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Estimates for the Poisson kernel and the evolution kernel
on the Heisenberg group

RICHARD PENNEY AND ROMAN URBAN

Abstract. We obtain an upper estimate for the Poisson kernel for the class of second-order left invariant
differential operators on the semi-direct product of the 2n + 1-dimensional Heisenberg group H,, and an
Abelian group A = RK. We also give an upper estimate for the transition probabilities of the evolution on
‘H;, driven by the Brownian motion (with drift) in R¥.

1. Introduction
1.1. Poisson kernel on higher rank N A groups

Let S be a semi-direct product S = N x A where N is a connected and simply
connected nilpotent Lie group and A is isomorphic with R¥. For g € S weletx(g) = x
and a(g) = a denote the components of g in this product so that g = (x, a).

In what follows we identify the group A, its Lie algebra a, and a*, the space of
linear forms on a, with the Euclidean space R* endowed with the usual scalar product
(-, -) and the corresponding norm || - ||. For the vector x € R¥ we write x> = x - x =
(x,x) = ZZ‘(:I xiz. By || - [loc, We denote the maximum norm || x ||oo = maxj<;<k |x;].

We assume that there is a basis X1, ..., X, for n that diagonalizes the A-action. Let
M,yoois Ay € a* = R* be the corresponding roots, i.e., for every H € a,[H, X ;] =
Aj(H)Xj, j=1,...,m.Asin [4] we assume that there is an element H, € R* such
that A;(H,) > Oforl < j <m.

Let, fora = (a1, ..., o) € R¥ and real d;.s,

r k
La=>" (e%(“)X? + djekf<“>xj)+Aa, where Ay =" (agi —2a,-aa,.) . (LD
j=1 i=1
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and X1, ..., X, satisfy Hormander condition, i.e., they generate the Lie algebra n
of N. Then, L, is a left invariant differential operator on S. Define

m
po= D xj and set x(g) = det(Ad(g)) = ™.
j=1

Let A* = Intfa € R¥ : Aj(a) > Ofor1 < j <r}. Ifa € A" then there exists a
Poisson kernel v for L, [4]. That is, there is a C°° function v on N such that every
bounded L, -harmonic function F on S may be written as a Poisson integral against a
bounded function f on S/A = N,

F(g) = / Flgrw(x)dx = / FOOF (" n)dx,
S/A N

where 7¢(x) = v(@ 'xla)x(a)~ L. Conversely the Poisson integral of any f €
L°°(N) is a bounded L, -harmonic function.

Fort €e R*and p € A*, let§” = Ad((log?)p)|n. Then, ¢ > 87 is a one parameter
group of automorphisms of N for which the corresponding eigenvalues on n are all
positive. It is known [10] that then N has 87 -homogeneous norm: a non-negative con-
tinuous function |- |, on N such that [n|, = Oif and only if n = e and |5}0n|p =tnl,.
For many years the best pointwise estimate in higher rank available in the literature
was

v(x) < Cp(1+|x]p)~°

for some & > 0, where p € AT ([4,5]). This estimate was significantly improved by
the authors in [12,13]. A simplified version of [12, Theorem 1.2] says

THEOREM 1.1. ([12, Theorem 1.2]) For every given p € A™, there exist positive
constants C and c (c is explicitly computable) such that the following estimate holds

v(x) < C( + |x|p)—CPO(P)V(0l)’
where y () = 2min; <<, %
J

1.2. Statements of the main results

The estimate given in Theorem 1.1 is not optimal. In this work we consider the
case where N = H,,, the 2n + 1-dimensional Heisenberg group, which we realize as
R" x R" x R with the Lie group multiplication given by

(x1, y1,21)(x2, y2, 22) = (x1 + X2, Y1 + y2, 21 + 22 + X1 - y2).
In this realization

(x1, y1,21) = (0, y1, z1) (x1, 0, 0).
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Hence H,, decomposes as a semi-direct product of R>” and R” and the corresponding
Lie algebra b, is spanned by the left invariant vector fields

Xj=0y, Yj=0y, +x;8,, Z=40, (1.2)
where 1 < j <n.Let A=RFandlet& ;, & j,& € (RY)", 1 < j < n, be such that

E1,j+5, =68

independently of j. Forx € R", a € Rk andi = 1,2, we set
ofi@, — (ea,l(wxl, i@y, es,-,n(a)xn) )
We then define an A action on H,, by automorphisms of H,, by
a(x,y,2)a”! = (1 @Wyx, 2@y 5@y (1.3)

We then let S = H,, x A.
Let X s Y j»and Z be, respectively, X ;, Y;, and Z considered as left invariant vector
fields on S. Then,
X, =efi@x; ¥, =@y, Z=eb@yz

We set Ly = Z'}Zl (73 + 75) +7 4 Ag, where Ay is as in (1.1). Then,

n
L=> (eza,jm X2+ 3252,1'(“)1/]?) Le2@z2 LA, (1.4)
j=1
We assume also that &; j(@) > 0,1 <j<n, i=1,2.

THEOREM 1.2. Foreveryp € AT ande > 0 there exists a constantC = C, . > 0
such that

v(x,y.2) < CUL+(x, 3,277,
where
1
y = 5 mingj(p) min(&1 ;(@)/&7 )
J J
1
+5 min(1,j(p). 2,/ (0)) rr§n<sl,j<a>/si j 620 (@/8 1. 53(@)/63)
for 1(y. )l = & and ||x||lx > e,
y = mingy,; (o) min(é), J@)/EF ;)
JorIxlleo > €, and

y = min(§1,j (o). £2,/(p)) min(1, (@)/E] ;. &2,j(@)/& ;. E3(@) /E7)

Jor [[(y. 2 = &.
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REMARK. Our estimates in the rank 1 case are considerably weaker than ones
available in the literature. (See [3,7,8, 16], for example.) However, in the higher rank
case the estimates given in Theorem 1.2 are much better than those from Theorem 1.1.
See the example in Sect. 5.2 on p. 25.

