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ABSTRACT: We study the gauge/gravity duality between bubbling geometries in type IIA
supergravity and gauge theories with SU(2|4) symmetry, which consist of N = 4 super
Yang-Mills on R x S%/Z;,, N' = 8 super Yang-Mills on R x S? and the plane wave matrix
model. We show that the geometries are realized as field configurations in the strong
coupling region of the gauge theories. On the gravity side, the bubbling geometries can
be mapped to electrostatic systems with conducting disks. We derive integral equations
which determine the charge densities on the disks. On the gauge theory side, we obtain a
matrix integral by applying the localization to a 1/4-BPS sector of the gauge theories. The
eigenvalue densities of the matrix integral turn out to satisfy the same integral equations as
the charge densities on the gravity side. Thus we find that these two objects are equivalent.
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1 Introduction

Emergent geometry is a key concept in formulating a quantum theory of gravity because
in such a theory space(time) is believed to be not fundamental but emergent. A concrete
realization of this notion has been achieved by the gauge/string duality [1-3], which states
an equivalence between gauge theories and string theories. For instance, the duality be-
tween the ¢ = 1 matrix model and the two-dimensional string theory is known to be a
prototype of the gauge/string duality (see for reviews [4—6]). In this duality, the matrix
model can be mapped to a free fermion system. The Fermi surface, which is the eigen-
value density of the ¢ = 1 matrix model, corresponds to one spatial direction of the dual
two-dimensional geometry. Another well-known example is the duality between 1/2-BPS
operators in N/ = 4 super Yang-Mills theory (SYM) and the bubbling geometries in type
IIB supergravity [7, 8].! The chiral primary operators in N' = 4 SYM can also be mapped
to the states of free fermions [9, 10] and its phase space can be identified with the droplets
in the gravity dual [7]. The same kind of correspondence is shown to exist for the 1/2-
BPS Wilson loop operators in [8]. In these cases also, the Fermi surface corresponds to

The duality for less supersymmetric operators such as 1 /4- and 1/8-BPS were studied, for example,
in [29].



one spatial direction in the dual ten-dimensional geometry. Other recent examples include
the duality between Wilson surfaces in six-dimensional A/ = (2,0) theory and M-theory
bubbling geometries [11].

Recently, yet another example of the emergent geometry has been demonstrated by
the present authors and T. Okada in [12]. There, we studied the gauge/gravity duality
between the plane wave matrix model (PWMM) and the bubbling geometry in type IIA
supergravity [7, 13], which is explained in detail below.

PWMM is a matrix quantum mechanics originally proposed as a formulation of M-
theory in the light-cone frame on the pp-wave geometry [14]. The theory is the mass
deformation of the BFSS matrix theory [15] and has SU(2|4) symmetry, which consists of
R x SO(3) x SO(6) bosonic symmetry? and 16 supersymmetries. PWMM possesses many
discrete vacua, called fuzzy sphere, which are labeled by representations of SU(2). One can
make the irreducible decomposition of the representations, so that the vacua are specified
by irreducible representations and their multiplicities which appear in the decomposition.

For each vacuum of PWMM, the dual gravity solution was constructed by Lin and
Maldacena in type ITA supergravity, which is known as the bubbling geometry [7, 13]. If
SU(2[4) symmetric ansatz is assumed, the equations of motion can be reduced to a simple
differential equation with boundary conditions characterized by fermionic droplets on a
particular one-dimensional line in ten-dimensions. Solving this equation is shown to be
equivalent to solving for an electrostatic potential of a three-dimensional axially symmetric
electrostatic system with some conducting disks [13]. In this duality, the dimensions of
irreducible representations of a fuzzy sphere vacuum correspond to NS5-brane charges and
their multiplicities correspond to D2-brane charges. In the associated electrostatic system,
they correspond to the positions and the charges of the conducting disks. See figure 1 for
an electrostatic system for a general vacuum of PWMM.

In [12], the duality for PWMM was studied in the case of the vacuum characterized by
the direct sum of copies of an irreducible representation. The gravity dual of this theory
was examined in [16], where the charge density on the conducting disk in the corresponding
electrostatic system was shown to satisfy a Fredholm integral equation of the second kind.
In PWMM, a 1/4-BPS sector was considered. This sector is made of a complex scalar
that corresponds to two spatial directions in the dual geometry on which the electrostatic
system is defined. By applying the localization technique [17], this sector reduces to a
matrix integral [18]. By evaluating this matrix integral, it was found that the eigenvalue
density of the matrix integral obeys the same integral equation as the charge density in the
electrostatic problem. This fact naturally leads us to identify the eigenvalue density with
the charge density. Since the charge density completely determines the gravity solution, it
was concluded that one can exactly reconstruct the gravity solution from PWMM.

Remarkably, the sector studied in [12] is interacting and so the coupling constant
appears as a parameter in this duality. This is in sharp contrast to the examples given
in the first paragraph, where the relevant sectors in the gauge theories are free and there
is no coupling dependence. The existence of such an extra parameter makes the duality

ZPrecisely speaking, this is the bosonic subgroup of the universal cover of SU(2/4).
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Figure 1. Electrostatic system corresponding to a general vacuum of PWMM.

more attractive. Actually, the gauge/gravity duality for PWMM admits two interesting
limits that lead to the duality for other field theories [16, 19]. One is the D2-brane limit
(commutative limit of fuzzy sphere), in which PWMM becomes SYM on R x S?, and the
dual geometry asymptotically becomes D2-brane geometry. The other one is the NS5-brane
limit, in which PWMM is considered to become type IIA little string theory (LST) [20-23]
on R x S°, and the dual geometry asymptotically becomes NS5-brane geometry. Thus, the
study of the gauge/gravity duality for PWMM enables us to study that for SYM on R x S?
and even that for LST in a comprehensive manner.

