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1 Introduction

Holography is a well-established powerful tool for detailed studies of conformal field theo-
ries. In general dimension d the CFT is dual to a gravity theory in the (d+ 1) dimensional
bulk, possibly coupled to other bulk fields, whose boundary values are sources of certain
operators in the CF'T. Local symmetries in the bulk are in one-to-one correspondence with
global symmetries on the boundary, where they can be gauged by coupling the theory to
sources of conserved currents.

The coupling of the CFT to an external metric leads to a diffeomorphism invariant
theory, which, in addition, possesses classical Weyl symmetry, i.e. invariance under rescaling
of the metric and possibly of the fields of the CFT. In two dimensions, to which we restrict
the following discussion, the three local symmetry parameters are sufficient to gauge away
the external metric. In the quantum theory, the symmetries of the classical theory cannot
all be maintained simultaneously, leading to an anomaly. It manifests itself in anomalous
Ward identities or in a non-invariance of the effective action, a functional of the external
metic which is obtained by integrating out the quantum fields and generates correlation
functions of the energy-momentum tensor.



Which of the symmetries one wants to maintain dictates the choice of the counter-
terms. Opting for diffeomorphism invariance (or equivalently conservation of the energy-
momentum tensor) leads to the non-local Polyakov action [1], whose only dependence on
the specific CFT is through an overall factor proportional to the central charge, which
parametrizes the anomaly. In this context, the anomaly manifests itself in the non-
invariance of the Polyakov action under Weyl rescaling of the metric, causing a non-
vanishing vacuum expectation value of the trace of the energy-momentum tensor in an
external metric background, or a non-vanishing trace of the two-point function of the
energy-momentum tensor in flat space. The anomaly is also well known as the quantum-
mechanically induced central extension of the infinite-dimensional conformal algebra (the
symmetry algebra of classical CEF'T’s) to the Virasoro algebra.

Besides conformal symmetry, two-dimensional CFT’s can also have enhanced sym-
metries, the most prominent ones being Kac-Moody symmetries with spin-one currents
and supersymmetries with fermionic symmetry currents with spin 3/2. In this paper we
are interested in CFT’s with conserved higher-spin currents whose symmetry algebras are
known as WW-symmetries, which have the Virasoro algebra as a sub-algebra. The simplest
and earliest example is Zamolodchikov’s Wy algebra [2]. In the same way as a CFT can
be coupled to an external metric, which sources the energy-momentum tensor of the CFT,
a CFT with higher-spin W-symmetries can be coupled to higher-spin gauge fields, which
source conserved higher-spin currents. This leads to the notion of W-gravity. At the clas-
sical level, the symmetries are higher-spin generalizations of diffeomorphism, parametrized
by a traceless symmetric rank s — 1 tensor with two components, and generalized Weyl
transformations, parametrized by a symmetric rank s — 2 tensor with s — 1 components.

In the classical theory, these symmetries are sufficient to gauge away the s + 1 com-
ponents of the spin-s sources; but after quantization this is no longer possible. Choosing
to preserve diffeomorphism invariance and higher-spin gauge symmetries results in anoma-
lies in generalized Weyl symmetries. The anomalous symmetry transformations, called
Ws-Weyl transformations, are parametrized by one scalar field for each spin s. The corre-
sponding anomalies, which we call WWs-anomalies, manifest themselves as trace anomalies
in the two-point functions of higher-spin currents or as the non-invariance of the effective
action under the (anomalous) Ws-Weyl transformations. Two-dimensional theories with
Wh-algebras as symmetry algebra were intensively studied about 25 years ago, also in the
context of string theory, but it is fair to say that the implications of the higher-spin sym-
metries are much less understood than those of the conformal symmetry. A good review
of the early literature is [3].

Since then the AdS/CFT correspondence has equipped us with a new tool to study
conformal field theories. To study two-dimensional conformal field theories with higher-
spin W-symmetries and their couplings to higher-spin sources, we need a three-dimensional
bulk theory which has, in addition to diffeomorphism, higher-spin gauge symmetries. The
source for the boundary spin-s conserved current is the boundary value of the bulk gauge
field of the same spin.

The AdS/CFEFT correspondence with higher-spin symmetry has recently been studied,
in particular for the boundary dimensions d = 2,3. For d = 2, which is the dimension



we are interested in this paper, the bulk gravity theory has an alternative description as
Chern-Simons theory. For 3D pure gravity, whose boundary metric sources components of
the CFT energy-momentum tensor, its alternative description as SL(2, R) x SL(2, R) Chern-
Simons theory has been known for a long time [4, 5]. More recently this was extended to
include higher-spin bulk fields [6, 7], where a formulation as SL(NNV,R) x SL(N,R) Chern-
Simons theory was proposed. Corresponding to the presence of the higher-spin bulk fields
the boundary theory is a CFT with higher-spin Wy-symmetry.

A bulk spin-s gauge field is realized by a symmetric space-time tensor of rank s, which
we will refer to as a metric-like field. An action principle for the interacting higher-spin
theory in terms of metric-like fields is not known in general. In three dimensions, since
we have an alternative description in terms of Chern-Simons theory, we have, in principle,
all the information at our disposal. Given a pair of flat connections, i.e. a solution of the
equations of motion of the CS theory, we can construct the metric-like fields. Likewise,
the higher-spin symmetries are encoded in the sl(INV) gauge symmetries, i.e. given a gauge
symmetry we can construct the parameters of the higher-spin symmetries, which we refer
to as generalized diffeomorphisms.

However, for N > 3, it is unclear how to translate from connections to metric-like fields
at the level of the action and the equations of motion. Attempts to construct them order
by order in the higher-spin fields were made e.g. in [8-10]. One difficulty lies in determining
the transformations of the metric-like fields under the generalized diffeomorphism, which
at present can only be done order by order in the higher-spin fields. What is missing is an
understanding of a generalization of Riemannian geometry which would allow us to write
down expressions which are covariant w.r.t. to all generalized higher-spin diffeomorphism,
e.g. generalized curvatures.

Even though the Chern-Simons formulation provides a complete description of the
system, there are situations where a reformulation in terms of metric-like fields seems
desirable. For instance, in the context of holography, the boundary conformal field theory is
coupled to the boundary values of the metric-like fields in the bulk. The way we bypass this
difficulty in this paper is to use pure gravity as a guiding principle, in the following sense.
For pure gravity, both the metric and Chern-Simons formulations are well understood,
therefore we can translate all well-known features, in particular those which are relevant in
the context of holography, from the metric formulation to the connection one and then look
for a natural generalization to higher-rank gauge groups, as appropriate for the description
of higher-spin fields.

One of the earliest results in the AdS/CFT correspondence is the holographic descrip-
tion (in any even dimension) of the Weyl anomaly in terms of the dual bulk gravity theory,
which plays the role of the non-local effective action [11]. For a three-dimensional bulk,
one can translate the analysis into the equivalent Chern-Simons formulation and interpret
the bulk diffeomorphism, which induces a Weyl rescaling of the boundary metric, as a par-
ticular gauge transformation. In the same way as the Weyl anomaly can be interpreted as
the non-invariance of the bulk action under bulk diffeomorphism due to the presence of a
boundary, it can be alternatively interpreted as the non-invariance of the Chern-Simons ac-
tion under gauge transformations, again due to the appearance of a boundary term. Once



this is realized, a generalization to higher-rank gauge groups, i.e. to higher-spin theories,
is possible, in the sense that YW-Weyl symmetries can be interpreted as particular gauge
transformations and the non-invariance of the Chern-Simons action can be interpreted as
the non-invariance of the non-local effective action of the boundary theory, thus represent-
ing the anomalies. The relevant gauge transformations turn out to be those generated by
the diagonal Cartan subalgebra of the two s[(N) factors.

The outline of the paper is as follows. In the second chapter we reformulate many
features of pure three-dimensional AdS-gravity in the language of SL(2, R) xSL(2, R) Chern-
Simons theory. This is mostly a review of well-known facts and follows to a large extent [12],
in particular in translating the Fefferman-Graham gauge for the metric to the connection
formulation of the theory. We then consider different gauge choices for the connection
which correspond to different boundary metrics for the dual CFT. In the third chapter
we extend the analysis to higher-rank Chern-Simons theories. We make an attempt to
reinterpret the gauge theory results in terms of the higher-spin metric-like fields. As the
main new features (and difficulties) arise already for SL(3), we will restrict mostly to this
case, i.e. to spin three. We define the Fefferman-Graham gauge and among the residual
gauge transformations those which induce W-Weyl rescaling of the boundary fields. We
use them to compute the variation of the Chern-Simons action, which is interpreted as
the effective action of the boundary theory. We do this in the same gauges which we
studied in the Chapter 2. They were also studied recently, however with different emphasis,
in [13] and [14], respectively. The interpretation of our result, which also touches upon
the interpretation of the relation between bulk and boundary fields, does not seem to be
straightforward, though. In appendix A we establish our conventions for the s[(/N) algebras
and their representations. In appendix B we collect some results for general sl(V).

2 Spin two

2.1 Generalities

Our objectives are higher spin theories. As a preparation we review the CS-formulation
of pure three-dimensional gravity and state some of the relevant features in a way that
suggests a natural generalization to the higher-spin case.

The action of three-dimensional gravity with a cosmological constant in the second-
order formulation is

S f—
167G N

where G is the metric and R the Ricci scalar. /£ is a length scale, which we will often set

1 2
/ oG (R+ ) (2.1)
02
M
to one and Gy is Newton’s constant in three dimensions. The action in the first-order

1 1
S—4WGN/Mtr(e/\R+3£26/\e/\e> (2.2)

where e = ef J,dz* is the so(2, 1)-valued dreibein, R = dw+wAw the curvature 2-form, and

w = wyJedx! with w = %e“bcwbc the spin connection. For further details on the notation

formulation is

we refer to appendix A. The equations of motion for w are the vanishing of the torsion,



which allows to solve algebraically w = w(e). The equations of motion for e are then the
Einstein equations for the metric.

These formulations of three-dimensional gravity can be trivially generalized to arbi-
trary dimensions. There is, however, an alternative formulation which does not generalize
to higher dimensions,! namely in terms of an SL(2, R) x SL(2, R) Chern-Simons theory [4, 5].
If we denote the gauge fields of the two SL(2) factors by A and A, respectively, the ac-
tion (2.2) can be written as

S = Scs[4] — Scs[A] + Shndy (2.3)

where the Chern-Simons actions are?

