to evaluate trRNZQTng in the Tso(2n) block we find that the
anomaly in the magnetic theory matches that in the electric theory. We can then imme-
diately see that the anomalies of SO(2/N)p will match in the electric and magnetic theory
after including the contributions of the mesons, Mp.
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Figure 21: Dual frames of USp SQCD.

Dual theories of USp(2N — 2) SQCD. The various duality frames obtained after
Higgsing some of the USp(2N — 2) punctures are summarized in figure 21. Since /P and
Z/lcslp are related by Intriligator-Pouliot duality and their anomalies match without much
ado. For the purpose of matching the anomalies between U°P and ngg P we observe that
we only have to match the anomalies of the SO(2N) x USp(2N — 2) bifundamental to
the anomalies of the TSO(QN) block appropriately coupled to mesons (figure 22). For the
bifundamental we have

trR|, o0 = (—%) (2N)(2N —2) = —N(2N —2). (4.27)

On the dual side, after giving a vev to the mesons, M4, the R-charge gets shifted: R —
R — p(0?). This will not affect the contribution of the TSO(2 ~y block, since its trp(a?) = 0.
However for the mesons, we will only consider the contributions of M4 ; _; since the rest
decouple. This implies

N-1

R ) = Zj => (@2n—1)=(N-1)>. (4.28)

n=1
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Figure 22: The building blocks of U, USP and Uzp .

Also Mp does not contribute to the R-anomalies since their R-charge is not shifted and is
equal to 1. Putting these together, we find that in this frame

trR = trR|TSO(2N> +trR|p, = —N(2N —2), (4.29)

which is identical to the corresponding anomaly of the bifundamental.

Moving on, we now compare the trR> anomalies on the two sides and find

3
tr R |pifund = (—é) (2N)(2N —2) = —%N(N —1). (4.30)

On the dual side, since R = Ry — p(03), where Ry = %R/\/zz + I3, therefore
trR® = trR3 + 3trRp?. (4.31)

Adding the contributions of T so(2v) and the mesons using (3.42) and (3.43), we find that
the trR? anomalies match with those of the bifundamental. The trRT BT g and trFTET g
anomalies for the bifundamental are given by (—1)(2N —2) and (—1)(2N — 2) respectively.
On the dual side these have the same values as in the scenario before Higgsing. This is
because trpT3T g = 0 for the T soen)block. We therefore conclude that these anomalies
have the same value in U°P and Z/{;g P The anomalies of P and L{C‘gp can also be matched
in a similar manner by comparing the contributions made by their building blocks shown
in figure 22a and 22c.
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We now compare the anomalies of the Argyres-Seiberg type dual, USP. Note that
in Y5P

1
trR =2 (—2) (2N)(2N —2) + (N = 1)(2N — 1) (4.32)
=-2N?+ N +1,
and
1 3
trR3 = 2 <—2> (2N)(2N = 2) + (N = 1)(2N - 1) (4.33)

= (N -1)%.

In the UP , the R-charges are shifted to R = Ry — p(c®). Also, the meson, Mp, does not
get a vev. It therefore has an R-charge 1 and hence does not contribute. In the Tso@n)
block, trp(c3) = 0, which implies

R Tsoen) trRO‘TSO(QN) =(2-3N)N. (4.34)

The contribution from those components of Mp which continue to stay coupled to the
theory after giving a vev is

N—-1
Ry =Y 5= (2n—1)=(N—-1)*. (4.35)
i n=1

For the purpose of anomaly matching we can consider the 2N — 3 fundamentals coupled to
the Tgo 2y block as a bifundamental of SO(2N) x USp(2N — 2) with shifted R-charges.
As usual the shift will correspond to the embedding of SU(2) in USp(2N —2). The shift in
the R-charge of the bifundamental does not change its contribution to trR, since trp = 0
for the bifundamental. Thus we find that trR in Z/{,fsp is given by

gaugino

trR = trR‘TSO(QN) + trR’MD + trR}bifund + trR{
=(2—3N)N+ (N —-1)2-N(2N —2)+ N(2N —1) (4.36)
=—2N24+ N+1.

This shows perfect agreement with the corresponding anomaly in &°?. Similarly, we find

3 _ 3
trR |TSO(2N) = tl"RO|T50(2N)

= N(3—6N +2N?). (4.37)

As was mentioned before, the meson, Mp will contribute trivially while the contribution
from those modes of Mp that are still coupled to the theory becomes

N-1
U"RSMMD) =374 =>"(2n—1)=1-6N +11N? - 8N* + 2N*. (4.38)
j

n=1

— 30 —



---- Zo twist line
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G5 puncture

Figure 23: Three punctured sphere with USp(6) and G5 punctures.

The contribution of the bifundamental is given by

trR3 = trR3 + 3trRp?

| bifund | bifund

— —%N(N — 1)+ %(N — 1)(4N?% — 8N + 3)(—N) (4.39)
=-N(N —1)(2N? —4N +2).

Combining all these contributions we find

trR* = trR SRR R+ R = (N 1), (4.40)

‘TSO(QN gaugino

hence providing a nontrivial check of our proposal. It can also be checked, via a pretty
direct calculation, that the trRT*T® and trFT*T® anomalies also match in these theories.

5 Dualities for the G2 gauge theory

In this section, we study a G2 gauge theory and its dual frames. The G2 gauge group can
be obtained from I' = D, theory with Z3 outer-automorphism twist. Since the Dy theory
allows both Zs-twisting o9 and Zs-twisting o3. We should take the twist lines with slightly
more care to go to various different dual frames.

We study the G5 gauge theory with 8 fundamental quarks in the 7 dimensional repre-
sentation of Go. A dual theory for the Gy gauge theory was first proposed in [10] where
the dual theory is given by SU gauge group with anti-symmetric tensors. We find new
dual descriptions for the G2 gauge theory flowing to the same fixed point in the IR. We
test the duality via anomaly matching and comparison of superconformal indices.

