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1 Introduction and preliminaries
In this paper, without other specifications, let N* and R be the sets of positive integers
and real numbers, respectively, C be a nonempty, closed, and convex subset of a real
Banach space E with the dual space E*. The norm and the dual pair between E* and E
are denoted by || - || and (-, -), respectively. Let g : E — R U {+00} be a proper convex and
lower semicontinuous function. Denote the domain of g by domg, i.e., domg = {x € E:
g(x) < +oo}. The Fenchel conjugate of g is the function g* : E* — (—o00, +00] defined by
g°(¢) = sup,p{(¢,%) — g(x)}. Let T : E — C be a nonlinear mapping. For all x € E and
x* € E*, denote by F(T) = {x € C: Tx = x} the set of fixed points of T and by (x,x*) the
value of x* at x. A mapping T is said to be nonexpansive if |7x — Ty| < ||x — y| for all
x,y € E.

Let {x,} be a sequence in E, we denote the strong convergence of {x,} tox € E by x,, — x.
For any x € int(domg), the right-hand derivative of g at x in the direction y € E is defined

by g'(x,y) := lim;_, ‘w. The mapping g is called Gateaux differentiable at x if, for

all y € E, lim;_,¢ ‘w

exists. In this case, g'(x,7) coincides with Vg(x) and the value
of the gradient of g at x. The mapping g is called Gateaux differentiable if it is Gateaux

differentiable for any x € int(domg). g is called Fréchet differentiable at x if this limit is
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attained uniformly for ||y|| = 1. We say that g is uniformly Fréchet differentiable on a subset
C of E if the limit is attained uniformly for x € C and ||y| = 1.

The Legendre function g : E — (—00, +00] is defined in [1]. From [1], if E is a reflexive
Banach space, then g is the Legendre function if and only if it satisfies the conditions (L1)
and (L2):

(L1) The interior of the domain of g, int(dom g), is nonempty, g is Gateaux differentiable

on int(dom g) and dom(g) = int(domg).

(L2) The interior of the domain of g*, int(dom g*), is nonempty, g* is Gateaux

differentiable on int(dom g*) and dom g* = int(dom g*), where the function
g* : E* — (—00, +00] is the Fenchel conjugate of g.

Examples of Legendre functions are given in [2, 3]. One important and interesting Leg-
endre function is %H - I* (1 < s < +00), in the Banach space E which is smooth and strictly
convex and, in particular, a Hilbert space.

By Bauschke et al. [1], Theorem 5.4, the conditions (L1) and (L2) also show that the
functions g and g* are strictly convex on the interior of their respective domains. From
now on, we assume that the convex function g: E — (—00, +o0] is Legendre.

Definition 1.1 [4, 5] Let g : E — R be a Gateaux differentiable and convex function.
The function D(-,-) : domg x int(domg) — [0, +o00) defined by D(y,x) = g(y) — g(x) — (y -
x, Vg(x)) is called the Bregman distance with respect to g.

It follows from the strict convexity of g that D(x,y) > 0 for all x, y in E. However, D(, )
might not be symmetric and D(:, -) might not satisfy the triangular inequality.

Remark 1.1 [4] The Bregman distance has the following properties:
(1) the three point identity, for any x € domg and y,z € int(domg),
D(x,z) = D(x,y) + D(y,2) + (Vg(y) — Vg(z),x — y);
(2) the four point identity, for any y, w € domg and x, z € int(domg),
D(y,x) — D(y,z) — D(w,x) + D(w,z) = (Vg(z) — Vg(x),y — w).

Definition 1.2 [4] Let g: E — R be a Géteaux differentiable and convex function. The
Bregman projection of x € int(dom g) onto the nonempty, closed and convex set C C domg
is the necessarily unique vector Proj¢-(x) € C satisfying the following:

D(Proj.(x),x) = inf{D(y,x) : y € C}.

Definition 1.3 [6] Let J : E — 25" be the normalized duality mapping defined by J(x) =
{x* € E*: {x,4*) = ||x]|® = |x*||*}, ¢ : E x E — R* be the Lyapunov functional defined by
& (x,y) = |x]1% = 2(x, Jy) + |[yll%, Y, y € E. The generalized projection I¢(x) defined by

¢(Mc(x),x) = inf{e(y,x) :y € C}.

Remark 1.2 (1) If E is a smooth Banach space and g(x) = ||x||? for all x € E, then we
have Vg(x) = 2Jx for all x in E. Hence, D(-,-) reduces to the usual map ¢(-,-) as D(x,y) =
%12 = 2(x, Jy) + |Iy]1* = ¢(x,%), ¥x,y € E. The Bregman projection Proj¢.(x) reduces to the
generalized projection T¢(x) [6]. It is obvious from the definition of ¢ that (||x|| — ||y]|)* <
d(x,9) < (llxll + llyl)>.
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(2) If E is a Hilbert space and g(x) = ||x||? for all x € E, then D(x,y) = ||x — y||> and the
Bregman projection Projt-(x) is reduced to the metric projection Pc(x) of x onto C. For

more details we refer the readers to [5].

Let C be a nonempty, closed, and convex subset of E and T be a mapping from E to C.
A point p € C is said to be an asymptotic fixed point of T [7] if C contains a sequence {x,,}
which converges weakly to p such that lim,_,  [|%, — Tx,|| = 0. A point p € C is said to be a
strong asymptotic fixed point of T' [7] if C contains a sequence which converges strongly
to p such that lim,_, » ||, — Tx,|| = 0. We denote the sets of asymptotic fixed points and
strong asymptotic fixed points of T by F(T) and E(T), respectively.

Definition 1.4 (1) A mapping 7T from E to C is said to be Bregman relatively nonexpansive
[5, 8], if?(T) = F(T) # @ and D(p, Tx) < D(p,x) for all x € E and p € F(T).

(2) T is said to be Bregman weak relatively nonexpansive [4, 5, 8], if F (T)=F(T) #¥ and
D(p, Tx) < D(p,x) for all x € E and p € F(T).

(3) T is said to be Bregman quasi-D-nonexpansive [7, 9], if F(T) # ¥ and D(p, Tx) <
D(p,x) forallx € E and p € F(T).

(4) T is said to be Bregman firmly nonexpansive [4], if (Vg(Tx) — Vg(Ty), Tx — Ty) <
(Vg(x) — vg(y), Tx — Ty), Yx,y € E, or, equivalently, D(Tx, Ty) + D(Ty, Tx) + D(Tx,x) +
D(Ty,y) < D(Tx,y) + D(Ty,x), Vx,y € E.

(5) T is said to be Bregman strongly nonexpansive [10], if ?(T) # ¢ and D(p, Tx) <
D(p,x) for all x € E and p € f-"\(T) and if whenever {x,} C E is bounded, p € ?(T) and
lim,,—, 100 [D(p, x,,) — D(p, Tx,,)] = 0, it follows that lim,,_, , o, D(Tx;, x,) = 0.

(6) T is said to be relatively quasi-nonexpansive [4], if f(T) =F(T) # ¥ and ¢(p, Tx) <
¢(p,x) for allx € E and p € F(T).

(7) T is said to be weak relatively nonexpansive [11-14], if F (T)=F(T)#@and ¢(p, Tx) <
¢(p,x) for allx € E and p € F(T).

(8) T is said to be quasi-¢-nonexpansive [11-14], if F(T) # @ and ¢(p, Tx) < ¢(p,x) for
allx e Eand p € F(T).