The proof of Theorem 1.2 requires both analytic and probabilistic techniques. Some
of them were introduced in [4] and used in [6—8, 12]. In particular, we use the following
skew-product formula for the semigroup 7; generated by £, on a general N A group,

Tif(x,a) = EU% (0, 1) f (x, o), (1.5)

where the expectation is taken with respect to the diffusion o; on R¥ generated by A,
i.e., the Brownian motion with drift, and U? (s, t) is the evolution generated by L
where o € C([0, 00), R¥) and, for a € R¥,

n
=3 (ezsl.j(a))@ n ezsz.j(a)yjz> 4 230 72 (1.6)
j=1

Thus, U° (s, t) is the (unique) family of bounded (on appropriate space of functions on
‘H,,) convolution operators U? (s, t) f = f * P° (¢, s), with smooth kernels (transition
probabilities) P (¢, s), which have some properties generalizing semigroup property
(see p. 8).

In order to get estimates for the Poisson kernel it is necessary to have estimates for
P?(t,0)(x). The best general result we are aware of in the literature is Theorem 1.3
below. See [6,7] and [12].

Let

t
A%(s.)= > /e‘“-"(”“)du. 1.7)
. K

THEOREM 1.3. Let K C N be closed and e ¢ K, where e is the identity element
of N. Then, there exist constants C1, Ca, and v such that for every x € K and for
everyt,

/ —v/2 2
) . ) T )
P?(t,0)(x) = Cy ( /0 X (ou) d“) exp( 4 GAO0.n)

where t is a subadditive norm which is smooth on N \ {e}.

It is clear that this estimate is not optimal; it follows from formula (2.6) below,
for example, that if N is Abelian, a similar estimate holds without the % term. In
the rank-one case the presence of this term does not cause a problem; it is enough to
consider x is in a compact set. In the higher rank case, this term does create difficulties.
Our second main result, Theorem 1.4 below, which plays the crucial role in the proof
of Theorem 1.2, is an estimate for P° (¢, 0) on H,, which does not contain such a term.
We conjecture that a similar result holds general for nilpotent groups N.
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In order to state this result, let

t
fin= [ W Al = 3 A7 60, k=12

N

1<j=n

t . (1.8)
a&g:/e%wwmm ﬁhmn:{jAm@ﬁ,k:Lz
S ]:1
We also set
Ao = A7 1(0,1)2 A3 (0, )T A0, 62, Ay = AS(0, 1), o)
Ay = A5(0,1) + A3(0,1), Az = AT(0,1) + AS(0,1) + A5 (0, 1). '
Finally we let
$(m) Imi2_y* (1.10)
m) = —_— . .
m]l1/2 +1

THEOREM 1.4. There are positive constants C and D such that for all x, y and z,
P7(t,0)(x, y,2)

_ 12 %113 Iy, 2
sCA01(||<y,z)||”2+1+A/)exp(—D A~ DT e09).

The proof of Theorem 1.4 is based on our third main result, Corollary 3.5, that
allows us to decompose the diffusion defined by P? (¢, s) on a Lie group N which
can be expressed as an appropriate semi-direct product of two subgroups, into vertical
and horizontal components, in much the same way that formula (1.5) decomposes the
diffusion defined by £, on S.

2. Preliminaries
2.1. Exponential functionals of Brownian motion

Let by, s > 0, be the Brownian motion on R starting from @ € R and normalized
so that Eby = a and Var by = 25s.
Ford > 0 and © > 0 we define the following exponential functional

oo
Loy = / edbs=1s) g, Q.1
0

THEOREM 2.1. (Dufresne, [9]) Let by = 0. Then, the functional I ;, is distributed
as (4y, /2)_1 , where y,, » denotes a gamma random variable with parameter /2, i.e.,
Yu/2 has a density (l/F(u/Z))x%_le_x1[0,+oo) (x), where T is the gamma function.

As a corollary from Theorem 2.1, by scaling the Brownian motion and changing
the variable, we get the following
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THEOREM 2.2. Let by = a. Then,

00 _ eda dx
E,f(ls) = ca e /0 F)x* 4 exp (— )—.

d2x ) «x
The following lemma follows from Theorem 2.2. (See [12, Lemma 5.4] for details.)

LEMMA 2.3. Let 0, = b, — 2au be the k-dimensional Brownian motion with a
drift. Let d > 0, and let £ € (RX)* be such that («) > 0. Then,

de(oy) yL(a) —y/d edZ(a) du
E e dy ) = e expl ———— ) —.
af (/0 u) Cd l,« /O S w)u p 2d202u | u

where y = 24(x) /2.

2.2. Some probabilistic lemmas

If b; is the Brownian motion starting from x € R, then the corresponding Wiener
measure on the space C ([0, c0), R) is denoted by W,. The following lemma follows
from formula 1.1.4 on p. 125 in [1].

LEMMA 2.4. There exists a constant ¢ > 0 such that for all x < y,
W, ( sup |by| > y) < cem OV
O<s<t

The following two equalities follow easily from the reflection principle for the
Brownian motion [11].

LEMMA 2.5. Ifx > a > 0, then

Wo( sup b, > aand b; < x) =2Wqy(b; > a) — Wo(b; > x),
uel0,1]

whereas if x < a witha > 0, then

uel0,7]

Wo< sup b, > aandb; < x) = Wo(b; > 2a — x).

Note that Wo(b; > a) =1 — @(a/ﬁ), where & (x) = ~u?/Ady. As a

corollary from Lemma 2.5 we get the following.

1 px
ﬁf_me
LEMMA 2.6. Fora >0, x,y € Rwithx <y, andt > 0, let

Ri={-a<x<y<a}, Rh={x<y<-—a},
Ry ={a <x <y}, Ri={0<x<a<y}
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Then,
Wo( sup |byl > aandb, € [x,y])
uel0,7]
) e () e () 2o (3.
0 (7)o (57) +o () - (G).
* () - @(%)m(z@?’)(—m ).
P

’2q>(

IA

333

on Ry,
on Ry,

on Rz,

+d (2(1—&-x)_q> <2a+y) , on Ry.