5.1 G5 gauge theory and its dual from coupled E7 blocks

To obtain the Ga-dual we propose the following procedure: start with the strongly coupled
block of [18] given by Dy theory on a three punctured sphere with a twisted null puncture,
a USp(6) puncture and a G puncture as in figure 23. Even though the E7 flavor symmetry
is not manifest, the theory exhibits enhanced E7 symmetry which is the theory of Minahan-
Nemeschansky [30]. We will demonstrate in section 6 that the superconformal index of the
theory of figure 23 agrees with the Fy theory.

Now prepare two copies of this theory. By gauging the Go symmetry common to the
two blocks we obtain an N' = 2 SCFT with a G5 gauge group which can be represented
by figure 24a. We can obtain its S-dual by exchanging the punctures. One of its S-dual
can be obtained by exchanging two null punctures. It is given by an N' = 2 SCFT with
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(¢)  Argyres-Seiberg  like
(a) G frame. (b) Spin(8) frame. frame.

Figure 24: S-duality for the Ga-coupled two E7 theories.

Spin(8) gauge symmetry along with three hypermultiplets in 8y and three hypermultiplets
in 8¢ representations which can be represented as in the figure 24b. This duality was first
found in [33]. Another frame can be found by colliding two null punctures and two USp(6)
punctures. This is similar to the Argyres-Seiberg duality, where in this case we partially
gauge the theory with USp(6)? x G5 flavor symmetry.

N =1 duality from E7 blocks. Let us go to the A’ =1 construction. It can be done
by giving colors to the punctures and the pair of pants. In figure 24a, let’s color the two
punctures on the bottom to be red, and the other two punctures to be blue. Also color
the pair of pants on the bottom to be red and the other to be blue. Since the color of the
punctures and the pants are the same, we can identify the ‘matter content’ to be the same
two F; blocks as before. Then we glue two G5 punctures by N = 1 vector multiplet with
the superpotential

W = ctrujt, (5.1)

where p and i transform in the adjoint representation of G.

A dual frame is described by a Spin(8) gauge theory, with quarks in the 8y x 6
of Spin(8) x USp(6)4 and another in the 8g x 6 representations of Spin(8) x USp(6)p.
There are also mesons transforming in the adjoint representations of USp(6) 4 and USp(6)p
respectively. One can also prove the duality starting from A = 2 construction and then
giving mass to the chiral adjoint in the vector multiplet if we assume the chiral ring relation

trua,” = tr(puspe) ), (5.2)
and then following the procedure of [4]. The dual superpotential is given by
W = étrjify 4+ trMajia + trMpjig, (5.3)

where fig = QaQa and fip = QQB.

Upon Higgsing the USp(6) flavor symmetries, in the electric frame, down to USp(4),
we obtain two copies of bifundamentals of G5 x USp(4) with the G2 being gauged. Higgsing
is achieved by giving a vev to the adjoint of USp(6) along the partition: 6 = [2,1%]. We
will use the short-hand notation 4“2 to denote this theory. In the dual frame we will have
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(a) Gy frame: U=, (b) Spin(8) frame: U452,

Figure 25: Lagrangian duals to the Gy gauge theory with 8 fundamentals.

to give the same vev to the mesons M4 and Mp. This will generate a mass for the dual
quarks with SU(2) quantum numbers (j = 3,m = —1). We integrate these out and obtain
the low energy theory which is described by 5 vectors and 5 spinors of the Spin(8) gauge
group and transforming as 4 @ 1 of their respective USp(4) flavor symmetries. The low
energy superpotential in the dual frame becomes

W = étrjifi+ > Maj—jfiaj; + > Mpj—jfinj;, (5.4)
J J

with fi4;; being quadratics Spin(8) invariants. The R-charge in magnetic frame is shifted
by R — R — pA(03) — pP(0?), where as usual p specifies the SU(2) embedding in USp(6).
The U(1) 7 gets shifted to F — F — 2p?(03) +2pP(c%). Some of the mesons decouple.and
we are left with the mesons Mj ; coupled to the magnetic theory. This theory will be
denoted by the symbol Z/{gQ.

Non-Lagrangian duals. We can also get several non-Lagrangian duals to the G2 theory
using different colored pair-of-pants decompositions. See the figure 26.

Non-Lagrangian dual 1: Argyres-Seiberg type. The Argyres-Seiberg type dual of
figure 26a is obtained by colliding the punctures A and B on the Riemann surface. This
will land us upon a theory consisting of an E7 block (with Go x USp(6) C E; manifest)
coupled to a USp(6) x USp(4) x Go block via an N' = 1, Gy vector multiplet. We will
also have to integrate in mesons (with appropriate vevs) to compensate for the mismatch
between the colors of the punctures and the pair of pants. Its superpotential is

W = étrfifi + tr Z(MA)jﬁj(ﬂA)j,j + Z(Mc)j,fj(ﬂc)j,j (5.5)

with the shifted charges being

R — R—p*(c®) = p°(c%), (5.6)
F = F=2p%0%) +20%(?).

We will use the symbol 52 to denote this theory.
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(c) Crossing-type: Z/{g“ .

Figure 26: Non-Lagrangian dual theories for the A" = 1 G5 gauge theory with 8 funda-
mentals.

Non-Lagrangian dual 2: swapped G2. We arrive at the swapped G2 frame by per-
muting all the four punctures such that we exchange A with B and C with D. This is
equivalent to coupling two USp(6)? x Go theories along their G puncture. We will have
to integrate in 4 mesons M4, Mp, Mc and Mp. We give vevs to these mesons such that
USp(6)¢ and USp(6)p get completely Higgsed while USp(6)4 and USp(6)p get Higgsed
down to their respective USp(4). This theory will henceforth be denoted by Z/ISG?. Its
superpotential becomes

W= étrjifi +tr Y (Ma)j—i(fa)j; + Y _(Mp)j—j(f)js+

! ! (5.8)
> (Me);—i(fc)jg+ > (Mp)j—(fip);; »

J J
while the charges get shifted such that

R— R—p*(c®) — p"(0®) = p°(0®) — p"(0?), (5.9)
F = F—=2p10%) + 208 (0%) + 20% (6®) — 20" (0?). (5.10)

Non-Lagrangian dual 3: crossing-type. The crossing-type frame is shown in fig-
ure 26c¢. It consists of two blocks with USp(6) x USp(4) x SO(8) flavor symmetry glued
along their SO(8) puncture. The spectrum of the theory also includes mesons M¢ and Mp
as the punctures C' and D lie in pants that are colored oppositely to their own color. We
will give a vev to the mesons such that the USp(6) flavor symmetry of these punctures gets
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completely Higgsed. The superpotential then becomes

W = étrfijs+ 32, (Me)j—i(fie) iy + >;(Mp)j—(fin) 4 » (5.11)
and the new charges are given by

R — R—p%(6®) — pP(c?), (5.12)
F = F+ 2pC(U3) —2pP(5?). (5.13)

We will use the symbol Z/{g2 to represent this theory.