Definition 1.5 (1) A mapping T : E — C is said to be Bregman totally quasi-D-asymptot-
ically nonexpansive [15], if F(T) # ¥ and there exist nonnegative real sequences {v,}, {u,}
with v, u, — 0 (as n — +00) and a strictly increasing continuous function ¢ : R* — R*
with ¢(0) = 0 such that

D(p, T"x) <D(p,x) +v, - {[D(p,x)] +u,, Vn>lxeE,peF(T). (1.1)

(2) A mapping T : E — C is said to be Bregman quasi-D-asymptotically nonexpansive
[15], if F(T) # @ and there exists a sequence {k,} C [1, +00) with lim,,_, ;o k,, = 1 such that

D(p, T"x) <k,D(p,x) forallxeE,peF(T)andn>1. (1.2)

(3) A mapping T : E — C is said to be Bregman quasi-D-asymptotically nonexpansive
in the intermediate sense with sequence {v,}, if F(T) # ¥ and there exists a sequence {v,,}
in [0, +00) with lim,,_, .o v, = 0 such that

limsup sup [D(p, T"x) - (1 +v,)D(p,%)] <O0. (1.3)
n—+00 xeE,peF(T)
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(4) A mapping T : E — C is said to be totally quasi-¢-asymptotically nonexpansive [16],
if F(T) # ¥ and there exist nonnegative real sequences {v,}, {u,} with v,,,u, — 0 (as n —

+00) and a strictly increasing continuous function ¢ : Rt — R* with ¢(0) = 0 such that
q)(p, T”x) <opx)+v,- §[¢(p,x)] +uy, Vn>lLxeEpeF(T). (1.4)

(5) A mapping T : E — C is said to be quasi-¢-asymptotically nonexpansive [16],
if F(T) # @ and there exists a sequence {k,} C [1,+00) with lim,_, .o k, = 1 such that
o, T"x) < k,¢(p,x) forallx e E,pe F(T) and n > 1.

(6) Amapping T : E — C is said to be quasi-¢-asymptotically nonexpansive in the inter-
mediate sense with sequence {v,}, if F(T) # ¥ and there exists a sequence {v,,} in [0, +00)
with lim,,_, ;o ¥, = 0 such that

limsup sup [¢(p, T"x) - (1 +v,)p(p,x)] <O. (1.5)

n—>+00 xeE,peF(T)

Remark 1.3 (1) If ¢(¢) = ¢, £ > 0, then (1.1) reduces to
D(p, T"x) < (L +v,) - D(p,%) + uy, V¥n>=1x€E,peF(T). (1.6)

In addition, if u, = 0 for all #n > 1, then Bregman totally quasi-D-asymptotically non-
expansive mappings coincide with Bregman quasi-D-asymptotically nonexpansive map-
pings. If #,, = 0 and v,, = 0 for all n > 1, we obtain from (1.6) the class of mappings that
includes the class of Bregman quasi-nonexpansive mappings. If v, =0 and u, = 0, =
max{0, Sup,cg er(r) (D@, T"x) — D(p, %))}, for all n > 1, then (1.6) reduces to (1.3) which
has been studied as mappings Bregman quasi-D-asymptotically nonexpansive in the in-
termediate sense.

(2) From the definitions, it is obvious that if F(T) = F(T) # (), then a Bregman strongly
nonexpansive mapping is a Bregman relatively nonexpansive mapping; a Bregman rela-
tively nonexpansive mapping is a Bregman quasi-D-nonexpansive mapping. A Bregman
quasi-D-nonexpansive mapping is a Bregman quasi-D-asymptotically nonexpansive map-
ping, but the converse is not true.

If taking ¢(¢) =t, ¢t >0, v, =k, — 1, u, = 0, lim,_, ;00 k, = 1, then (1.1) can be rewritten
as (1.2). This implies that each Bregman quasi-D-asymptotically nonexpansive mapping
must be a Bregman total quasi-D-asymptotically nonexpansive mapping, but the converse
is not true. In [10], Chang et al. gave an example of Bregman total quasi-D-asymptotically
nonexpansive mapping. A Bregman relatively nonexpansive mapping is a Bregman weak
relatively nonexpansive mapping, but the converse in not true in general. Indeed, for any
mapping T : E — C, we have F(T) C E(T) cE(T). If T is Bregman relatively nonex-
pansive, then F(T) = Ja (T) = f(T). In [7], Naraghirad and Yao have given two examples
of a Bregman weak relatively nonexpansive mapping which is not a Bregman relatively
nonexpansive mapping, and a Bregman quasi-nonexpansive mapping which is neither a
Bregman relatively nonexpansive mapping nor a Bregman weak relatively nonexpansive
mapping.

(3) The class of quasi-¢-(asymptotically) nonexpansive mappings is more general than
that of relatively nonexpansive mappings which requires the restriction E(T) = F(T).
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A quasi-¢-nonexpansive mapping with a nonempty fixed point set F(T) is a quasi-¢-
asymptotically nonexpansive mapping, but the converse may not be true. In the frame-
work of Hilbert spaces, quasi-¢-(asymptotically) nonexpansive mappings is reduced to

quasi-(asymptotically) nonexpansive mappings.

The idea of the definition of a total asymptotically nonexpansive mappings is to unify
various definitions of classes of mappings associated with the class of asymptotically non-
expansive mappings and to prove a general convergence theorems applicable to all these
classes of nonlinear mappings.

Definition 1.6 [7] Let E be a Banach space. The function g : E — Ris said to be a Bregman
function if the following conditions are satisfied:

(1) g is continuous, strictly convex and Gateaux differentiable;

(2) the set {y € E:D(x,y) < r} is bounded for all x € E and r > 0.

The theory of fixed points with respect to Bregman distances have been studied in the
last ten years and much intensively in the last six years. In [17], Bauschke and Combettes
introduced an iterative method to construct the Bregman projection of a point onto a
countable intersection of closed and convex sets in reflexive Banach spaces. They proved
strong convergence theorem of the sequence produced by their method; for more details,
see [17], Theorem 4.6. To find a point of the intersection of m closed and convex subsets in
a Banach space, in 2007, Alber [18] first studied the iterative method with Bregman pro-
jections. In [6], Alber investigated the generalized projections in a Banach space. For some
recent articles on the existence of fixed points for Bregman nonexpansive type mappings,
we refer the reader to [1-10, 19-34].

It is well known that the following conclusions hold:

Lemma 1.1 [5,10] Let E be a Banach space and g : E — R a Gdteaux differentiable func-
tion which is locally uniformly convex on E. Let {y,} and {z,} be sequences in E such that
either {y,} or {z,} is bounded. Then lim,_, ;oo D(y,, z,) = 0 < lim,,, o0 |4 — 24| = 0.

Lemma 1.2 Let C be a nonempty closed convex subset of Banach space E and g : E —
(—00, +00] be a Legendre function which is total convex on bounded subsets of E. Let T : E —
C be a closed and Bregman totally quasi-D-asymptotically nonexpansive mapping with
nonnegative real sequences {v,}, {u,} and a strictly increasing and continuous function ¢ :
R* — R* with £(0) = 0.Ifv,,u, — 0 (asn — +00). Then F(T) is a closed convex subset of C.

Proof Let {x,} be a sequence in F(T) such that x, — x* (as n — +00). We have Tx, =
x, — x* (as n — +00) and by the closeness of T', we have Tx* = x*. This implies that F(T)
is closed.

Let p,q € F(T) and ¢ € (0,1), and put w = tp + (1 — £)q. Next we prove that w € F(T).
Indeed, in view of the definition of D, we have

D(w, T"w) = gw) — g(T"w) - (vg(T"w),w - T"w)
= gw) - g(T"w) - (vg(T"w),tp + (1 - t)q - T"w)
=gw) +tD(p, T"w) + (1 - £)D(q, T"w) — tg(p) — (1 - £)g(q). (1.7)
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Since

tD(p, T"w) + (1 - t)D(q, T"w)
< t{D(p,w) + v [D(p, )] + u,}
+(1-t){D(q, w) + vag [D(q, w)] + u,,}
= t{g(p) - gw) — (Vg(w),p - w) + v, [D(p, w) ] + u }
+(1-1){g(q) - gw) - (Vgw),q — w) + vuZ [D(g, W) ] + 4}
=1g(p) + (1 - 1)g(q) —gw) + (1L - )vu¢ [D(g, w)]
+ Uy + tvul [D(p, w)]. (1.8)

Substituting (1.7) into (1.8) and simplifying it, we have
0 < D(w, T"w) < v, [D(p,w)] + (1 = vt [D(g;W)] + un  (as n— +00).