In this paper, we extend the results of [12] to the case of a general vacuum of PWMM.
We first consider the gravity side. We solve the electrostatic problem for a general vacuum
of PWMM by extending the method developed in [16]. We then show that the electrostatic
potential of the problem can be described in terms of the charge densities on each conduct-
ing disk and the charge densities satisfy a system of integral equations. Next, we study the
gauge theory side. We consider a general vacuum and analyze the 1/4-BPS sector as in the
previous paper [12]. In this case, the 1/4-BPS sector can be described by a multi-matrix
integral [18]. We show that the saddle point equations for the eigenvalue densities of the
matrix integral are exactly the same as the system of integral equations for the charge
densities in the corresponding electrostatic problem. Thus, as in [12], we can identify the
eigenvalue densities with the charge densities, which determine the gravity solution. This
result shows that PWMM around a general vacuum can contain its gravity dual geometry
as saddle point configurations of eigenvalues.

Moreover, we investigate the gauge/gravity duality for other gauge theories with
SU(2|4) symmetry, N' = 8 SYM on R x S? and N' = 4 SYM on R x S3/Z;. It was
shown in [13, 24] that the gauge/gravity duality for SYM on R x S? can be obtained
from PWMM by taking the D2-brane limit and that for SYM on R x S®/Z;, by taking
the T-duality as well as the D2-brane limit. Using these relations, we prove the correspon-



dence between eigenvalue densities in these theories and charge densities in the electrostatic
systems associated with their gravity duals.

The organization of this paper is as follows. In section 2, we review the dual gravity
solutions for gauge theories with SU(2|4) symmetry and solve general electrostatic problems
associated to these solutions. In section 3, after reviewing PWMM and the matrix integral,
we derive the saddle point equations for the eigenvalue densities. Then, we show that the
charge densities can be identified with the eigenvalue densities. Finally, we discuss the cases
for SYM on R x S§? and SYM on R x S3/Zj. In addition to the above, we have attached
three appendices. In appendix A, we review a method of reducing the electrostatic problem
to some integral equations which determine the charge densities on the conducting disks.
In appendix B, we summarize properties of SYM on R x S? and SYM on R x S3/Z;. In
appendix C, we discuss a parameter region in which the o/ corrections are negligible.

2 Gravity dual of gauge theories with SU(2|4) symmetry

In this section, we elaborate the Lin-Maldacena solution for a general vacuum of the gauge
theories with SU(2|4) symmetry by analyzing the corresponding electrostatic system. We
will show that the charge densities on each disk, which determine the gravity solution,
satisfy a system of integral equations.

2.1 Lin-Maldacena solution

First, we review the Lin-Maldacena solution [13], which is the solution with SU(2|4) sym-
metry in type IIA supergravity. The solution is given by

.. S\ 1/2 .. .
_ 2 " "
ds?y = <V V) {—4th2 — 27(617«2 + d2?) + 4dQZ + oY Vdgg} :

S A
T2\/ T2V
Cy = —‘../(‘igvdt, C3 = —4VAV dt A dSs,
_ (v w0 _ UV -2V
BQ = < A + 2z dQQ, & = W’ (21)

where A = (V —2V)V” —(V')? and the dots and primes denote ah‘?gr and £, respectively.

A remarkable feature of this solution is that it is written in terms of a single function

V(r, z). The Killing spinor equation in the supergravity imposes a condition that V (r, z)
satisfies the Laplace equation in a three-dimensional axially symmetric electrostatic system,
where r and z represent coordinates for the transverse and the axial directions, respectively.
The regularity of the metric requires that the electrostatic system must consist of some
conducting disks with radii tuned such that the charge densities vanish at the edges. In
addition, from the positivity of the metric, there must be a certain background potential.
So, the potential V(r, z) consists of these two contributions:

V(r,z) = Voo (r,2) + V(r, 2). (2.2)
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Figure 2. Electrostatic systems corresponding to a general vacuum of SYM on R x S? (left) and
SYM on R x S3/Z; (right). The conducting disks in the right figure are arranged periodically.

The electrostatic system is determined once a theory and its vacuum are specified. The
electrostatic system relevant to PWMM consists of an infinite conducting plate at z = 0,
some finite conducting disks in the region of z > 0 (figure 1) and the background potential
of the form

2
W (1,2) =Wy (T2Z - 323> , (2.3)

where Vj is a constant. The electrostatic system relevant to N' = 8 SYM on R x S?
consists of some finite conducting disks in the region —oo < z < oo (figure 2 (left)) and
the background potential of the form

Vb.g. (7", Z) = WO(TQ - 2,22), (24)

where Wy is a constant. The electrostatic system relevant to N' =4 SYM on R x S3/Z;
consists of an infinite number of finite conducting disks arranged periodically along the
z-axis (figure 2 (right)) and the background potential (2.4).3

The condition that the charge densities vanish at the edges of the disks relates the
radii of the disks and the charges. So the independent parameters of this solution are the
total charges and the z-coordinates of the disks, as well as Vj in (2.3) or Wy in (2.4).

While Vy and Wy are related to the magnitude of the dilaton, the other parameters
turn out to be related to the brane charges. This geometry has an S? and an S° at each
point on the r-z plane. One can show that on the z-axis the radius of S® becomes zero,
while on the finite conducting disks, the radius of S? becomes zero. So one can consider
a various non-contractible S$®’s or S%’s which are given by fibering the S? or S° on the

3Note that (2.4) is periodic up to terms of linear and constant in z, which do not contribute to the
gravity solution (2.1).



path (on the r-z plane) ending on different disks or on different segments of the z-axis,
respectively. On each S3 or S5, one can measure the NSNS-flux or the RR-flux. This
relates the parameters of the electrostatic system to the brane charges. As an example,
let us consider the electrostatic system for PWMM with A finite plates (see figure 1). We
denote the total charge, the radius and the z-coordinate of s-th disk by Qs, Rs and dj,
respectively, where s = 1,--- ,A. In this case, there are A independent non-contractible
S$3’s and the same number of S%s in the geometry. Qs and dy are related to the D2-brane
charges NQ(S) and the NS5-brane charges Nés) as

7'['N5(S)
2 )

2N(5)
Qsz%a ds_ds—lz

(2.5)

for s =1,---,A. Here dy = 0 denotes the position of the infinite plate.
We will show in section 3 how the parameters of the electrostatic system are mapped
to those of the corresponding gauge theory.

