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1 Background
In 1914, Ramanujan listed 17 infinite series representations of 1/, including for example
[ 1\3
3 2 2
> @k + 1)(—1)’(% =Z= .
k=0 : Tor (%)

Several of Ramanujan’s formulas relate hypergeometric series to values of the gamma
function.

In the 1980s, it was discovered that Ramanujan’s formulas provided efficient means for
calculating digits of . In 1987, Borwein and Borwein [3] proved all 17 of Ramanujan’s
identities, while Chudnovsky and Chudnovsky [5] derived additional series for 1/7. Dig-
its of w were calculated in both papers resulting in a new world record at the time by the
Chudnovskys of 2, 260, 331, 336 digits. All of these Ramanujan-type formulas for 1/x are
related to elliptic curves with complex multiplication (CM).

In 1997, van Hamme [18] developed p—adic analogs, for primes p, of several Ramanu-
jan-type series. Analogs of this type are called Ramanujan-type supercongruences, and
relate truncated sums of hypergeometric series to values of the p—adic gamma function.
In a recent paper [4], the author along with S. Chisholm, A. Deines, L. Long, and G.
Nebe proves a general p—adic analog of Ramanujan-type supercongruences modulo p?
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for suitable truncated hypergeometric series arising from CM elliptic curves. Zudilin
conjectured that the generic optimal strength in this setting should be modulo p°.

In all, van Hamme conjectured 13 Ramanujan-type supercongruences, which we list
in Table 1. Each supercongruence in Table 1 is labeled (x.2) and is paired with its corre-
sponding Ramanujan series labeled (x.1). We also note that in Table 1, S(m) denotes the
sum from the corresponding Ramanujan series truncated at k = m. Furthermore, in the
last supercongruence (M.2), a(n) denotes the nth Fourier coefficient of the eta-product

f@ =nQ2a)"n@2)* =q [[A-*A - g"* =) atmq”,

n>1 n>1

where g = >, The value of the corresponding Ramanujan series (M.1) is given in
terms of the L-value L(f, 2). This was not originally known by van Hamme, rather it was
recently shown by Rogers, Wan, and Zucker [17].

Proofs of the supercongruences labeled (C.2), (H.2), and (I.2) were given by van
Hamme. Kilbourn [10] proved (M.2) via a connection to Calabi—Yau threefolds over
finite fields, making use of the fact that the Calabi—Yau threefold in question is modular,
which was proved by Ahlgren and Ono [1], van Geemen and Nygaard [19], and Verrill
[20]. The conjectures, (A.2), (B.2), and (J.2), have been proved using a variety of tech-
niques involving hypergeometric series. McCarthy and Osburn [13] proved (A.2) using
Gaussian hypergeometric series. The supercongruence (B.2) has been proved in three
ways, by Mortenson [15] using a technical evaluation of a quotient of Gamma functions,
by Zudilin [22] using the W-Z method, and by Long [11] using hypergeometric series
identities and evaluations. Long also uses a similar but more general method in [11]
to prove (J.2). The congruence (D.2) has now been proved by Long and Ramakrishna
in a recent preprint [12]. In addition, they prove that (H.2) holds modulo p° when
p =1 (mod 4), and provide extensions for (D.2) and (H.2) to additional primes. This
leaves five congruences left to prove: (E.2), (F.2), (G.2), (K.2), and (L.2).

In this paper, we first observe that Long’s method to prove (B.2) in [11] can be used to
prove (C.2), (E.2), (F2), (G.2), and (L.2) as well. Furthermore, we extend (E.2), (F.2), and
(G.2) to results for additional primes, and show that (C.2) and (G.2) hold in fact modulo
p* We also revisit (A.2) to show it holds in fact modulo p® when p =1 (mod 4). Using
similar methods, He [7, 8] has independently verified the results for cases (E.2), (F.2),
and (G.2).

As mentioned earlier, since the (K.2) conjecture corresponds to a CM elliptic curve, we
know that it holds modulo p? by [4]; however, our method did not yield the full strength
modulo p* However, (K.2) has been recently proven by Osburn and Zudilin using the
W-Z method [16].

We prove the following theorems.