5.2 Anomaly matching

We now show that the anomalies of our proposed dual frames match.

trR and trR3. In the Gy electric theory, we find that
1
trR =14+ (—2> (8x7)=-14, (5.14)
1\ 3
trR® = 14 + (—2> 8xT)=T1. (5.15)
After considering the shift in the charges, we find that in Z/{CC{V2 frame

1
trR:28+2Z<—2—m> X842 j
J,m J

=28 -48+6=—14,

(5.16)

which is same as the result obtained for the electric theory. Similarly for the trR? anomaly
in the Spin(8) theory we obtain

1 3
trR3:28+2Z<—2—m> x8+22j3
J

j?m

(5.17)
=28—24+43="7,
which matches with the electric theory.
The effective number of hypers and vectors in a block with USp(6) x USp(4) x SO(8)

flavor symmetry is 102 and 72 respectively [16]. Using this result we find that the trR
anomaly in the L{gz is

trR = 2(72 — 102) + 28 + 2 x 9 = —14, (5.18)

here the first term on the r.h.s. corresponds to the contribution of the non-Lagrangian
blocks to trR, the second term is the contribution from SO(8) gauginos while the last term
is the contribution of the mesons used to Higgs the USp(6) flavor symmetry of the blocks.
Using (3.40) and (3.41) along with the fact that in TSO(2N), kspan—2) = 4N we find that
in Z/ICG22

trR® = —327 + 28 4+ 306 = 7. (5.19)
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As before the various terms on the r.h.s. are obtained from the contribution of the non-
Lagrangian blocks, the SO(8) gauginos and the mesons respectively.

The effective number of hypers and vectors in the block with USp(6)? x G5 symmetries
can be obtained by comparing the N' = 2 theory obtained by gluing two such blocks
along their Gy puncture and its S-dual corresponding to two copies of the block with
USp(6)? x SO(8) punctures glued along their SO(8) puncture with a Zs twist around the
cylinder. This will also provide us with the central charges of the various flavor symmetries.
Following this procedure we find that in the USp(6)? x G5 block, n, = 86 and n;, = 112.
Using this and including the contribution of the mesons that stay coupled to the theory
(after Higgsing one of the USp(6) down to USp(4) and completely Higgsing the other
USp(6)), we find that in U2

trR=2x (86— 112) + 14+ 2x9+2x 3= —14. (5.20)

If we now calculate the trR? anomaly in this theory, we find
3
trR3:—316><2+14+§><2+153><2:7, (5.21)

This is in agreement with our proposal.

We can use our knowledge of the number of hypers and vectors and central charges in
the USp(6) x USp(4) x SO(8) block to evaluate this data for the USp(6) x USp(4) x G
block which are: n, = 79 and nj, = 102. The trR anomaly can now be calculated in Z/{aGs2
and is found to match with that in the other duality frames:

trR], 6, = (79 — 102) + (7 — 24) + 14+ 9+ 3 = —14, (5.22)

here the first term on the r.h.s. is the contribution from the USp(6) x USp(4) x G2 block
while second term is the contribution from the E7 theory. The third term is the contribution
of G2 gauginos while the last two terms are the contributions of the mesonic excitations.
The coefficient of trR? in this theory is

95 3
trR® = —209 + o T30 =T, (5.23)

This is consistent with our expectations.

trRF2. In the G5 theory, each block contributes
2 1
trRF*- = —3 (4x7)=-14. (5.24)

In the SO(8) theory, the F charges are shifted such that F — F —2p?(c3) +2pP(c?). The
contribution of the pants with color ‘o’ is therefore given by

trRF? =) <— % - m> (o +20m)* x 8 + Zj(—% —20j)* = -14. (5.25)

Jm J

This shows a perfect match with the Gy theory.
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In the non-Lagrangian duals, the shifted charges R = Rg—p(0®) and F = F —20p(03),
(for pants with color ‘o’) give rise to the following expression for trRF?:

trRF? = tr(Ro — p)(Fo — 20p)* = trRoFa 4 6Ztr Ryr—oTT? (5.26)

where we have used the SU(2) embedding index Z to evaluate trRp? and trFp?. The final
expression in (5.26) is independent of the color of pants, as should be the case. Also, on
each pair-of-pants trRo]:g = —ny. Using this and taking the contribution of mesons into
account, it can be verified that each pair-of-pants in the decomposition of L{CG22 and U2,
contributes a —14 to the anomaly, thereby establishing the match with the electric frame.
In L{aGSQ, since the pair-of-pants decomposition is not symmetric thus the pants contribute
different amounts to the total anomaly. The pants with USp(6) x USp(4) x SO(8) punctures
contributes —92 while the other pant contributes 64, thereby bringing the total to —28

which is same as in the electric theory.

trRTT® and trFTT®. After Higgsing the USp(6) punctures in the Go-frame of fig-
ure 24a, we are left with a USp(4)4 x USp(4)p flavor symmetry which is enhanced to
USp(8) in the electric theory when there is no superpotential. We now match the ’tHooft
anomalies of these flavor symmetries in the electric and the magnetic frames. In the Ga
theory we find that

1
trRTSTS =7 x <—2> X troT4Th = —%5“’), (5.27)
trFTSTS =7 x (—1) x trgT4Th = —76%. (5.28)

It is straight forward to check that these match with those in the SO(8) theory, once we
use the shifted R and F charges. Thus in the SO(8) theory we have

1 7
b __ b . b __ b
trRTYTY = 8 x tr <—2 + ,0) TSTS + § trjT4TS = —50°, (5.29)
J

and
rFTETY = 8 x tr(1+ 2p)THTY + Y tr(—2 — 25)T{TH = —76°,
i

(5.30)

which is same as the corresponding anomalies of the G theory. The same discussion will
also apply in the case of anomalies for the USp(4)p flavor symmetries.

