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Abstract We study charged fermionic perturbations in
the background of two-dimensional charged dilatonic black
holes, and we present the exact Dirac quasinormal modes.
Also, we study the stability of these black holes under
charged fermionic perturbations.

1 Introduction

The Einstein–Hilbert action is just a topological invariant in
two spacetime dimensions (Gauss–Bonnet term) and, there-
fore, it is necessary to incorporate extra fields to add rich-
ness to the two-dimensional gravity models. In this sense,
the dilatonic field plays the role of the extra fields, which
naturally arises, for instance, in the compactifications from
higher-dimensional models or from string theory. These the-
ories also have black hole solutions which play an important
role in revealing various aspects of the geometry of spacetime
and the quantization of gravity, and also the physics related to
string theory [1–3]. On the other hand, two-dimensional low-
energy string theory admits several black hole solutions. Fur-
thermore, technical simplifications in two dimensions often
lead to exact results, and it is hoped that this might help
to address some conceptual problems posed by quantum
gravity in higher dimensions. The exact solvability of two-
dimensional models of gravity has proven to be a useful tool
for investigations into black hole thermodynamics [4–9]. It is
hoped that such investigations provide a deeper understand-
ing of key issues; including the microscopic origin of black
hole entropy [10–12], and the end point of black hole evapo-
ration via thermal radiation [13–15]. For an excellent review
of dilaton gravity in two dimensions see [16]. Moreover, there
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is a growing interest in dilatonic black holes in the last few
years, since it is believed that these black holes can shed
some light on the solution of the fundamental problem of the
microscopic origin of the Bekenstein–Hawking entropy. The
area–entropy relation SB H = A/4 was obtained for a class of
five-dimensional extremal black holes in Type II string theory
using D-brane techniques [17]. In [2], the author derived the
entropy for the two-dimensional black hole [3] by establish-
ing the U-duality between the two-dimensional black hole
and the five-dimensional one [2]. A similar work was carried
out in [18] using a different sequence of duality transforma-
tions, this time in four dimensions, and leading to the same
expressions for the entropy for two-dimensional black holes.

The particular motivation of this work is to calculate
the quasinormal modes (QNMs) for charged fermionic field
perturbations against the background of two-dimensional
charged dilatonic black holes [3], and to study the stability
of these black holes under charged fermionic perturbations.
The QNMs and their quasinormal frequencies (QNFs) are
an important property of black holes and have a long history
[19–24]. The QNMs give information about the stability of
black holes under matter fields that evolves perturbatively in
the exterior region of them, without backreacting on the met-
ric. Also, the QNMs determine how fast a thermal state in
the boundary theory will reach thermal equilibrium accord-
ing to the AdS/CFT correspondence [25], where the relax-
ation time of a thermal state of the boundary thermal theory
is proportional to the inverse of the imaginary part of the
QNFs of the dual gravity background [26]. In the context of
black hole thermodynamics, the QNMs allow the quantum
area spectrum of the black hole horizon to be studied, as well
as the mass and the entropy spectrum. In this regard, Beken-
stein [27] was the first to propose the idea that in quantum
gravity the area of black hole horizon is quantized, leading
to a discrete spectrum which is evenly spaced. Then Hod
[28] conjectured that the asymptotic QNF is related to the

123

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Springer - Publisher Connector

https://core.ac.uk/display/81727483?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


2940 Page 2 of 5 Eur. Phys. J. C (2014) 74:2940

quantized black hole area, by identifying the vibrational fre-
quency with the real part of the QNFs. However, it is not
universal for every black hole background. Then Kunstatter
[29] proposed that the black hole spectrum can be obtained
by imposing the Bohr–Sommerfeld quantization condition to
an adiabatic invariant quantity involving the energy and the
vibrational frequency. Furthermore, Maggiore [30] argued
that in the large damping limit the identification of the vibra-
tional frequency with the imaginary part of the QNF could
lead to the Bekenstein universal bound. Then the conse-
quences of these proposals were studied in several space-
times. Besides, in [31–34] the authors discussed a connec-
tion between Hawking radiation and black hole quasinormal
modes, which is important in the route to quantizing grav-
ity, because one can naturally interpret black hole quasinor-
mal modes in terms of quantum levels. The issues of the
classical and quantum stability of two-dimensional and five-
dimensional dilatonic black holes were treated for instance
in [35–40], and it was shown that the absorption cross sec-
tion vanishes at the low and high frequency limit for these
black holes [41]. Also, the QNMs for charged dilatonic black
holes were studied in [42] via semi-analytic and numerical
methods.

This paper is organized as follows. In Sect. 2, we study
charged fermionic perturbations in the background of two-
dimensional charged dilatonic black holes, and we calculate
the exact QNMs. Finally, remarks are presented in Sect. 3.