Theorem 1.1 Leta € {%, %, i}, and p an odd prime (we require p > 5 when a = 1/4).
Letb = 1when p =1 (mod é), and let b = % — 1when p = —1 (mod %). Then

a(bp—1)

2k N L 3
; (a +1>( 1) B = (-1 14 b_Fp(a)Fp(l—a) (mod p°).
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Table 1 The van Hamme conjectures
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Label Ramanujan series (.1) or conjecture of van Hamme (x.2)
") k(%)s 2
o0 k —
Dok + (=2t = r(%)zs
(A2) —L_ (mod p?), if p=1 (mod 4)
5(55) = { o)
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Table 1 continued

Label Ramanujan series (x.1) or conjecture of van Hamme (x.2)

W (2),
SR =812

M2) 5(251) = ae) (mod p?), p #2

We observe that when g = %, %, % and p =1 (mod é), Theorem 1.1 gives (B.2), (E.2),
and (F.2), respectively. Furthermore, for primes p =2 (mod 3), Theorem 1.1 yields the
following generalization of (E.2)

2p—1

3 1.3

Z (6k + 1)(—1)“/% =—-2p (mod p°). (1)
k=0 ’

Similarly, for primes p = 3 (mod 4), Theorem 1.1 yields the following generalization of

(F.2)
S 1,3
- (7) —3p -2
> Bk+ (- Lk = =3<) d p°). )
k:()( )(=1) 5 = 00 o )P (mod p~)

Theorem 1.2 Leta € {%, %}, and p an odd prime (we require p > 5when a = 1/4). Let
b=1whenp=1 (mod %), and let b = % — 1 when p=—1 (mod %). Then

a(bp—1) 4
2k a
§ (a + 1) (k% = —(—=1)*»PVp.bs-T,(1 —2a)Ty(@)? (mod p*),
k=0 )

where § = 8,4, = 1 when (a, b) € {(%, 1), (%, 1)}, and § = p/2 when (a,b) = (%,3).

We observe that when a = %, Theorem 1.2 gives (C.2) modulo the stronger power p*.
Whena = %and p =1 (mod 4), Theorem 1.2 gives (G.2) modulo the stronger power p*.
Moreover, when a = % and p = —1 (mod 4) for p > 5, Theorem 1.2 gives the following
generalization of (G.2) modulo p*,

3p-1

: 1yd 3 3p-1 1 1\2
Z(Sk + 1)% = —ipz (=D)7T T, <2> rp(4> (mod p?). 3)
k=0 ’

Theorem 1.3  For any odd prime p,

1%1 -1 k(l)S —p -9
(6k + 1)() 27k = = ()p (mod p*).
=) e T

Theorem 1.3 yields the following corollary, which is difficult to prove otherwise (see
Remark 1 of [11]).
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Corollary 1.4 For any odd prime p,

p—1

2(6k—|—1)(%)/?; Zk:( 1 — 1> <_1>k—0 (mod p)
& s \g-12 162 |\7s) = TN

k=0

We also have the following theorem which strengthens the (A.2) congruence when
p =1 (mod 4)to a congruence modulo p°.

Theorem 1.5 For any prime p =1 (mod 4), withp > 5

e (15 1\%
> @4k + 1)(—1)kk2—|5’< =-—p-T, (4) (mod p°).
k=0 ’

In Sect. 2, we discuss the gamma and p-adic gamma functions, as well as some useful
lemmas. In Sects. 3—6, we prove our results. In Sect. 7, we conclude with some more
general conjectures, which are supported by computational evidence from work done in
Sage.

2 Preliminaries

In this section, we review hypergeometric series notation, some facts about the gamma
function I'(z), and the p—adic gamma function I',(2). First, we give a lemma that will be
important for us later. Recall the definition of the rising factorial for a positive integer &,

(@ :=@@+1)---(a+k—1).

For r a nonnegative integer and «;, 8; € C, the hypergeometric series ,1F; is defined by

F o] ... Opyl . io: (CIIC2) (r4+1)k . ﬁ
e T TET B B R

which converges for || < 1. We write

o1 ... Opgl GG Gy
r+1Fr A _Z "

B ... B e Bk Bk K

to denote the truncation of the series after the " term.

Lemma 2.1 Let p be prime and ¢ a primitive nth root of unity for some positive integer n.
Ifa,b € QNZ, and k is a positive integer such that (a +j) € Z, for each 0 <j < k — 1,
then

(a—bp)(a—bep)i---(a—b"p) = (@} (mod p"),

and does not vanish modulo p. Moreover for an indeterminate x,

Page 5 of 21
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(@ —bx)i(a—btx)g - (a—be" x) € Zp[[x"],

and is invertible in Z,[[x"]).

Proof Expanding each term as a rising factorial, we can write

k—1n—1
(a—bp)(a—bep)---(a—be"'py =[] [ @+ - be'p). )
j=0 i=0
Let oi(x0,...,x4,—1) denote the ith elementary symmetric polynomial in n variables.