2
Scs[A] = % /M tr(AAdA+ ZANANA) (2.4)

and we need to identify k£ = ﬁ and

14 ~ 1 ~
e= §(A_A) and wzi(A—i-A) (2.5)
The difference between the Chern-Simons action and the Einstein-Hilbert action is a bound-
ary term
k ~ k ~
v = —— | wld(a A}:—— tr(AA A 2.
Smay = —3= [ w[d@nd]=—f [ wand (26)
The metric can be recovered from the connection via
ds* = G drtds” = 2tr(e®e) (2.7)

The equations of motion are the flatness conditions for A and A
F=dA+ANA=0 (2.8)

They are invariant® under SL(2, R) gauge transformations

A= UTTAU+U U (2.9)
whose infinitesimal version is A = d\ + [A,A]. Here U = exp(A) € SL(2,R) and \ €
sl(2,R).

If we define 1 1
g;i(A—X) and A= 5()\JFX) (2.10)
then the infinitesimal version of (2.9) gives
dce = d¢ + [w, (] and  dpe = [e, ] (2.11)

!There exist higher odd-dimensional CS gravity theories based on the gauge groups SO(d — 1,2). Their
equations of motion are not the Einstein equations, but equations of higher order.

?Here and in what follows we will often only write expressions for A. Those for A, unless explicitly
given, follow by putting tildes on all fields and parameters.

3The action is invariant only up to a boundary term and a topological term which, in the quantum
theory, leads to a quantization of k.



Comparing this with pure gravity [5] identifies ¢ as the parameters of diffeomorphisms and
A as those of Lorentz transformations. In these expressions ( is Lie algebra valued. The
corresponding space-time vector £ is

Eudat = tr(e® () (2.12)

Holographic considerations usually use the metric formulation based on the Einstein-Hilbert
action. To this end, the Fefferman-Graham (FG) gauge for the metric, its Fefferman-
Graham expansion, and the Penrose-Brown-Henneaux (PBH) transformations have proven
very useful. One uses diffeomorphisms to bring the metric to the FG form [15]

1 S
ds* = G drtdz” = (* (dpp + qu(p, )d:c’dxﬂ) i,j=1,...,d  (2.13)

where p is the radial coordinate and p = 0 is the boundary with coordinates x*. This gauge
is particularly convenient in writing the bulk/boundary dictionary as there are no cross-
terms G ;. As shown in [15], g4j(p, z) has an expansion in the vicinity of the boundary (FG
expansion)*

(2n)
gi(p,x) =Y 0" g 4( (2.14)
n>0

where (3) is the boundary metric. For even boundary dimension d there are additional
terms containing logarithms of the radial coordinate. In d = 2, which is the case we
are interested in, they are however absent. Furthermore, in d = 2, in contrast to higher
dimensions, the FG expansion is finite [16, 17].°> It terminates after the third term p2(§)(m),
which is completely fixed in terms of the lower terms as
@ loo_j©
g = 1 99 9

The vacuum expectation value of the conserved stress-energy tensor T' of the boundary

(2.15)

CFT coupled to an external metric <£]) is [19]

(0)

(T =k (95— Gte(§)) = KTy = b (t + ) (2.16)
where ¢;; is a (non-local) functional of g and ¢;; is traceless and conserved w.r.t. (EJ) (}}’
and ¢ are the boundary data which specify a bulk solution.

The FG gauge is not a complete gauge fixing. The residual diffeomorphism, called
PBH transformations, are generated by those {# which satisfy LG, = LG = 0, whose
solution is [20]

(p,2) = —po(),  Elpx) = o(x) /0 dlpgi(p,0) +€(0,)  (217)

Except for the boundary term ¢%(0,x), which generates an uninteresting boundary dif-
feomorphism and which will be set to zero from here on, the PBH transformation is

4when the back-reaction from other fields can be ignored.
®Finite FG expansions of higher-dimensional CS theories were discussed in [18].



parametrized by a single function o(z) on the boundary. A PBH transformation acts
on gij(p,) as
0¢gij = 0(2—p0p) gij + Vi&j + Vj& (2.18)

where V is w.r.t. g;; and § = gijgj. This implies
(0) (0)

i.e. the bulk PBH transformation induces a Weyl rescaling of the boundary metric which

integrates to (3)”» — 62"(5)”» for finite transformations. It is easy to work out the PBH

" ) (0)
transformations of the higher (g); for instance, (55% i; = ViVjo, which is solved by

(2) 1 (0) 1 (0)(0)
= (Ryj——— R, 2.20
gz] (d—2)( J 2(d—1) gzy) ( )

The pole at d = 2 reflects the non-locality of (T';;) and the fact that

(2) 1 (0)

trg = —mR (2.21)

is finite reflects the locality of the Weyl anomaly (T;). We remark that (2.20) is the part of
<g2]) which can be expressed completely in terms of (5). It does not yet contain the second set
of boundary data, g. In addition, if other fields are present which allow for the construction
of Weyl-invariant symmetric tensors, they can also contribute to ?ij and to fix them we
need to go on-shell.

Using holography there is an easy way to compute the Weyl anomaly of the bound-
ary CFT, i.e. the non-invariance of the effective action W{g] under Weyl rescaling of g.
Wlg], the generating function for correlation functions of the energy-momentum tensor, is
obtained by coupling the CFT to an external metric g = (3) and integrating out the CFT.
A bulk diffeomorphism leaves the dual gravity action with Lagrangian £ invariant, up to
a boundary term

55 = /M Du(€"L) = /a o (2.22)

If we go to FG gauge, perform a FG expansion of the integrand, and use a PBH diffeomor-
phism, i.e. ¥ = —po, the on-shell O(p°) term is the anomaly [21]°

SeWlg] = 5€S|p0 = % /aM\/ﬁaA (2.23)

Possible divergencies at p = 0 are cancelled by adding local boundary terms to the bulk

action. Applied to (2.1) this gives A = ﬁtr? or

3¢

=0 2.24
el (2.24)

C .
A= _ER with c

where R is the Ricci scalar of the boundary metric.

SWe will often use g to denote the boundary metric (5) when there is no risk of confusion.



We will now translate these results to the CS formulation (2.3). Here, of course, we
will have to set d = 2.
In the coordinates z# = (p, 2!, z?) the connection decomposes as

A=A, dat = Aydp + Aidr’ € sl(2,R) (2.25)

Using the invariance of the action under (2.9) we can choose a gauge for (A, A) that
best suits the holographic description: the analogue of the Fefferman-Graham gauge with
G,p=1/p* and G;, = 0. It is easy to see that with

1 ~ 1
Ap = —*Lo and Ap = *Lo (226)
p p
(2.7) leads to B
1 A, —AN2 1
G = () < (2.27)

In [7] it was shown that this gauge choice can always be achieved with a group element U
that goes to the identity at the boundary. This condition is necessary if we want that any
Dirichlet boundary condition (in [7] it was A_ = 0 at p = 0) is preserved.

Our gauge choice for (A4, A) is therefore
A=b"tab+b'db  with ~(logp) Lo

) - 2.28
A=b"tab+btdb  with (2:28)

e
p—1
where (a,a) are sl(2,R)-valued one-forms along the boundary directions: a = a;dx’ and
@ = a;dz’. With this choice F »i = 0 leads to

a=a(x) (2.29)

i.e. a depends only on the boundary coordinates z°. The remaining flatness conditions
F;; = 0 are simply flatness of a and a:

da+aNa=0 (2.30)

All information is now encoded in the connections (a, @), which only depends on the bound-
ary coordinates z°. A generic a € sl(2) can be expanded as

a(z) = a;(z)dz’ with ai=a L1 +a) Lo+ a; L4 (2.31)

L 1
Ap:——o, Aj=—al L1 +a) Lo+ pa; Ly

Lp P . (2.32)
Ap: ?0, Al:pale—l—d?Lo—l-;dZ_L_l

For the dreibein e = e, dp + e; dz" defined in (2.5) we obtain

1 1 N 1/1 N 1 _ 1 __
e, =——Log, ei:2(a?—a?)L0+2<pa;r—pa;r)L1+2(pai —pai)L_l

P
(2.33)



With (2.7) it is clear that the metric will not be in FG gauge, the culprit being the zero
mode component in e;, which leads to G, # 0. To remove it we use the residual gauge
freedom which preserves the gauge choice (2.26). Making a Gauss decomposition of U (p, x)
and U(p,z) (with oF = a®(2), etc.)

1o+l - ~ oL+ & =+
U=er® “elogpra L1 U =er® “1edlogpa™ln (2.34)

with the choice”

- 1 0_ ~0 + o+
at=a =a=a=0, S s Ve B S M= (7192 (235
at 2 ay — ay ajy as,

leads to [12]
@) =a? (2.36)

and therefore removes the zero modes of the dreibein, giving G;, = 0. The gauge
choices (2.28) and (2.36) are the FG gauge condition in the CS formulation of three-
dimensional gravity. We note that the finiteness of the FG expansion of the dreibein and
the metric is manifest. One can show that the FG expansions of & and v/G (but not of &)
are finite as well.
With the above gauge choice, the bulk metric (2.7) becomes
1 1o e

Gpp:?7 Gip =0, Gij =

) (4)
2 9ijt+ 9ij t P’ 9ij (2.37)

with

1 S 1
(5) == aj&j_ dx'dx? | (é) =-3 (a;ra

o 1 o
2 iy ay)datda’, g = S a7l datdal (238)

2
where the coefficients satisfy the flatness condition (2.30). Using those and the FG gauge
condition (2.36), one verifies (2.15) and (2.21).

We know from the metric formulation that the gauge fixing is not yet complete. Indeed,
transformations parametrized by a and & have a simple effect on aii and dii:

ali — et ali , dii — T4 Elii (2.39)
If we define 1 1
o= §(a —a) and T= 5((1 + &) (2.40)

then o acts as a Weyl rescaling and 7 as a Lorentz transformation of the boundary zweibein.