Hence, we have T"w — w. This implies that T(T"w) = T"*'w — w. Since T is closed, we

have w € Tw, i.e., w € F(T). This completes the proof of Lemma 1.2. O

Definition 1.7 [35] Let g: E — (—00,+00] be a convex and Géateaux differentiable func-
tion. g is called

(1) totally convex at x € int(domg) if its modulus of total convexity at «, that is, the
function v, : int(domg) x [0, +00) — [0, +00), defined by
vg(x, t) := inf{D(y,x) : y € domg, ||y — x|| = ¢}, is positive whenever ¢ > 0;

(2) totally convex if it is totally convex at every point x € int(dom g);

(3) totally convex on bounded sets if v,(B, £) is positive for any nonempty bounded
subset B of E and ¢ > 0, where the modulus of total convexity of the function g on
the set B is the function v, : int(domg) x [0, +00) — [0, +00) defined by
Vvg(B,t) := inf{vg(x, ) : x € BN domg}.

Definition 1.8 [9, 35] Let B be the closed unit ball of a Banach space E. A function g :
E — R is said to be

(1) cofinite if domg* = E*;

(2) coercive if limyy|— 00 (g(x)/[|%]]) = +00;

(3) sequentially consistent if for any two sequences {x,} and {y,} in E such that {x,} is

bounded, lim,,_ y00 D, %) = 0 = lim,,, 00 ||Yn — %]l = 0;
(4) locally bounded if g(rB) is bounded for all r > 0;
(5) locally uniformly smooth on E if the function o, : [0, +00) — [0, +00), defined by

o,(t) = sup [ag(x+ (1 -)ty) + (1 - a)glx —aty) — g(x)]
xerByeE,|yll=1,a€(0,1)

x [a(d- oc)]_m,

satisfies lim,_, ¢ ”’T(t) =0,Vr>0;
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(6) locally uniformly convex on E (or uniformly convex on bounded subsets of E) if the

gauge o : [0, +00) — [0, +00) of uniform convexity of g, defined by

pr(t) = inf [ag(x) + (1 - a)g(y) — g(ax + (1 - a)y)]

x,y€rB,|lx—y||=t,xe(0,1)

X [a(l - a)]fm,
satisfies p,(t) >0, Vr, £ > 0.

Lemma 1.3 [9] Ifg: E — (—00, +00] is Fréchet differentiable and totally convex, then g is
cofinite.

Lemma 1.4 [32] Let g : E — (—00,+00] be a convex function whose domain contains at
least two points. Then the following statements hold:
(1) g is sequentially consistent if and only if it is totally convex on bounded sets.
(2) If g is lower semicontinuous, then g is sequentially consistent if and only if it is
uniformly convex on bounded sets.
(3) If g is uniformly strictly convex on bounded sets, then it is sequentially consistent and
the converse implication holds when g is lower semicontinuous, Fréchet differentiable

on its domain and the Fréchet derivative Vg is uniformly continuous on bounded sets.

Lemma 1.5 [36] Let g : E — R be uniformly Fréchet differentiable and bounded on
bounded subsets of E. Then Vg is uniformly continuous on bounded subsets of E from the
strong topology of E to the strong topology of E*.

Lemma 1.6 ([9], Lemma 3.1) Let g: E — R be a Gdteaux differentiable and totally convex
function. If xy € E and the sequence {D(x,,x0)} is bounded, then the sequence {x,} is also
bounded.

Lemma 1.7 [7] Let E be a Banach space, r > 0 be a positive number and g : E — R be a

continuous and convex function which is uniformly convex on bounded subsets of E. Then

g(Z Am) < Z Ang () = Aikjor (Nl — ]l

n=1 n=1

for any given infinite subset {x,} C B,(0) = {x € E: ||x|| < r} and for any given sequence {A,}
of positive numbers with y ' A, = 1, for any i,j € {1,2,...,m} with i < j, where p, is the
gauge of uniformly convexity of g.

Lemma 1.8 [37] Let g: E — (00, +00] be Gdteaux differentiable and totally convex on
int(domg). Let x € int(domg) and C C int(dom g) be a nonempty, closed, and convex set. If
X € C, then the following statements are equivalent:
(1) the vector & is the Bregman projection of x onto C with respect to g;
(2) the vector x is the unique solution of the variational inequality:
(Vgx) - Vg(z),z—y) >0,Vy e C;
(3) the vector k is the unique solution of the inequality: D(y,z) + D(z,x) < D(y,x), Vy € C.
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Lemma 1.9 ([7], Theorem 2.1) Let E be a reflexive Banach space and let g: E — R be a
convex function which is bounded on bounded subsets of E. Then the following assertions
are equivalent:
(1) g is strongly coercive and uniformly convex on bounded subsets of E;
(2) domg* = E*, g* is bounded on bounded subsets and uniformly smooth on bounded
subsets of E*;
(3) domg* = E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-norm
continuous on bounded subsets of E*.

Lemma 1.10 ([7], Theorem 2.2) Let E be a reflexive Banach space and let g : E — R be
a continuous convex function which is strongly coercive. Then the following assertions are
equivalent:
(1) g is bounded on bounded subsets and uniformly smooth on bounded subsets of E;
(2) g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on
bounded subsets of E*;
(3) domg* = E*, g* is strongly coercive and uniformly convex on bounded subsets of E*.

For solving the equilibrium problem, let us assume that the bifunction f: C x C — R
satisfies the following conditions:

(C1) f(x,x)=0,Yx € C;

(C2) fis monotone, i.e., f(x,y) + f(y,x) <0,Vx,y € C;

(C3) for each y € C, the function x — f(x,y) is upper semicontinuous;

(C4) Vx e C, y+ f(x,y) is convex and lower semicontinuous.

Lemma1.11 [7] Let E be a reflexive Banach space and g : E — R a convex, continuous and
strongly coercive function which is bounded on bounded subsets and uniformly convex on
bounded subset of E. Let C be a nonempty, closed and convex subset of E andf : C x C — R
a bifunction satisfying conditions (C1)-(C4) and EP(G) # ¥, ¢ : C — R be a lower semicon-
tinuous and convex functional, A : C — E* be a continuous and monotone mapping. For
r >0 and x € E, define a mapping TC : E — C as follows:

TO%x = {z €C:G(z,y) + %(y -2z,Vg(z) - Vg(x)) = 0,Vy € C}, (1.9)
where G(x,y) = f(x,9) + () — (%) + (Ax,y — x), Vx,y € E. Then the following statements
hold:

(1) dom(T®) =E;

(2) T is single-valued;

(3) TS is a Bregman firmly nonexpansive mapping;
(4) F(TS) = GMEP(f, ¢);

(5) GMEP(f, @) is closed and convex of C;

(6) D(gq, T¢x) + D(T x,x) < D(q,x),Vq € F(T).

In 2010, Saewan et al. [38] studied the following generalized mixed equilibrium problem:
find z € C such that

flzy) +{Az,y—2) + p(y) —9(2) 20, VyeC, (1.10)
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where f is a bifunction from C x Cto R, ¢ : C — Risareal-valued functionand A : C — E*
is a nonlinear mapping. Denote the set of solutions of the problem (1.10) by GMEP(f, ¢),

ie.,
GMEP(f,¢) = {z € C|f(z,9) + (Az,y — 2) + ¢(y) — ¢(2) > 0,¥y € C}.
Special cases: (I) If A = 0, then the problem (1.10) is equivalent to find z € C such that

fzy) +9() -9z) >0, VyeC, (1.11)

which is called the mixed equilibrium problem. Denote the set of solutions of (1.11) by
MEP(f, ¢).
(II) If f = 0, then the problem (1.10) is equivalent to find z € C such that

(Az,y—z) + 9(y) —9(2) =0, VyeC, (112)

which is called the mixed variational inequality of Browder-type. Denote the set of solu-
tions of (1.12) by VI(C, A, ¢). In particular, we denote VI(C, A4, 0) by VI(C, A).
(IIT) If ¢ = 0, then the problem (1.10) is equivalent to finding z € C such that

fzy)+{Az,y-2z) =0, VyeC, (1.13)

which is called the generalized equilibrium problem. Denote the set of solutions of (1.13)
by GEP(f).
(IV) If A =0, ¢ = 0, then the problem (1.10) is equivalent to finding z € C such that

flz,y) =0, VyeC, (1.14)

which is called the equilibrium problem. Denote the set of solutions of (1.14) by EP(f).