Then we have o0;(1,¢,. ..,{”_1) =0,forl <i<n-—1ando,1,g,..., ;"‘1) = +1. For
afixed 0 <j < k — 1, we thus have

n—1

[[(@+) —b'p) = (@+)" £b"p" = (a+))"  (mod p™).
i=0

Together with (4) we see that the result holds, and is nontrivial precisely when
(a+)) € Z, for each 0 <j < k — 1. Replacing p by x in (4) gives the additional result
for series. Since the constant term for (a — bx)i(a — bx)y---(a — be" 1x); is
HJI;_OI (a+)" e Z;, the series is invertible in Z,[[x"]]. O

2.1 The gamma function
The gamma function I'(z) is a meromorphic function on C with (simple) poles precisely
at the nonpositive integers, which extends the factorial function on positive integers,

namely

I'(n) =m—1)! (5
for positive integers #. It also satisfies the functional equation

Fz+1) =zI(2), (6)

which immediately yields that for complex z and positive integers £,
— o = @ 7
Also important is the following reflection formula due to Euler. For complex z,

'ora—-z) =

T
sin(wz)’ ®)

Furthermore, I satisfies the duplication formula
1
I'(z)l (z + 2) =272 /7T (22). 9)

The following lemma will be useful in the next section.
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Lemma 2.2 Leta,b € Q and p prime such that a(bp — 1) is a positive integer. Then

I'(1 — abp)T' (1 + abp)
rd-alfl+a

— (_l)ﬂ(bpfl) -bp

Proof By (7), we have that

I (1 + abp)
1 _
Td+a) 1+ ﬂ)a(bp 1)
and
' —a) B
T —abp) (1 = abp)app-1) = (=1)* PV (@) gpp-1),
which gives the desired result. (]

2.2 The p—adic gamma function
We note that many of the facts we state in this section can be found in Morita [14]. Let p
be an odd prime. SetI',(0) = 1, and for positive integers #, define

INOESCVC || B
0<j<n (10)
pYi

The p—adic gamma function is the extension to Z, defined by

[p(@) = lim T (m),

where 7 are positive integers p—adically approaching «. With this definition, I, (@) is a
uniquely defined continuous function on Zj,.
For o € Zy, the following fact is found in [6]:

Tpla+1) [ —a if a &pZ, ”
Tp(a) T 1 -1 if a €pZ,. (1D

From (11), the following lemma follows immediately.

Lemma 2.3  For a positive integer k, and o € Ly, ifa,a +1,...,a +k — 1 & pZy, then

Lyl + k)

_ (_1\k
T, @) = (=D ().
More generally,
T+k . F ,
T " (1) jl:[() (@ + ).

o+j ¢PZp
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We also have for x € Zy, that
Cp)Tp(1 —x) = (~1)%®), (12)

wherel < ag(x) < p is the least positive residue of x modulo p.
Let Gi(a) = I"I(,k) (@)/ T'p(a), where F}(gk) denotes the kth derivative of T'p, and Go(a) = 1.
Long and Ramakrishna [12] show that for a € Z,,

Go@) =1, Gi(@=Gi(1—a), Gy@a)+Gy(l—a)=2Gi(a) (13)

Furthermore, they prove the following useful theorem.

Theorem 2.4 (Long, Ramakrishna [12]) Let p > 5 be prime, r a positive integer,
a,be QNZy, andt € {0,1,2}. Then

Tya+bp) _~~G@ , ¢ (t+1)r
P =X et e,

Remark 2.5 Fixing r =1, we can extend this result modulo p* when p > 5. Let
a € QN Zy, b € Zy, and let v,(x) denote the p-order of x. From the proof of Theorem 2.4
in [12] (using also their Proposition 14) we have that

o0

Ipla+bp) < Gr(a)
Ty(@ Z k!

(bp)~.
k=0

We can show that vp(%(bp)k) >4 when p > 5. This is because as in [12],

Vp(Gl;<(!“)) =0 for all kK < p, and in general, vp(%) > —k(l% + p%l), So we have that

vp(G’;<(!“) (bp)*) > 4 when 4 < k < p. For k > p, we have that

G 1 1
o(Sget) 215 5)

and so the inequality we need is

Lo (kL
=(e=a) G om) as

The inequality (14) holds for all k > 5 when p > 11, and holds for all kK > 6 when p = 7.
When p =5, we see that (14) holds for all kK > 8, which leaves the cases k = 5,6,7.
When k = 6,7, a calculation shows that vp(%(bp)k) > 4; however, the k =5 case
remains elusive. We thus obtain that for primes p > 5,

Tpla+bp) _ 23: Gi(a)

Tp(a) k!