In particular

(.g)ij — 7 (g)ij (2.41)
Of course, the transformation (2.39) reintroduces G, components, but from the previ-
ous discussion we know that we can transform them away without affecting the boundary

zweibein. In the metric formulation these are the transformations generated by the £*. We

+

"As noted before, at =&~ = o=@ = 0 is also the condition that the group elements U and U become

unity at the boundary and, furthermore, these transformations leave a;” and &; invariant.



therefore conclude that the transformations parametrized by o are the PBH transforma-
tions of the metric formulation. The remaining two parameters a~ and &~ parametrize
boundary diffeomorphisms.

We now discuss the holographic computation of the Weyl anomaly in the CS formu-
lation. For this we apply the procedure outlined above to the action (2.3). On-shell a
diffeomorphism of A can be written as a gauge transformation,

5§A = ,CgA =d\+ [A, )\] =0)A with A= ’léA (2.42)

and likewise 5§f~1 = 5;\[1 with A = zgfi. Under such a transformation with £* being the

PBH diffeomorphism, the action changes as®
k _
S, W = o tr[oLo(dA + dA)]
]: oM (2.43)
= » o (8ia? — 9;ay) da* A dz?

Bulk and boundary term in (2.3) give equal contributions. This was also observed in [22].”
Using (2.38) and the on-shell and FG gauge conditions, one finds

0Wlg] = K d*z\/go R (2.44)
4 OM

Comparing (2.44) with (2.23) and (2.24) we verify the known relation ¢ = 6 k.

We note that (2.43) is nothing but (the O(p®) term of) the change of the action under
a gauge transformation with parameter \ = oLy = —)X. This was expected from the
discussion above, where we found the relation between PBH transformations and sl(2)
gauge transformations.

So far the discussion has been completely general. We will now consider special choices
of the boundary metric and translate them into the CS formulation. This discussion follows
largely [12].

2.2 Conformal gauge

The first case is ?U = eq’éij, i.e. the boundary metric is in conformal gauge. In this
case, the non-local Polyakov action W{g], which is completely fixed up to a multiplicative
constant ¢ (the central charge of the CFT), becomes the (local) Liouville action for @
and correlation functions of the energy-momentum tensor are expressed in terms of the
Liouville field ®. In this gauge (5) in (2.20) has a well-defined limit in d = 2

(2) 1 1 1
Gij = 50:0;® = 70,0 0;® + 26,(0®)° + gy (2.45)

where we have added a conserved and traceless ¢;;. Via (2.15) the bulk metric is now
completely fixed in terms of ® and g. Choosing a complex structure on the boundary!? s.t.

8There is a divergent (p%,) term proportional to g,/g.

?Other boundary terms such as those used in [12] lead to the same anomaly.

10This is appropriate if the boundary has Euclidean signature. But we will use this terminology also
for Minkowskian signature where the ‘complex’ coordinates should be thought of as light-cone coordinates
and the hermitian conjugation of the connection acts on the Lie-algebra generators and replaces a;” by an

independent function a; . In this case the complex structure should be interpreted as a light-cone structure.

,10,



ds? = e®dzdz, one finds for T of (2.16)

L= —L00)2 + %a%p fe = — L (G0)2 + %52@ he = %aécb (2.46)

1 1
4 4

and

¢z = q(2) qzz = q(2), ¢:z=0 (2.47)

We recognize t,, and tzz as the (traceless) energy-momentum tensor of Liouville theory.11

The bulk metric with ® # 0 can be obtained from the one with ® = 0 by a finite PBH
transformation. As we will now show, this can be easily translated to the CS-formulation of
pure gravity (and generalized to the higher-spin case, cf. Section 3). In FG gauge, the flat
connections (a, @) that correspond to the on-shell bulk metric in conformal gauge are [12]

} _ 1
a,=e?L1 —8¢pLy—e ®TL_, a2:a¢L0+§e—¢RL,1

i L ~ ) o (2.48)
dZ:—6¢Lm+§6¢RL1, a:=e’L 1 +0pLo—e *T L

where (T,T) = (T,.,Ts:), and R = R,; = —00® is the boundary Ricci tensor. The two
fields ¢ and ¢~> satisfy
d+dp=2> (2.49)

Consider the pair of connections
ag = [Ll — q(Z)L_l]dZ and ag = [L_l — Q(E)Ll] dz (2.50)

It is obviously flat and in FG gauge. It corresponds to a flat boundary metric and vev’s
(q(2),q(Z)) in the absence of the source. The flat connection (2.48) is related to (2.50) via
a gauge transformations with

g= e~ 30®L_1,0Lo — o 30%L1,~¢Lo

and = (g~} (2.51)

N}

Note that this gauge transformation does not depend on (¢(z),q(z)). The bulk metrics de-
rived from (2.48) and (2.50) are related by a finite PBH transformation generated by (2.51).
The zero mode parts in (g, g) introduce the conformal mode, while the other factors in (g, §)
restore the FG gauge. As we have already remarked before, this does not modify the leading
terms in the FG expansion.

Finally, applying (2.43) to the connections (2.48) we obtain the conformal anomaly

k _
0oW = — / 0 00®dz Ndz (2.52)

2m OM
Using that the Ricci scalar for the conformal metric is R = —4e~®00®, we confirm that

this agrees with (2.44). This can be integrated to W = 8% Jops ®00® if 6,8 = 20, which
is the Weyl rescaling of the boundary metric in conformal gauge.

Y. .(ts2) is (anti)holomorphic if we impose the Liouville equation d9® = pexp(®), but in the present
context there is no reason to do so.
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2.3 p-gauge

The second gauge choice which we will discuss is constructed such that the boundary
metric is
ds* = |dz + pdz|? (2.53)

where the Beltrami differential p = pZ(z, ) defines the complex structure.'? (u, /i) source
the (T, Tsz) components of the CFT energy-momentum tensor. The most general metric
can be written as e®|dz + pdz|? and our gauge fixing amounts to setting the conformal
factor to one. We can restore it via a PBH transformation.

We will now construct the s[(2) @ sl(2) connection (a,a) from which we can construct
the bulk metric in FG gauge with (2.53) as boundary metric. Recall that the Beltrami
differential p parametrizes the complex structure v on the boundary. Demanding du =
A(dz + ppdZz) requires u to satisfy the Beltrami equation

(O—pd)u=0 (2.54)

The pair (p, T') with

1 0” 1 (%)’
T= —i{u, z} where {u,z} =0 (a;) —5 <85> (2.55)
defines a projective structure. Given T and pu, the consistency between (2.54) and (2.55)

requires them to satisfy the anomalous Virasoro Ward identity'?
= 1
(0—po—20uT = —583u (2.56)

whose Lh.s. is proportional to 937}, and the general solution to the non-anomalous Ward
identity is therefore (Ou)2q(u).

The following observation connects this to the s[(2) CS theory [23]. Consider the linear
system

V¥ =0 with  V=dz® (0+a,)+dz® (0+ as) and U= (i) (2.57)

where a is an sl(2, C) connection with

0 =T

,=L1—-TL_ | =
== ! (—1 0

) , az = puly +wlo+ BL_1 = < % p ) (2.58)

The holomorphic and anti-holomorphic parts of V¥ = 0 imply a second-order holomorphic
equation and a first-order mixed one for 1, respectively:

@ —T)p=0 and (5—u8—%w)w:0 (2.59)

12We are not concerned with global issues of the boundary.
13We recall that the stress energy T' = kT where k = &5 hence (2.55) agrees with the usual Virasoro
Ward identity.
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Compatibility between the holomorphic and the anti-holomorphic parts requires a to be
flat. This in turn implies two algebraic equations

1
w=—0u and 8= —58@ —uT (2.60)

and one first-order ODE, which is precisely the Virasoro Ward identity (2.56). It is then
straightforward to show that the ratio of two linearly independent solutions of (2.59), i.e.

-
(G
is a solution of (2.54) and (2.55). The linear system (2.57) is therefore equivalent to (2.54)

and (2.55), [24].
To derive (2.54) and (2.55) from the flat connection a (2.58) we rewrite a as a pure

(2.61)

gauge a = g~ ! dg and make a Gauss decomposition of ¢:
g =el+bremfologf-L (2.62)

The minus sign in front of fy is for later convenience. The condition for a, = g~'dg to be
in the highest weight gauge (2.58) gives

fo= %8f0 and  elo =af, (2.63)

Then T can be read off from the L_; direction of a,:

T = [(0f0) — 50 fo = —3{f+.2) (264)
and p can be read off from the L; direction of az: u = %. T is the Schwarzian derivative
of fy, which satisfies the Beltrami equation (2.54). (7" is also the negative of the energy of
Liouville theory with ® = fj.)

One is now tempted to use the connection (2.58) and its anti-holomorphic counterpart
@ = —a' to construct the bulk metric with boundary metric (2.53). However, this fails
because the metric would not be in FG gauge. The latter is obvious as the zero modes of
a and a are not coupled. This can be cured with a gauge transformation generated by

g= e~ 3wral-1 and g= (gfl)T — ¢ 3%rcl (2.65)
This leads to
a, =L —wLy—TL_1, az = pLy +wLo+ L1 (2.66)
a.=pL_y —wLo+ ALy, a:=L_1 +wLo—TL ‘

where we have chosen w = wpg + fwrg. We have also redefined § and dropped the
subscript on wpg. We will call the gauge (2.66) the u-gauge.
The flatness condition leads to two algebraic equations for w and

pw 4w = —0u and g = —%(&u + 0w) — uT (2.67)
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The first, combined with its anti-holomorphic counterpart, gives

_ Adu—Op

2.68
[ [P (2.68)

The last relation following from flatness is the anomalous Virasoro Ward identity (2.56)

(85— 10— 200)(T — Q) = —%ai“u with Oy — —%M + %aw (2.69)

The shift of T' by — Qg simply undoes the shift of 7" when going from (2.58) to (2.66). The
ambiguity in 7', previously denoted by ¢, is a solution of the non-anomalous Ward identity.
The Ward identity obeyed by T is the complex conjugate of (2.69).
From (2.66) we can compute the dreibein and the bulk metric, for which we find
9 = %[(sz — Bdz)(dz + pdz) +cc], ¢ =|Tdz— Bdz|*.
(2.70)

G = |dz + pdz)?,

with 5 as in (2.67).

As a check we compute, using (2.43),

k _
5. Wigl = & / o (96 + ) 2 (2.71)
2T OM
Using (2.68) one finds dw + 0w = —%\/ij[g], which shows that the Weyl anomaly is

correctly reproduced.