2 Charged fermionic perturbations of two-dimensional
charged dilatonic black holes

Maxwell gravity coupled to a dilatonic field (φ) can be
described by the effective action [3]

S = 1

2π

∫
d2x

√−ge−2φ
(

R − 4(∇φ)2−λ− 1

4
FμνFμν

)
,

(1)

where R is the Ricci scalar, λ is the effective central charge,
and Fμν is the electromagnetic strength tensor. The equations
of motion for the metric, gauge, and dilaton fields are given
by

Rμν − 2∇μ∇νφ − 1

2
Fμσ Fσν = 0,

∇ν
(

e−2φFμν
)

= 0,

R − 4∇μ∇μφ + 4∇μφ∇μφ − λ− 1

4
FμνFμν = 0.

(2)

The general static metric describing charged black holes in
this theory can be written as

ds2 = − f (r)dt2 + dr2

f (r)
, (3)

where f (r) = 1 − 2me−Qr + q2e−2Qr , φ = φ0 − Q
2 r , and

Ftr = √
2Qqe−Qr . The condition of asymptotic flatness for

the spacetime requires λ = −Q2. The free parameter m is
proportional to the black hole mass, and q is proportional to
the black hole electric charge. The horizons of the black hole
are located at

r± = 1

Q
ln

(
m ±

√
m2 − q2

)
; (4)

therefore, the condition m2 − q2 � 0 must be satisfied in
order to have an event horizon at r+. The change of coordi-
nate y = e−Qr yields f (y) = 1 − 2my + q2 y2 where the
spatial infinity is now located at y = 0. This solution rep-
resents a well-known string-theoretic black hole [1–3]. The
charged fermionic perturbations against the background of
two-dimensional dilatonic black holes are governed by the
Dirac equation in curved space,
(
γ μ

(∇μ − iq ′ Aμ
)+ m′)ψ = 0, (5)

where Aμ is the electromagnetic potential, q ′ and m′ are
the electric charge and the mass of the fermionic field ψ ,
respectively, and the covariant derivative is defined as

∇μ = ∂μ + 1

2
ωab

μ Jab, (6)

where Jab = 1
4

[
γa, γb

]
are the generators of the Lorentz

group. The gamma matrices in curved spacetime, γ μ, are
defined by γ μ = eμa γ a , where γ a are the gamma matrices in
flat spacetime. In order to solve the Dirac equation, we use
the diagonal vielbein

e0 = √
f (r)dt, e1 = 1√

f (r)
dr. (7)

From the null torsion condition dea +ωa
b ∧eb = 0, we obtain

the spin connection

ω01 = f ′ (r)
2
√

f (r)
e0. (8)

Now, by using the following representation of the gamma
matrices:

γ 0 = iσ 2, γ 1 = σ 1, (9)

where σ i are the Pauli matrices, along with the following
ansatz for the fermionic field:

ψ = 1

f (r)1/4
e−iωt

(
ψ1

ψ2

)
, (10)

we obtain the following equations:

√
f ∂rψ1 + iω√

f
ψ1 +

√
2iqq ′
√

f
e−Qrψ1 + m′ψ2 = 0

√
f ∂rψ2 − iω√

f
ψ2 −

√
2iqq ′
√

f
e−Qrψ2 + m′ψ1 = 0.

(11)
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Decoupling the above system of equations, we obtain the
following equation for ψ1:

2 f (r)2 ψ ′′
1 (r)+ f (r) f ′ (r) ψ ′

1(r)

+e−2Qr (4q2q ′2 + 4
√

2eQr qq ′ω + 2e2Qrω2

−2eQr (m′2eQr + √
2iqq ′Q) f (r)

−ieQr
(√

2qq ′ + eQrω
)

f ′(r))ψ1(r) = 0. (12)

Now, making the change of variables y = e−Qr , and after
some algebraic manipulations, (12) becomes

ψ ′′
1 (y)+

(
1

y
+ 1/2

y − y+
+ 1/2

y − y−

)
ψ ′

1 (y)

+
(

A1

y
+ A2

y − y+
+ A3

y − y−

)

× 1

y (y − y+) (y − y−)
ψ1 (y) = 0. (13)

Here y± are the roots of f (y) = 1 − 2my + q2 y2, and they
are given explicitly by

y± = m ∓√
m2 − q2

q2 , (14)

and the constants A1, A2, and A3 are defined by the following
expressions:

A1 = 1

q2 Q2

(
ω2 − m′2) , (15)

A2 = y+ (y+ − y−)

×
⎛
⎝ 1

16
−
(

1

4
− iω

q2 Qy+ (y+ − y−)
−

√
2iq ′

q Q (y+ − y−)

)2
⎞
⎠ ,
(16)

A3 = −y− (y+ − y−)

×
⎛
⎝ 1

16
−
(

1

4
+ iω

q2 Qy− (y+ − y−)
+

√
2iq ′

q Q (y+ − y−)

)2
⎞
⎠ .