(bp)*  (mod ph). (15)
k=0
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3 Proof of (B.2), (E.2), and (F.2) with generalizations
For this section, we will make use of the following identities of Whipple (see (5.1) and
(6.3) in [21])

a
- gtlac d | _Ta+a-ora+a-a 6
aF3 ;-1 = ,
Sl1+a—-cl4+a—d FrA+alrd+a—c—d) (16)
and
S+lac d e f
S1l+a—-cl+a-dl+a—el+a—f-1
FAta—ol(+a—f) lta-c—de f .
= -3F2 ;
Frd+alrd+a—e—f) l4a—cl+a—d

7

Observe that the left-hand side targets for (B.2), (E.2), and (F.2) can all be expressed by
the truncated hypergeometric series

a(p—1) 3 £4+l1aaa
2k (a) 2
> (a + 1) (—l)krmk =4F3 . ;-1 , (18)
k=0 b 11 a(p—1)

where a € {%, %, %}, and p is a prime such that p =1 (mod i). We will also consider
primes p for which p = —1 (mod %) to obtain additional van Hamme-type supercon-
gruences related to (E.2) and (F.2). We now prove Theorem 1.1

Proof of Theorem 1.1 For fixed a € {%, %, i} and an odd prime p, let b € Q be defined by

1 ifp=1 (mod 1),

b=b(a,p)={1 ; e

2—1lifp=-1 (mod 7)),

so that a(1 — bp) is a negative integer, and b € ZPX (we require p > 5 when a = 1/4).
Consider the hypergeometric series

5+1a a(l—bp) a(l+bp)
F(p) =4F3 i—1

1+abp 1—abp

SIS

Then F(p) naturally truncates at a(bp — 1) since a(1 — bp) is a negative integer.
Letting ¢ = a(1 — bp),d = a(1 + bp) in (16), we get using Lemma 2.2

Fo) = L1+ abp)T'(1 — abp)
) = rA+arda-a

= (=D)“P"V . pp. (19)

When p =1 (mod é), (12) shows that F(p) is the right-hand side target for (B.2), (E.2),
and (F.2).
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Switching p to a variable x and truncating at kK = a(bp — 1), we define

2+1a a(l—bx) a(l+ bx)
F(x) = 4F3 ;1

5 1+abx 1—abx albp—1)
By Lemma 2.1, F(x) € Zy[[x*]], and so F(x) = Co + Cox* 4+ Cax* + - -+, for C; € Zj,.
Notice that Cy is precisely our left-hand side target (18). Thus if p | Cy, then letting x = p
gives the desired congruence F(p) = Cp (mod ).

To see that p | Cy, let ¢ = a(l — bx), d = a(1+ bx), e = 1, and f = a(l — bp) in (17).
We then have by (6),

¢+1a a(l—bx) al+bx) 1 a(l — bp)
6F5 ;—1

%l—l—abx l—abx al+abp
F@T( + abp) 1-al a(1 = bp)
=F(1+ﬂ—)r(ﬂbp).3F2 1+abx 1—abx !
1-al a(l — bp)
=tpah 1+abx 1—abx . 0)

The hypergeometric series on both sides of (20) naturally truncate at a(bp — 1) since

a(1l — bp) is a negative integer. Also, modulo p, the left-hand side is congruent to F(x).
Thus, as a series in x%, we have

1-al a(l — bp)
F(x)=bp-3F i1 (mod p).
1+abx 1— abx

Thus p | Cy and we have proven Theorem 1.1. O

4 Proof of (C.2) and (G.2) modulo p* with a generalization
For this section, we use the following identities of Whipple (see (5.2) and (7.7) in [21])

S+lac d e
5Fy ;1
l+a—cl4+a—-dl+a—e
_ 'l4+a—olf'(l+a—-dT'Q+a—-eT(0l+a—c—d—e)
T Ird4+ald4+a—-d—ell+a—c—d)T14+a—c—e) (21)

ST

and

+1lac d e f g
7Fg ;1
51l+a-cl+a-dl+a—el+a—fl+a—g

Tl+a-eoll+a-TA+a-glQ+a—e—f—g)
CTl+4+aT(l4+a-—f-glQ+a—e—f)T(1+a—e—g) (22)
l1+a—c—de f g

“4F3 ;1

e+f+g—al+a—cl+a—d

NI

provided the 4F3 series terminates.
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As in Sect. 3, we first observe that the left-hand side targets for (C.2), and (G.2) can be
expressed by the truncated hypergeometric series

a(p-1) 2% (“)2 %—}—la aaa
Z ;4‘1 W=5F4 111,1 , (23)
k=0 a(p-1)

[SISY

where a € {%, %}, and p is a prime such that p =1 (mod %). We will also consider

primes p for which p = —1 (mod %) when a = 1/4 to obtain an additional van Hamme-
type supercongruence related to (G.2). We now prove Theorem 1.2.