2.2)

COROLLARY 2.7. Assume thata > |n| 46,8 > 0, and 0 < ¢/2 < §. Then,

e '"Wol sup |bul>a and b, €n—e/2,n+¢/2]
uel0,1]

o] (e—<2a—n>2/(4r>+e—(2a+n>2/(4t>)'

Tt
COROLLARY 2.8. Assume that a > 0. Then,

1
lim sup —Wo( sup |by| > aandb, € [n
e

e—0 uel0,7]

—¢&/2,n+ 8/2])

2 o—(a—|n])?/(41)
< Vat
-l =

Tt

|n] < a,

—n?/(4t)

e 0<a<|n|.

2.3. Disintegration of the diffusion into vertical and horizontal
components—skew-product formula

2.3.1. Vertical component

Let L, be defined by (1.4). The process o; in R* generated by the operator A4, i.e.,

the Brownian motion with drift
generated by L.

2.3.2. Horizontal component

—2a, is called a vertical component of the diffusion

Let Co (H,) be the space of continuous functions f on H,, for which limy_, o, f (x)
exists. For X € h,, welet X denote the corresponding right-invariant vector field. For

amulti-index I = (i1, ..., im),i; € Z" andabasis X1, ...,

we write X! = Xll" ..X,i{".Fork,l =0,1,2,..., 00 we define

A}, of the Lie algebra b,

c*D(H,) = {f X1 XY f e Coo(Hy) forevery|I| < k +1and |J] <[+ 1}
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and

1%y = sup NX X fleo. Ifllan = sup (XX flloo. (2.3)
|1|=k,|J|=l [k, |J|=l
In particular, C ©.5(H,) is a Banach space with the norm || f [0 -

For a continuous function o : [0, c0) — RK, we consider the operator L° where
L% is as in (1.6). Let {U(s,t) : 0 < s < t} be the (unique) family of bounded
operators on C, (H,) which satisfies

i) U%(s,s) =1d, forall s > 0,

i) limyo U (s,s + h) f = f in Coo(Hy),

iii) U%(s, U (r,t) =U°(s,1),0<s <r <t,

iv) ,U%(s, 1) f = —L%U%(s,1) f forevery f € COD(H,),

V) 3,U°% (s, 1) f = U (s, t)L f forevery f € CO2(H,),

vi) U%(s, 1) : COD(H,) — COD(H,).
The operator U (s, t) is a convolution operator with a probability measure with a
smooth density, i.e., U% (s, 1) f = f* P?(t, s). In particular, U? (s, t) is left invariant.
By iii), P°(t,r) *x P°(r,s) = P°(t,s) fort > r > s. Existence of U (s, t) follows
from [15]. Notice that from above properties it follows that

vii) U%%(s,1) = U°(s 4+ u, t + u), where o o 0, (s) = oy, is the shift operator.

A stochastic process (evolution) in H,, corresponding to transition probabilities
P°(t, s) is called a horizontal component of the diffusion generated by £, .

2.3.3. Skew-product formula
Let U° (s, t) and P (¢, s) be as in Sect. 2.3.2. For f € C.(N x R¥) and ¢ > 0, we
put
T, f(x,a) = E,U%(0,1) f(x,01) = Eo f *n P°(t,0)(x, 07), (2.4)

where the expectation is taken with respect to the distribution of the process o; (Brown-
ian motion with drift) in R¥ with the generator A, . The operator U’ (0, t) acts on the
first variable of the function f (as a convolution operator).

THEOREM 2.9. The family T; defined in (2.4) is the semigroup of operators gen-
erated by L. That is, 0; Ty f = Lo Ty f and lim;_o Ty f = f.

We refer to formula (2.4) as the skew-product formula. By now the proof of the
above statement is standard and it goes along the lines of [7] with obvious changes.
(In Sect. 3 below a more general skew-product formula is proved.)

2.4. Evolution equation in R”

Let

1 n n
U=z > aij®)d9; + > bj(1)d; 2.5)
j=1

i, j=1
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be a differential operator on C*°(R"), where 9; = 9y, and a(¢) = [a;;(¢)] is a sym-
metric, positive definite matrix and the a; j and b; belong to C([0, 00), R).Fors <1,
let U (s, t) be the unique family of operators on C, (R") satisfying conditions (i)-(vi)
on page 8 where L7 is replaced by L’. Our goal in this section is to compute the
corresponding convolution kernel P (s, t).

Let

t t
Aij(s,z)=/ aij(wydu = A; ;, Bj(s,t)z/ bj(u)du = B;.
N N

PROPOSITION 2.10. Let A = [A;;] and B = (By, Bs. ... By)". Then,
P(t,s)(x) = (27) "% (det A)~2e 24 G=B)-(=B) (2.6)

Proof. For f, € Coo(R™) N L2(R"), we write f(x, 1) = f,* P(t, s)(x). We note that
fort > 5,0, f(x,t) = L' f(x,t) and f(x,s) = f,(x). We form the Fourier trans-

form concluding & f(&, 1) = (—% S g+ Y ibjsj) £, 1). Solving
the above equation and forming the inverse transformation we get the proposition. [

2.5. Poisson kernel

Let 11, be the semigroup of probability measures on § = H,, x R¥ generated by £, .
It is known [5,8] that lim,_, o (77 (i1;), f) = (v, f), where 7 denotes the projection
from S onto H,,, and (%, f) = (u, f), f(x) = f(x~1). Leta € R* and let 11 be a
measure on H,. We define (u?, f) = (u, f o Ad(a)). Fora € R¥, we have

vi(h) = va@ 'ha)x (@)™, heH,, 2.7)

where x(b) = e and po = >}_ (61 + &.)) + & = (n + D&. Itis an easy
calculation to check that

lim (e ()", f) = (0 f). (238)
The next lemma follows from Theorem 2.9. (See [12, Lemma 4.1] for the details.)