We can also write down the bulk metric with the boundary metric in lightcone gauge
ds? = (dz + pdz)dz (2.72)
by setting ;1 = 0. This results in the connections

a, =1L —TL 1, az = ply+wlo+ BL 4

. ) (2.73)
a, = —58(.4_) Ly, az=L_ 1+ w0Ly—TL,

The equation of motion obeyed by (w, 3) reduces from (2.67) back to (2.60). Note however
that the holomorphic a and anti-holomorphic a are still coupled, so as to ensure FG gauge.

The Ward identity satisfied by 7" reduces to the chiral one (2.56), whereas the one
satisfied by T is

O(T — Qa(w)) =0 (2.74)
with i = —0u. The Weyl anomaly is simply

_Ca2,__C
Az = 30°%n=—15 Rld| (2.75)
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3 Spin three and higher

3.1 Generalities

The goal of the previous chapter was to establish relations between the metric formulation
of three-dimensional gravity and its connection formulation as a Chern-Simons theory. In
this chapter we will turn our attention to higher-spin theories in three dimensions. Here we
have only limited knowledge of its formulation in terms of the metric and higher-spin fields
and we thus have to resort to its CS formulation. Much of the discussion of Chapter 2,
which was largely review and reformulation of well-known results, was presented in such
a way that it can be straightforwardly generalized from s[(2) to sl(N). However, since
explicit expression become rather cumbersome, we will often restrict to sl(3).

The relation between the CS formulation and the formulation in terms of metric-like
fields was studied recently, see for instance [8-10], but here the emphasis is on different
aspects than in those references.

The description of higher-spin theories in three dimensions as higher-rank Chern-
Simons theories was established in [6, 7, 25]. The spectrum of spins depends on the
embedding of the gravitational SL(2,R) x SL(2,R) — G x G. Here we will only con-
sider G = SL(N, R) and the principal embedding SL(2,R) — SL(V,R).

The staring point for our discussion is the action (2.3) with A € sl(/N,R). In order for
the gravity subsector to match the Einstein-Hilbert action, we need

/ 1 c

LT 2tr[(Lo)]  12tr[(Lo)]

(3.1)

where / is the AdS radius, which we will often set to one, and c¢ is the central charge of the
boundary CFT. The group theory notation is explained in appendix A.

The generalized dreibein and spin-connection are again given by (2.5), but now they are
elements of sI(INV,R). We could also rewrite the action in terms of those fields (see e.g. [7]),
but we will instead use (2.3), which is more systematic and elegant. The equations of
motion are again the flatness conditions for A and A, i.e. F(A) = 0 and F(A) = 0, and
they are invariant under SL(V) gauge transformations.

The parameters ¢ and A, defined as in (2.10), now parametrize generalized diffeomor-
phisms and Lorentz transformations. Given (, the generators of diffeomorphism and spin-3
transformation are (cf. (2.12))

Eu = tr(e“C) and §u = tr(equen() (3.2)

and similarly for s > 4 gauge transformations.

For principal embedding, which is essentially unique, there is one spin-s fields W) for
s=2,..., N, one for each Casimir invariant; they are totally symmetric rank-s space-time
tensors with additional constraints, e.g. double tracelessness in the free theory. They can
all be constructed from e. The metric (s = 2) is

ds? = G datdr” = tr(e®@e) (3.3)

1
tr[(Lo)?]
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where the normalization has been chosen to make it independent of the normalization of
the generators of s[(/N). Similarly, the spin-3 field is the unique (up to a normalization)
totally symmetric rank-3 tensor which can be constructed from e:

2
U= \Ilul,)\da:“dx”dxA =3 trle®@e®e) (3.4)

By construction the higher-spin fields are invariant under generalized Lorentz transforma-
tions. For s > 3 this criterion leaves some ambiguities; e.g. for s = 4 field, any linear
combination

trle@e®eme) +c(tr(e®6))2 (3.5)

is a Lorentz invariant symmetric rank-4 space-time tensor.

The invariance of the action under (2.9) can again be used to choose the gauge (2.26)
which, in addition to (2.27) also implies \If,(,?;)p = 0. This is necessary if we want to have
a pure gravity limit. In fact, if we require A, = —flp (i.e. symmetry between the two
connections) and that in the pure gravity case (i.e. when we switch off all higher-spin
fields) A, and A, reduce to (2.26), this is the only choice. For s = 4 this requirement e.g.
fixes the coefficient ¢ in (3.5). We can therefore impose

wg??.p =0 (3.6)

as part of our FG gauge condition. As shown in [7] this gauge choice is alway possible and
can be achieved by a group element that goes to the identity at the boundary p = 0. Our
gauge choice for (A, A) is therefore again (2.28) where (a,d) are now sl(N,R)-valued and

F,; = 0 lead again to (2.29) and (2.30). The mode expansions (2.31) are generalized to

N s—1 N s—1
a=> > afywy a=> > apwy (3.7)
s=2 m=—s+1 s=2 m=—s+1

with a?;) being one-forms on the boundary. Note that the p-dependence is completely
fixed and the residual gauge transformations, to be discussed next, are parametrized by
functions on the boundary.

The choice (2.28) has a residual gauge freedom with

U(p,z) =b tu(z)b and Ulp,z) =b"ta(z)b (3.8)

which acts as
a— utau+utdu (3.9)

Make Gauss decompositions
U= Uy U U_ and U= U_ Uy Uyt (3.10)

where w4 is generated by all the positive modes WT(,f ) with m > 0, etc. The conditions for
U and U to go to the identity at the boundary are

uy =up =1 and U =1aup=1 (3.11)
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For sl(2), G, = 0 is equivalent to the condition that e; has no Ly component. The

generalization to s[(N) is that e; has no WO(S) components, i.e.
W (@ —a)] =0  with s=2,...,N (3.12)
This can be achieved with v = u_ and u = u4 and leads to

v~ (3.13)

pe-pi

In pure gravity we could gauge away all mixed components. This is not possible for the
higher-spin fields.

Before we continue to compute the FG expansion of the bulk spin-s field, we briefly
discuss what we should expect from the boundary point of view. A field ®(x) with scaling
dimension A, when coupled to gravity, has Weyl weight A:

Gij = 62(’(”&)9”- = Da(z) — eAU(”")@A(x) (3.14)

where o(x) is the Weyl factor. In flat space a conserved spin-s current Wy, o, has scaling
dimension, hence Weyl weight, A = 2 — d — s; therefore W;, ;. = 6?11 . "GZSWal...aS has

Weyl weight (2 — d). Coupling W, ;. to the background spin-s field p(®) via

AS = /ddx\/gwilmiscpil'“is (3.15)
and requiring Weyl invariance of (3.15) fixes the Weyl weight of the source
Soilmis — e—QU@il---is N (;Oil...is N 62(8—1)0' Spil...is (316)

For the metric (s = 2), which is the source for the energy-momentum tensor with A = d,
this is the usual Weyl rescaling.

In the holographic description, the sources are boundary values of bulk fields. Since
the Weyl rescaling of the boundary metric is induced by a bulk diffeomorphism with &P =
—po(x), this diffeomorphism must also lead to a rescaling of the boundary value of the
spin-s fields. Given their transformation under Weyl rescalings this means that

S Piq...is\ T

when all components are along the boundary. For bulk fields with mixed components

(s) Pp...pir..iy (x)

For pure gravity the FG expansion of the metric can be translated to a FG expansion of
the dreibein (or vielbein, in general). In the CS formulation it translates into a p-expansion
of the connections. In FG-gauge

1
e, = —~Lg (3.19)
P
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The remaining two components have the p-expansion

1 N
pn:—N+2
with
) RS (s) (s)
noga = —n+1 s _ ~=n—1 S
€ida’ = g |Z| gy WO =g W (3:21)
s=|n—1|+1

for a generic (a,a) with mode-expansion (3.7). In terms of the p-expansion of e, the
Fefferman-Graham gauge (3.12) is that e; has no O(p) term.

The p-expansion of the metric-like fields can then simply be computed from their
definitions in terms of the dreibein e. The finiteness of the FG expansion is an immediate
consequence of the construction, e.g. for the metric

N
PG () (3.22)
n=—N-+2

1
Gij(z,p) = —

p
If <§) =% 0 for n < 0, the back-reaction due to the higher-spin fields changes the leading
behavior of the metric. This is to be expected, since the higher-spin fields at the boundary
are irrelevant perturbations of the boundary CFT.'* We will later discuss special cases
where the strong back-reaction is absent. The p-expansion of the bulk spin-s field can also
be easily worked out using (3.21).

We now discuss residual gauge transformations which preserve FG gauge. As in the
pure gravity case, we call them PBH transformations. In pure gravity we saw that they
induce Weyl transformations of the boundary metric, which, in the CS formulation, are
generated by gauge transformations along the Cartan direction Lg, accompanied by com-
pensating gauge transformations which vanish at the boundary and restore FG gauge. The
generalization to s[(/N) are the gauge transformations along the Cartan directions Wés) ac-
companied by gauge transformations which vanish at the boundary and restore FG gauge.

Infinitesimal gauge transformations which preserve (2.26) are of the form

SA=d\+[A,\]  with A=b"la(z)b (3.23)

together with the A part; a has the mode expansion o = Dosm aan7(,f ), Demanding this

to preserve (3.12) imposes the following constraints on the parameters in (o, &):
(W (6a; — 64;)] =0  with s=2,...,N (3.24)

The gauge transformation (3.23) contains the (generalized) diffeomorphism ., and the (gen-
eralized) Lorentz transformation 5 (2.11). By construction, the Lorentz transformation

“This is e.g. the case for the black hole solutions constructed in [26-28], which are, however, not in FG
gauge as defined here.
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has no effect on the metric-like fields because all tr{le,A] ® e ® €] = 0. The effect of ¢
on the metric-like fields can be computed straightforwardly

0¢Gdatdx” = (tr[d¢ ® €] + tr[[w, (] ® €])

tr[(Lo)?] (3.25)
0¥ odatde”de® =2 (tr[d( @ e @ e] + tr [[w, (] ® e ®e])

We emphasize that restricting the gauge transformations to lie in the gravitational sl(2) ®
5[(2) subalgebra does not imply that the corresponding transformation on the metric-like
fields is an ordinary diffeomorphism: in (3.2) the spin-3 transformation &, can be non-
vanishing even when (¢ lies only in the sl(2) spanned by Lo i (unless we also restrict
the dreibein e to the same s[(2)). The gauge transformation that corresponds to pure
diffeomorphism is simply given by g"”e,tr[e,(] (cf. the first equation in (3.2) and eq. (3.18)
of [8]).