In L{g2 the anomaly coefficients can be obtained from the flavor central charges:
trRTng = %trRNngsz and tr]—“TjTg = trRNngjTg. Since kgy4) = 7, we find that
the anomaly coefficients match those in the electric frame. The same holds for the anoma-
lies of USp(4) 5.

The anomalies of in U2 can be obtained from the embedding index of USp(4) in
USp(6). Thus for the pair-of-pants containing the puncture A we find

trRpr=aT§TY = Ttr Ryv=oT ) Ton(es - (5.31)
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Since the 6 of USp(6) becomes 4 & 1@ 1 of USp(4), therefore Z = 1. We will also have to
add the contribution of the mesons. Thus

1 .
trRTZTfZ‘]uEQ = iltrRNngﬁ‘L@Tfp(@ + E triTSTS
g (5.32)

1 7
— 44+ - x1)s% = __g53b.
< +2>< )(5 26

Similarly we can show that trngTg|us_c:2 = —756%. The anomalies of USp(4) g match those
in the electric frame in an analogous manner.

The anomalies of 52 can also be shown to match after using the fact that kspa), =7
and proceeding in the same way as in U&? for the anomalies of USp(4) .

6 Superconformal index

In this section, we put our new dualities to test by comparing the superconformal indices
for the dual theories. We first review superconformal indices for the A/ = 2 theories of class
S studied in [34-37] which was extended to the case of type D by [38]. In the process, we
close some of the loose ends regarding the Zs 3-twisted punctures of D,, theories. Then we
compute the superconformal indices for the N' = 1 theories studied in section 3, 4, 5 using
a similar formalism developed in [4, 39).

6.1 N =2 index

The N = 2 superconformal index is defined as
t\" _
I="Tr(-1)F < ) p]2+]1q]2_]ltR xfz’ 6.1
(1) o |Z| i (6.1)

where (j1, j2) are the Cartans of the Lorentz group SU(2); x SU(2)9, 7 and R are the U(1)g
and SU(2)gr generators respectively. The f; denote the Cartans for the flavor symmetry
group. For any class S theories, the indices can be thought of as a correlation function for
a topological field theory. It turns out that the indices for a class S theory defined by a
Riemann surface C with genus g and n twisted or untwisted punctures labeled by pi.... »
can be written as

7= Z HKQ pr(ar)Px(ap;) 7 (6.2)

PA t:a 2g 2+n

where the summation is over the representations A of I'. Let us explain the meaning of

various symbols.

e The function P) is some special function defined by requiring the function fy(a) =
Kpai(a)Py(a) to be orthonormal under the measure given by the vector multiplet
index Iy (a):

FlazIv () (@) @) = (63)

— 38 —



The function Py can be Schur function or Macdonald polynomial or related to
the wave function of elliptic Ruijsenaars-Schneider model depending on the num-
ber of fugacities (p,q,t) we want to keep. The P, also depend on the choice of
twisted /untwisted puncture.

e The K-factor K, is labeled by a embedding p of SU(2) into G, where G = TI' for
the untwisted puncture and G is the group formed by folding the Dynkin diagram
with the choice of outer-automorphism as in the table 1. The embedding p induces
a decomposition of adjoint into the form ©;R; ® V; where Vj is the spin-j irrep of
SU(2) and R; are representations for the flavor symmetry group associated to the

puncture. For the case of the Macdonald index (p = 0), the K-factor can be written
as [40]

i+l
Kj(a) = PE Z - qter(a) , (6.4)

where PE stands for the plethystic exponential. For example, for the full puncture,
it is simply given by

Kfun(a) = PE |:1thadj (a)] . (65)

For the null puncture @, it is given by

Kfa:PE[ o }z IRGT (6.6)

L—q i=1

where d; are the degrees of invariants of G and (z;¢) = [[22,(1—2¢") is the Pochham-
mer symbol. The general form of Kj(a;p,q,t) has been conjectured in [4] to be

Kj(a) =PE ————1IR, (a)] . (6.7)
zj: (1-¢)(1—p)

e The argument a,, can be determined by looking at the embedding of p(SU(2)) x GF
into G where p(SU(2)) is image under the map p and G is the flavor symmetry group
associated to the puncture. The fundamental of G can be decomposed in terms of
spin-j irreps of SU(2) as fundg = @ij ® Vj. One can match the fugacities by
using characters. First write down the character for the fundamental of G. And then
compare it with the characters of the representations of SU(2) x Gr. By comparing
the two, one can map the fugacities for the G to the fugacities of G appear in Py(a).
See the section 4.2.1 of [38] for more details.

Now, let us focus on the examples of twisted D,,-type theories. We will restrict our discus-
sion to the case of Macdonald index p = 0.
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We implemented computation of Macdonald polynomials using the procedure out-
lined in appendix B of [40] through direct Gram-Schmidt process using Mathematica and
LieART [41]. There is more efficient method of computing Macdonald polynomials for
A,B,C, D, Eg 7 through determinantal construction [42]. We refer to appendix A of [38]
for a nice review on the construction of Macdonald and Hall-Littlewood polynomials.

Dy, -type theories with Zs-twist. The function Py in our case becomes the normalized
Macdonald polynomial of type G where G is either I' = D,, or G = C},_1 depending on the
choice of untwisted and twisted puncture.

Py(a) = Ny ? P gasq,t) (6.8)

where Py g is the Macdonald polynomial given by the root-system of G.2 The Ny(q,t) is
a normalization factor given by inner product of two Macdonald polynomials

M= (Pl Phr) = (01678 | T2 )] ha@Phos). 69)

where [dz]g stands for the Haar measure of the group G. For the Dy case, we have two
different choice of twisting, namely Zo and Zs which gives C3 and G2. We will treat this
special case later in this section.