LEMMA 2.11. We have (x(ji))", f) = (B, P (t,0), f).
By (2.8) and Lemma 2.11 it follows that

(0, f) = lim (r(i)®, f) = lim (EqP7 (1. 0), f). 2:9)

3. Split groups and the skew-product formula

Assume that

S=NxA, N=MxV, S,=VxA,
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where N is nilpotent, M is normal in N, V is a subgroup of N normalized by A, and
A = RF. We denote the general element of these groups by:

g=m,v,a)=m,x), g8, meM, veV, xeSf,.

Let{X1,..., Xn}and {Y71, ..., Y, } beJordan—Holder bases for v and m, respectively,
where {X1, ..., X,,} and {Y, ..., Y, } generate v and m, respectively. We assume
also that the X; and Y; are eigenvectors for the ady-action, H € a.
Let
1, oy
Ly = Z (Xl2 -I-CiXi) , Ly = Z (Y,»2 -I—diYi> , Ln=Ly+ Ly,

i=1 i=1
where ¢;, d; € R, and
Dy =Ay+Ly, D=Ay+ Ly

considered as elements of the universal enveloping algebra 2(s) where @ € R* and
Ay isasin (1.1). For g € S and X € 2(s) we let X8 = Ad(g)X.

We consider the diffusion defined by D, on S, as the vertical component and that
defined by Lj; on M as the horizontal. Explicitly, for any topological space X we let
Qf = C(Ir, 00), X) and Qx = QY. Then, for t € Qs, the operator L', = L%\",
considered as a left invariant operator on C*° (M) produces an operator Ulf,l (s, 1) on
Coo(M),0 < s <tasonp.8. We write

UL (s, ) f (x) = /M KM (5, ) £ ()dy.

where dy is Haar measure on M. The equality Uj, (s, )U[,(r,t) = Uy, (s,1),0 <
s < r <t is equivalent with the Chapman—Kolmogorov equation, [2, (15.8), p. 320],
Ju K%’t(y, DKM (2, x)dz = K%’T(y, x). Foreach r > 0 and m € M, there is a
corresponding Markov process with state space €2, and a probability measure WZI;’;.
We omit r from the notation when it is 0. In particular, forz, > t,_1 > --- >t > r
and the function f(t) = h(t(t,), t(ty-1), ..., T(t1)),

F@OAW,I (1)

Ay
M, M,t
=/ Ky i s Xn—1) ... Ky (x1,m)h(x,, xp—1, ..., x1)dx, ...dx;. (3.1)
Mn

Similarly, we denote the respective transition kernels for D,, D, A, on S,, S and
Rk by K t‘fs, K:s,and K ,’j‘s, respectively. The corresponding operators are U (s, t) =
e=9D0 U(s, 1) = e""9P and UA(s, ) = e« We denote the correspond-
ing measures on Qrg, Qg and Q;‘ by Wf‘;’r, Wi o and W’; o respectively, where
x = (,a) € S,andm € M.

The following proposition is an extension of Theorem 2.9 to the case where S, is
non-abelian. The proof follows [7].
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PROPOSITION 3.1. For f € Cso(S),

UQ©,t)f(m,x) = / (U;,[(O, t)f) (m, r(t))de"(r) = To,. f (m, x).

Qup
In the proof of Proposition 3.1 we will need the following lemma.

LEMMA 3.2.
t
To,; f (m, x) =/0 U0, 1 = wly [LiylnTo.u f (m, )] )du + (U0, 1) ) (m, x),

where the subscript indicates the variable on which the operator operates.

Proof.
(To. f — U0, 1) f)(m, x)

=/U;4(o, z)f(m,r(z))dwiv(r)—/U&(t,t)f(m,r(t)>de”(r)
Z/U&(z —u, O] fm, (1) AW (1)

- _//Ot QUL (t —u, 1) f(m, T(r))dudW (1)
Z/OI/L;y“)U}V,(z—u,z)f(m,r(r))dwﬁo(r)du

- /0 t / LE= Oy o0, u) £ (m, T 0 6, (u)dW () du
:/Ot /SU/waU;l(o, w) f (m, T () dWSe () K(,_, (x, y)dydu

t
- /0 U0, t — )|y [L}y T f (. y)1x) .

Proof of Proposition 3.1. From Lemma 3.2

t
9 To, (f)(m, x) =3z/0 U0, 1t —u)ly [Liylm To.u f (m, y)] (x)du

+ 9,(U°0, 1) f)(m, x)

=Ly |mTo, f(m,x) + D°(To, f —U°(,1) f)(m, x)
+ D°U°(0,1) f(m, x)

=LyTo,f(m,x)+ DTy, f(m, x),

where L) is Ly considered as a left invariant operator on S. This proves Proposi-
tion 3.1. U
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We may express W;fl  in terms of Wf" and WE,. Recall that for t € Qg,, L), =
(1)

Ly .
Let f € C(S). Then, by Proposition 3.1, we have!

FEOWAWS (2) = / Kro(m. x: 1, y) £ (L. y)didy
QS MXS(,

= / (/ K%’”(m; Dfd, r}(t))dl) de”(’?)
Q, M

= / / F (), n(@)dWX1 () dW (). (3.2)
5250 Qy

Note that (i, ) € Q2s. This suggests the following:

THEOREM 3.3.
/ F@AW), (7)) = / £ (e, AWM (1) dWe (). (3.3)
Qg Qs, /Uy

Hence,

Wi (o) = WX (W ().

Proof. We have the following proposition, where W, is the measure corresponding
to any general Markov process &(¢) on Q& (with £(s) = w). This is a restatement and
generalization of Lemma 4.1.4, p. 189 from [14].

PROPOSITION 3.4. Suppose that for s < t,

f@) = h(Tls,n, Tlir,oo)-

Then,
/ @AWy, (1) = / / h(, Y)W ) (W)AWy ().
Q% Qf J QY

Let g = (m, x). The right-hand side of (3.3) defines a measure on Q2 which we
temporarily denote Wg. The sequence of equalities (3.2) prove that Wgs (f) = Wg fH

for f(t) = h(z(¢)).
Suppose that

f(@) = h(z(t1), T(12)).