We now separate ( into positive, zero and negative powers of p as

=G+ +C +¢- (3.26)
where
1 N
G =5 (ap — ap)Wy” (3.27)
s=2

Generalizing the discussion of the previous chapter we expect that (y parametrizes Weyl
and W-Weyl transformations of the boundary fields and that (; can be used to transform
the connections back to FG gauge.'® We therefore define

o5 = %(ag — &) (3.28)
as the parameters of YW-Weyl transformations.

To make the discussion more concrete, we discuss in detail the case of s[(3). With
principal embedding, there are two metric-like fields: one spin-2 and one spin-3. For the
following discussion it is convenient to use the generators Wo, Fy = E(; ), FiL = E:(F2 ), and
Lo, Wy defined in appendix A.

We expand a; in this basis with coefficients %wgﬂ), egi), fi(i), a; and b;, all functions of
the boundary coordinates. Conjugation by b gives A; by simply replacing W, — p~"" W,
and conjugation by b gives A; by replacing W,,, — p"'W,,.

The components of the metric and the spin-3 field are (cf. (3.3), (3.4))

1

tr [(Lo)?]

where the parenthesis in W denotes symmetrization, and the normalization factor % for W

2
G = tr (e, ey) and U = gtr (eueven) (3.29)

is chosen for later convenience. As

1 _ 1
Gpi = 5 (ai — a;) and Wppi = 20 (bz - bz) (3.30)

15Tf me make a Gauss decomposition of u = exp()\) and @ = exp(S\), (o receives contributions from
(uo, o) and ¢+ from u— and @. For N > 2, requiring FG gauge does not fix all parameters in (4 in terms
of os.
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they are not yet in FG gauge. This can be fixed via a residual gauge transformation (3.8).
For this it suffices to use u = w4 and @ = @_ (which have no effect on the boundary
zweibein).

This being done we can easily work out the components of G and ¥. As we have
already remarked, from the CS construction it is a priori obvious that their FG expansions
are finite. We will only give the leading components though:

1 n
Gpp = 2 G =0, and Gij = P Z g ¥ ) (3.31)
n=-—1
with .
(_92) =3 [w£+2)w§._2)} dz'dx’

X (3.32)

© _ L)) (+) 7| g0 7.5

g = 4[61 e i }dardx

Here and for the spin-3 field below, the coefficients are assumed to satisfy the flatness
condition (2.30).16 The spin-3 field with

Wppp =0, Wppi =0, (3.33)
and
(2n) o (2n)
Wijk = ot Zp Vijk and Wpij = pe ZP Y pig (3.34)

has the leading Components

(0) 1 N~ _ . .
Y == [w(”)é(- )flg ) 1111( 2)e§-+)fl§+)] dz'da? da®
(3.35)
(0) ~ o
b, = L (e — (7] dataa

We see that generically (_gz) = 0, i.e. the asymptotic behavior of the bulk metric is changed
due to the strong back-reaction of the spin-3 field on the metric. The residual gauge
transformations parametrized by o9 and o3 act in a simple way on the leading terms of the
FG expansion of the metric-like fields:'”

(-2) (-2) © © 4 (-2
Gij — 6402 9ij and wzjk - 6 (%;k +3 3 g(zyak) 0—3) (336)

The boundary spin-3 field has the same Weyl weight as the metric, which contradicts the

expectation from the boundary analysis.'®

161t is easy to satisfy the flatness conditions for constant a. Given an arbitrary, but generic, say a1,
as = pai +v(ai —tr(a?)l) is the generic element which commutes with a1 and the connection a; dz* is flat.
So far the cases that have been considered in the literature are mostly with constant sources and vev’s.

"The transformation of the subleading terms and w,(f”) are more involved.

8Tn early work on W-gravity (see e.g. [3] and references therein)

© () © @ 0)
0g,;=202G, and 0, =402 ¢”k+ g(ijak)ag

In this case the boundary metric has Weyl weight 2 whereas the spin-3 field has Weyl weight 4.
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There are two ways to proceed. One is to redefine the radial coordinate p — p?. The
metric (3.31) is still asymptotically AdS, but with half the original radius. The leading
term ¢~ now plays the role of the boundary metric. Comparing this to the boundary
metric ¢'” in (2.38) for pure gravity, we see that here Wiy serve the role of Ly there.
With [Wa, W_o] = 4Lg, we conclude that instead of {Ly+;}, the gravitational s((2) is
now {1Ws, 2Ly, —2W_5}. This was interpreted in [26, 27] as a flow from a CFT with
Ws symmetry, triggered by an irrelevant operator (i.e. the spin-3 current coupled to the
boundary spin-3 field), to a CF'T with Wéz) symmetry, whose holographic dual is obtained
by choosing a diagonal embedding SL(2) < SL(3), rather than the principal embedding.
The different embedding entails a different spectrum in the boundary CFT: The spin-2
field (i.e. the metric) still exists and is defined via (3.3), but now with the dreibein e only
spanning the new gravitational s[(2) [29]. In addition, there is one spin-1 and two spin-%
fields. One can compute the FG expansion of these fields as in (3.31) and (3.34). We will
not pursue this line further in this paper.

Instead, we will proceed by observing (see the explicit expression (3.31) for g¢=?) that
2) (-2)

for well-chosen connections (a,a), i.e. when either or both of w§+ and w,; ~’ vanish, the
g% term in the FG expansion of the metric is absent and the asymptotic behavior of the
bulk metric is preserved. We will consider both options later.'”

We will now discuss generalized Weyl anomalies. Here we do not have the option to
discuss them in terms of the metric-like fields since their bulk action is not known. We
therefore have to resort to the Chern-Simons formulation. We recall the discussion in
Chapter 2 and note that (2.43) is nothing but the O(p") term of the change of the action
under a gauge transformation with parameter A\ = 0Ly = —X. This was expected from our
discussion of PBH transformations as specific gauge transformations. In this chapter we
identified the W-Weyl transformations as the diagonal gauge transformations generated
by the Cartan directions in sl(N). This therefore leads us to conjecture the change of
the effective action, which is now a non-local functional of the metric and the higher-spin

boundary fields

bW = / oy tr [Wés) (dA + dA) (3.37)
2 OM

as the direct generalization of (2.43). This should be expressible in terms of ‘generalized
curvatures’, which respect the covariance of W under generalized diffeomorphisms. In the
spin-two case this is what we did in (2.44), but the higher-spin geometry, which would
allow us to rewrite the r.h.s. of (3.37), is not known. Even for s = 2, if there is a nontrivial
higher-spin background ¢ to which the two-dimensional field theory with W-symmetry
is coupled, the anomaly is not proportional to the Ricci scalar, because of the presence
of higher-spin sources and because they transform as well under 3. Since we only have
control over the Weyl variations but not over the variations of the metric and the higher-
spin fields separately, we cannot, in general, compute the trace of the energy-momentum

YThere is yet another alternative. If one uses the Hamiltonian formulation of the theory, in coordinates
(p,t, @), restricting the /%4 term to A; and A; would not change the asymptotic symmetries since they are
Lagrange multipliers [30].
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tensor and the conserved higher-spin currents. We will come back to this when we discuss
specific gauges, which is what we will do next.

3.2 Conformal gauge

We start with the conformal gauge where we turn on only those sources (metric and higher-
spin backgrounds) that couple to the trace of the energy-momentum tensor and the spin-s
currents. They receive a vev only through the need to regularize, which introduces counter-
terms that break Weyl and WW-Weyl symmetries. Since the operators to which the sources
couple vanish, the boundary CFT is not perturbed by any irrelevant operator and we do
not encounter the strong back-reaction that changes the asymptotics.

The starting point is the generalization of (2.50)

N
ao= (L1 +q(z))dz  with  gq(z) = (is(i)z) WESS)H (3.38)
s=2 bts—1

and similarly for ag. ¢ = 0 gives the AdS3 vacuum and g¢; is the vev of the (dz)*-component
of the spin-s current of the boundary field theory in a trivial background. The normalization
of the ¢ is for later convenience. The connections (ag, ag) are obviously in FG gauge.

The flat connection (3.38) can be related to an asymptotic AdS solution via gauge
transformations (g, g) that are finite on the boundary. The gauge transformations g (g)
that transform (3.38) to the conformal gauge include negative (positive) modes and zero
modes. We write the group element in factorized form as

g=M"1e? (3.39)

where the first (second) factor is the negative (zero) mode part. The notation will be
explained momentarily.

To find M, we use the fact that two-dimensional W-gravity in conformal gauge is
related to Toda theory and recall the following construction, well-known from the theory
of integrable hierarchies and from WV -algebras [31]: given a generic element w € s[(N) along
the Cartan subalgebra (spanned by the zero modes) there exists a unique group element
M which is generated by negative modes only and which transforms L; — w into L; — Q,
where Q = Zi\f: 5 %W(Ss) .1 is entirely along the highest weight directions®® of sI(N), i.e.

M YLy —w)M+M'OM =1L, - Q (3.40)

The transformation (3.40) is known as Miura transformation. If we take w to be 0®, where
® is a vector of (N —1) scalar fields which we refer to as Toda fields, then the Miura matrix
and the 9, are functions of 0®

M=MO®) and Q,= Q4(0¥) (3.41)

20In the basis we are using, @ is a diagonal matrix, Q is an upper triangular matrix with zeros in the
diagonal, and L; (the lowest weight generator of the principally embedded s[(2) — sI(N)) has entries only
in the first lower off-diagonal; cf. Appendix A.
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and Qg are the conserved charges of Toda theory.?! It is known that they generate a
classical Wy algebra (in the same way as Qs generates the Virasoro algebra). Applying
the inverse Miura transformation to ag and using (3.40) gives

a— M(Li+q) M —0MM™"' =L, — 9@ + M(q + Q(®)) M

~ (3.42)
as — —OMM ™!