Proof of Theorem 1.2 For fixed a € {%, %} and an odd prime p, define b € Q by

1 ifp=1 (mod ),

b:b(a,p)={cll_1 ifp=-1 (mod %)’

so that a(1 — bp) is a negative integer, and b € Z, (requiring that p > 5whena = 1/4).
Let w be a primitive third root of unity and consider the hypergeometric series

24+1a a—bp) a(l — bwp) a(l — bw’p)

G(p) =5k, 1, (24)
21+4abp 1+abwp 1+ abw’p
which naturally truncates at a(bp — 1). Moreover by Lemma 2.1,
S+laaaa
G(p) =5F, ;1 (mod ps). (25)
4111

a(bp—1)
Letting ¢ = a(1 — bp), d = a(1 — bwp), and e = a(1 — bw?p) in (21), gives that

I' (14 abp)T'(1 + abwp)T' (1 + abe’p)T' (1 — 2a)

G = Frd+ald—a—abp)T (1 —a — abw’p)T'(1 — a — abwp)’

(26)

We will show in (32) that this gives the right-hand side target from Theorem 1.2.
In the meantime, as in Sect. 3, we consider the series obtained from G(p) by switching
p with an indeterminate x and truncating at a(bp — 1),

2+1a a(l—bx) a(l — box) a(l — bw?x)
G(x) = 5F i1
21+abx 1+abox 1+ abw’x abp—1)
By Lemma 2.1, G(x) € Zp[[x3]], and so we have G(x) = Cy + C3x® + Cex® + - -, for
C; € Z, where Cy is our left-hand side target (23). Thus if p | Cs, then letting x = p gives
the desired congruence G(p) = Cy (mod p*).

Let ¢ = a(l — box), d = a(1 — bo*x), e = a(1 — bx), f = a(1 — bp), and g = 1 in (22)
to get
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5+1aal—bwx) a(l— bw?x) a(l — bx) a(l —bp) 1
7Fg i1
5 1+ abwx 1+abw*x 14abx 1+abp a
_ra+ abx)I'(1 + abp)T (a)T (a(bx + bp — 1))
" T'(1+ @) (abp)T (abx)T' (1 + a(bx + bp — 1))
1—a—abx a(l — bx) a(l—>bp) 1
-aF3 i1, (27
1—a(bx+bp—1) 1+ abwx 1+ abw’x

where since a(1 — bp) is a negative integer, both sides of (27) terminate at a(bp — 1). By
(6), we have that

' (14 abx)T'(1 + abp)T (@) (a(bx + bp — 1)) b*x
T(1+ a)T (abp)TC(abx)T (A +albx+bp—1)) % b+ (bp— 1)

€p - Lpllx]],

since the integers b and (bp — 1) are in Z;.

As series in &3,

£4+1a a(l —box) a(l — bw?x) a(l —bx) a(l —bp) 1
7Fe ;1| =Gk (mod p),
2 14+abox 1+abo’x 1+abx l+abp a

thus p | Cy, as desired.

To finish the proof of Theorem 1.2, it remains to show that G(p) gives the appropriate
right-hand side target.

Fix k = a(bp — 1). From (26) and (7), we can rewrite G(p) as

G = (1 +a)(Q —a—abp)i(1+ abp)i
(1 + abop)i(1 + abe?p)i (1 + abp);’

We first observe that since k + 1 is a positive integer, Lemma 2.1, (10), and (12) show
that the denominator satisfies the congruence

(1 + abop) (1 + abo’p)i(1 + abp), = ()} = —(=D* - Tp(k +1)°
=1/Tp(—k)® (mod p?). (28)

To next evaluate the numerator in terms of p—adic gamma functions, we employ
Lemma 23 for ¢ €{l1+a,1+abp,1 —a—abp}. When o =1+a, the factors
o, +1,...,a + k — 2are not in pZ,, but @ + k — 1 = abp. Thus using (12),

1 gy 2Atatb e Tp(l+abp)
A+a)y =(1)"-abp Lata (=1 -bp 0@
=bp-Tp(1 —a)T,(1 + abp). (29)

When o = 1 + abp, one sees that none of the factors o, o + 1,...,« + k — 1 are in pZ,,
so that

I'y(1 — a+ 2abp)

— (—1)k.
(1 +abp)r = (=1) T, (L + abp)

(30)
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Finally, when o« =1 —a — abp, we first note that for a = 1/2, each factor o +j is
an integer in the range —k < a +j < —1, so none are in pZ, When a =1/4, we
see that each factor @ +j is in %Z. When p=1 (mod 4), b =1 so each «a + satis-
fies —p/2 < a +j < —1/2 and so none are in pZ, Thus using (12), we have when

(ab) € {31, D),

r,(1 - 2a)

— _— = - k-—_
1—a—abp)r = (-1 T,(1—a—abp)

-I'y(1 = 2a)T'y(a + abp).