(17)

Furthermore, performing another change of variable
z = y+−y

y+ , (13) reduces to

ψ ′′
1 (z)+

(
1

z − 1
+ 1/2

z
+ 1/2

z − 1 + y−
y+

)
ψ ′

1 (z)

+ 1

y2+

(
A1

z − 1
+ A2

z
+ A3

z − 1 + y−
y+

)

× 1

z (z − 1)
(

z − 1 + y−
y+

)ψ1 (z) = 0. (18)

We note that the above equation corresponds to the Riemann
differential equation, whose general form is [43]

d2w

dz2 +
(

1 − α − α′

z − r
+ 1 − β − β ′

z − s
+ 1 − γ − γ ′

z − t

)
dw

dz

+
(
αα′ (r − s) (r − t)

z − r
+ ββ ′ (s − t) (s − r)

z − s

+γ γ
′ (t − r) (t − s)

z − t

)
w

(z − r) (z − s) (z − t)
= 0,

(19)

where r, s, t are the singular points, and the exponents
α, α′, β, β ′, γ, γ ′ are subject to the condition

α + α′ + β + β ′ + γ + γ ′ = 1. (20)

The complete solution of (19) is denoted by the symbol

w = P

⎧⎨
⎩

r s t
α β γ z
α′ β ′ γ ′

⎫⎬
⎭ , (21)

where the P symbol denotes the Riemann P function, which
can be reduced to the hypergeometric function through

w =
(

z − r

z − s

)α ( z − t

z − s

)γ

×P

⎧⎨
⎩

0 ∞ 1
0 α + β + γ 0 (z−r)(t−s)

(z−s)(t−r)
α′ − α α + β ′ + γ γ ′ − γ

⎫⎬
⎭ , (22)

where the P function is now the Gauss hypergeometric func-
tion. So, considering (18) and (19) we can identify the regular
singular points r, s, and t as

r = 0, s = 1 − y−
y+
, t = 1. (23)

Therefore, the exponents are given by

α = − iω

q2 Qy+ (y− − y+)
−

√
2iq ′

q Q (y− − y+)
,

α′ = 1

2
+ iω

q2 Qy+ (y− − y+)
+

√
2iq ′

q Q (y− − y+)
, (24)

β = iω

q2 Qy− (y− − y+)
+

√
2iq ′

q Q (y− − y+)
,

β ′ = 1

2
− iω

q2 Qy− (y− − y+)
−

√
2iq ′

q Q (y− − y+)
, (25)

γ =
√

m′2 − ω2

Q
, γ ′ = −

√
m′2 − ω2

Q
, (26)
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and the solution to (13) can be written as

ψ1 (z) = C1

(
z

z − 1 + y−
y+

)α (
z − 1

z − 1 + y−
y+

)γ

×2 F1

(
a, b, c,

y−
y+ z

z − 1 + y−
y+ )

)

+C2

(
z

z − 1 + y−
y+

)α′ (
z − 1

z − 1 + y−
y+

)γ

×2 F1

(
a − c + 1, b − c + 1, 2 − c,

y−
y+ z

z − 1 + y−
y+ )

)
,

(27)

where we have defined the constants a, b, and c as

a = α + β + γ,

b = α + β ′ + γ,

c = 1 + α − α′.
(28)

In the near horizon limit, the above expression behaves as

ψ1 (z → 0) = Ĉ1zα + Ĉ2zα
′
, (29)

where Ĉ1 and Ĉ2 are constants. Now, we impose the boundary
condition that classically nothing can escape from the event
horizon, therefore we must take C2 = 0 in order to have only
ingoing waves at the horizon. So, the solution simplifies to

ψ1 (z) = C1

(
z

z − 1 + y−
y+

)α (
z − 1

z − 1 + y−
y+

)γ

×2 F1

(
a, b, c,

y−
y+ z

z − 1 + y−
y+ )

)
. (30)

Now, we implement boundary conditions at spatial infinity
z → 1. In order to do this, we employ the Kummer relations
[43]

2 F1 (a, b, c; z) = 
 (c) 
 (c − a − b)


 (c − a) 
 (c − b)
2

× F1 (a, b, a + b − c; 1 − z)

+ (1 − z)c−a−b 
 (c) 
 (a + b − c)