2.2 Electrostatic problem for PWMM

In the following, we derive a Fredholm integral equation which determines V (r, z) in (2.2).
We consider the situation shown in figure 1 and denote the solution of V(r, z) in the region
z € [ds,ds11) by Vs(r, z), where s runs from 0 to A and (dp, dpa+1) = (0, 00) is assumed.

We first note that a general solution to the Laplace equation in an axially symmetric
system is given by Jo(ru)e™*" where Jy(2) is the Bessel function of the first kind of order
zero and u is a positive real number. So we can write Vs(r, z) as

Vs(r,z) = /000 du(Cs(u)e*™ + Dg(u)e ") Jo(ru). (2.6)

Now we have the boundary condition that V(r,z) — 0 as z — 0 and z — co. This means
Co(u) = —Dy(u), Ca(u) =0. (2.7)

We also have some continuation conditions for Vi’s at z = ds. First, at z = dg, Vi should
be equal to Vi_1. This is satisfied if

Cy(u)e®" + Dy(u)e 4" = Cy_y(u)e®® + Dy_q(u)e . (2.8)

Second, when z = ds and r > R, not only V; but also %‘f should be continuous. So

we have
/ duu (C’s(u)ed5“ — Dy(u)e™ %" — O (u)eds" + Ds_l(u)e_d5“> Jo(ru) =0 (2.9)
0

for r > Rs. Third, when z = ds and r < R (i.e. on the conducting disk), the value of
V(r, z) should be constant: V(r,ds) = As. In terms of Cs(u) and Dg(u), this is written as

/OOO du (Cs(u)edsu + Ds(u)e*d5“> Jo(ru) = Ay — Wy (7, ds). (2.10)



In order to solve the conditions (2.8), (2.9) and (2.10), we define
Ag(u) = u(Cs(u) — Cs_1(u))ed® — u(Dg(u) — Dy (u))e %" (2.11)

for s = 1,2,--- ,A. From (2.7) and (2.8), Cs(u) and Ds(u) can be written in terms of
As(u) as

fdtu S d

-y C 5 Au(u). (2.12)

t=1 t=1

By substituting (2.11) and (2.12) to (2.9) and (2.10), we obtain

o A
/0 u 12 st + kst(u))Ae(u) Jo(ru)du = Fy(r), (0 <r <Ry
t=1
/0 As(u)Jo(ru)du = 0, (Rs <) (2.13)

where kg (u) and Fs(r) are given by

k’st(u) _ _e—(ds+dt)u + (1 o 5St)e—\ds—dt|u’
Fy(r) = =2(As = Vog (1, ds)). (2.14)
As shown in appendix A, the equations (2.13) can be reduced to the integral equations,

(A.28) and (A.29), for the functions hs(u) defined by (A.27).* For our problem, it is more
convenient to work with the variables

fs(u) =— uhg(u). (2.15)

4y
Then, (A.29) is written for {fs(z)} as

A /R
1 t ds + d¢ |y — dy
— d _

1 2
——— (As + §V0d§ — 2V0dsx2> , (2.16)
™

and (A.28) shows that fs is vanishing outside the region [—Rs, Rs]. Here we have defined
fs(x) with negative x as fs(z) = fs(—x) and extended the domain to the entire real line.

The function fs(x) can be interpreted as the charge density on the s-th conducting
disk as follows. For z = ds and r < R, we have

Oy v ) = Ky ahar) =4 [ L) (2.17)
azsr7s Oz s—1\Ty Gs) = 07_%57’— : m .

4n, I; and I, in appendix A corresponds to A, [0, R,) and [Rs,00) in our problem, respectively.



On the other hand, this is equal to —47o(r), where o(r) is the charge density for the r
direction. Hence, the total charge on the disk can be computed as
Rs R / Rs
Q.= —2 / ar [ aut [ g ). (2.18)
0 r u?—r2  J_Rg,
These relations show that fs(u) corresponds to the charge density on the s-th plate pro-
jected onto a diameter direction. These densities are fully determined by (2.16) and so is
the potential which can be written in terms of {fs(u)} as

fs(t). (2.19)

AR 1 1
V(rz) = / dt —
(%) Z_: ~Rs [\/(z—ds+it)2+r2 V(z+ds+it)? +1r?
Note that Ry and A; are determined by fs(Rs) = 0 and (2.18).

2.3 Electrostatic problem for ' =8 SYM on R x S2

The electrostatic system associated with the gravity dual of N' = 8 SYM on R x S? is
shown in figure 2 (left). The case where A = 2 and R; = Ry was studied in [27]. Here,
we generalize their result. It was shown in [16, 24] that the solution for this system can be
obtained from the solution for PWMM by taking the D2-brane limit. After the redefinitions
ds > d+ds (1<s<A), z— d+ z, D2-brane limit is written as

d — oo, Qs : fixed, Vod = Wy : fixed. (2.20)

Indeed, in this limit, figure 1 becomes figure 2 (left) and the background potential for
PWMM (2.3) becomes

2d?
Vo.g.(r,2) = =Wy (3 + 2dz> + Wo(r? — 222). (2.21)

One can neglect the first term since it does not affect the gravity solution which depends
only on V., V, V' and V. Thus, the background potential for PWMM (2.3) exactly reduces
to that for SYM on R x S? (2.4) in the limit (2.20).

By taking the D2-brane limit (2.20) of the integral equation (2.16) and the poten-
tial (2.19), we obtain

A

Ry .
fo(x) + 1 > / du @ C‘Zf; f&'ﬁ " filu) = % (AL +2Wod? — 2Woa?),  (2.22)

t=1 "M

V(r,2) = ZA: / o fs(®) (2.23)

g VE—dat i)+ '
respectively. Here Al is a constant potential on the s-th disk, V(r,ds) = AL (r < Ry).
Note that R, and Al are determined by fs(Rs) = 0 and (2.18). The solution of (2.22)
gives a general solution to the electrostatic problem for SYM on R x S2.