It is well known that mixed equilibrium problems and their generalizations have been
important tools for solving problems arising in the fields of linear or nonlinear pro-
gramming, variational inequalities, complementary problems, optimization problems,
and fixed point problems, and they have been widely applied to physics, structural analy-
sis, management science, economics, etc. One of the most important and interesting top-
ics in the theory of equilibria is to develop efficient and implementable algorithms for
solving equilibrium problems and their generalizations (see, e.g., [39—44] and the refer-
ences therein). Since the generalized mixed equilibrium problems have very close con-
nections with both the fixed point problems and the variational inequalities problems,
finding the common elements of these problems has drawn many researchers’ attention
and has become one of the hot topics in the related fields in the past few years (see, e.g,
[11-14, 45-48] and the references therein). Some methods have been proposed to solve
the generalized mixed equilibrium problem (see, for example, [11-14, 38, 40—438]). Nu-
merous problems in physics, optimization and economics help to find a solution of prob-
lem (1.10).

It is well known that, in an infinite-dimensional Hilbert space, only weak convergence
theorems for the segmenting Mann iteration were established even for nonexpansive
mappings. Attempts to modify the segmenting Mann iteration for nonexpansive map-

pings and asymptotically nonexpansive mappings by hybrid projection algorithms have
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recently been made so that strong convergence theorems are obtained; see, for example,
[11-14, 38, 40—438] and the references therein.

In [44], Martinez-Yanes and Xu introduced the following iterative scheme for a single
nonexpansive mapping 7 in a Hilbert space H:

x90 € C chosen arbitrarily,

In = ono + (1= o) T,

Co={ze C:lz=yull?> = lz=xull® + anllxol® + 2{x, — x0,2))}, (1.15)
Qu=1{z€C: (xy — 2% —x4) = 0},

%Xn1 = Pc,nq,%o,

where P¢ denotes the metric projection of H onto a closed and convex subset C of H. They
proved that if {&,,} C (0,1) and lim,_, c @, = 0, then the sequence {x,} converges strongly
to PF(T)xO.

In [11], Qin and Su extended the results of Martinez-Yanes and Xu [44] from Hilbert
spaces to Banach spaces and proved the following result: Let C be a nonempty, closed,
and convex subset of a uniformly smooth and uniformly convex Banach space E and
let T: C — C be a relatively nonexpansive mapping. Assume that {«,} C (0,1) and
lim,, o &, = 0. Define a sequence {x,} in C by the following algorithm:

x9 € C chosen arbitrarily,

Y =T Hanfxo + (1= a,)J Txy),

Cr={z€ C:9(z,yx) = ¢(z, %)}, (1.16)
w=1{z€ C: (%, —2z,Jxo = Jxn) = 0},

%Xn:1 = Hc,ng,%0, 1> 0.

If F(T) is nonempty, then {x,} converges strongly to ITgr)xo.

In 2009, Wangkeeree and Wangkeeree [14] introduced the following hybrid projection
algorithm for approximation of common fixed point of two families of relatively quasi-
nonexpansive mappings, which is also a solution to a variational inequality problem in a
Banach space E:

x9 € E  chosen arbitrarily,
C,=C, C =N Cuis

x; = I xo,
Whi = I_IC]71 (]xn - )"n,inn)v
Zui = T Bt + B Tt + BorTSiWi), (1.17)

Vi =] ot ifxo + (1 = 0, i)Jzn,),

Ci = (2 € C: (2, 9,) < P(2,%4) + il 1> + 2(Jx, — 0, 2))},
Cn+1 = mfl Cn+1,i,

%xus1 = I, ;1 %o0.

They proved under appropriate conditions on the parameters that the sequence {x,} gen-
erated by (1.17) converges strongly to a common element of the set of common fixed points
of the two families {7;} and {S;} and the set of solutions to a variational inequality problem.

In 1967, Bregman [34] discovered an elegant and effective technique for using the so-
called Bregman distance function D(-,-) in the process of designing and analyzing fea-
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sibility and optimization algorithms. This opened a growing area of research in which
Bregman’s technique has been applied in various ways in order to design and analyze not
only iterative algorithms for solving feasibility and optimization problems, but also al-
gorithms for solving variational inequalities, for approximating equilibria, for computing
fixed points of nonlinear mappings, and so on (see, e.g., [7, 9, 19-31] and the references
therein). In 2006, Butnariu and Resmerita [32] presented Bregman-type iterative algo-
rithms and studied the convergence of the Bregman-type iterative method of solving some
nonlinear operator equations.

In 2010, by using the Bregman projection, Reich and Sabach [9] presented the following
proximal algorithms for finding common zeroes of maximal monotone operators A; : E —
28" (i=1,2,...,m) in a reflexive Banach space E. More precisely, they proved the following
strong convergence theorem.

Theorem RS Let E be a reflexive Banach space and let A; : E — 2F" (i=1,2,...,m) be m
maximal monotone operators such that Z := (\I-; A7*(0%) # . Let g : E — R be a Legendre
function that is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let {x,} be a sequence defined by the following iterative algorithm:

xo € E  chosen arbitrarily,
¥, =Res®, (x, +¢€),

A
Cl={z€E:D(z,5,) <D(z,x, +€.)}, (118)
Cy= ﬂ:zl C;lq’

Qu={z€E:(Vglxo) — Vg(xu),z —x,) <0},
Xyl = PI‘OngnﬁQn (x0), VYm=>0.

If, for each i = 1,2,...,m, iminf,, ;0o A., > 0 and the sequences of errors {e\} C E satisfy
lim,,_, . €, = 0, then each such sequence {x,} converges strongly to Projé(xo) as n — +0o.
Further, under some suitable conditions, they obtained two strong convergence theorems
of maximal monotone operators in a reflexive Banach space. Reich and Sabach (28] also
studied the convergence of two iterative algorithms for finitely many Bregman strongly non-
expansive operators in a Banach space.

In [26], Reich and Sabach proposed the following algorithms for finding common fixed
points of finitely many Bregman firmly nonexpansive operators T;: E — E (i =1,2,...,m)
in a reflexive Banach space E, if F := (., F(T;) # ¥

xo0 € E,
Q)=E, i=12,...,m,
¥ = Tilx, +€.),
o = (2€ Q) (Ve + ) = Ve(,),z - y,) <0},
Q=% Qw

Kpsl = Proj‘én+1 (x0), Vm=>0.

(1.19)

Under some suitable conditions, they proved that the sequence {x,} generated by (1.19)
converges strongly to Projs(xo) and applied the result to the solution of convex feasibility
and equilibrium problems, where g : E — R and {e!} C E satisfying lim,_. ., €/, = 0 for
eachn>1andi=1,2,...,m.

Page 11 of 24
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Very recently, Chen et al. [33] introduced the concept of weak Bregman relatively non-
expansive mappings in a reflexive Banach space and gave an example to illustrate the ex-
istence of a weak Bregman relatively nonexpansive mapping and the difference between a
weak Bregman relatively nonexpansive mapping and a Bregman relatively nonexpansive
mapping. They also proved the strong convergence of the sequences generated by the con-
structed algorithms with errors for finding a fixed point of weak Bregman relatively non-
expansive mappings and Bregman relatively nonexpansive mappings under some suitable
conditions.

Motivated by the above mentioned results and the on-going research, in this paper, us-
ing Bregman function and the shrinking projection method, we introduce new modified
Ishikawa iterative algorithms with errors for finding a common element of solutions to
the generalized mixed equilibrium problems (1.10) and fixed points to a countable fam-
ily of Bregman totally quasi-D-asymptotically nonexpansive mappings in Banach spaces.
We prove strong convergence theorems for the sequences generated by the proposed al-
gorithm. Furthermore, these algorithms take into account possible computational errors.
No assumption E(T) = F(T) is imposed on the mapping 7 in reflexive Banach space set-
ting. Our results improve and develop many known results in the current literature; see,
for example, [9, 11, 43, 44].