When p = —1 (mod 4), b = 3, the integer j = (p — 3)/4 < k yields o +j = p/2. Since
each @ +j in this case satisfies —p < « +j < —1/2, this is the only factor in pZ,. Thus in

this case,

(1 —a—abp); = —%’ (1 — 2a)Ty(a + abp).

Putting this together, we have
(1 —a—abp)x = =84 - Tp(1 — 2a)Ty(a + abp), (31)

where 8, is defined to be 1 when (a, b) € {(%, 1), (i, 1)}, and p / 2 when (a, b) = (i, 3).
Combining (28), (29), (30), (31), and using (12), the factor of (at least one) p gives the
following congruence modulo p*,

G(p) = —(=D*p - bda
T =2a)T,(1 —a)ly(a — abp)gfp(a +apb)I'y(1 — a + 2abp) (mod p4).

By Theorem 2.4, we have that

2b2
I'y(a —abp) =Ty(a) {1 —abGi(a)p + aZGZ(a)pz} (mod p?’)

272
[Cp(a+ abp) =T'y(a) {1 + abGi(a)p + aszg(a)pz} (mod pg)

Ly(1 —a+ 2abp)
=I,1—-a) {1 +2abGi(1 —a)p + 2a’b*Gy(1 — a)pz} (mod pg)‘

Using (13), we see that
Tp(a — abp)®Tp(a+ abp)Ty(1 — a + 2abp) = —(~1) Tp@?  (mod p?),
and so
G(p) = —(=1)*p - bSay - Tp(1 = 20)Tp(@)* (mod p*) (32)

as desired. O
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5 Proof of (L.2)
For this section, we use the following identity from [9] (see (18)) which gives that

3aa+1b 1-b
4F3 -5 | =
4 3athil 3a—bt2 INEEINECY)
) )

B F ( 3a+2b+1 )1'1 ( Sa—2b+2)

(33)

Proof of Theorem 1.3 Let p be an odd prime. Observe that using (12), the right-hand
side target for (L.2) can be written as

s G

The left-hand side target for (L.2) can be expressed by the truncated hypergeometric

series
p=1 7111
2 -1 k(%)i 6222 .
Z(6k+1)<8> W b iy (34)
k=0 g 1 1 p—1
2
Consider the hypergeometric series
7 1 1l-p 14p
62 2 2 .
L(p) = 4F3 ;-3
1 P p
sl-71+3

Then L(p) naturally truncates at pT_l since 1—;” is a negative integer. As shown in [11]
(Lemma 4.4),

-2
Lp) = ()p»
p

our right-hand side target for (L.2). Switching p to a variable x and truncating at k = ’%1,
we define
7 1 1=x  14x
62 2 2 )
L(x) = 4F3 s —3g
1
s 1-71+4+73 p-l

2

By Lemma 2.1, L(x) € Zp[[x2]], and so L(x) = Co+ Cox® 4+ Cux* + -+, for C; € Lp.
Notice that Cy is precisely our left-hand side target (34). Thus if p | Cy, then lettingx = p

gives our desired congruence L(p) = Co (mod p>).

To see that p | Cy, observe that as a series in x2

7—p 1-p 1—x 1+x

6 2 2 2 1
+F3 1| =Lw (mod p),
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where since the left-hand side is naturally truncating at ;1, we actually have that it is

a rational function in x. Moreover, letting @ = —£ and b = 5% in (33), we see that this
rational function is actually 0, since
7=p l—p 1—x I4x P b
e 72 2 | o ma-t-nr,a-£+1
Tl e e | DEDLED
5 l-g—zl-%+31 4 4
and one of % or 5%1’ is a nonpositive integer, yielding a pole for I'. 0

Proof of Corollary 1.4 By Lemma 2.1, we have directly that L(p) is congruent to our
left-hand side target modulo p?. Considering the difference,

p—1

n Z1VK (13
Z(6k+1)<8> % —L(p)
k=0
eh [ 1p) (L2
() 2 (2)(2)
par 8 ) Kk |(&H2 (1-2) (1+2),

= 12 2y _ qn2(l=z) (1
(6k +1)< ) (3 (Z)k(l D)1+ 5), — &Y ( 2 )k( 2 )k
5 ) w W= 8,1+,

S
i

we observe that due to cancelation,

1\’>/, p p 2(1-p\ (1+p

(2>k(1_4)k(1+4)k_(k!)( 2 >k< 2 >k
_ o (1) 11 o
=7 <2>k Z(aj—lﬂ 16/‘2> A

j=1

where the remaining terms all have a factor of p” for n > 4. Also we observe that the
denominator (k!)Z(I - %) k(l + fz’) « contains no factors of p. Thus as a corollary to