2.4 Electrostatic problem for ' =4 SYM on R x S3/Z;

The electrostatic system associated with the gravity dual of N'=4 SYM on R x S3/Z,, is
shown in figure 2 (right). The case for the trivial vacuum was studied in [27]. Here, we
generalize their result. This can be obtained from that for SYM on R x S? by compactifying
the z direction to S* with the background potential intact [24].

We start from the solution for SYM on R x S2, (2.22) and (2.23), with disks periodically
arranged. We change the labelling of the disks so that they are labelled by two integers
(s,a), where —oo < s < oo and o € K C {1,2,--- ,k}. sis a label of a single period and
a is that of each disk in the period. So each period consists of |K| conducting disks. We
put the position of each disk to be

dyo = g (ks +a—1). (2.24)

The charge Qs and the radius R,, of each disk is independent of s: Q5. = Q4 and
R o = R,. The charge density fs o(r) on each disk should also be independent of s:

Frua(r) = fulr). (2.25)

Note that the naive substitutions of these conditions to (2.22) and (2.23) do not make
sense because of the divergences coming from the periodicity. As remarked in [27], this
divergence can be avoided by solving the electrostatic problem for the electric field rather
than the potential. Hence, by differentiating (2.22) with respect to z and imposing the
periodicity condition, one can obtain the integral equations for the charge densities { fo(r)},

)+ Z/ “Kk< ;ﬁ x U> f(u) = —%WOZL", (2.26)

where

— 1 > cosh (‘V‘ )} ip(z—u) ip(z+u)
Ki(v,z,u) = yy /_Oo dp smh%’“\p| (e —e ) . (2.27)

The electric field generated by the conducting disks is obtained from (2.23) as

D S Sl e e et

sm—00 ae K — 2dg o +it)? + TZ)%
- 2ds ,Q + it)fa(t)
E, = Z Z/ 5 (2.28)
S o0 ek z—2d8a+zt) +172)2

3 Emergent bubbling geometry in theories with SU(2|4) symmetry

In this section, we investigate PWMM around a general vacuum as well as A/ = 8 SYM
on Rx S%? and N =4 SYM on R x S3/Z;. First, we briefly review the results of PWMM
obtained in [18], in which the localization was applied to a 1/4-BPS sector and a matrix
integral that describes this sector was obtained. We then show that the eigenvalue densities
of the matrix integral satisfy the same integral equations as the charge densities of the
corresponding electrostatic system. We also show that the same relation holds for the
other gauge theories. Some properties of these theories are reviewed in appendix B.



3.1 Localization in PWMM
We first review PWMM. We follow the notation used in [18]. The action of PWMM is

given in the ten-dimensional notation as,’
1 1 un M m . bgrM

where

FlM:DlXMzalXM—i[Xl,XM] (M;él),
Fab = meachc - i[Xa)Xb]a Fam = DaX = _i[Xaa Xm]a an = _i[Xma Xn]a
DU =010 —i[X1, 0], DoV = %gabcrbcm —i[Xa, W], DU = —i[Xn, V. (3.2)

The ranges of the indices are M, N =1,--- ,10, a,b = 2,3,4 and m,n =5, ---,10. X7 is
the one-dimensional gauge field, X, and X,,, are SO(3) and SO(6) scalar fields and V¥ is a
16 component fermionic field. In the following we put the mass parameter m = 2.

The vacuum of PWMM is given by the fuzzy sphere solution, which is a matrix repre-
sentation of SU(2) algebra

A
Xo=—2L,=EP 1y ® LIPs], (3.3)

s=1

Any representation of SU(2) is an SU(2|4) symmetric vacuum. The right-hand side of (3.3)
stands for the irreducible decomposition, where LLD] are generators of SU(2) algebra in D-
dimensional irreducible representation, N2(S) are multiplicities of LaDS and A is the number
of different irreducible representations.

The parameters of PWMM around the vacuum (3.3) are identified with those of the
electrostatic system in the gravity dual as [13]°

7T2N2(5)

Q.= "5

T T )
ds = 5 Dy 2;N5. (3.4)

In addition, in [16], the case of A =1 was considered and V) was inferred to be related to
the gauge coupling as

hm?

where h is a constant. In [12], the constant h was determined as

2
h =

_71-2'

5Here, the time direction is assumed to be the Euclidean signature.
5Note that Nés) is used in different meanings in the present paper and in [12]. Nés) in [12] is equal to
Ds in the present paper.

~10 -



We claim that the relation (3.5) also holds for the theory around the general vacuum. In
general, Vj should be a function of ¢? and N, where N = > s N2(5)D5 is the total matrix
size [16]. Since we are interested in the region where the supergravity approximation is
valid, N must be large. Now, let us consider the case where Dg > D1 for any s > 1. Then,
we are left with the electrostatic system made of an infinite conducting plate and a single
conducting disk. This is exactly the same situation studied in [16], so that V{ should be
given by (3.5). Thus, if NQ(I)Dl is large the relation (3.5) holds. Since large Dy means
large N, we conclude that V(g2 N) = 8o bm? when N > 1.

Since PWMM has one noncompact direction, in order to define the theory around a
fixed vacuum precisely we have to specify the boundary condition. Here we choose the
boundary condition such that all fields approach to the vacuum configuration as 7 — 4o00.
We also consider the 't Hooft limit, in which the tunneling between vacua are suppressed.
Thus, the path integral with these conditions correctly defines PWMM around the fixed
vacuum.

In the following, we consider PWMM around a general fuzzy sphere vacuum given
n (3.3). In this theory we focus on the complex scalar

(1) = = X4(7) + sinh 7 Xg(7) + i cosh 7 X1 (7). (3.7)

¢ is invariant under four supersymmetries (1/4-BPS) after the Wick-rotation along Xj.
From a symmetry argument, ¢ was found to describe the r, z directions in (2.1) [12]. So,
this 1/4-BPS sector is expected to correspond to the electrostatic system on the gravity
side. By applying the localization to operators made of ¢, it was found in [18] that

(I Tfa(é(ra))) = ([ ] Trfa(2La + iM))arar. (3.8)
a a
Here M is a T-independent Hermitian matrix with the following block structure,
A
M = @ (Ms;®1p,), (3.9)
s=1
where M (s = 1,---,A) are N2(S) X NZ(S) Hermitian matrices. In the right-hand side
(---)arar stands for an expectation value with respect to the following partition function,”
A N(5>
Dy
Zr - / TT TT dmsiZiioop(R, {imsib)e 2 Ze oD (3.10)
s=1 i=1

where R denotes the representation of (3.3), mg;’s are eigenvalues of My and

N(5> NQ(t)

Z1100p = H H H H [ {27 4 2)% + (mg; — myi) 2 H(2)? + (msi — myj)?}

si=1J =1 j=1 {(27 + 1) + (ms — my;)?}?