 (a) 
 (b)
2

× F1 (c − a, c − b, c − a − b + 1; 1 − z) ,

(31)

which allow us to write the solution as

ψ1 (z) = C1

(
z

z − 1 + y−
y+

)α (
z − 1

z − 1 + y−
y+

)γ

×
 (c) 
 (c − a − b)


 (c − a) 
 (c − b)
2 F1

×
(

a, b, a + b − c, 1 −
y−
y+ z

z − 1 + y−
y+ )

)

+C1

(
1 − y−

y+

)γ ′−γ ( z

z − 1 + y−
y+

)α (
z − 1

z − 1 + y−
y+

)γ ′

×
 (c) 
 (a + b − c)


 (a) 
 (b)

×2 F1

(
c − a, c − b, c − a − b + 1, 1 −

y−
y+ z

z − 1 + y−
y+ )

)
.

(32)

In the limit z → 1, the above expression becomes

ψ1 (z → 1) = C̃1 (1 − z)γ

 (c) 
 (c − a − b)


 (c − a) 
 (c − b)

+C̃1

(
1 − y−

y+

)γ ′−γ
(1 − z)γ

′ 
 (c) 
 (a + b − c)


 (a) 
 (b)
, (33)

where C̃1 is a constant. So, in order to have only outgoing
waves at spatial infinity z = 1, we must impose c − a =
−n or c − b = −n. These conditions yield the following
sets of quasinormal frequencies for two-dimensional charged
dilatonic black holes:

ω1 = −
√

2mqq ′

q2 − i
m Q

√
m2 − q2

2q2 (1 + 2n)+ i

√
m2 − q2

2q2

×
√

Q2
(
m2−q2

)
(1+2n)2+4q2

(
m′2−2q ′2)−4

√
2iqq ′ Q

√
m2−q2 (1+2n)

(34)

and

ω2 = −i
nQ

2
+ i

m′2

2nQ
, (35)

where n = 0, 1, 2, . . . for the first set and n = 1, 2, . . . for
the second set of frequencies. Depending on the value of the
fermionic field mass m′, some frequencies can have positive
imaginary part, and therefore the black holes can be unstable.
In order to separate the real part from the imaginary part for
the first set of frequencies, we define

Z = Q2
(

m2 − q2
)
(1 + 2n)2 + 4q2

(
m′2 − 2q ′2)

−4
√

2iqq ′Q
√

m2 − q2 (1 + 2n); (36)

therefore, the first set of frequencies can be written as

ω1 = −
√

2mqq ′

q2 + sgn(qq ′)
√

m2 − q2

2q2

√ |Z | − Re(Z)

2

−i

√
m2 − q2

2q2

(
m Q (1 + 2n)−

√ |Z | + Re(Z)

2

)
,

(37)

where sgn(qq ′) gives the sign of qq ′. Therefore, the imagi-
nary part of the first set of frequencies is negative for

m′2 < m2 Q2(1 + 2n)2 + 8q2q ′2

4m2 . (38)
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So, if the above inequality is satisfied, the two-dimensional
charged dilatonic black holes are stable under charged
fermionic perturbations. Note that in the case q ′ 	= 0 the
QNFs acquire a real part. Analogously, for m′2 < n2 Q2, the
imaginary part of the second set of frequencies is negative,
which guarantees the stability. Remarkably, this second set is
the same as the QNFs for two-dimensional uncharged dila-
tonic black holes [38,40]. In a similar way, the QNFs asso-
ciated to ψ2 can be obtained, and we note that ψ2 satisfies a
similar equation toψ1 but making the changes q ′ → −q ′ and
ω → −ω. For ψ2, and, following an analogous procedure,
we find two additional sets of quasinormal frequencies. One
of them is the same set of quasinormal frequencies as given
in Eq. (37) and the other set is given by

ω3 = −i
(n + 1) Q

2
+ i

m′2

2 (n + 1) Q
, (39)

where n = 0, 1, 2, . . .. In this case, the imaginary part is
negative when the fermionic field mass satisfies the inequality
m′2 < (n + 1)2 Q2.

3 Final remarks

In this work we have computed analytically the QNMs
of charged fermionic perturbations for two-dimensional
charged dilatonic black holes and we analyzed the stabil-
ity of these black holes under fermionic perturbations. The
fermionic fields are solutions of the Dirac equation, which
can be reduced to the Riemann differential equation, as in
[44,45], and we have shown that there are two sets of quasi-
normal frequencies for each component of the fermionic
field, where the second set, (39), is the same as that in the
uncharged case [38,40]. On the other hand, the quasinormal
frequencies of the first set are given by a real part, when
q ′ 	= 0, and an imaginary part, which can be negative if the
square fermionic field mass satisfies (38).
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