For the zero-mode part we split (non-uniquely, cf. (2.49))
D=0+ ¢ (3.43)

This second gauge transformation generates Ws-Weyl transformations and, at the same
time, brings the connection into FG gauge (3.13). The combined gauge transformation
generated by (3.39) generates a finite PBH transformation of (3.38).

We now specify to N = 3 and refer to appendix B for general N. Using the shorthand
W = WTS:? ), we expand

® =0, HY 4 & H? = &1 Ly + Oy W (3.44)

which implies

Pp==(P1+P2) and Py = %(@1 — ®y) (3.45)

l\.')\r—l

The Miura matrix M (0®) = exp(h_) is
1 1 1 1 5
h_ = 5 0®yr L_1 + g o0byw W_1 + 68‘1)[, 0Py — Eé? Dy ) W_o (3.46)

It generates the two Toda charges

Qo (0®) = —(0D1)? — (0D3)? + 0D, 0Dy + O?°D + D>y

1
—(8<I>L)2 + 232‘1)L — §(8<I>W)2

(3.47)
1 1
Qg(a(I)) = 5 63(1)1 — 5 82<I>1 0Dy + (8@1)2 0Py — 09, 82(13’1 — ((I)l > (I’Q)

1
= 20,2 00 — (00 — S50, 00y — 00, 0200 + 1070y

and, combined with e? the sl(3) connection in FG gauge from which we compute the
dreibein and from there the metric-like fields.

Since in conformal gauge there is no strong back-reaction from the spin-three field, the
FG expansion of the dreibein (3.20) starts with © as in the 5[(2) case:

(1)
e =0

2
© = _Lodp— 7; [%E“)dwhc} :

(3.48)

2

1 : 1

5 e EYdt + he & =Sl P Woydw + b
=1

2 They are conserved on-shell in Toda theory.
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with (a1, 2) = (21 — ¢2,2¢2 — ¢1). We then find for the FG expansion (3.22) of the
metric

1
(3) = 5(624)1_@2 + 2®27%1) d2dz = € cosh(Dyy) dzdz
(2) 1 - 1 o 1o . o
g = —§(dt1 + dtg) dz + c.c. = (00®r,) dzdz + ZT dz" + ZT dz (3.49)
1 1
(3) _ §e<1>2—2<1>1|dt1|2 + §€¢1—2¢>2|dt2|2 (3) _ e—<I>1—<I>2|dw|2
Here we have defined
1 1. - _ 1 - 1 _
dt; = —=Tdz — = 00®,;dz and dw=-Wdz — - Kdz (3.50)
4 2 4 4
and
T=gq+Q W =g+ Qs (3.51)

and finally??
W=Ww-— %a@w T
(3.52)
K = (00®1)(0®w) + é (0®1)(00Dyy) — %825@)”/

As in the sl(2) case, (T, W) are related to the vev of the stress energy T' and spin-3 current
W by a rescaling: (T, W) = (T, W) with k = 5.

In the sl(2) limit ®y — 0, the boundary metric reduces to e® dzdz. By construction,
the spin-3 field ¥ is in FG gauge, with ¥,,, = ¥,,; = 0. The p-expansion (3.34) of W;jy,
starts only at O(p°) with

(4) (6) _ _
Y =2dwdz? + c.c. Y = —dwdz (e_gq)ﬁ%dtl + e_2¢2+©1dt2) + c.c. (3.53)
(8 - .
¥ = e P1®2 qu dty diy + c.c.
For the expansion of ¥ ,;; we find
© o . @) 2
Y, = —2¢"L sinh(®yy)dzdz Y, =— 00Qy dzdz
" 3 (3.54)
wp — _e<1>2—2<1>1 |dt1|2 + e‘b1—2<1>2 |dt2|2

We observe that there is no boundary spin-three field (1(1]})2% in conformal gauge. Instead
,()O) is non-zero and depends on the two Toda fields. Note also that the vev of the spin-3
current appears at O(p?), which is a generic feature, valid for all spins and in all gauges.
Since the Toda fields are introduced via a finite PBH transformation on the connec-
tion (3.38), further PBH transformations are very transparent. The PBH transformation

between two solutions labeled by {®;} and {®5} is simply

9="(91)"g2 (3.55)

2By — Dy

22K vanishes upon using Toda equation 89®; = ce?*®1=%2 and 000, = ce
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The effect on a solution in conformal gauge is the shift of the conformal modes (s = L, W)
by — &+ 20, (3.56)

With (or,0w) = (02,03) the boundary metric (5) transforms as

©
Oy (EJ) 209 (2) and 0oy (2) =—0o3, (3.57)

There is no boundary spin-3 field and the leading term of ¥ ,;; transforms as

(0) (0) (0) (0)
Son ¥, =202, and 03, =—403 g (3.58)

Using (3.37) and (B.4) one finds that the effective action transforms as

t(s) k _
5o, W =2 05 00D, dz A dz (3.59)
m oM
from which one reads off the Wy anomaly:
VIAs = 2t k) 005, (3.60)
This can be integrated to
(s
t _
W= S v.000.d:na (3.61)
oM

This generalizes, in a natural way, eq.(2.52) to the case where several Toda fields are
present and we can view W as the generalization of the non-local Polyakov action which
has become local in conformal gauge. This agrees with [32]; but what is puzzling is that
here we do not have a boundary spin-3 field — wz . = 0 — but instead 1/1(0) = 0.

We note that for s = 2, using (3.1) and (3.49) we find from (3.60)

Ay = gtr((ff) (3.62)

as for pure gravity. However, except for N = 2 this is not proportional to the Ricci scalar
of the boundary metric. For N > 2, since higher-spin fields also transform under the
Weyl transformation, As contains contributions from the trace anomaly of the energy-
momentum tensor and from higher-spin background fields, and it reduces to T% only if all
scalars except @9 are switched off (the sl(2) limit).

3.3 pu-gauge

The second gauge choice is what we called the p-gauge in Chapter 2. In this gauge higher-
spin sources {us} are turned on while the conformal modes are set to zero. We explain
s(3) in detail, where in addition to (us, fiz), the sources for (T,T), we can also turn on
(us, i3), the sources for (W, W).22 We will refer to the pair (ug, u3) as the generalized
complex structure and to (7, W) as the generalized projective structure.

ZWe use the notation (T,T) = (Ts., T=z) and (W, W) = (Wa.., Wszs).
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Just as the Virasoro Ward identity (2.56) can be obtained as the compatibility con-
dition of the complex structure p and the projective structure 7', the W3 Ward identities
can be derived from the compatibility condition between the generalized structures [33].

In analogy to (2.57) and (2.58) for s[(2), the linear system for sl(3) acts on a 3-vector
U whose last component we denote by 1. The flat sI(3) connection that encodes the Ws
Ward identity is

a; =1L +q and az:=p+o+~v+p0 (3.63)
The connection a is in highest weight gauge: in the charge vector
1 1
q=——TL_ ;1 +-WW_4 (3.64)
4 4
(T, W), the rescaled (by 1/k) stress energy and spin-3 current, are along the highest weight
directions (L_1,W_3) in a, (the prefactors are due to the normalization th) = —4 and
tgg) = 4); in the source vector
n= oLy + pusWs (365)

(u2, u3) are along the lowest weight directions (L1, Wa).

W = wolLg + w3Wy (3.66)
is along the zero modes and, finally,
y=9W1 and B=/Ly+BW_1+8W_ (3.67)
Requiring flatness of a gives eight equations, six of which can be solved algebraically for
@,7, and 3:
1
v = —0us3 Wy = —0Ops w3 = 5(32 —T)ps (3.68)
1. 1 1 1. 1 1 1_ 1
pr = —5(9002 — gl —susW, B = —gawz — 0T, Bs= W — gl — 1352
The remaining two equations are the two W5 Ward identities:*
(0= p20 —20u2)T = —20%ps + (21130 + 30u3) W (3.69)

for T and
(5 — 20 — 38u2)W

= 1(95u3 — <1,u3 ° + §6u3 0% + §82,u38 + 563u3> T+ }(M:sa—i- 20u3) T?
6 6 4 4 6 3
(3.70)
for W. Together they encode the Ws-algebra. The first term on the r.h.s. of each identity
is the anomaly. The s[(3) analogues of the pair of equations (2.59) on ¢ are a third-order
holomorphic equation

<a3 — T — %8T + W> Y =0 (3.71)

#4They already appeared e.g. in [33] and recently in a context similar to the one of this paper, in [14, 34].
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and

3

The Ward identities (3.69) and (3.70) can be obtained as compatibility conditions be-
tween (3.71) and (3.72).
As in the case of s[(2), these Ward identities can also be understood directly as com-

_ 1 1 2
[3 + pg 0% — <M2 + 23M3>3 + Opz + 662#3 — s T =0 (3.72)

patibility conditions of the generalized projective and complex structures. To explain this,
we write the connection, which is pure gauge, in the form

a=gldg (3.73)

We make a Gauss decomposition Ansatz for g where, for convenience we use the Chevalley
basis

g= ew2W2+e+E++f+F+ e*¢1H(1)*¢2H(2) ew—QW—2+e—E—+f—F— (374)

Requiring a to be in highest weight gauge gives

1
Owy = Z(f+ dey —er dfy), (3.75)

relates the +1 modes to the zero mode:
dey = —V2e21792  and  Af = —V/2e22 N (3.76)

and solves all negatives modes in terms of the zero modes

1 1 1 1
o= 2 og,  fo=toy,  woo= L[(061) 0] -
NG ¢1 I 7 P2 2= 3 [(8¢1) ¢1] 3
(T, W) can be read off from the (L_;, W_z) direction of a,; they are the negative of the
two conserved charges (3.47) of the Toda theory with Toda fields (¢1,¢2). Using (3.76)

we can rewrite (T, W) in terms of the (holomorphic derivatives of the) two positive modes

[(0¢2)* — %] . (3.77)

in the simple root directions, (e4, fy). These are the generalizations of the Schwarzian
derivative (2.55) to sl(3):2°

Be 4 (9%\?]| 10%0%f
T:‘{ae‘s@e)}*wew*(e*’f) o

(Lo DPed’e 40 (Pe\°| 10%0’f 5 0% (O°f
6 Oe of

Pe "Be de T 9
Here and later we drop the subscripts in (e, f1) for better readability. When expressed in

W= T 68 of 18 de

)2—(6+>f)

terms of the zero modes ¢;, these are simply the Toda charges. For f =e=u, W =0and T
reduces to T' = —2{u, z}, i.e. the stress energy T reduces to the sl(2) result T' = —5{u, 2},
cf. (2.55). For infinitesimal transformations parametrized by €(z) and 9n(z),

e=z+¢€(z)— %617(2) , f=z+¢€e(z)+ %877(2) (3.79)

25 We note that this result has been found long time ago, see e.g. [35]. Finite Ws-transformations of 7'
and W, which reduce to the Schwarzian derivative when the initial charges are set to zero, as was the case
considered here, were found in [36].
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one finds

1
T =—-2%, wW=c °n (3.80)

Note that On rather than n appears in (3.79) so that for infinitesimal transformations all
functions in (3.74) can be expressed in terns of £, n and their (holomorphic) derivatives.