(3.11)

"See section 3 of [18] for detailed derivation of (3.10) and (3.11).
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In (3.11), the product of J runs from |Ds — Dy|/2 to (Ds + D;)/2 — 1. ] represents that
the second factor in the numerator with s = ¢, J = 0 and ¢ = j is not included in this
product.

The theory defined by the partition function (3.10) can also be mapped to an interact-
ing one-dimensional Fermi gas system which consists of A species of fermions [12]. Here,
NQ(S) corresponds to the number of fermions of s-th species and Nés) is a parameter of the
interaction. While such Fermi gas approach was taken in [12], we take another approach
in this paper. We will apply the standard saddle point technique to (3.10).

3.2 Localization in SYM on R x S? and SYM on R x S3/Z,

In this subsection, we show the results of the localization for SYM on R x S? and SYM
on R x $3/Z), around a general vacuum, which can be obtained by applying the D2-brane
limit and the T-duality to (3.10) with (3.11) [24].

SYM on R x S2. SYM on R x S? around a general monopole vacuum (B.3) can be
obtained from PWMM in the D2-brane limit (2.20). The D2-brane limit in the PWMM
language reads

D 4

Ds =D + 2q; (1<s<A), D — o, NQ(S): fixed, —2:277;: fixed.
g m=ggeo

S
(3.12)
In this limit, (3.10) with (3.11) becomes, up to an overall constant,
N(S N<S> (msifmsj)z %
R><S2 2 2
dm A(m
{(gs, NS} /5»1_[1 }_[1 . H ° 81_[1}_[1 {1 + (Mg — mgj)?}?

1
2 2 2
(s) ~r(t) Mg~ Mgi—Mt;
o NNy {”( ) }{”( 27 J)} Sy, m,
XH I I e’ :

2
2
sit=1 J=|gs—q¢| =1 j=1 Msi—Mtj
L;O | I+ =

(3.13)

where A(ms) = [[,;(msi — msg;) is the Vandermonde determinant. The parameters of
SYM on R x S2 around (B.3) correspond to those in the gravity dual as

2 p7(s) 2

m“N. T*hm

Qs = —2—, ds = mqs, Wy = Tz (3.14)
952

SYM on Rx S3/Z,. SYM on Rx S3/Z; around a general vacuum characterized by the

holonomy (B.7) can be obtained by applying the T-duality for gauge theories [25, 26] to

SYM on R x S?, where the scalar field ® of SYM on R x S? (B.2) is dualized to the gauge
field for the S!-fiber direction of S3/Z) of SYM on R x S3/Zj. It can be realized in the
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same manner as in section 2.4. Firstly, in (3.13), we replace s — (s, «) where —oo < s < 00
and a € K C {1,2,--- ,k}. Next, we set

2¢sq = ks +a —1, (3.15)

and then drop the s-dependence of mg,; and Ng(sa): Meai —> Mai and Nz(sa) — Nz(a).
Finally, up to an overall constant, we end up with

N

N N i A
1+ (Mei—May
RXSB/Zk /H H dmmHA Mq 2H H {1 + (751(“' —2maj))2}2

a g,5=1

- 1
~ - N N {H(mzﬁﬁ‘”)Q} {H(m”‘;—}”‘“)Q} 2
<101 10 1111

2
u=—00 a8 J:\ku/2+(a_5)/2| i=1 j=1 {1+<m(§ﬂﬁj>2}
71@ Zazm
x e 3 : (3.16)
where a, 8 run over the elements of K, A(m) = [[;,_;(m; — m;) is the Vandermonde

determinant. We have also used
1 4
1 A (317
952 mkgsS /Zk

3.3 Correspondence to the gravity side

Now, we evaluate the matrix integral (3.10) with (3.11) in the regime where in the gravity
side the classical gravity approximation is valid. This regime corresponds in the gauge
theory side to the 't Hooft limit

N oo, A = 2N = fixed, (8.18)
and
Ds—Ds_ 1> 1, A6 > Dy, (3.19)

for arbitrary s. The 't Hooft limit (3.18) suppresses the bulk string coupling while the
conditions (3.19) make the o’ corrections negligible. Note that Dy — Ds_1 = gNéS) is the
square of the S° radius in the s-th NS5-brane throat [13]. Also, as shown in appendix C,
the second condition of (3.19) means that the radius of S° near the tip of a disk in the
electrostatic system is large. In these limits, (3.18) and (3.19), one can evaluate (3.8) by
applying the saddle point approximation, which becomes exact in these limits.

When Dy — Ds_1 > 1, one can rewrite the measure factor in (3.11) as

Ds—1

H {(2J 4 2)% + (msi — mg)*H(2J)? + (msi — m;)*}
{@2J + 1) + (ms; — ms;)?}?

(msi — Mg ) 2Ds
2 o { (2D.)? + (mai —mgj)2 } (3.20)

= tanh? T
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for s =t, and

(Ds+Dy)/2—1

I {(2J +2)* + (mgsi — myy)*H(2J)? + (msi — myj)*}
{@2J + 1) + (ms; — myj)?}?

J=|Ds—Dy|/2
Ds + Dt |Ds - Dt’ }
= ex - + - 3.21
P { (Ds + Dy)? + (mgi —myj)?  (Ds — Dy)? + (mig; — myj)? (3:21)
for s # t, where “ .- stands for 1/(Ds + D;) corrections. We introduce the eigenvalue

densities defined for each s as

Na) =Y oz — ma). (3.22)
=1

In the large NQ(S) limit (3.19), p(*)(z)’s become continuous functions. Then, we obtain the
effective action for (3.10) with (3.11)
A A
2D 1 _
Oy Lt Xy P
A
1 D5+Dt |D$—Dt| (s) )
- — | dxd _ s
s; 2 / " {(Ds T D)2+ (w—y)?  (Ds—D)2+(x—9)2)” (@)p™ (y)
- (/ dap'™ () N§S)> : (3.23)
s=1

where ji,’s are the Lagrange multipliers for the normalization of p(*)(z)’s.