1 dI denotes right-invariant Haar measure on S,. Hence d/dm is right-invariant Haar measure on S. Express-
ing densities with respect to right-invariant measure is not a problem as long as we do not write our kernels
as convolutions. It has the convenience that the measures split in the semi-direct product decomposition.
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Then, with T = (u, ), w = (m,x) and 0 < t] < 12,
/ h(T (1), T(02)dWS (1) = / / h(En), T(0)AWS, | (D)dWS (F)

-/ / B G, 70, T(0) AW, (DAWH @)W )
So M

=/ /t / /, h(i(tr), n(t1), u(t2), n(t2))
Qs, L Jay Q}&,

M, ~
X AW GOAWET AW ()dWS 7). (3:4)

We wish to combine (3.4) into a single n integral. We write (3.4) as
h(z (1), T(12))dWS (1) = H(7, n)dWS”, o (AW (7)),
Qg Qg Qtsl n(t),1
where

H(ﬁ» n) —/ / h(ii(t1), n(t1), u(t2), n(t2))dW- }n ¢ (M)d“%’ﬁ(/})
1 a(n).n
Qup J 2y,

As a function of 1, h depends only on 7], ). The 7 dependence is also not problem
since

/Q h(iL(), 710, pt2), n(t2)dW (1)

= [ B, w2, ne) &Y n,

So

which depends on 7]0,;,1- Hence
/Q h(z (), T(22)dWy (1) = / / H (i, mdWe | () dWy (i)
S

= [  H®, ndW> @)
Qs(,

/Q /Q / R0, (). n(62), () AW (AW () dWSs ()
So M

_ / / B0, (1), n(E2),s (i) AWM ()W ()
QSU Qy

as desired. The general case follows similarly. 0

Foro € QA and (m,x) € M x V,let WY*°, W)? be the measures on Q~ and

QV, respectively, defined similarly to the definition of WM e

COROLLARY 3.5. For a.e. o with respect to W4 and (i, y) € Q1 x QY,

Mya

W2 (u,y) = (WWY ().
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Proof. Theorem 3.3 implies:
M.y, M.y,
Wi oy, 0) = Wi V7 (WS, (v, 0) = Wa 77 (W)WY 7 ()W (o).
On the other hand, Theorem 3.3 also implies

Wi ca(ta v, 0) = Wil (1, y)Wi (o)
which proves the corollary. g
The following result is the analog of the skew-product formula (2.4).

COROLLARY 3.6. For a.e. o with respect to W
/ Kf?/da(m,x; my, x1) f (my, x1) dmdx;
N

=/ K677 (momy) f(m, y) dmy AW (p).
M

Proof. This is immediate from Corollary 3.5 and (3.1) withn = 1. U

4. Upper estimate for P°

Let notation be as in Sect. 1.2. Then, b, is split by the subalgebras v and m spanned
by {X1,..., X,}and {Y1, ..., Y,, Z}, respectively, i.e.,

Hy=MxV,

where M and V are the corresponding Lie groups, which we identify with R”*! and
R", respectively. Let Ly = Zl}:l 73 + 72, ie.,
n
Ly=> (ezszj(a)a@ +2e220 @y 9 5, + ezéz,j<a>sz,322) + @2
Jj=1

and
n 2 n
Ly =37 = 3 e
j=1 j=1

We replace a by o (1), t > 0, where o € C([0, +00), Rk) is a continuous function on
the half-line with values in A = R¥, and x by n(t),t > 0, where n = (91, ..., ny) 1S
a continuous pathin V = R", i.e., belongs to C ([0, co), R"), and get time-dependent
operators

n
Ly => (eZSZ-J“’(’” 07, + 26720y (1)d, 0, + 221y (t)23§)
j=1
02
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and

n
L = 052
j=1

Then, the matrix arg, from (2.5) for LS, is a® = 2m{ where, for j =1, 2,
m‘J’ = diag[ezsﬂ(”), .., e¥into) 4.1)
(the off diagonal entries are all 0) while the matrix for Li,’ln is

o o

m b

agon =a""7=2|: 2 :|,
M

(bo',?’])l dO',ﬂ

where

poN — (6252.1(6),71 , 6252.2(0),]2’ e 6252,;1(0),’”)1’

don = i“ ezéz,.f«r),ﬁ +280) = oy 4 28O 4.2)
j=1
Let b; be the 1-dimensional Brownian motion normalized so that
W, (b; € dy) = py(x.dy) = @)~/ 2e =0 At gy,
Then, by (2.6),
K% d = [ P s jowg, (¥ 425)- (4.3)

I<j<n

Thus the process n(t) generated by L9, has coordinates 7 () which are independent
Brownian motions with time changed according to the clock governed by o.
Let

A% (s, 1) = /t a®(u) du.
s
For an n x n invertible matrix A we set
B(A)(x) = %A_lx -x and D(A) = (2n)_%(det A)_%.
In this notation, again by (2.6),
KMo m?) = DA (s, 1))e  BAT Nl =m® =l 2 g by = R

LEMMA 4.1. Let A be a symmetric, positive semi-definite matrix. Then,

B(A)(x) = Ix[*/IAl.
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Proof. Let A = C? where C' = C. Since |A|l = max; A; where A; > 0 are the
eigenvalues of A, ||C|| = ||A||%. Then,

2B(A)(x) = [C7 x> = ICI72ICI> 1C X1 = [C1721x 0% = 1A ix )2

O
Now, we want to estimate the operator norm of A%,
LEMMA 4.2. There is a C > 0 such that
|A%7(0, 1)]| <CAS5 (0, 1)(1+ A"(0, 0) + CA5(0,1) 4.4)

where A; is as in (1.8) and A" (s, t) = Supg << 1MW) lloo-

Proof. We have, with the notation introduced in (4.1) and (4.2),
’ mg b m§ b 0 O
=l [(b“-ﬂ)’ d"*"} =’ [(b“ﬂi)’ (b, nJ i [0 ezﬁ(")}

mo/Z 0 ma/2 po/2n 0 0o
=2[(b"/zz’”)fO (2) 0 +2 0 &2 | (4.5)