The superconformal index for the Tgo (2, theory is given by

I

_ Kii(a) Kii (a2) K (as) 3 PO (a1) Py (az) PY° (as)

, 6.10
K35° PJO(1?) (6.10)

AERS0(2n)

where the P is given by the SO(2n) Macdonald polynomial. One can start from this
theory and then by partially closing or Higgsing the punctures, to obtain general theory
corresponding to a 3 punctured sphere. In more extreme limit, one can consider completely
closing the punctures. Then the index should be trivial, which completely fixes the factor
in the denominator which is the structure constant of the TQFT.

More generally, when we have twisted punctures, the structure constant can be fixed
by requiring it to become trivial when we close all the three punctures. Therefore we can
write the index for the T(SO(2n)) theory as

Us Us Us Us
K (@) Ky (b1) Ky (b2) 3 PO(a)Py " (b)) Py P (bs)

J =
K30 PSO(12) ’

(6.11)

A€Rysp(2n—2)

where the sum is over the representations of USp(2n — 2) not SO(2n). For the PSO(?) e
restrict the sum to the case of outer-automorphism invariant representations. In terms of
Dynkin labels, they are of the form [A1, Ao, -+, A\p—1, Ap—1].

In general, Py is labeled by an affine root system. There is many to one map between the affine root
systems and the group G. In our case, only the Macdonald polynomial for G appears. The other ones
such as the dual root system GV and the non-reduced affine root system (C)Y, C,) appear when we consider
outer-automorphism twisted index. [40]
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One can completely close one of the U Sp puncture to obtain the free theory of SO(2n) x
USp(2n — 2) bifundamental half-hypermultiplets. It is given by

US US US US:
[ K (a) Ky (b)Kg™" PJ%(a)Py " (b) Py P (t7)
bifund — Kgo P)‘\S'O(tg) .

(6.12)
AERyUsp(2n—2)

We have checked this relation up to n = 5 and to a few orders in gq.

When we glue three punctured spheres, we integrate with a vector multiplet measure.
From the orthonormality condition (6.3), we arrive at the same result of (6.2). One in-
teresting aspect here is that whenever there is a twisted puncture, summation over the
representations of I' reduces to that of G.

Dy-type theories with Zg-twist. The I' = D, theory can be twisted in two different
ways because the outer-automorphism group is generated by Zs and also Zs. The Zs
twisting gives C3 = USp(6) puncture and the Zs twisting gives Gy puncture. Consider the
three punctured sphere given by one USp(6) puncture and one G5 puncture with twisted
null puncture as in the figure 23. From the TQFT structure, we can write its index as

S S S S
K3 (a)KiP () Ky 5 PC?(a)PY%P (b) PP (17)

IE?(G’?b) = KgO P)A\S'O(tz)

(6.13)
/\ERG2

Here the sum is over the representations of Gy. For the SO(8) and USp(6) punctures, this
means summing over the representations invariant under the Zs action. In terms of the
Dynkin labels, they are [A1, A2, A1, A1] and [A1, A, A1] for the G representation [Ag, A1].

The TQFT structure requires S-duality invariance of the index. In our case, it trans-
lates to the condition that the indices for the first two frames of Gs-coupled two E7 theories
as in figure 24 being equal. We should have

7{ (] 192 () I (w, @) [ (w0, b) = % (2] 1590) () Iysouna (2, @) Togrona (3, b) , (6.14)

where I‘id is the vector multiplet index for the gauge group G and Ihifunqg denotes the
index of the SO(8) x USp(6) bifundamentals (6.12). We represent the Gy fugacities with
w while the SO(8) fugacities are given by z = (21, 22, 23, 24) and Z = (z4, 22, 23, 21). The
transformation of SO(8) fugacities from z to Z implements the Z3 twist around the SO(8)
cylinder in figure 24b. Orthogonality of the SO(8) wave-functions upon integration with
respect to the SO(8) vector multiplets implies that only those representations that are of
the Zs invariant form mentioned before, contribute to the r.h.s. of (6.14). This is enough
to show the identity of (6.14)
As a remark, we find that the index for the F7 theory can also be written as

US US
KS*KS2 (@)K iP (b) Z P& (t7)PE2 (a) Py P (b)

IE a, b) =
7( ) KgSp Pfsp(t@)

(6.15)
)\ERG2
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We can get this form from the identity
2
(PfSp(t@)) = PSO(1?) PP (1) | (6.16)

where the representations A are now restricted to belong to the Zs invariant form discussed
above. We do not have an analytic proof of the identity (6.16), but we were able to check
this relation for several low-dimensional representations.

From the form (6.15), the index becomes 1 upon closing all the punctures. For the case
of UV curves without twisted punctures, we always get 1 upon closing all the punctures.
It is not clear whether it should be the case with twisted punctures, because even after
closing a twisted puncture it still carries non-trivial information. Nevertheless, it turns out
that the superconformal index is unity for the theory having a UV curve with only null
punctures (with or without twist) of type A,, D,,.

Enhancement of global symmetry USp(6) X G2 to E7. As we have discussed in
section 5, the theory given by USp(6) and G2 punctures is expected to have enhanced Ex
global symmetry [18]. Here we check this explicitly through the computation of index. We
find that the index of this theory computed by (6.13) can be indeed written in terms of
the characters of Fx.

The product algebra G2 x USp(6) is embedded into E; such that [43]

56 — (7,6) @ (1,14), (6.17)

133 — (7,14) @ (14,1) @ (1,21), (6.18)
7371 — (27,90) @ (14,70) @ (64,14) & (7,189) @ (77', 1)

®(27,14) @ (7,70) @ (14,21) @ (1,126") @ (1,90) (6.19)

&(7,21) @ (7,14) & (27,1) & (1,14) & (1, 1) .

We find that the index of the USp(6) x G2 theory can be written in terns of the Ex
characters. For example, the Schur index (p = 0,¢ = t) can be written as

Ischur = 1+ X5 (@, 0)q + (X, (a,b) + xT(a, b) + 1)g® + - - -, (6.20)

where we used the above decompositions to write as xs(a,b) = x5*(a )X&Sp( )(b) +

Xﬁ (a)-141- USp( )(b) and so on.