We assume that p(®) () has its support on [— :Bg;i),:rﬁi)] As shown in appendix C, in
the limit of (3.18) and (3.19) the extents of p(*)(z) become large; 22 > 1. Using the
fact that z,, logtanh? % can be approximated to —7wd(y) as x,, — 0o, we obtain the

following saddle point equations

Ds + Dy ‘Ds_Dt| t
Z/wm [ (Ds+ D)’ + (2 —w)? T (Ds = D) + (x — ) P (w)

_p 2D
- 777, (3.24)

us g

(s)

where x;,” and ug are determined from

)
P (z)) =0 and / “ dzp'® (z) = NQ(S). (3.25)

Notice that the saddle point equations of the eigenvalue densities (3.24) take a very

similar form as the integral equations for the charge densities (2.16). In fact, by using the
relations (3.4) and (3.5), one can find that they are exactly the same equations. Thus, we

Poe) = - (2) 7. (). (3.26)

arrive at the relations
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and

gm,(;f) = R,. (3.27)
Namely, the eigenvalue density on the gauge theory side has exactly the same functional
form and parameter dependence as the charge density on the gravity side, up to the trivial
rescaling. Hence, they can naturally be identified with each other and this identification
relates the degrees of freedom on the gauge theory side to the background geometry on
the gravity side. By integrating both sides of (3.26) over [—x%),x,(fb)] and using (2.18)
and (3.25), we find that those relations are consistent with (3.5) and (3.6).

If one finds exact solutions of (2.16) and (3.24), one can check the relations, (3.26)
and (3.27), more explicitly. Although we could not find general exact solutions, still we
can solve those equations in particular parameter regions. If a conducting disk is isolated
at a distance from the other disks, the term with an integration in the integral equation
of the disk becomes negligible. Then, the solution is simply given by a quadratic function.
This is effectively the same situation as the D2-brane limit with A = 1 considered in [12].
In the same way, we can consider two isolated disks which effectively form the same system
as the NS5-brane limit with A = 1 [12]. In these cases, one can find the exact solutions
and check the relations, (3.27) and (3.26), more directly.

The equivalence between the charge density and the eigenvalue density also holds for
the other gauge theories with SU(2|4) symmetry. As shown in section 3.2, in the D2-brane
limit, the partition function (3.10) reduces to the matrix integral for SYM on R x S? given
by (3.13). In addition, by taking the T-duality, we end up with the matrix integral for
SYM on R x S3/Z;, given by (3.16). If we apply the corresponding limits to the integral
equation (2.16) of the charge density, we obtain the integral equations (2.22) and (2.26)
for SYM on R x S? and SYM on R x S3/Z, respectively. In these cases, the integral
equations (2.22) and (2.26) for the charge densities can also be identified with the saddle
point equations for (3.13) and (3.16), respectively, where the same relations as (3.26)
and (3.27) hold.

4 Summary

In this paper, we showed that the bubbling geometries in type IIA supergravity are realized
in the gauge theories with SU(2|4) symmetry. We found that the charge densities of the
electrostatic systems in the gravity dual are equivalent to the eigenvalue densities of the
matrix integrals which govern the 1/4-BPS sector of the gauge theories.

On the gravity side, the bubbling geometries are given in terms of the electrostatic
potential of electrostatic systems with conducting disks. First, we have considered the
electrostatic system corresponding to PWMM around a general vacuum. We have shown
that the boundary conditions of the potential are given by a system of dual integral equa-
tions. Extending the method to analyze the dual integral equations written in [28], we
have reduced the dual integral equations to the Fredholm integral equations of the second
kind for the charge densities on the disks. By taking the D2-brane limit or performing the
T-duality as well as the D2-brane limit, we have also obtained the same type of integral
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equations for the charge densities in the electrostatic system corresponding to SYM on
R x S? or SYM on R x S3/Z,.

On the gauge theory side, we have investigated the matrix integrals that describe
1/4-BPS sectors of the gauge theories. First, we have considered the case for PWMM
around a general vacuum in the regime where the supergravity approximation is valid. In
this regime, we have derived the saddle point equations of the eigenvalue densities of the
matrix integral, which are almost the same integral equations for the charge densities on
the gravity side. Then we have found that under the identifications of (3.4) and (3.5) the
integral equations of the eigenvalue densities are exactly equivalent to those for the charge
densities. As the D2-brane limit and the T-duality of PWMM lead to the other gauge
theories with SU(2|4) symmetry, that is, SYM on R x S? and SYM on R x S3/Z;., we
have also shown the equivalence of the charge densities and the eigenvalue densities. Thus,
we have concluded that since the bubbling geometries are completely determined by the
charge densities the geometries are constructed from the eigenvalue densities of the gauge
theories with SU(2|4) symmetry.

Finally, let us comment on ITA LST on R x S°, which is another theory with SU(2|4)
symmetry. Like other SU(2[4) symmetric theories, LST on R x S° is thought to have many
discrete vacua and for each vacuum there exists a gravity dual given by type IIA bubbling
geometry [13]. The gravity dual of LST around the trivial vacuum was elaborated in [16]
and shown to be obtained from a double scaling limit of the gravity dual of PWMM around
a particular vacuum. Although it is also expected that the gravity dual of LST around a
general vacuum can be obtained from the same kind of double scaling limit of the gravity
dual of PWMM, some careful analysis seems to be needed. So, we will return to this issue
in a separate paper.
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A Dual integral equations

Let A(u) be a function defined on [0, c0). We define two functions on [0, c0) using A(u) as
b(x) = / w2 (14 () () (zu)du, (A1)
0

x(z) = / A(u)Jy (xu)du, (A.2)
0
where « is a positive half integer, k(u) is a given weight function on [0,00) and J,(z) is
the Bessel function of the first kind of order v defined by

- (1)°(2/2)7%
Ju(z) = 2 Twtsi1) (A.3)
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In this appendix, we consider a problem of finding a solution for A(w), which solves the
following equations called the dual integral equations.