There is a constant D = D, such that for all r x r matrices A,

IAl < D max laijl <D 3 laijl.
<i,J=r

1<i,j<n

The norm of the first and the second matrix on the right-hand side of (4.5) is dominated
by a multiple of

n n n
D21 > RO < (L4 lle) D e,

j=I j=1 j=1
where || - ||oo denotes the £°°-norm on R”. Hence

2
n
la”" @] < € | A+ In@)lee)* | D2/ ) 4 2@
Jj=1

and so

t
1A%, )]l 5/ lla?" (u)|du
0
t n 2
<C / A+ In@)lleo)® | D27 ) 4e2€W Ldu. (4.6)
0 ;
j=1
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But, in L2(0, 1),
2

t n n 2 n 2
&,j(0(u)) - £.j(@ () £.j@ ()
R0 ) = | S < S o]
[(Bee) wtgeets (Bl

n
2
<n> He&-f("(')) H2 = nA3(0,1).
=

The lemma follows. 0
LEMMA 4.3. There exists a constant C > 0 such that
DA (s, 1)) < CAZ y(s, 1) 2 A (s, 1),
where notation is as in (1.8).

Proof. We introduce the integrals of the objects defined in (4.1) and (4.2),

t '
M}’(s, 1) =/ m‘;(u)du, B (s, 1) :/ b>"M(u)du,
S N
and
t
D% (s, 1) =/ d®"(u)du.
N
By (4.5) we get

M3 BO1
det A% (s, 1) = 2"+ det |: 3 (s, 1) (s, t)i|

(B7(s, 1)) D7"(s, t)
t
= 2" AS (s 1) ( /S &2 W) 2 (1) du
j

~ (fsf e282,,‘(0(14))”/. (u)du)?
fsf e262,j(0 () 4y,

+2"AS (s, A (s, 1).

By the Cauchy—Schwarz inequality the expression under the > j 1s non-negative.
Thus, we get det A%"(s, t) > Z"Hqun(s, 1) A5 (s, 1). O

Next, we estimate the evolution kernel on H,, generated by L,
P?(t,0)(m, v) = K°(¢,0)(0,0; m, v).
PROPOSITION 4.4. There are positive constants C and D such that
¢ 2(0,1)2 A (0, 1) A (0, )2 P° (0, 1) (m, v)
DIl D|m|? )
ATOD - (A3(0,0)+AZ 0, ) Imll 2 +[vlloc + 22

Clml+ vl
24500,1) )’

sc<||m||i+1)exp(—

+CA%(0, 1) exp (
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Proof. We allow the constants C and D to change from line to line. By Lemma 4.1
and Lemma 4.3,

Mgn(m mz) =D(A%"(s,1))e —B(A%"(s5,1))(m' —m?)
4.7

|m —m \|2

1 1 _m —m-j—
<CAf (s, 1)"2A5 (s, 1) 2e 247760l

From Corollary 3.6, (4.7), and (4.3), for mi € Mandv! €V,

/K“(r 0", vt m y)wy)dy—/ KM nt, my (n(6)) aW Y ()

\m —m |2

< D(A(0, 1)) / &2 y (1)) AW} (n)
< CAZ1(0,1) TA3(0, 1)
mzfrn1 2
x / e AT Y (11(AT (0, 1)). .. (AT (0. 1)) AW, (). (45)

Then, (4.8) and Lemma 4.2 imply

1 1\ 1
(4300.07430.07) " [ P 00m 30w 2y

_ Dljm|?
<c / e MRONAONTIRON Y (1)) AWg T (n). (49)

For v € R" given and ¢ > 0, let ¥(-) = & "1p.)(-), where B;(v) =
H?Zl Bg1 (vj) and Bg (vj) =[v; —&/2,v; + &/2]. We will estimate (4.9) with ¥, in
place of ¢ as ¢ tends to zero.

Let E} denote expectation with respect to dWY-? (n). Fork = 1,2, ..., define the
sets of paths in V,

A = In tk—=1<A"0,1) = sup [n()le < k] .
O<u<t

The integral on the right in (4.9) can be written as an infinite sum and estimated as
follows

S E) Dm|?
0XP\ ~ 7o T 2 o
P A0, 0)(1+ A0, )2 + A (0, 1)

- D|m|? )
< ;exp (— HAZ0.0 1 430, t))kz) Ev:(n(1)1 4, (). (4.10)

) Ye (ﬂ(t))lAk €))

To simplify notation we introduce

. Dlm|?
EEEPA\TH@AT 0.0 + A0, )k2)

Exle) = EQye (n(e)1a () = e "Wy (n € Ag and n(t) € Be(v)).
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Let v # 0 and choose /2 < ||v|leo. If n € Ag, then |7(H)]lcc > [V]lco — &/2.
Hence, & =0 fork < ||v|lco — €/2.
Let,fork=1,2,...,

A (0,1) = sup [n;u)] and.A,{ ={n:k—1=<A",r) <k}.

O<u<t

Since the coordinates n;(¢) of n(¢) are independent (Brownian motions with time
changed—see p. 15 after (4.3)), we can estimate (recall that Wy is the law of a clas-
sical Brownian motion),

n

E(e) <" > WyT (n e Al and n(1) e BS(U))
j=1

= > Wy (n e Al and n; (1) € Bg(vj)) W) (m(z) e B! () fori;éj)
=1

n
=S e'W, (n € AJ and n; (AT ;0,1) € Bg(u,-))
j=1
<] (s—lwo (n,-(Af{,,.(o, 1) € B, (vi))) . @.11)
i#]
LEMMA 4.5. Assume thata > ||[V]looc +68,8 > 0, and 0 < &/2 < 8. Then,

8_"WX’“( sup [[n()llec > a and n(t) € Bs(v))
uel0,7]

n
< A(f (0, t)fl/Z Z (e—(za—vj)2/2A‘1’,j(o,z) 4 e—(2a+v,—)2/2Af{_j(0,t)) '
j=1

Proof. Reasoning as in (4.11) we see that the left side of the above inequality is
bounded by

) —1/2
cO []A7.0.0
j=1 \i#j
x £~ 'Wy sup Inj(u)| = a and 1;(A] ;(0.1)) € B} (v))

uel0,A7 ;(0,1)/2]

By our assumption it follows that for every j, a > |v;| + 6. Hence, the result follows
by Corollary 2.7. U

LEMMA 4.6.
AG (0, )2 AS(0,1)2 P7 (0, 1)(m, v) < CI, where I = limsup > cr&(e).