Especially, the Hall-Littlewood index (p = 0,¢q = 0) is known to reproduce the Hilbert
Series of the Higgs branch when the UV curve has genus 0 [36]. The Higgs branch of
Minahan-Nemeschansky F7 theory is known to be the moduli space of E7 instantons with
instanton number 1. The Hilbert series of 1 instanton moduli space is entirely given in
terms of the characters for the symmetric product of adjoint representations:

Hilb(Map=1) = Y Xsymn (adjyt" (6.21)
n>0

This relation for the exceptional group was proven in [44, 45] and studied in the physics
literatures by [46-48]. We verified that the Hall-Littlewood index for the USp(6) x Ga
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theory is indeed written in terms of the characters of the adjoint representations of E7

Inr =Y _x[n,0,0,0,0,0,0]t", (6.22)
n>0

where we used the Dynkin label here.

Bifundamentals of G2 X USp(4) through Higgsing the E; theory. As we have
discussed in section 5, we can obtain a free theory of Gy x USp(4) bifundamentals by
partially Higgsing the USp(6) global symmetry down to USp(4) of the E7 theory. We
obtain the K-factor from decomposing the adjoint of USp(6) to the representations of
SU(2) x USp(4) which is

1
Kyspa) = PE [1_(] (X[2,0]75 + X[1,0]t3/2 + X[o,o}tQ)} ; (6.23)
where we used Dynkin labels to write the representation of USp(4). The fugacities for the
USp(4) puncture is (t,t'/2by,t'/2by) in the a-basis meaning all the weights are given as a
linear combination of the simple roots. The fugacities for the null puncture is (¢,¢~1) for
the G and (t°/2,t*,t%/2) for the USp(6) in the a-basis.

6.2 N =1 index

Now, let us move on to the discussion of the superconformal indices of NV = 1 class S
theories. The A/ = 1 superconformal index is defined as

I(2;p,q,€) = Tr(—1)Fph =32t R2gn it R2e=F/2,Q (6.24)

where F is the U(1)r global symmetry preserved in the class S theory.

The N = 1 index of theories constructed in the present paper can be obtained from the
N = 2 index of their building blocks. These building blocks can be classified into the colored
Tg blocks (0 = +) and the N’ = 1 and N/ = 2 vector multiplets that couple them together.
Their contribution to the N’ = 1 index is given by In—1 = In—2(p, q.t = £7/pq), where {7
gives their charge with respect to the U(1)# flavor symmetry.!’ As mentioned previously,
the underlying TQFT structure implies that the N’ = 2 superconformal index of class S
theories can be written in terms of orthogonal functions fy(a;p,q,t). It is expected that
in general fy(a;p,q,t) are related to the wave-functions of elliptic Ruijsenaars-Schneider
model. There is some evidence that for theories of type Ay these functions satisfy the
identity [37]

fa(a;p,q,t) = PE t=pa/t )Xadj(a)} I (a;p, q, @> : (6.25)

(1-p)(1—¢ t

We will henceforth assume that this identity continues to hold for theories of type Dy and
their outer-automorphism twists. This identity implies that the functions Py(p,q,t) are

0Here for the sake of brevity, we have omitted the fugacities for all flavor symmetries of the three
punctured spheres. Nevertheless they are there and will be important for matching the index across various
duality frames.
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invariant under ¢t <+ pg/t. Upon reducing this to the case of N' = 1 index, it ensures the
invariance of Py(p, q,£%,/pq) under & <> €71, The superconformal index of two TR, blocks
coupled by an N/ = 1 vector multiplet can be written as

Ha,bse,d) = 7{ 421 () (2 a.b) L (z,c.d). (6.26)
where a, b, c,d are the fugacities for the flavor symmetries of the theory while z are the
fugacities for the gauge group. Irg is the N =1 index of Tg theory obtained from its
N = 2 index. Due to orthonormality of the wavefunctions, the index in (6.26) formally

simplifies to

wbed — S A @G (©f(d)
labed =) S e

Here f{(a) is short-hand for f\(a;p,q,t = £7,/pq) and has to be chosen appropriately

(6.27)

(AP}

according to the flavor symmetry of puncture “a”. ff(@) correspond to the structure
constants in the N' = 2 index. The sum in (6.27) is over the set of representations whose
Dynkin labels are of the form explained earlier in the paper.

SO dualities. We first compare the superconformal index of the unHiggsed theories
across the various duality frames. In the electric theory, 7°°, we find that the index can
be written as

Irso(a,b;c,d) =

S S S S’
K@) KL (0) KU () KUP(d) <~ PP (a) PP (b) PP (e) PP (d) - (6.28)
KSO K5O PSO(17) PO (1) '

A

In the crossing frame, 7.°°, the punctures B and C' are exchanged with each other. Their
U(1)r charges switch signs and we had to integrate in mesons Mp and M with U(1) £
charges being —2 and +2 respectively. The index of 7.°C then becomes

Irso(a,c;b,d) = M (b)M ™ (¢)Irso(a, c;b,d), (6.29)
where M (x) is the contribution of the mesons having F-charge —20 and flavor fugacities x

VP& —£77)
(1-p)(1-2q)

The equality of the indices in (6.28) and (6.29) then follows from the identity

M?(z) = PE Xadj(@)] - (6.30)
M (z)K~°(z) = K°(x) . (6.31)

We can repeat this exercise for the index of the theory 7.°¢ | in the swapped frame wherein
we find

Irso(d,¢;b,a) = M (a)M ™ (b)M ™ (c)M ™~ (d)Irso(d,c;b,a). (6.32)

The identity in (6.31) can now be used to match the indices in the various duality frames.
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The procedure of Higgsing the USp(2N — 2) punctures can be implemented in the
index by transmuting the USp(2N — 2) fugacities into the fugacities of the partially closed
puncture. As has been mentioned earlier this can be achieved by comparing the character
of the USp(2N — 2) fundamental written in terms of the fugacities of the USp(2N — 2)
symmetry, to the character written in terms of the SU(2) x Gp C USp(2N —2). The SU(2)
here is embedded into USp(2N — 2) through the vev we use to Higgs the puncture while
G is residual flavor symmetry left invariant by the vev. The fugacity for SU(2) characters
is required to be 7 = (fg\/qu)l/ 2. The redundancy in the choice of fugacities corresponds
to the Weyl symmetries of USp(2N — 2). The prefactor Kx(a;p,q,t = £7,/pq) is given
by (6.7).