2 Main results
We now state and prove the main result of this paper.

Theorem 2.1 Let E be a reflexive Banach space and g : E — R be a strongly coercive
Bregman function which is bounded on bounded subsets and uniformly convex and uni-
formly smooth on bounded subsets of E. Let C be a nonempty, closed, and convex subset of E.
Foreachk =1,2,...,m,let Ay : C — E* be a continuous and monotone mapping, pr : C — R
be a lower semicontinuous and convex functional, let fi : C x C — R be a bifunction sat-
isfying (C1)-(C4) and T; : E — int(domg), Vi € N be an infinite family of closed and uni-
formly Bregman totally quasi-D-asymptotically nonexpansive mappings with nonnegative
real sequences {vﬁf)}, {ug) } and a strictly increasing and continuous function ¢ : R* — R*
with £(0) = 0. Iflim,—, 400 SUP;cp+ {vff)} =0 and lim,,_, ;o0 SUP;c {ug)} = 0. Assume that T; is
uniformly asymptotically regular on E for all i > 1, i.e., lim,_, ;00 SUp,cx || 77 % — T7'%| = O
holds for any bounded subset K of E and F = [y F(T)1 N [Ni.; GMEP(fi, )] # 3. For all
2,y € C, Gi(z.9) = fi(z.y) + 9x(0) — 9k(2) + (Axz,y - 2), Trp', (%) = (z € C: Grlz,9) + % (y -
z,Vg(z) — Vg(x)) = 0,Yy € C}. For an initial point x, € E, let C| = C for each i > 1 and
Cy = N, Ci and define the sequence {x,} by

¥ = Vg o Vg(en) + (1 — o) Vg ()],
z,=Vg" (BnVg(x,) + (1 - ﬂn)vg(Tl‘n(xn + ei,))]v
ul, = Tn TGt TG 701

! Tmn ~ 'm-1n "2,n (21)
Ci,={z€ Cy:D(z,u.) < a,D(z,%,) + (1 — ) D(z,2,) < D(2,%,) + {1}
Cui1= ﬂfff C£1+1’

X1 = Projg; (1),

where the sequences {{[}, (€}, {rin}, {an}, {Bn} satisfy the following conditions:

(1) &y = D, % + €3,) +SUP e (Xn =P, VG (X +€),) = Vg () + VY -Sup,cc £ [D(p, %, +€l)] +
), e € E satisfying 1im,,_, ,o0 sup,cn+l1€; |1} = O for each n > 1 and i > 1;
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(2) foreachk=1,2,...,m, {ri,}:2 C (0, +00) satisfy liminf,_, , 7, > 0;
(3) {au}, {Bn} are real sequences in [0,1] such that liminf,_, (1 — «,,))(1 = 8,) B, > 0.
Then the sequence {x,} converges strongly to Projs(x;).

Proof We define a bifunction Gx: C x C — R by
Gi(x,9) = fi(x%,y) + 0x(y) — (%) + (Agx,y —x),  Vx,y€C.

Then we prove from Lemma 1.11 that the bifunction Gy satisfies conditions (C1)-(C4)
for each k = 1,2,...,m. Therefore, the generalized mixed equilibrium problem (1.10) is
equivalent to the following equilibrium problem: find x € C such that Gi(x,y) > 0, Vy € C.
Hence, GMEP(f;, o) = EP(Gy). By taking 6% = Tok Tk ... T2 TS

ren L riein ro Iy kK =1,2,...,m, and

09 =1 for all n > 1, we obtain u,, = 6"y,.

In view of Lemma 1.2 and Lemma 1.11, we find that F is closed and convex, so that
Proji(xl) is well defined for any x; € E.

We divide the proof of Theorem 2.1 into six steps:

Step 1. We first show that C,, is closed and convex for each n > 1.

In fact, from the definition, C; = (5, Ci = C for all i > 1 is closed and convex. Suppose
that C',; is closed and convex for some # > 1. For any z € C',,;, we know that

D(z,u,) < a,D(z,%,) + (1 - &,)D(2,2,) < D(z, %) + £,
is equivalent to the following:

(z—u, 0, Vg(xy) + 1 - ) Vg(2,) - Vg (i) < D (s ) + 1 — ) D(utl, 2,) — g (i)
and

(1 - an)(z = %0, Vgxn) - Vg(2,)) < (1 - a)D (%, 2,) + £y Vi L.

Since the left-hand sides of the last two inequalities are affine with respect to z as functions
of z, Cl,,; is closed and convex. Hence C,,1 = (), C.,; is closed and convex for all n > 1.
Step 2. Assume that F C C,, for all # > 1. Then the sequence {x,} is bounded.
In fact, by x,,,1 = Proj%m (%1), it then follows from Lemma 1.8 that

D(%41,%0) = D(Proj¢.  (%1),%0) < D(p,%0) — D(p,%u:1) < D(p, %o)

for each p € F C C,, Vn > 1. Hence, the sequence {D(x,.,1,%0)} is bounded, by Lemma 1.6,
{x,} is bounded and so are {T;x,}, {’}, {z}}, and {u' }.

Step 3. Next, we show, by induction, that F C C, for all n > 1.

In fact, it is obvious that F C C; = C. Suppose that F C C,, for some n > 1. Let p € F, since
T;: E — C (Vi € N) is an infinite family of closed and uniformly Bregman totally quasi-
D-asymptotically nonexpansive mappings, by the definition of D(-,-) and Remark 1.1, for
each i > 1, we have

D(p,z,) = D(p, Vg"[BuVgxn) + 1 - B)VE(T] (% + ¢,))])
< BD(p,%,) + (1 = B)D(p, TV (% + €-))
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< BuD(p, ) + (L= B D5+ ) + 2 - £ [D(py s + )] + 1)
= BuD(p,x,) + (1 - B.){D(p,x,) +D(xmxn +é)
+ (%0 —p, Vg (xy + €,) — Valx,)) + v - ¢ [D(p,xy + €)] + 4}
= D(p,xn) + (L= B)D (s + €,) + (x5 = p, Ve (xn + €,) = Vg(x))
¢[D(pxn +€)] +ul?}
< D(p,x,) + ). (2.2)

Observe that p € F implies p € C. Thus, by (2.2), Lemma 1.11, and the fact that T,i’; (k=
1,2,...,m) is a Bregman quasi-D-nonexpansive mapping, for each p € F, we have

D(p,u,) = D(p,6,'y,,)
=D(p,,)
= D(p, vg*[@nVg(x,) + (1 - @) Vg(2))])
< anD(Pyxn) +(1- an)D(P; Z:,)
< anD(p,%n) + (1 — ) [ D(p, %) + L]
< D(p,x,) + . (2.3)
This shows that p € C,,1, which implies that F C C,;,;. Hence F C C,, for all n > 1.
Step 4. Now, we show that {x,} is Cauchy sequence.
In fact, combining x,,,; = Projgcm (x1) € C,y1 and Lemma 1.8, we obtain 0 < D(x,,%,41) <
D(xy,%1) — D(%,41,%1) for all n > 1. Thus, the sequence {D(x,,x;)} is nondecreasing. It fol-

lows from the boundedness of {D(x,,,x1)} that the limit of {D(x,,x;)} exists.
For any positive integer i, it then follows from Lemma 1.8 that

D(xn+m7 xn+1) = D(xn+mx PI'Oj%ml (xl)) = D(xn+m1 xl) - D(PI‘O_].‘%MI (xl); xl)
= D(xVHmrxl) - D(xn+1; xl); (24)

from which it follows from (2.4) that D(x,,,,%,.1) — 0 as m,n — oo. We have from
Lemma 1.1 and the boundedness of {x,},

Xpsm — X1 — 0, m,n— o0.