"
Sy ST

Furthermore, the sum converges uniformly in ¢.
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Proof. The inequality follows by letting ¢ tend to O in (4.10). The uniform convergence
follows from Lemma 4.5. 0

Let n,, be the smallest natural number such that 7z, > ||v||co.

LEMMA 4.7. We have the following estimates

lim sup &, (6) < CAS (0, 1)~ /2~ IVe/247 0.0,
e—07F

while for k > n, + 1,

Q=1 - ||v||oo)2) _

lim sup & () < CAT (0, n~exp ( 2A7(0,1)

e—0t
Proof. Consider &,,. Let j € {1, ..., n} be fixed. Suppose first that |v;| < n, — 1.
Then, using Corollary 2.8, the jth termin (4.11) (with k = n,) can be dominated by a
 Qo=D—Jv;? iyl

multiple of AT,H(O’ AL AL 00 ]_L-#j e 1% Notice that |v;| cannot be
equal to ||v]lo. Thus, we are done in this case.

Now suppose that |v;| > n, — 1. Then, using Corollary 2.8 again, we dominate the

_ Iyl L

jthterm in (4.11) by CA§ (0, 1)~ 1/%e *15"" [T, e *1:®". The result for &
follows.

Now we consider &. Since k > n,, + 1 it follows that k — 1 > |v;| for every j.
Therefore, by Corollary 2.8 the jth term in (4.11) is estimated by

Qk=1)—Iv;? Iv; 12
CAT (0, n~12e MO0 Heiz’qi(o").
i#]
O
Next, we estimate / = lim sup,_, o+ Zkzllvlloo ck&r(e). From Lemma 4.7,
AT (0,021
= A] (0. 0)'limsup | ¢,, &, (&) + D cli(e)
e=>0% kZ"o‘l’l
2 2
D
< Cexp (_ “:”oo _ . ||m||(7 2)
2A7(0,1)  4(A5(0,1) 4+ A5(0,1)n}
D|m 2k — 1) — v
n Z exp (——— | IIU - (2( <)7 llvlloo) @12
P 4(A5(0,1) + AS(0, 1)k 2A7(0,1)

For a, b non-negative a + b > +/a? + b%. Also, for k > n, + 1,
k=1 +k—=1)—Ivlloo = 1o+ (k=1 —[V]lo0),

k—=1—vlleo = no = [[vlloc = 0.
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Hence the summation in the last line of (4.12) is bounded by

i exp (— Dijm|” o+ k=1~ ||U||oo)2)
2
kgt 4(A3(0, 1) + AZ(0, 1)k 2490, 1)
n(z) o0 2 5
< TOT S exp (_ Dim] B (k—l—uvnoo))
kSt 1 4(A3(0, 1) + A5 (0, 1)k? 2A7(0, 1)

4.13)

We split the sumin (4.13) into two parts: n,+1 < k < n,+|m|| 3 andk > ny,+||m|| : ,
and estimate the corresponding parts by the following two terms:

o D|lm|?
mijte 00 exp(— I )
4(A3(0.1) + AZ 0. 0)(Iml1E + vllog + 22

and

2

— D|m|? —1—n,)?
e 2470, Z exp (_ . ||m||0 : - (k _ n()) )
4(A5(0, 1) + A (0, 1)k 2A49(0,1)

k=>no+|m| 2 +1

The above expression is bounded by

o o __2 _ e _ _ym
e 249 (O,r)/ e 2A70,0) dr < ﬁAT(O, t)l/ze 247 0.0) 2Al(0,t).
lmll2
Proposition 4.4 follows. 0

Asacorollary we get the following result, where the notation is asin (1.9) and (1.10).

COROLLARY 4.8. There are positive constants C and D such that in the region

1
[vlloe < lImll2,

o 12 vl [lm|
AgP?(0,1)(m,v) < C(|lm||"* + 1yexp(—D — D——¢(m)
A A

2
+CA? exp (—Dw)
1

1
while in the region ||v|lco > |Im| 2,

2
AoP? (0, 1)(m, v) < C(Im||"/> + 1 + A%y exp (—DWHZA) .
1

Theorem 1.4 follows immediately from this corollary along with the observations
that p(m) < 1, A; < Az and Ay < Az.
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5. Upper estimate for the Poisson kernel

Let v(h) = v(x,y,2),x,y € R" z € R, be the Poisson kernel on H,, for the
operator L, in (1.4). Then, from (1.2)
n
L= (P10 @02 + X2 @2 12200 @, 5, 4 220@322)

j=l1

+eX@h2 4 A,
Recall that we assume that &; ;(a) > 0. Hence a belongs to the positive Weyl cham-
ber A*. The operator A, generates the Brownian motion o (1) with drift —2¢, i.e.,
o(u) = b(u) — 2ccu, where b(u) is the k-dimensional standard Brownian motion

normalized so that Var b, = 2u.
Let v* be asin (2.7). Recall that h = (x, y, z) = (m, v) withv = x and (y, z) = m.

THEOREM 5.1. For all compact subsets K % e of Hy, all p € AT, and alle > 0
there exists a constant C = C(K, p, &) > 0 such that for all s < 0,

vsp (l’l) < Ce—p()(Sp)eS minlf_jfn gl‘j(p) minlgjsn(gl‘j(a)/glzvj)/z

et Mini<j<n (€1 (0).82,j () min; (€1 j (@)/&7 .62, (@)/E5 ;.£3/63)/2

ifhe KN{p(m)=e, ||[v]loo = €}, (.1

v (h) < Ce—ro(sp)
e’ minj <<, &1, (p) minlgjgn(fl‘j(a)/ffj)

ifheKn{lvlec = ¢} (5.2)

and

VP (h) < Ce—ro(sp)
o Mini<j<n (1) (0).&2,j () mini<j<n (€1 j(@)/&7 ;.62 (@))€ .€3/83)
ifhe KN{p(m)=> e}, (5.3)
where ¢ (m) is defined in (1.10).