¢(x) = F(x) for x € I. (A.4)
x(z) = G(x) for x € Is. (A.5)

Here we have divided the positive real line [0,00) to two segments denoted by I; and Io,
which are written as [0,¢) and [c,00), respectively. F(z) and G(x) are assumed to be
known functions defined on I; and I, respectively. We will see that the problem reduces
to a problem of solving a single Fredholm integral equation of the second kind [28].

In the following, for any function f(x) on [0,00), we denote by fi(x) and fa(z) the
restrictions of f(z) to I and I, respectively. We assume that f;(x) = 0 unless =z € I;
fi(z) + fao(x). For
= F(z) for z € I.

(1 = 1,2), so that the original function can be written as f(x) =
example, the equation (A.4) can be written in this notation as ¢;(z)
We also introduce the modified Hankel transformation,

2\ [
Syof () = <x> /0 170 F(8) Joy s (). (A.6)
The inverse transformation is given by
Spa = Snta,—a- (A7)
It is easy to see that
€T\ ™
6@) = (5) Sor-azal(+K) - }H@), (A.8)
x(r) = Su/z,ow(x)v (A.9)
where ¢(u) is defined by
A(u) = uy(u), (A.10)

and the dot in (A.8) denotes the product of functions defined as usual by f-g(z) = f(z)g(x).
We first put

¢(u) = Sy/2,fah(u)7 (A‘ll)

and substitute this to (A.9). Then, after performing the inverse transformation (A.7) twice,
we obtain

h(x) = Su/2+a,—aSu/2,OX($) = Ku/2+a,—aX(x)a (A'12)
where we have defined

Kyatp = SnaSnta,p: (A.13)
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One can show that the transformation K, , can be written as

2m2n f a 1u—2a—2n+1f(u)du for 0 < a,
Kpof(z) = 2n ) d (A.14)
~T(Fa) d o L w0 — 22)e f(u)du for —1<a<0.

See [28] for the definition for &« < —1. From (A.12) and (A.14), we find that the solution
for ho(x) is given by

he(z) = Ky j240,-aX2(T) = Ky jata,-aG (7). (A.15)

Similarly, by applying the same calculation to (A.8), one can obtain the following equation
for x € I.

hi(z) + Sy j2—aalk - Syj2—ahi}(x) = H(z). (A.16)

The function H(x) is defined by®

9 2a
H@ = (2) LaaF (@) = 8,-aab()S, 120G (o), (A17)
where I, o4 is defined by

I77704+f3 = SﬂJraﬂS%Oé? (A18)

and it is written more explicitly as

% T w2+ (g 2—u2)a_1f(u)du for 0< a,
Inaf(@) =9 sa-20s [ 2 (g 2\a (A.19)
T T(4a) f K —u”)*f(u)du for —1<a<0.

Note that H(x) depends only on the known functions k(z), F'(z) and G(x). For the second
term in the left-hand side of (A.16), we interchange the order of the integration, so that

Sl//2 aa{k Sll/2 ahl / K .’E U hl d (A20)
where the integral kernel K (z,u) is defined by

K(ew)=u (") /0 T k() () Ty (). (A.21)

Hence, we conclude that hy is the solution of the Fredholm integral equation of the sec-
ond kind,

1
+/ K(z,u)hi(u)du = H(z). (A.22)
0

The two equations (A.15) and (A.22) fully determines h(z) = hi(x) + ha(x).

8The last term in (A.17) is obtained by using (A.15) and the relation, Sy o Kyta.8 = Sy.ats-
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Now, we consider a generalization of this result to vector-valued functions. This is easy
since the above problem is linear in A(u). Let us consider a set of functions {As(u)|s =

1,--+,n} which are determined by the equations,
¢s(z) = Fy(z)  for w eI, (A.23)
xs(z) = Gg(x) for z € Iés), (A.24)
where ¢4(z) and xs(z) are now defined by
ba() = / 23 (0 + ha () Ay (1) J, () s, (A.25)
0 t=1
Xs(z) = / As(u)Jy (zu)du. (A.26)
0

For each s, Fs(x) and Gg(z) are assumed to be known functions and Ig) are the two

connected intervals, the sum of which is equal to [0, 00). If we write for each s

As(u) = uS, 9 _ohs(u), (A.27)
it is easy to see that hs(u) are determined by the following equations.
hsa(z) = Kzz/2+a,faG8(x)' (A.28)
nool
ha(z) + / K (z, u)hy (u)du = Hy(z), (A.29)
t=1"0
where H(z) and K (z,y) are defined by
92 200 n
Hs(x) = g IV/Q,—an(‘T) - Z Sl//2—a,akst(x)Su/Q,OGt(x)7 (A3O)
t=1
and
uye [
Ky(z,u) = u (5) / thist (£) Ty () Jy—a(ut)dt. (A.31)
0

B SYMon R x S2 and SYM on R x S®/Z,

In this appendix, we review SYM on R x S? and SYM on R x S3/Z;. See for detail [18, 24].