Theorem 1.3, we obtain the desired result,

J 1 1 1\
Z((Zj—1)2_161'2) <_8> =0 (modp) 4>
j=1

i )3
(6k + 1)
P (k!)3

6 Proof of (A.2) modulo p>forp = 1 (mod 4)
For this section, we use the following identity from [2] (see Thm. 3.5.5 (ii)), which gives
that

abc
JFy 1 A NGNS

ef | 2eireEmrEhregordd)

(36)
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whena+b=1ande+f =2c+ 1

Proof of Theorem 1.5 Let p =1 (mod 4) be prime, with p > 5. Observe that the left-
hand side target for (A.2) can be expressed by

-1 511111
2 L (32 42212272
(@k + 1)(~1F 2k = ¢ 1
k=0 K 11111 (37)
= Z p—1
2
Consider the hypergeometric series
51 1-p 1+p 1lp 1lip
12 72 2 2 2
A(p) = 6F5 , ' ;—1 (38)
1 ip ip p p
which naturally truncates at ’%1. By Lemma 2.1,
511111
422222 4
A(p) = ¢F5 ;—1 (mod p¥). (39)

11111 1

2

. 1—i 1+ 1- 1+p .
Lettingc = =%, d = —%,e = =%, and f = <2 in (17), gives that

1 1-p 1+p
2

_pr b
T4 |2 2

1 ip ip
) (2) 1+51-3

Note that by (6) and (8), F(%)F(%) = 7. Thus, letting a = 1%”, b= 1%, c= %,
e=1+%and f =1— Zin (36), we see thata + b = land e + f = 2¢, so we obtain

Q4+
Alp) = r(

NIW ol

r
r

20+ - Hr(i+ f)r(i-4)

3—p—ip 3—p+ip 3+p—ip 34p+ip\
(3= (= ) (B ) r (24

We will show in (44) that this gives the right-hand side target from Theorem 1.5 modulo

p°.

In the meantime, as in Sects. 3 and 4, we consider the series obtained from A(p) by

Alp) = (40)

. . . . p—1
changing p to an indeterminate x and truncating at -,

51 1-ix 1+ix 1—x 1+x
4 2 2 2 2 2
A(x) = 6F5 ;—1 .
ix ix x x
1 + 2 1-— 2 1 + 2 1-— 2 p-1

2

ST,

By Lemma 2.1, A(x) € Zp[[x4]], and so we have A(x) = Co + Cyx* + Cgax® + - -, for
C; € Z, where Cy is our left-hand side target (37). Thus if p | Cy, then letting x = p gives
the desired congruence A(p) = Cp (mod ps).
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Considering instead

5-p 1-p 1-ix 14ix 1—x 14x
i 2 2 2 2 2

A'(x) = 6Fs5 =11,

1-p . i

F1+%1-%1+451-%
4 in
Zp[[x4]]. Modulo p, A(x), and A’(z) have the same coefficients in Zp[[x4]]. However, by
(17), we see that

we see that A’(x) naturally truncates at 1’%1, so is actually a rational function in x

1—p 1-x 14«
ra+5Hra-73% F 2 2 2

Alx) = ©3L2
r 3—p r 1-p . .
( 2 ) ( 2 ) 1 lg 1 L;C

31,

where the 3F; series naturally truncates and is a rational function in x2 and in Zp[[xz]].

The I'-factor in front however gives that A’(x) = 0, since 3%”, 1%19 are negative integers.

Thus since modulo p, A(x), and A’(z) have the same coefficients in Zp[[x4]] we must have
that p | C4 (in fact all of the C;), and so

A(p) = 6F5 ;—1 (mod p°).

Fix k = 1%1. We now show that A(p) is congruent to the right-hand target modulo p°.
Starting from (40), we first observe that (7) together with (8) yields that

3
r(1+§)r(1+§) =Z(1(j)g)k

Furthermore, by (9), we have that
ip ip 1 1 ip 1 ip ip ip
rri+—- ) rfit-=-)=-r(-+—J't=——|'f14+—|I'f1——).
<+2)( 2) n<2+4> (2 4><+4>< 4)
Using (7), we can thus rewrite A(p) from (40) as

Ay = _DICEICED,
1- g)k(l —+ %)k(l _ %)k

We now use Lemma 2.3 for o € {%, 1-— %, 1+ %, 1-— %, H%ip, W} to analyze the
factors in terms of I',.. Note that since p = 1 (mod 4), we have i € Z,. When o = %, the
factorsa, o 4+ 1,...,0 4+ k — 2are not in pZy, buter + k —1 = £ Wheno =1 — £, none
of the factors o + j are in pZj,. Thus with (11) and (12) we have,