Proof. First we consider elements 4 = (m, v) from the set K = K N {(m,v) :
¢ (m) > e}. Let A; be defined as in (1.9) but with # = oo. By Theorem 1.4, we have

s - D D IRV D D
VP < CEz A, exp _A_l_A_3 + CE;p Ay A" exp _A_l__ .54

We estimate the first expectation on the right.

~1 b D _10\ /2 2D 2D\\'?
ESPA() €xp _A_l_A_3 = (Esp(A() )) E;p exp _A_l_A_3

172 4D 1/4 4D 1/4
< (Esp (Aal)z) (Ew exp (_A_])) (Esp exp (_A_3)) . 5.5
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We estimate the first expectation above. By the Cauchy—Schwarz inequality we get,

Esp(AgH? = Eg (A ™ AS 1 AD ™!
= e PIEN(A] )T (AS ) (A
e 20 (Bg(A] ) ™H A Eo(AS ) TH VA E(AD D2 (5.6)
The expectation E()(Ag)_2 is finite by Lemma 2.3. Since by Lemma 2.3, fork = 1,2
and j = 1,...,n, and all d > 0, the expected values Eo(Agyj)_d are also finite,
we can apply the Cauchy—Schwarz inequality n — 1 times to each of the remaining
expectation in (5.6) and conclude their finiteness.

Now we consider Ey, exp(—4D /A1) and E;, exp(—4D;/A3) from (5.5).
Clearly,

E;, exp(—4D1/A1) =Eoexp(—4D1/(M(sp) A1), (5.7

where M (sp) = max <<, €21 () = e2smini<j<n§1.(0),
Proceeding exactly in the same way as in the proof of [12, Lemma 6.2] we show
that (5.7) is bounded by

CM(Sp)minlgjgn(gl,j(a)/glzyj) — CC2S mini<j<p Sl,j(ﬂ)minlgjgn(él,j(a)/glz,j). (58)

The expectation Eg, exp(—4D;/A3) is similar. Again, in the same way as in
the proof of [12, Lemma 6.2] we show that Ey, exp(—4D;/A3) is bounded by

C M, (sp)™ni 1 J@/EL .82, (@)/83 .83 (a)/éf)’ where

Mi(sp) = max <62§1,j(sp)7 e262.j(sp) 25?(%0)) e2smini<j<n(§1,j(p).82,j(P))

1<j<n
Hence,

Eyp exp(—4D2/A3)
< Ce mimi=jzn(En(0) k2. (p)) min; G, j@)/57 .62, @)/83 1 85 @/ED) (5.9

Now we estimate the second expectation on the right in (5.4) by

iE Ay A/ (-2 -2
- sp p A As

. ~1/2 4172 ~1/2 D D
ZEW)A AT A e (_A_1 _A_3)
k#j
— Z e 2k 2k (5P) g —E3(5p) o= 2gz 62,0 (5P)
j=1

- _ D D
xEoA, 2 4 1/21_[A”1(/zexp(————).
k#j
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Since s < 0, e~ 2k 52450 g=E3(5p) g~ 2 82 (50) < P00 To estimate the last one
expectation above we proceed as in (5.5) and (5.6) and get the same estimate. Hence,
the estimate (5.1) holds on K.

Now we have to consider the set K = K N {(m, v) : ||v]looc > €}. On this set (5.5)

simplifies and, using Lemma 2.3, (5.6), (5.7) and (5.8) as above, we get

. Dy 2 2D \\'"?
Eqpdg " exp (o = (Bp(a5"h?) " (Egpexp N

< e~ PO(sp) s mini<jn €1, (P mini<j<n §1,j @)/47 )

As in the previous case the second expectation in (5.4) has the same estimate. Hence,
the estimate (5.2) holds on K5. Finally, we consider the set K3 = K N {(m, v) :
¢ (m) > e}. Then,

. D, o\ 12 2D, \\ '/
Eypdg" exp (-~ §(Esp(A0 )) Eypexp (-~

< e—Po(sp) s Mini<j<n (€1, (P),62,j (P)) minj (1, (@)/E] .62, (@)/E7 ;.83/63)

Again, the second expectation in (5.4) has the same estimate. Thus, (5.3) is proved. [J

5.1. Proof of Theorem 1.2

Proof of Theorem 1.2. Recall that we have h = (x, y,z) = (m, v) with v = x and
(y,z) = m. Itis clear that for 4 with the norm |h]|, < 1 we have v(h) < C,. Let
87 = Ad((logt)p). Then, |8/ h|, = t|h|,. Let h = ngp(_s)ho with ||, = 1 and
s < 0.Then ||, =e™® > 1.Let K = {ho : |hol, = 1}. By definition (2.7), v(h) =
V(8 p(_yh0) = v((s0) " ho(sp)) = eMPIv (o), where po = 3 ; (61, j+E2, /) +E3,
and the result follows from Theorem 5.1. U

5.2. Example

Here we compare the above upper bound given by Theorem 1.2 with the result
from [12]. Consider k¥ = 2 and & ; = (1,0),% ; = (0, 1). Theorem 1.1 gives

_ Cipo(p)y () .
v(x,y,2) < CO+ [(x,y,2)lp) 1 , where y (@) = 2min(ay, ap) for some

constant C; which depends on p and can be computed. Take p = (1, 2). To compute
C; we proceed similarly as in [12, Example 1] getting that [12] gives

min(ay,@2)

v(x,y,2) <CA+|x,y,Dlp)" 2,

whereas Theorem 1.2 gives, for example for ¢ (y, z) > 1 and ||y[lcc > 1,

min(,ap)
- 2

V(. y.2) < CA+|(x, v, D)~ 7
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