Applying this to close the punctures A and D we find that the index for the electric
theory U5© can be written as

Lys0(2,b;¢,2) =
KSPEGPKYP () KU (c) 5 PY5 (6 /p9)?) PYP (671 /pa)?) PY P (b) PV ()

K39 K52 A PYO((&y/pq)?) PO (€7 v/Pa)?)
(6.33)

In the Intriligator-Seiberg (magnetic) frame L{CSIO, the superconformal index is
Iucslo (@, c; b, o)= MJr(b)Mf (¢)Iyyso(2,¢;b,2), (6.34)

which matches with the index of the electric theory upon using (6.31).

In the swapped frame it is the mesons that get a vev, leading to a shift in the R-and
F-charges. The shift of the charges can be accommodated into the index by the following
substitution: in the T]‘{, block of the swapped theory, replace the fugacities for USp(2N —2)
with those for SU(2) x G C USp(2N — 2) using £7/,/pq as the fugacity for SU(2). The
index of the swapped theory, U5©, is therefore given by

Iyso = Mg Mz M*(b)M~(c)I7s0((¢/v/pa)?, esb, (671 /V/pa)?). (6.35)

where MJ is the contribution from the mesonic excitations M4, _; and Mp; _; that stay
coupled to the theory:

. (&7/PQ)"™ — pq/ (€7 /pq)* I
Mg = HPE [ T A0-2 . (6.36)

J

Similarly the index for the theory, U2C, in the Argyres-Seiberg frame can be written as

Iygo = Mg M~ (c)Irso(e,b; (€71 /vpa)?, @), (6.37)

while the index for the theory, U2, in the crossing frame is given by

Iyso = MMz Irso((€/v/Pa)?, b, (€7 /v/pa)?) .- (6.38)
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The equality of the indices in the various duality frames can be established by using the
identity

MEKEZP (€77 /Vp)?) = Ko (6.39)
along with (6.31) and the invariance of P;\] P under the Weyl symmetries of USp(2N —2).11

U Sp dualities. Following a similar procedure as in the case of the SQCD with SO(2N)
gauge group, we can now write down the index of the various duality frames of SQCD with
USp(2N — 2) gauge group. Before Higgsing some the punctures, we compare the indices of
the unHiggsed theories in the various duality frames we obtain by moving the punctures
around. The index for the electric theory, 75P is

KU (@) K50 () K5°(e) KV (d)  PU*(a) PEO(b) PSO(c) PV (d)
K4 KZ2 P3O(12) PSO(12) ’

(6.40)

Irsp(a,b;c,d) =
A

where the sum now is over the representations of USp(2/N — 2), as was explained earlier.
In the duality frame Tl obtained by exchanging punctures B and C, we find

ITﬁ” (a,e;b,d) = MT(b)M ™ (c)Irsp(a,c;b,d), (6.41)

Similarly the index of the crossing theory T2 , obtained by exchanging punctures A and
D, is

ITCgp(d, b;c,a) = M (a)M~(d)I1sn(d, b;c,a). (6.42)

In the frame 7;‘;1) , obtained by exchanging puncture B and D, the index becomes

7_cgp(a d;c,b) = M (b)M~(d)Irsy(a,d;c,b). (6.43)

The index for the theory 7P in the swapped frame is
Isp(d,e;b,a) = M (@) M (b)M ™ (c) M~ (d)I7sp(d, c; b,a). (6.44)

Equality of the above indices follows from (6.31).
Upon appropriately Higgsing the punctures A and D we find that the index in the
electric theory U°P can be written as

Iysp (2, b;¢,2) =

K@U,iPKS,S”Ki()(b)KfO(c)ZPfsf’((gﬁq) VPP (67 /pg)?) PEO (b) PEO(c)
K39 K359 ~ PIO((&y/Pq)?) PO (€1 /P9)?)

(6.45)

"\ore specifically we use the fact that PY °?(a) = PY*P(a™).
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The index of Intriligator-Pouliot theory chlp is
Iuip(@, c;b, @) = M (b)M~ (c)lys»(D,c;b, D). (6.46)
For the crossing theory Z/l(ip , the index is given by
Lysp = Mg M~ (@) L7, ((6//p0)? bs e, (€7 /v/pa)?) (6.47)

Similarly in the swapped frame L{f P and the Argyres-Seiberg dual frame ug?sp , the respective
superconformal indices are:

s = M3 MG MY O)M ™ (Lrs, (€/VBD? b, (€ /D7), (6.48)
sy = MEM™()rss (e bi (€7 //p0)*, 2) (6.49)

The indices in the various duality frames match owing to the identities (6.31) and (6.39)
and the Weyl invariance of P)[\] 5P

G2 dualities. The index of the theories involved in the G5 dualities proposed by us can
be written in terms of the A" = 1 index of the theory 72 obtained by coupling two 7. 50(8)
blocks with an A/ = 1, SO(8) vector multiplet and a Zs twist around the cylinder that
couples two spheres. The superconformal index for this theory is

Ire2(p,q;r,s) =
KV (p) KUSP(q) KV (r) KUSP(s) = PV (p) PV () PUSP(r) PUSP(s) (650

A
K3 K30 2T RO R

where the sum is over G representations. The electric theory 4“2 is built from bifunda-
mentals of Go x USp(4) and its index is

Lys(a:b) = Lrex(2,a(6 /) %s b(E ™ vpa) . 2) (6.51)

Here a and b are the fugacities for USp(4) 4 and USp(4)p respectively and © represents
the embedding of SU(2) in USp(6) that reduces the flavor symmetry of the puncture down
to USp(4).