The generalization of the Beltrami equation (2.54) is obtained by solving (us9, p3) from
a: po and pg are algebraic functions of the positive modes (we, e, f1) and their derivatives
(both holomorphic and anti-holomorphic). In these functions we only appears in the form
of Ows, then applying d on it and using (3.75) we can replace it in favor of (e, f,), and
obtain two equations on (e4, f4):

- 1 2 0°f L,
[(‘9—<u2—8u3—u38f>6+u38 ]60

i 2 0? f (3.81)
5 e 9 _
[8— <H2+*28H3+*3M37€ >3—f3,u38 ] f=0

These are the s[(3) analogues of the Beltrami equation (2.54). They agree with eqs. (4.10)
in [33] after the redefinition po — po — 29u3. The Ward identities (3.69) and (3.70) can
be obtained as the compatibility conditions between them and the generalized Schwarzian
derivatives (3.78). As a consistency check one can verify (3.81) by using (3.84) below, (3.71)
and (3.72).

Egs. (3.81) can be simplified to yield one algebraic equation relating po and pg and
one first-order differential equation for ps:

1 % O%f 1 (de Of
“2—‘6“3<ae‘af>+z(ae+af)
B 0%  0°f de Of
O == 1t <i3e+63jf>_<8(3_8]”)

The Schwarzian derivative (2.55) is invariant under Mobius transformation u —

(3.82)

au+b
cu+d’

which is a non-linear realization of SL(2). To obtain the non-linear realization of SL(3)

action on (e4, f+) which leaves (3.78) invariant, we use the fact that e, and f; can be
related to the two ratios

Y1 P2
u = — and Uy = — 3.83
P s 27 gy (3.83)
of any three independent solutions v; of (3.71) and (3.72) as [33]
0
f=us and e= 8—2; (3.84)

Since any linear combination of the three solution vectors W; of the linear system (2.57)
with a given in (3.63) is still a solution, the generalized Schwarzian derivatives (3.78) are
invariant under the following GL(3) action

C11 U1 + C12 U2 + €13 C21 U1 + C22 U2 + Co3

up — and U — (3.85)
€31 U1 + C32 U2 + €33 €31 U1 + C32 U2 + €33
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One also checks that the r.h.s.’s of (3.78) vanish for

2 2
c11 % +ceipz+cs C21 %5 +Ca22 + Co3
ug =

(3.86)

Uy =

2 ’ 2
c31 %5 + 322+ 33 c31 %5 +c322 + 33

where {¢;;} € GL(3). For infinitesimal transformations with ¢;; = d;; + 7i;, w1 and us lead
to quadratic and quartic polynomials (in z) for € and n (cf. (3.79)); for this the factors
% in (3.86) are needed. Recall that infinitesimal Mobius transformations are quadratic
polynomials, which reflects the fact that normalizable holomorphic vector fields & which
generate infinitesimal diffeomorphisms on the Poincaré sphere grow at most as 22 for large
z. ‘Generalized diffeomorphisms’ are generated by symmetric tensors £ which are nor-
malizable as long as they do not grow faster than z*. Put differently, there are three (five)
c-ghost zero modes on the sphere for a A = 2 (A = 3) (b, ¢) ghost system (and none for the
b-ghost).

The generalizations of the construction that gives (3.78) and (3.81) to SL(IN) with
N > 3, and presumably also to other other classical groups, are straightforward. Some
results for SL(N) are presented in appendix B.

After this excursion to generalized complex and projective structures, we now combine
the flat connection (3.63) with @ = —a!. Clearly (a,a) is not in FG gauge: their zero-mode
parts do not match. The task is to modify them in such a way that they are in FG gauge
while still encoding, via the flatness conditions, the Ward identities. In doing so we want
to preserve the following properties: the only positive mode in a, is along Li; as this
captures the AdS3 vacuum and the charges are along the highest weight directions. This
can be accomplished by a gauge transformation of (3.63) such that

Ly — L; — w + negative modes (3.87)

with
w=a" =wLg+wsWp (3.88)

A moment’s thought reveals that this is solved by
g=M""1 (3.89)

where M = M (w) in the Miura transformation given explicitly in (3.46), which satisfies
(cf. (3.40))
M(L; — Q)M —oMM ™' =L, —w (3.90)

with Q as in (3.47). The gauge transformed connection has the structure

a,=L1—w+gq a:=p+o+ G+
_ (3.91)
G =fgtwt BT G:=L 1 +@+q
where
a=-q", p=-p', F=-4", B=-p (3.92)



We emphasize that given the same (u2,13), the remaining variables in (3.63) and (3.91)
take different values.
The effect of the gauge transformation (3.89) on the charge vector is

q— M(q+Qw)M™ (3.93)
This gives
T 5T+ Qow) and W — [V + Qs(w)] — %WS[T + Qa(w)] (3.94)
Similarly, the sources are shifted
po = p2 + %,U«S and  pz — 3 (3.95)

The charge vector therefore transforms as
12T + pisW — pio(T + Qa) + (W + Q3) (3.96)

Applying the gauge transformation (3.89) we see that the six algebraic equations (3.68) in
the flatness condition of a change to

v = —(0+ 2wa)pz,

1 1
2 W2 +@2=—3M2—§7W3, u2w3+w3:—§(u3T+(8—|—w2)7)
1 _ 1 1 1 . 1 (3.97)
B = —5(3@2 + (%12) - ZMQT - §M3W, B2 = —§(3®3 + (%)3) - Z’YTv

1 1 1 1 1
T ey h R
B3 M g3 4352 + <4w252 + 2%&)

and the complex conjugate set of conditions from flatness of a. Note that we can no longer
express the zero modes algebraically in terms of the sources and their derivatives. This is
in contrast to the situation for s[(2), which we discussed in section 2.3.

The Ward identities take the same form as the chiral Ward identities (3.69) and (3.70)
with the replacements

1
M2 — p2 — 3 w3 3
(3.98)

1
T—T-— Qs w) and W—>W—Q3(w)+§w3T

which are the inverse transformation of (3.94) and (3.95); T and W satisfy the same
identities with u — [, etc.

The dreibein, the metric, and the spin-three field and their FG expansions are now
easily computed and they follow the general pattern outlined before. In particular, the
metric is strongly backreacted as long as psfis # 0. To avoid this we can set i3 = 0, and
obtain a configuration with boundary metric at O(p~2) and spin-3 field at O(p~%):

(0)

9 =|de+podz? and ¥ = 3 dE(dE + iz dz)? (3.99)
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The flatness condition of this configuration follows by setting g3 = 0 in (3.97) and its
complex conjugate. We can see that even with i3 = 0 the zero modes still cannot be
solved algebraically in terms of the sources and their derivatives.
This is not a problem in itself. However, to simplify the computation (without losing
real content) we consider
p2 =p3 =0 (3.100)

which generalizes the lightcone gauge for sl(2) (2.73) to s[(3). The connections (3.91)
simplify to
a:=L1+gq a:=p+o+ B+

- . (3.101)
a,=p az=L 1+&+q

In particular @ has reduced to (3.63), from which we derived the W3 Ward identities.
Therefore the parameters in (@, 3,7) are as in (3.68). However a is no longer —af. In
particular B = B1Lq + BoW — B3 Wo # B', but instead
B Loc p Lo B L 03 — 2003 — ~ 308 (3.102)
= ——0w = ——0w = —00Ww3 — —wWr0Wws — —w30w :
1 50w2 2 3993 3% 19 3 T (pW20Ws — JWsows
With (3.101) we can compute the p-expansion of the dreibein, which starts with e at
O(p~2) due to the presence of the spin-3 source. We give the leading terms:

(=1)

_ (0
€

¢ = —Lodp+ % (L1 (dz + po dZ) — Ous Wy dz — Ly dz]
(3.103)
The O(p~*) term of the bulk metric is now absent but the leading term of the bulk
spin-3 field remains. The boundary metric and spin-3 field are

1
=§M3W2d57

(0)
9 = (dz+ p2dz)dz  and ¥ = pzdz® (3.104)

With only a chiral spin-3 source, the bulk energy-momentum tensor is such that it does
not modify the asymptotic behavior of the bulk metric. The boundary value of ¥ ;; is also

present (as in the conformal gauge):

éz)mp = (Op3)dz> (3.105)

and vanishes only when dus = 0.

Under PBH transformations the boundary metric (f]) transforms as?6
©) (0) (0) © 2 )
09 =2029  and  boyg = —034,+ 5 do3 3 dz (3.106)
(0)
while for the boundary spin-3 field ¢ one finds
(0) (0) (0)
Ogy ) =402 0 and do3®) =0 (3.107)

26The PBH transformation preserves the FG gauge but does not preserve (3.101).
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In contrast to (3.36), where the spin-3 source has a strong back-reaction, the boundary

spin-3 field now is invariant under the spin-3 Weyl transformation, whereas the boundary
(0)

metric transforms. Finally, the v pij component transforms as

) © g @ ©)
0oy, =202 ,+ 4002 3 dz and 03, = —403g (3.108)

From (3.37) we find for the W-Weyl variations of the effective action

£k
So W =0 — 05 (0ws) dz A dz (3.109)
7T oM
The interpretation of this is not obvious. For s = 2, using (3.68), we see that this agrees
with (2.75) and there is no contribution from the spin-3 field. For s = 3, using once

again (3.68) we find
k
SosW = — d*z 03 0[(0% — T)ps) (3.110)
3T OM
The appearance of T' is at first surprising. On second thought it might be expected because
the boundary metric, the source for T, transforms under o3. The details of how (3.110)

results are, however, not clear to us.