Hence, the sequence {x,} is Cauchy in C. Since E is a Banach space and C is closed convex,
there exists p € C such that x,, — p as n — 00. Now, since D(x,,,,, X,,41) — 0 as m, n — 00,
we have in particular that

lim D(xn+2: xn+1) =0 (25)
and this further implies that

lim ”xn+1 - xn+2” =0 (26)
n—00

from Lemma 1.1.
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From ||x, — (x, + €.)|| = ||€},]l = 0 (as n — +00, Vi > 1), Lemma 1.4, and the boundedness

of {||Vg(x, + €.)||}, we obtain

0< D(x,,,x,, + efq) = g(x,) —g(x,, + ei,) + (ei,, Vg(xn + ei,))
<|glxn) —g(xn+e)|+ || - | Ve(xn+ )| =0 asn— +oo,¥i>1 (2.7)
Since g is uniformly smooth on bounded subsets of E, by Lemma 1.10, we find that Vg(-)

is uniformly norm-to-norm continuous on any bounded sets and ||x,, — (x,, + €. || = ||}, || —

0 (as n — +00, Vi > 1), and we obtain

lim || Vg(x,) — Vg(xn +€,)] =0, Vi=1 (2.8)

Thus, it follows from (2.7), (2.8), im0 SUp;cr+ {vY} = 0, and limy,_, ,o0 sup; s {2} = 0
that

0 < [¢]

< D(x,,,x,, + eZ) + sup(x,, -p, Vg(x,, + ei,) — Vg(x,,))

peC

+ }vg) -sup ¢ [D(p, %, + e‘n)]‘ + |u£f)|
peC

< D(x,,,x,, + eil) + [sug 1%, —p||] . || Vg(x,, + ei,) - vg(x,) ||
-pe

+ ‘v(,f)’ -sup ¢ [D(p, xn +€})] + ‘uﬁf)‘ —0 asn— +oo,Vi>1. (2.9)
peC

By X402 = ProngM (%1) € Cyya C Cyy1 (C C) and by the definition of C,,,», it follows from
(2.5) and (2.9) that

0= D(x,,+2, uiﬂl) < D(Xp425 Xpi1) + ;;iﬂ -0, n—>oo,Vi>1
From Lemma 1.1, we obtain lim,,_, o ||%,42 — u’n 41l = 0. Therefore
a1 = #r | < Womsr = Fnaall + a2 — 2hlq || = O. (2.10)
It follows from lim,,_, , ||%, — p|l = 0 and (2.10) that
uﬁq —p, n—>oo,Vi>1. (2.11)
Step 5. Now we prove that p € [ F(T;)] N [, GMEP(fi, ¢x)].
(a) First we prove that p € (/55 F(T)).
Since g is uniformly smooth on bounded subsets of E, by Lemma 1.10, we find that Vg(-)

is uniformly norm-to-norm continuous on any bounded sets and from (2.10), we obtain

lim || Vg(x,) - vg(uy)| =0, Vi=1 (2.12)

n—00
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It follows from the boundedness of the sequences {x,} and D(p, T/'(x,, + €.,)) < D(p,x, +
)+ v ¢[D@,x, +€)] + u? for each p € F and i > 1 that the sequences {Vg(x,)} and
{Vg(Tl.”(x,, + €.))} are bounded. Thus there exists r > 0 such that {Vg(x,)} C B,(0) and
{Vg(T?(x, + €.))} C B,(0). For each p € F, we have from Lemma 1.7 and Lemma 1.11

D(p,1,) = D(p,6;'7,) = D(p.,,) = D(p, 7&" [ V() + (1 - ) Vg(z,)])

< a,D(p,x,) + (1 - 2,)D(p,2,,)

< a,D(p, %) + A=) - [BuD(p,%4) + (1= B)D(p, T} (%0 + €},))
~ Ba0 = B} (| Vg xn) = Vg (T7 (3 + €L)) )]

< a,D(p, %) + (1= aty) - {BuD(p, %) + (1 = B)[D(p, 2 + €),) + V)
£ (D(pxn + €)) + 1] = Bu(1 = )} (|| Vg(n) — Vg (T7 (2 + €1,)) )}

= &, D(p, %) + (1= ) - {BD(p, %) + (1= BV - ¢ [D(p, % + €}) ]}
+u? + D(p, %) + D(, 2 + €,) + (4 — p, Vg (% + €,) — Vg(x))}
— (1= a)Bu(L = B (|| VElen) — Vg (T7 (xn + €,)) )

< @uD(p,%,) + (L= ) - (D(p,2) + £ = BuL— Bu)p} (|| Vgt)
- vg(T} (xu +€,))[))

< @uD(p,x,) + (1= ,)D(p,%,) + & = (1= ) (1 = )} (| 72 (52)
~ vg(T7 (x +¢,)))

= D(p,x,) + ;:, -1 =an)Ba(l- ,3;,,),0:(” Vg (xn) — Vg(Tn Xnt € )) ||)

This implies that

0 < (- )Bu = Bu)o} (|| Ven) - Veg(T7 (xn + €})) [)

<Dp,x,) - (p, ) +¢k (2.13)

On the other hand, we have

|D(p,xn) -D(p, u;)| = |—D(x,,, ui) + (xn -p, Vg(ui) - Vg(xn))|

< D, ) + 6w = Il - | Ve (ut) = V()|
In view of (2.10) and (2.12), we obtain
D(p,x,) -D(p,u,) > 0, n—> oo. (2.14)

Combining (2.13) and (2.14), lim,,, ,« ¢} = 0, and the assumption liminf,, o (1 — o) B, (1 —
B,.) > 0, we have

o5 (| Vgn) = vg(T7 (xn + €))||) > — 00.
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It follows from the property of p;(-) that
n1—1>IPoo” Vg(xn) = Vg(T (s + €},)) | = 0. (2.15)

Since x, — p as n — oo and Vg(-) is uniformly norm-to-norm continuous on any
bounded sets, we obtain

|vgxs) - Vg)| -0 asn—o. (2.16)

Note that

| 9(T7 (2 + €,)) = Ve@)| < | 72() - Vgen)| + | 7g(en) — V(T (20 + €))) -
From (2.15) and (2.16), we see that

lim |vg(T/ (x. +€,)) - Veg@)| = 0. (2.17)

n—+00

By Lemma 1.10, note that Vg*(-) is also uniformly norm-to-norm continuous on any
bounded sets. It follows from (2.17) that

nl_l)lg()” T/ (xn +e ) p|| =0. (2.18)
Noting that || 7/ (x, + €.) — pll < 1T/ (x,, + €}) — T/ (x + €| + | TV (x, + €,) — pl|, the
uniformly asymptotic regularity of T and (2.18), we have lim,,_, .00 | 77! (x, + €.) — p|| =
Thatis, T(T! (%, + el)) — pasn — 0o, and it follows from the closeness of T; that T;p = p,
Vi>1,ie pe( 3 F(T).

(b) Now we prove that p € ();-; GMEP(fi, ¢x) = (~; EP(Gx).
In fact, in view of &, = 6™y!, (2.3), and Lemma 1.11, for each q € F(6%), we have

0 < D(u;,5,,) = D(6,Y,,9,) < D(p.3,) = D(p,6)'y,) < D, %) - D(p, w;,) + ¢,

It follows from (2.14) and lim,_, ;o ¢ = O that D(u!,)") — 0 as n — oco. Using Lem-
ma 1.1, we see that ||u! -y | — 0 as n — oo. Furthermore, ||x, — || < [, — || + ||l —
y;|| — 0 as n — oo. Since x, = p, n — o0 and ||x, —yﬁ,|| — 0, 1 — oo, thenyil — p,
n — oco. By the fact that 6%, k = 1,2,...,m is Bregman relatively nonexpansive and using

Lemma 1.11 again, we have

0 < D(6yy,,5,) < D(p,5,) - D(p,6,5,) < Dp,x,) — D(p,6}},) + & (219)
Observe that

D(p,ul) =D(p,0)'y.,) =D(p, TS Tm ... T Tyl

"mn = Tm-1,n 2,1~ TLn

=D(p, T TOm1 ... 0%y ) < D(p,08y%). (2.20)