In the Spin(8) frame, the superconformal index of the theory is given by

162 = M (a)Mg (b) e (2,b(¢/v/5) s a6 /)7, 2). (6.52)

where M¢(a) are the mesons that remain in the theory after Higgsing the corresponding
USp(6)puncture down to USp(4) which is given by

g = [E R o)
(€7/Pa)? — pa/(£°/pa)*
x PE [ ) Xf(a)] (6.53)
 PE [(5"\/1971)2 —pq/(fax/@)Q] _
(1-p)(1-q)
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In the crossing-type frame we find

L6a = Mg Mg Iy ((§/v/p9)°, a(&y/pa)”;b(E " VPa)Y, (€71 /VPa)?) . (6.54)

The superconformal index for the Argyres-Seiberg type dual can be written as

Lc, = M (a)Mg Irex((¢/v/pa)?, 2:b(¢ v/pa) 7, a€ ™" /v/pa)?) - (6.55)

Similarly the index of the theory in the swapped G5 frame is
I,62 = M My M (a) Mg (b) Ire>((§/v/pa)?, b(&/v/Pa) s (67 /v/pa) 7, al& ™" /V/p)®) - (6.56)

The indices in all these frames match upon using the Weyl invariance of P)l\] Sp along
with (6.31) and the generalized form of (6.39) given by

MK (677 ) ypa)™) = K5 (6.57)

Therefore we find the indices all agree on five dual frames of the G5 gauge theory.
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A Chiral ring relations of Tso2n) and TSO(zN) theories

Al TSO(2N)

Consider the N/ = 2 superconformal quiver gauge theory with the gauge groups
USp(2N —2) x SO(2N) x --- x SO(2N) x USp(2N —2),

with a total of 2/N — 3 gauge factors and also N fundamentals at the two end of the quiver,
from which we realize the SO(2N) flavor symmetry at each ends. This is dual to a Ty
block with SO(2N)?3 flavor symmetry, coupled to a superconformal tail given by

SO(2N — 1) x USp(2N — 4) x SO(2N —2) x - - x USp(2) x SO(3).

Pictorially we can represent the two dual theories by figure 27.

Note that in the dual frame the SO(2N —1) sub-group of one of the three SO(2N) flavor
symmetries of the T block is gauged while the other two SO(2N) flavor symmetries are
in one to one correspondence with flavor symmetries at the ends of the linear quiver. We

48 —



3l TOSSON BE

o
®

2N 2N

(b) Dual frame with Tso(2n block.

Figure 27: The linear quiver dual to Tso(2n) coupled to a superconformal tail.

thus expect the operator p1144 transforming in the adjoint representation of SO(2N); to be
identified with Qiquéqlé in the linear quiver. Here € is the invariant anti-symmetric form
of the USp(2N — 2) group. Similarly we can also identify the operator that corresponds to
the dual of p2,3. We now want to establish the chiral ring relation

trp? = trus . (A.1)
To see this note that the F-term equation of motion of the linear quiver are given by
Qo) + dhdsh =0,
Qij(go0dsh + d30435) =0, (A.2)
G30430 + Q1pd45 = 0,

Using these relations we find that

trpf = fiasiipa

= QilemQIéqléQI,lB(hZL

= QU@ b0 45015

= Qilequé(IQ;n%é%lﬁ

= (it 05%) (QUmfsaorr’) (A.3)
= QilemQ3ézQ3/JéQSlﬁq3;n

= Qz‘lem%é%é%é}%am

= trji”,

where fi,43 is the operator transforming in the adjoint of the SO(2/V) gauge group in the
linear quiver. Propagating this relation across the quiver we then establish that tru? = tru3.
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Figure 28: The linear quiver dual to Tso(g ~) coupled to a superconformal tail.

By symmetry we thus expect that in the strongly coupled T5o 2 block the following chiral
ring relation holds

tru? = trus = trus . (A.4)

A2 Tsopew)

We now consider the linear quiver given by gauge groups SO(2N) x USp(2N —2) x --- X
USp(2N — 2) x SO(2N). There are a total of 2N — 3 gauge groups and each end has
USp(2N —2) flavor symmetry. This is dual to a TSO(Q ~) block coupled to a superconformal
tail SO(2N — 1) x USp(2N — 4) x --- x USp(2) x SO(3) where the SO(2N — 1) node of
the tail is a sub-group of the SO(2N) flavor symmetry of TSO@ Ny~ See figure 28. The two
USp(2N — 2) flavor symmetries of the Tgo 2 block can then be identified with the flavor
symmetry at either end of the linear quiver. It is then straight forward to use the F-term
relations of the linear quiver to establish the chiral ring relation

trQua Quy = trQuaQus , (A.5)

where 1 and p9 are the dimension 2 operators transforming as the adjoint of USp(2N — 2)
flavor symmetries of TSO(Q N)-

We can also consider the superconformal linear quiver of 2N — 2 nodes given by
SO(2N) x USp(2N — 2) x --- x USp(2N — 2). The quiver then ends in a USp(2N — 2)
flavor symmetry on the left and a SO(2N) symmetry on the right. This theory can be
shown to be S-dual to a TSO(Q ~) block coupled to a superconformal tail whose nodes are
USp(2N —2) x SO(2N — 1) x USp(2N —4) x --- x SO(3). The USp(2N — 2) node of the
tail is obtained by gauging one of the two USp(2N — 2) flavor symmetries of the Tso(g N)
block. We will also need to couple a half-hyper to this node in order to ensure that its
S-function Vamshes These theories can be visualized as in figure 29.

Now if ,ul is the dimension 2 operator of TSO(Q ~) theory transforming in adjoint repre-
sentation of USp(2N — 2) flavor symmetry while p13,4 is the dim. 2 operator transforming
as the adjoint of the SO(2N) flavor symmetry then we identify their duals in the linear
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(b) Dual frame with TSO(QN) block.

Figure 29: The linear quiver dual to TSO@ ~) coupled to a superconformal tail.

quiver to be such that
1 = Qadiy (A.6)
1308 = QjloN -1,002N—1,5 (A.7)

The F-term relations of the linear quiver are

Qij(t1aa5 + ads} ) =

O
—~
>
oo
N

q2aQ2a + Q:wq
Qij(gzhgsT + Q4aQ4ﬁ) =

Using these we can then write

trQua Q= Qij%iqngklfhfﬂhé
= 0 4a5050 Dok 1ol
= QuSi435950, 450455
= (QijQS%qsi)(leQ?,gCIzéa) (A.9)

) . L .
= (Qij‘b?v_lﬁqﬁv—m)(le(bN—m‘bN—w)
= tr,ug .

Thus we establish that for TSO(2 ) theories, the following chiral ring relation holds

trQui Qpy = trQuaQus = trp3 . (A.10)
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