4 Conclusions

Higher-spin theories in three dimensions coupled to gravity with a negative cosmological
constant are most easily described in terms of Chern-Simons theories. They are dual to
conformal field theories with W-symmetry. These two-dimensional field theories can be
coupled to external sources; the source for the conserved spin-s current is a spin-s gauge
field. The usual way to describe them holographically is in terms of metric-like bulk fields
whose boundary configurations can be identified as the sources. This is well known and
understood for pure gravity, where a Chern-Simons description as well as a metric one are
known. For the higher-spin generalizations the situation is considerably more difficult, as
their formulation in the bulk is not known in terms of the metric-like fields. They are
derived from the connections and consequently also the boundary data, i.e. the sources
and vev’s of the dual field theory on the boundary, have to be encoded in the connection.

We have addressed these issues by first translating results known for the case of pure
gravity into the Chern-Simons language in such a way that a generalization to the higher-
rank, i.e. higher-spin case, is immediate. This concerns the Fefferman-Graham gauge, the
action of the residual PBH transformations, and different gauge choices for the bound-
ary theory, such as conformal gauge and light-cone gauge. While the generalizations are
straightforward, the interpretation of the results they lead to are not. One problem is
to find configurations that, on the one hand, have no strong back-reaction on the metric
(i.e. the radius of the asymptotic AdS does not change) and on the other, incorporate
sources for the metric and the higher-spin fields. For instance, in conformal gauge, which
is parametrized by s[(N) Toda fields, the spin-s source for s > 2 does not appear in the ex-
pected way. Another problem which we encountered was the interpretation of the variation
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of the effective action, which can be computed using holography. Only in the conformal
gauge did we succeed to connect to results which were previously derived in the WW-gravity
literature. The situation in the light-cone gauge was much less clear. However, the analysis
of this gauge leads us to a natural generalization of the Schwarzian derivative from sl(2)
to s[(3) and beyond.

It would be interesting to explore the open issues discussed here further. The
Fefferman-Graham gauge we have used throughout the paper relies on a particular choice
of the radial component of the connections (2.26) and the matching of the zero-modes be-
tween the two connections (3.12). Although these choices are natural — one reason being
that they have a straightforward s[(2) (i.e. pure gravity) limit — their appropriateness in
the higher-spin theory might be questioned. We hope to address some of the open problems
in the near future.
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A Conventions

A.1 sl(N)
In this appendix we give details of the two bases for s[(/NV) which we use and also fix some
notation. . ‘ ' '

In the Chevalley basis there is a triplet of generators {H®), ng), E(_Z)} (E(_l) = (ES_I))T)
for each simple root oy, 7 =1,..., N — 1. The commutation relations are

(HD, EP) = +K;,EY (EY BV = 59 5O (A.1)
K;j is the Cartan matrix of sl(IV)

; i g, Oy
Kij = 251] — 5i,j+1 — 6i+1,j = tl"[H(l)H(])] = 220[01]; (AQ)
VAR

H( are the Cartan generators

HO =& — &1 i=1,...,N—1 (A.3)

and Eg) are raising and lowering operators

EJ(:) =E&iit1 EY = i1, (A.4)
&;j is the matrix unit with matrix elements (£;;)i = 0;xdj;, i.e. the only non-zero ma-

trix element is a one in the (ij) position. The remaining generators are obtained by the
commutators [E(iz), EE)] Altogether they are &;;,i # j and the H(®),
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The Chevalley basis is often used when discussing Toda systems. There is a second
basis which is adapted to the study of s[(/N) Chern-Simons theory as a gravitational theory.
Since the gravity sector corresponds an sl(2) algebra, we first need to choose a subalgebra
embedding sl(2) < sl(N)

[Lim, Ly) = (m —n) Lyt m,n=—1,0,1 (A.5)

as the gravitational subsector. We then decompose the adjoint representation of s[(NV)
in irreducible representations {Wr(rf)} of this gravity sl(2), where the spin s is integer or
half-integer and m € {—s+1,...,s — 1} is the magnetic quantum number:

(Lo, W] = [(5 — D)m — n) W)

m—+n

(A.6)

(We sometimes write w2 = Ly,.)

There are inequivalent embeddings s[(2) < sl(/N) and they differ by the spectrum of
spins. There is always one, the principal embedding, with the property that there is one
spin-s field for each s = 2,..., N. In this paper we focus on the principal embedding.

In terms of the Chevalley basis, the sl(2) for the principal embedding is

N-1 N-1
_ 1 i — (@)
Lo = z; ki H® Lii=7F z; VEES (A7)

where k; = 23 (K ~1);; are the heights of the fundamental weights. Note the switch of
the + in passing from E=x to Lij. Then starting from the sl(2) generators {Lg, L4}, the
higher-spin generators W,gf ) are

Wi = (—1)5””(8(;”1;)})! (adjy_,)* " (L) (A.8)

with the adjoint action defined as adj,B = [A,B]. (A.8), together with (L)l =
(=1)™L_,,, implies
W = (—nymw®)  s=2,... N (A.9)

m —m

The thus constructed basis is orthogonal but not normalized:

wWOWO] =65, ) with ) = a[WWE) (A.10)

m n n-m

A2 sl(2)
The height is k1 = 2, from which we get the s[(2) algebra (A.7)

0 00 01
S (N R ) R () R

The normalization factors (A.10) are

O Nl

1
t) = tr[(Lo)?] = B} H) = tr[La L] = -1 (A-12)
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Define the combinations
1 1
Jo = 5(1:1 +L_4), Jp = 5(L1 — L), Jo = Lo (A.13)

They satisfy

1
[Jav Jb] = 6achC7 TI‘(Jan) = inab (A'14)

where n,;, = diag(—1,+1,+1) is used to raise and lower indices.

A.3 sl(3)
The height vector is k = (2,2), from which we get via (A.7)

100 0 0 0 0v2 0
Lo=|(00 0 Li=-2 0 0 Li=100 V2 (A.15)
00-1 0 —v20 00 0
and from (A.8)
1
% 02 0 01 00 0 7 01
WO: O—go le _WOO W—l_ 00_ﬁ
00 2 0 550 00 0
000 002
Wo= 1000 W_o=1000
200 000
The normalization factors (A.10) are
2
=2 =7 = =1 =4 (A.16)

B Some explicit results for SL(IV)

In this appendix we collect some explicit results of the constructions presented in Chapter 3
which are valid for all V.

We decompose elements of the Cartan subalgebra of s[(N), such as ® into the two
bases specified in appendix A:

N-1 N
o=> oH0 =3 vw (B.1)
=1 s=2

While the closed form expression for the SL(N) group element M, which implements the
Miura transformation, is not available, we can write down the part along the simple root
directions M = exp[h_]| =14 h_; + ... where

N-1
i=1

hq

N
1 i 1 s
0% EY =% _ov, w) (B.2)
4 s=2
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Using
fdbE( i) ¢ _ ejFazE( i) with o = Kij(ﬁj (B'3)

the leading terms in the gauge transformed connection become

Z\Feal 8¢+ Z\Fe_alEz)

(B.4)
az = éq’) - Z ﬁ 85@, e~ E_(:) +

and @ = —al. Here T' = qa(z) + Q2(®), where Qy is the (2z)-component of the energy-
momentum tensor of Toda theory:

1
Q=5 Y Kij0%;00; + ) 0°®; (B.5)
1,J i

The terms displayed suffice to compute the leading and subleading terms in the p-
expansions of A and A and the metric-like fields. The terms which we have not shown
are rather long and we do not have closed expressions for all N. But for any N they can
be worked out straightforwardly, following the procedure outlined before.

Using (B.4) we can give the leading terms of the p-expansion of the bulk dreibein
(cf. (3.20))

N—-1
1 i

© = Lodp— 5 Z Vi [ B dz + hee)] Y =0

2 N1 (B.6)

€ =5 > Vil e EW dt; + h.c)

=1
where we have defined dt;
1 1, - _

1

It is now straightforward to compute the bulk metric. The first few terms in its FG
expansion (2.14) are

Z k; et ) dzdz with Ai = oy + oy
) 2 T
g = Zk‘ dt;)dz + c.c. = (00®1) dzdz + 3 dz* + dz (B.8)
o2 2t 2t
0 0 0
9 = — O ke~ M dtidi,
2to i

where, using th) =—> ki

tr(Lo®) = 75(12) K (B.9)

ty” ;
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The iyi9...7s components of the bulk spin-s field has a p-expansion that starts at

O(p~*)/O(p®) for even/odd spin. The component <I>,(OS)

.. pij component has an p-expansion

(2n)

s—1
s) _ 1 2
\I]p...pij = E Zﬂ " p...pij (B.10)
n=0

(2)

zz

~ 00®, is proportional to the spin-s

Finally we mention that, in analogy to the fact that g2 = 90®y, is proportional to the

(2)

Weyl anomaly in conformal gauge (cf. (B.8)), v, .z

W-Weyl anomaly in the same gauge.

The construction of the Schwarzian derivatives for sI(/V) can be easily described. One
uses the Miura transformation to find the higher-spin charges Q)5 in terms of the zero modes
0®;,i=1,...,N — 1 along the Cartan directions, cf. (B.1). One then replaces

od; = Y () LY (B.11)
j 8ej
where K1 is the inverse Cartan-Matrix of s[(N) and e; are the functions along the simple
root directions which appear in the Gauss decomposition of the general group element.
They were called ey and fy in (3.74). From the v;, which are a basis of solutions of the
N-th order holomorphic differential equation which generalizes (3.71), one forms the N —1
ratios u; = v;/1)n. The relation between these ratios and the e; is [33]

1 1 1 1

_1=un-— o= uN_2,... = 9---0 Oun_;
EN-1ZUN-1,  EN-2= 5 OUN -2, eN—i Do i den iea Bon_ UV
(B.12)
Equations (3.85) and (3.86) generalize to
N
N
ua% i=1,...,N—1,  {c;} € GL(N) (B.13)
> j=1 CNjU;
and N N
N 2N
w; = 2j=1 i) () (B.14)

j=1 “Nj (N=j)!

respectively. We have checked these statements explicitly for SL(4). For this case we have

also found the Beltrami equations, but they are too long to present here, as are the explicit
expressions for the charges.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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