Ymn = Tm-1,n

Using (2.20) and (2.19), we obtain 0 < D(Gnyn,yn) <D(p,x,) - D(p,u’) + ¢\ — 0, n — oo.
Then Lemma 1.1 implies that lim,,_, . [|6* Kyl —y 1 =0,k=1,2,...,m. Now ||9k -pll <
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16y: —yill + 115", = pll = 0, n — o0, k = 1,2,...,m. Similarly, lim,,_, ;o |85y, — p|| =
k=1,2,...,m. This further implies that

kL, ki
im 6,75, -6,7,[ =0. (2.21)
Also, since Vg(-) is uniformly norm-to-norm continuous on any bounded sets and using
(2.21), we obtain lim,_ .« | Vg(0Xy’) — Vg(651y%)|| = 0. From the assumption {ry,}% C
(0, +00) satisfying liminf,_, ;o0 7x,» > O for each k =1,2,...,m, we see that

i 198089 = Ve @5yl

n—00 Tk,n

-0. (2.22)

By Lemma 1.11, we have, for each k = 1,2,...,m, Gy (0Xy',y) + —(y 0kyi, vg(0*y') -
vg(@%-y1)) > 0, Vy € C. Furthermore, replacmg n by n; in the last inequality and using
condition (C2), we obtain

1vg555,) — V&,

— b .
ly =659, o
1 . )
2 =047, Ve(0,,) - Ve(090,))
M

= ~Gi(05h,9) = Ge(65},), Wy eC.

By taking the limit as j — +00 in the above inequality, for each k = 1,2,...., m, we have from
the condition (C4), (2.22), and Gylijilj — p that Gr(y,p) <0,Vye C.

ForO<t <1landye C,definey, = ty+ (1-t)p. It follows from y, p € C that y, € C, which
yields Gi(ys, p) < 0. It follows from the conditions (C1) and (C4) that

0 = Gk(Yu,ye) < tGk(ye,y) + (1 = )Gk (¥, p) < tGk (¥, )

that is,

Gk(yt;y) >0

Letting t — 07, from the condition (C3), we obtain Gi(p,y) > 0, Vy € C. This implies that
p €EP(Gy), k=1,2,...,m, i.e, p € (-, GMEP(fi, or) = (i EP(Gy). Thus we have p € F.
Step 6. Finally, we prove that p = Proj}.(x;).
From Lemma 1.8 and the definition of x,,,1 = Proj‘gém1 (1), we see that (x,,1 —z, Vg(x1) —
Vg(xu41)) > 0,Vz € Cyy1. Since F C C, for each n > 1, we have

(ns1 = w, Vgar) - Vg(x1)) = 0, YweF.

Let n — +00 in the last inequality, we see that (p —w, Vg(x;) — Vg(p)) > 0, Vw € F. In view
of Lemma 1.8, we can obtain p = Projs(x;). This completes the proof of Theorem 2.1. O

Remark 2.1 (1) If we suppose that 7; is uniformly L;-Lipschitz continuous on E for each
i € N*, then the assumption that T; is closed and uniformly asymptotically regular on E
can be removed in Theorem 2.1.
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(2) If weseta, = B, =0,u, =y, and T; = Resg (i=1,2,...,m) in (2.1), then (2.1) can be
rewritten as (1.18), hence, Theorem 2.1 i 1mproves and generalizes Theorem RS [9].

(3) For the mappings, Theorem 2.1 extends the mapping in Theorem RS [9] from a fi-
nite family of relatively nonexpansive mapping to a countable family of Bregman totally
quasi-D-asymptotically nonexpansive mappings. Theorem 2.1 also removes the assump-
tion F(T) = F(T) on the mapping T.

Setting efq =0 for each i > 1 and Yz > 1 in Theorem 2.1, we have the following.

Corollary 2.1 Let E be a reflexive Banach space and g : E — R be a strongly coercive
Bregman function which is bounded on bounded subsets and uniformly convex and uni-
formly smooth on bounded subsets of E. Let C be a nonempty, closed, and convex subset
of E. For each k =1,2,...,m, let Ay : C — E* be a continuous and monotone mapping,
¢k : C — R be a lower semicontinuous and convex functional, let fi : C x C — R be a bi-
function satisfying (C1)-(C4) and T; : C — C,Vi € N be an infinite family of closed and uni-
formly Bregman totally quasi-D-asymptotically nonexpansive mappings with nonnegative
real sequences {qu b {u,,) } and a strlctly increasing and continuous function ¢ : R* — R*
with £(0) = 0. Iflim,,_, , supieN*{vn } =0 andlim,_, , supieN*{un } = 0. Assume that T,» is
uniformly asymptotically regular on C for all i > 1, i.e., lim,,_, ;00 SUp . | T/ — TP'x|| =
holds for any bounded subset K of C and F = [,y F(T;)1N [z, GMEP(fi, 9x)] # . Forall
2y € C, G(z,9) = fi(z.9) + % 0) — 9x(2) + (Axz,y - 2), Tk (%) = {2 € C: Grlz,y) + @w -
z,Vg(z) — Vg(x)) > 0,Vy € C}. For an initial point x, € E, let C! = C for each i > 1 and
Cy = (N, Ci and define the sequence {x,} by

¥ = Vgl Vg(en) + (1 - ) Vg(2h)],

2 = Vg [BuVg(x,) + (1- ﬂn)Vg(T,."xn)],

= Tom Tl - T T i

Cl., ={z€Cy:D(z,ul) < a,D(z,x,) + (1 — a,,)D(2,2) < D(z,x,) + ¢},
Ch = ﬂ+°° CL+1’

Xyl = PrOJCM (x1),

where the sequences {{[}, {rin}, {an}, {Ba} satisfy the following conditions:

M ¢ = v sup,cc ¢ [D(p,x,)] + i for eachn>1and i > 1.

(2) Foreachk=1,2,...,m, {ri,}+5 C (0, +00) satisfying liminf,_, , 1k, > 0.

(3) {an}, {Bn} are real sequences in [0,1] such that liminf,_, oo (1 — ;)1 = B,) B, > 0.
Then the sequence {x,} converges strongly to Prong(xl).

Remark 2.2 Corollary 2.1 improves Theorem 3.1 in [43], in the following aspects:

(1) For the structure of Banach spaces, we extend the normalized duality mapping to a
more general case, that is, a convex, continuous, and strongly coercive Bregman
function which is bounded on bounded subsets and uniformly convex and
uniformly smooth on bounded subsets.

(2) For the mappings, we extend the mapping from two quasi-nonexpansive mappings
to a countable family of Bregman totally quasi-D-asymptotically nonexpansive

mappings.
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(3) For generalized mixed equilibrium problems, we extend the problems from one to a
finite family.

Setting ¢(¢) = ¢, vfj)

we have the following.

k -1, hmn_Hook =1, u,, —e = 0 for each i > 1 in Theorem 2.1,

Corollary 2.2 Let E be a reflexive Banach space and g : E — R be a strongly coercive
Bregman function which is bounded on bounded subsets and uniformly convex and uni-
formly smooth on bounded subsets of E. Let C be a nonempty, closed, and convex subset
of E. For each k =1,2,...,m, let Ay : C — E* be a continuous and monotone mapping,
¢k : C — R be a lower semicontinuous and convex functional, let fi : C x C — R be a bi-
function satisfying (C1)-(C4) and T;: C — C, Vi € N be an infinite family of closed and
Bregman quasi-D-asymptotically nonexpansive mappings with nonnegative real sequences
(kLY. If limy,—, o0 SUP;en+ (k. } = 1. Assume that T; is uniformly asymptotically regular on C
Soralli > 1, i.e., lim,_, o0 SUp,ci | T % — 7% = O holds for any bounded subset K of C
and F = [ F(T)1 N [N, GMEP(fy, 9x)] # 8. For all z,y € C, Gi(2,) = fu(z,y) + ox(¥) —
ox(2) + (Axz,y — 2), ,kn(x) ={z€ C:Gilz,y) + —(y z,Vg(z) — Vg(x)) > 0,Vy € C}. For
an initial point x, € E, let Ci = C foreachi>1 and C = ﬂlzl C’ and define the sequence
{xu} by

¥y = Vg (o Vg(xa) + (1 — o) VE(2h)],
2l = Vg [BuVg(xn) + (1 - B)VE(Tlxn)],
u - TGm Tgnmlb ’ ngnTlnyn’
L= {z € C,:D(z,u) < a,D(z,%,) + (1 - 00,)D(z,2") < D(z,%,) + ¢!},
Cu1 =N Crrs

X1 = Projg (%),

where the sequences {¢1}, {rin}, {on}, {Bu} satisfy the following conditions:

(1) & = (k, =1) - sup,cc D(p, ).