Qe _2 DOTINRAZD ) (14 2)r,(1-2)

(1-2x LG 2) @41)
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Wheno =1+ %, we have that none of the factors o + j are in pZj,, and so

1 na+dhrna-pH
A+ 5= Pue TG+ PTG + 555

(42)

Similarly, when « = #

, none of the factors « + j are in pZ,, so

(3—p+ip> (3—p—ip) __ LG+PRG-DH )
SN e TG EERInG + S

Together (41), (42), and (43) give that

Pyl + 57,01 — 5, + D), — D05 + DT(3 — 2)
LG+ P0G + 506 + S0 G + S5

Alp) =

Using the discussion in Remark 2.5, we can analyze this quotient modulo p*. First, note
that

1 1
rp(l n ‘g)rp(l — g) = [1 + £ G2(p? - 4G1(1)2p2} =1 (mod p),

using that G;(1)2 = G (1) by (13). Similarly,

i£ A 1 2, 1 2. 2| _ 4
Fp<1+4> <1 4)_{1 1662(1)19 +16Gl(1)p}_1 (mod p*).

Also, since l"p(l/Z)2 = —1by (12), we have
(DY
=n(3) s () erse(5) 7] =1 st
Using the same technique on the denominator, we see that
r, (4 LU +41)p> r, (z G +41)p>

- pilafe) o))

i—-1 3 @G-1
F”<4+ : 4 p)rp(4 : 4 p)
Erp [ < = —@(Z))pzl (mod p*)

and so
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Table 2 Generalized van Hamme-type conjectures

Label General van Hamme-type conjecture
(A3) S(I5) = —pTp(L*s(E5=h) (mod p)  p=1 (mod 4), 1> 1
S =0 (mod p*)  p=3 (mod 4)
(750 = pts(?5 (mod p¥~?) p=3 (mod 4), r > 2
©3) S(EF) = —plp(1)?’S(E571)  mod ¥ p=1 (mod 4)
S(5) = —pp(3)? mod p>  p=3 (mod 4)
S(E51y = p2s(E5=ly mod p¥=2 p=3 (mod 4), r > 2
€3) S(pl%) = pS(”H;W) (mod p*)
©3 S(Z5Y) = —pTp(1)°S(E57Y) (mod p¥)  p=1 (mod 3)
5(” =0 (mod p*)  p=2 (mod 3)
S(E51) = prs(da=ly (mod p*1) p=2 (mod 3), r > 4 even
S(EF2) = —pSS(g) (mod p?)  p=2 (mod 3), r>3o0dd
€3) ST =ps(Z57) (mod p¥)  p=1 (mod 3)

S("’T_]) = p%(@) (mod p=2) p=12 (mod 3), r > 2even
S(5%) =0 (modp)  p=2 (mod 3)

5(%) — p25(L§*2) (mod P~y p=2 (mod 3), r > 3 odd
(F.3)

Sy = (—) 5 pS(ELTl) (mod p¥)  p=1 (mod 4)
ST = DZS(D =1 (mod p¥~2) p=3 (mod 4), r > 2 even
S(EE) = p2s (P mod o' p=3 (mod4), r > 3o0dd
(G3) p?=1
SR ==
‘DF(Q)Fp(AL)ZS(p%) (mod p*)  p=1 (mod 4)
S(D%]) = —D35(Li4) (mod p*=2) p=3 (mod 4), r > 2 even
S22y = —p*s(Z=2)  (mod p*') p=3 (mod 4), r > 30dd
H3) S(E5l) = —Tp(1*s(E5=) (mod p)  p=1 (mod 4)
E=E) (mod p?)  p=3 (mod 4)
5(” )—DZS(" =1y (mod p>~1y p=3 (mod 4), r>2
(1.3) 5<D[Z—W> _ 2p2r (mod DZr+1)
U3 5(251) = =0 ps(E57) (mod p*)
(K3) 5(%) = 5(—1)%;; (mod p*)
Forp > 5

s(25 )E( )pTDS( ’1) (mod p*)

(L3) S(p’ )_(_1) 7= <
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Fp<z+ (lzi)p>rp(z+ (l;i)p>

3 (=1+ip 3 (—1—ip 3\*
(3 S (1 ) < ()

Putting this together, the factor of p in front gives the desired congruence modulo p°

—p 1\ %
o (3)

7 Conjectures

The more general van Hamme-type congruence conjectures in Table 2 are supported

by computational evidence computed with Ling Long and Hao Chen using Sage. Note

that some of these conjectures extend van Hamme’s conjectures in the r = 1 case, which

motivated several of the theorems in this paper.
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