SYM on R x S2. The action of SYM on R x S? is given by

(Dle)2

1 1 1
SR><52 =5 /deQzTr <—2(81Xb - ZL[()O)Xl - i[Xlaxb])Q - 5

9%

1 . . .
— (2eapeXe +ILOXy — Ly X — i[Xo, X))

1 1 1
LT 9,0 4 ~oTe O _ Stgr2ty _ Lgrm
-5 10 WIS UTP - S w T Xy, W) )
(B.1)
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where LEP) are ordinary angular momentum operators and the radius of S? is set to be

% [18, 24]. X is the gauge field corresponding to the R direction, X, are the scalar fields
and WV is a ten-dimensional Majorana-Weyl spinor with 16 components. X, include gauge
fields and a scalar field:

X = ®¢, + azé, — azéy, (B.2)

where X = (X9, X3,X4), € = (sinfcosp,sinfsinp,cosl), ey = (cosb cosp,cos b sin g,
—sinf) and €, = (—sing,cosp,0). az and a3 are the gauge fields in the local Lorentz
frame and @ is the scalar field. The vacuum of this theory is given by the Dirac monopole

0F1.
=0, a3=-"2"T1%
sin 0
¢ =2 diag(QllNU T )qslea T 7QA1NA)7 (BB)

where g5 € Z/2 are monopole charges. The upper and lower signs represent the northern
region where 0 < 6 < 7 and the southern region where 0 < # < 7 on S?, respectively.
The localization can be applied to the following scalar field sitting at (7,6, ¢) = (7,0, 0),

¢(1,0,0) = —X4(7,0,0) + sinh 7Xg(7,0,0) + i cosh 7 X30(7,0,0). (B.4)

This scalar field preserves the same supersymmetries as (3.7). Note that X4(7,0,0) =
®(7,0,0). The vev of operators made of (B.4) can be computed in terms of the matrix
integral obtained in the D2-brane limit of (3.10) with (3.11).

On R x 83/Zy. S3/Z; is the Z;-orbifold of the round S® along the S'-fiber direction.
When S? is parametrized by the coordinates (0, p,9) (0 <0 <7, 0 < ¢ <271, 0 < < 47)
with the metric

dS%«:; = % {d02 + sin? 0dp? + (dvp + cos Hdcp)Q} , (B.5)

S3/7,, is realized as the following coordinate identification; (6, ¢,%) ~ (0,0, + 47 /k).
Then, SYM on R x S3/Z;, is obtained by keeping the modes of fields of SYM on R x 3
that are invariant under the Zj action.

The action of SYM on R x S3/Z, takes the form,

1 1 . . 1
SR><S3/Zk = Q/deQSS/ZkTr |:—2(81Xb —iLp X1 — Z[Xl,Xb])Q _ 5(1)1)(m)2

953/21C

1 . . )
*1(26(1ch0 +ily Xy — iLp Xy — i[Xa, Xb])2

1 1 1
5 (LaXom = [Xa, Xpl)? = S X0 + £ [Xim, Xa][X™, X7]

j 1 ' 1
—%\prlal\p +UT L, — %\IJF%‘*\I/ — 5xI/rM[XM, o],

(B.6)
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where £, are the Killing vectors on S3/Z;, [18, 24]. X; and X, are the gauge fields for
R and S3/Z,, directions, respectively, X,, are the scalar fields and ¥ is a ten-dimensional
Majorana-Weyl spinor with 16 components.

The vacuum of this theory is parametrized by the holonomy around the S'-fiber di-
rection of S3/Z;. The holonomy can be labeled by

{(e /% NSV ek, (B.7)

where K C {1,2,--- ,k} and NQ(Q) are the multiplicities of the holonomy phase e2™@/k,
The total matrix size is given by No = > r N2(a). Note that when k£ = 1 this theory is
the SYM on R x S2 and has the unique and trivial vacuum.

The localization can be applied to the following Wilson loop operator defined at a
fixed T,

1
W(r) = ]\1[2TrP exp (—2m'/0 ds {—X4(x(s)) + sinh 7 Xg(z(s)) + i cosh TXl()(.’E(S))}> ,
(B.8)

where z#(s) = (7,0,0,4ms). This also preserves the same supersymmetries as (3.7). The
correlation functions of (B.8) can be computed in terms of the matrix integral obtained by
applying the T-duality to (3.13).

C Condition for large S® radius

In this appendix, we show that A(®) > D, is a sufficient condition for the large S° radius
at the tips of the disks in the electrostatic problem. At the tip of a disk, the disk radius R
and the radius Rgs of S° are related as [16]

2
— RS5

="

(C.1)

in the string unit, o’ = 1. Then, under the identification (3.27), the S° radius is large if
and only if xﬁi) > 1. In the following, we show that xq(fl) > 1if A®) > D,. We assume
that the index s labels the disks in the order of the z-coordinate, namely, Ds_1 < Dy
(s=1,2,--- /A).

First we divide the theory described by (3.23) into three parts. The first is the free
part, the action of which is given by

3 2D, Do T
51 = ;/df‘f ( /2 (2% =)o () + 5 (o )(:c))2> : (C.2)

The second is the self-interaction part given by

A
52 = _% Zl/ dxdy(zDs)QiD(Sx - y)Qp(S) @0 ). (©5)
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The third is the interaction between different s and ¢, defined by

1 Ds“l_Dt ’DS —Dt‘ ( ) (t)
S3=—5 dxd _ \ |

(C.4)

The total theory is described by the sum of these. But for the moment, let us consider more
generally the theory defined by S(a, ) = S1 + @S2 + 353, where o and 8 are parameters.
We start with the simplest free theory with o = 8 = 0. In this case, the extents of the
eigenvalues can be easily estimated as xg,i) ~ (M) /D,)Y/3. This gives a typical length scale
of the free theory. From (C.3) and (C.4), one can also read off the typical length scale of the
interaction potentials. For the self-interaction, it is given by Ax ~ D,, where Ax denotes
the separation distance between two eigenvalues. For the interaction between different s
and t, the scale (for a fixed s) is equal or greater than Di’/ 4, namely, Az 2 Dg/ % The lower
bound is saturated by the interaction between s and t = s+1. Then, let us consider turning
on the interactions to recover the theory with @ = § = 1. The typical scale (A\(®)/D,)1/3
of the free theory should be modified by the interactions, which have structures with the
length scale equal or greater than Dg/ 4 (Note that we always assume that Ds > 1). The
modified scale should be at least greater than min((A(*) /D,)/3, DY/ 4), since there is nothing
which provides a finer scale than these. If the modified scale is $7({;) ~ Dg/ 4, this is always
large enough when D, > 1. If the modified scale is 2~ (M) /D)V/3, this is large if
M) > D,. Therefore, we conclude that if A(*) > D, the typical extents of the eigenvalues
are always much greater than 1.

Open Access. This article is distributed under the terms of the Creative Commons
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