(2) Foreachk=1,2,...,m, {ri,}+5 C (0, +00) satisfying liminf,_, , 1k, > 0.

(3) {an}, {Bn} are real sequences in [0,1] such that liminf,_, oo (1 — «,,)(1 = B,) B, > 0.
Then the sequence {x,,} converges strongly to Projs(x;).

Setting vﬁ,i) = uff) = ei, =0 for each i > 1 in Theorem 2.1, we have Corollary 2.3.
Corollary 2.3 Let E be a reflexive Banach space and g : E — R be a strongly coercive
Bregman function which is bounded on bounded subsets and uniformly convex and uni-
formly smooth on bounded subsets of E. Let C be a nonempty, closed, and convex subset
of E. For each k =1,2,...,m, let Ay : C — E* be a continuous and monotone mapping,
i : C — R be a lower semicontinuous and convex functional, let fi : C x C — R be a bifunc-
tion satisfying (C1)-(C4) and T; : C — C,Vi € N be an infinite family of closed and Bregman
quasi-D-nonexpansive mappings. Assume that T; is uniformly asymptotically regular on
Cforalli>1,i.e., lim, o0 SUp,ci || TP % — T'x|| = O holds for any bounded Subset KofC
and F = [ F(T)1 N [N, GMEP(fy, 9x)] # 3. For all z,y € C, Gi(2,) = fi(z,y) + ox(¥) —
oi(2) + (Axz,y — 2), ,kn(x) ={ze C:Gklz,y) + —(y z,Vg(z) — Vg(x)) > 0,Vy € C}. For
an initial point x, € E, let C = C for each i > 1 and Cy = (N5, C! and define the sequence
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{xn} by

¥y = Vg o, Vg(n) + (L — ) Vg(2))],
Zln = Vg*[,gnvg(xn) + (1 - IBn)Vg(Tinx”)]’
ul, = TGn TGt TG 70y

mn "~ Tm=1n 2,n
C ., ={z€Cy:D(z,u}) < a,D(z,%,) + (1 — 2,,)D(z,2}) < D(z,%,)},
Cui1 = ﬂ;of C£1+1’

Xpsl = Projgc’H ) (21).

For each k =1,2,...,m, {ri}:3 C (0, +00) satisfying iminf,_, oo 1k > 0. {at,}, {Bn} are
real sequences in [0,1] such that liminf,_, (1 — «,)(1 — 8,) B, > 0. Then the sequence {x,}
converges strongly to Projs(x;).

Settingi=1, T; =T, €, = e,, and g(x) = ||x||*> in Theorem 2.1, we have Corollary 2.4.

Corollary 2.4 Let C be a nonempty, closed, and convex subset of a uniformly smooth
and uniformly convex Banach space E. For each k = 1,2,...,m, let Ay : C — E* be a
continuous and monotone mapping, i : C — R be a lower semicontinuous and convex
functional, let fi : C x C — R be a bifunction satisfying (C1)-(C4) and T : E — C be a
closed and totally quasi-p-asymptotically nonexpansive mappings with nonnegative real
sequences {v,}, {u,} and a strictly increasing and continuous function { : R* — R* with
£(0) =0. If vy, u, — O (as n — +00). Assume that T is uniformly asymptotically regular
on E, i.e., lim,_, .o sup,x || 7" x — T"x|| = 0 holds for any bounded subset K of E and F =
F(T)N[Z GMEP(fi, )] # V. Forallz,y € C, Gi(2,9) = fu(z,9) + o (y) — ¢x(2) + (Axz, y~2),
Tri’;(x) ={ze€ C:Gilz,y) + %(y —z,Jz — Jx) > 0,Yy € C}. For an initial point x, € E, let
Cy = C and define the sequence {x,} by

Y =T o + (1= a)Jz,],
Zn :]_1 [IBVan + (1 - ﬁn)](Tn(xn + en))];
g = TS T - T T

Cun ={z€ Cy:d(z,uy) < ay@(z,x,) + (1 — )P (2, 2,) < P(2, %) + Ln},
Xn+l = HC,H.l (xl)’

where the sequences {{[}, {rin}, {an}, {Ba} satisfy the following conditions:
(1) &n= DX, %0 + 1) + SUP,ec (X — P, T (Xn + €1) = Jotn) + Viy - SUPec S [P (D % + €4)] + 14,
e, € E satisfying lim,_, . |le,|| = 0 for each n > 1.
(2) Foreachk=1,2,...,m, {ri,}+5 C (0, +00) satisfying liminf,_, , 7k, > 0.
(3) {au}, {Bn} are real sequences in [0,1] such that liminf,_, (1 — «,,)(1 = 8,) B, > 0.
Then the sequence {x,} converges strongly to I1c(x1).

Letting E be a Hilbert space in Theorem 2.1, we have Corollary 2.5.

Corollary 2.5 Let C be a nonempty, closed, and convex subset of real Hilbert space
E. For each k =1,2,...,m, let Ay : C — E* be a continuous and monotone mapping,
¢k : C — R be a lower semicontinuous and convex functional, let fi : C x C — R be a
bifunction satisfying (C1)-(C4) and T; : E — C, Vi € N be an infinite family of closed
and totally quasi-asymptotically nonexpansive mappings with nonnegative real sequences
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{Vn 1 {u } and a Strlctly increasing and continuous functwn £:R" — R* with £(0) =
If lim,, ;o0 supl-eN*{v,, } =0 and lim,_, ., supl-eN*{u,, } = 0. Assume that T; is umformly
asymptotically regular on E for all i > 1, i.e., lim,,_, ;o0 SUp,c | 77 % — T?x|| = 0 holds for
any bounded subset K of E and F = [/ F(T)] NINis; GMEP(fi, o) # 9. Forall z,y € C,
Gk(z,y) = fi(z,y) + ok (y) — oi(2) + (Akz,y - 2), rk,,(x) ={ze C:Gklz,y) + —(y z,z2—x) >
0,Vy € C}. For an initial point x| € E, let C! = C for each i > 1 and C, = ﬂl | Ci and define
the sequence {x,} by

¥ = oy + (L—a,)z,
zi, = Bukn + (1 - ,Bn)Tn(xn +el )
qun; TS;EI; ' Trz " T , nyn’

ta=1{z€Cy: ||z—u,1ll2 <aullz=xul? + A —an)llz = 201> < lz = x0l* + 1},

n+1 - ﬂ n+1’

Xn+l = PC,Hl (xl);

where the sequences {1}, {rin), {0}, (B} satisfy the following conditiony
(1) &= llel1? +supyec(@n —prel) + v - sup,ec ¢ [llp — (on + €0)[1%] + 1), €, € E
satzsfymg 1imy,— o0 SUP;cp+{II€} 11} = O for each n > 1 and i > 1.
(2) Foreachk=1,2,...,m, {ri,} 13 C (0, +00) satisfying liminf,_, ;s 7k, > 0.
(3) {an}, {Bn} are real sequences in [0,1] such that liminf,_, oo (1 — &,,)(1 = B,) B, > 0.
Then the sequence {x,} converges strongly to Pr(x;).

Remark 2.3 Corollary 2.5 improves Theorem 2.1 of Martinez-Yanes and Xu [44] in the
following aspects:
(1) From a nonexpansive mapping to a countable family of Bregman totally
quasi-D-asymptotically nonexpansive mappings.
(2) Our algorithms take into account computational errors term.
(3) Considering the generalized mixed equilibrium problems from zero to a finite
family.
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