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Abstract In this article we offer a new interpretation of the
T-dualization procedure of type II superstring theory in the
double space framework. We use the ghost free action of type
IT superstring in pure spinor formulation in approximation
of constant background fields up to the quadratic terms. T-
dualization along any subset of the initial coordinates, x¢, is
equivalent to the permutation of this subset with subset of the
corresponding T-dual coordinates, y,, in double space coor-
dinate Z¥ = (x#, y,). Requiring that the T-dual transfor-
mation law after the exchange x < y, has the same form as
the initial one, we obtain the T-dual NS-NS and NS—R back-
ground fields. The T-dual R-R field strength is determined up
to one arbitrary constant under some assumptions. The com-
patibility between supersymmetry and T-duality produces a
change of bar spinors and R-R field strength. If we dualize
an odd number of dimensions x“, such a change flips type
IIA/B to type I B/A. If we T-dualize the time-like direction,
one imaginary unit / maps type II superstring theories to type
II* ones.

1 Introduction

T-duality is a fundamental feature of string theory [1-8]. As
a consequence of T-duality there is no physical difference
between string theory compactified on a circle of radius R
and circle of radius 1/R. This conclusion can be generalized
to tori of various dimensions.

The mathematical realization of T-duality is given by
Buscher T-dualization procedure [4,5]. If the background
fields have global isometries along some directions then we
can localize that symmetry introducing gauge fields. The
next step is to add the new term in the action with Lagrange
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multipliers which forces these gauge fields to be unphysical.
Finally, we can use gauge freedom to fix initial coordinates.
Varying this gauge fixed action with respect to the Lagrange
multipliers one gets the initial action and varying with respect
to the gauge fields one gets the T-dual action.

Buscher T-dualization can be applied along directions on
which background fields do not depend [4—10]. Such a proce-
dure was used in Refs. [11-18] in the context of closed string
noncommutativity. There is a generalized Buscher procedure
which deals with background fields depending on all coor-
dinates. The generalized procedure was applied to the case
of bosonic string moving in the weakly curved background
[19,20]. It leads directly to closed string noncommutativity
[21].

The Buscher procedure can be considered as the defini-
tion of T-dualization. But there are also other frameworks
in which we can represent T-dualization which must be in
accordance with the Buscher procedure. Here we talk about
the double space formalism which was the subject of the arti-
cles about 20 years ago [22-26]. Double space is spanned by
coordinates ZM = (x#,y,) (0 =0,1,2,..., D—1), where
x" and y, are the coordinates of the D-dimensional initial
and T-dual space-time, respectively. Interest for this subject
emerged again with Refs. [27-34], where T-duality is related
with O(d, d) transformations. The approach of Ref. [22] has
been recently improved when the T-dualization along some
subset of the initial and corresponding subset of the T-dual
coordinates has been interpreted as permutation of these sub-
sets in the double space coordinates [35,36].

Let us motivate our interest in this subject. It is well known
that T-duality is important feature in understanding M-theory.
In fact, five consistent superstring theories are connected by
a web of T and S dualities. In the beginning we are going
to pay attention to the T-duality. To obtain formulation of
M-theory it is not enough to find all corresponding T-dual
theories. We must construct one theory which contains the
initial theory and all corresponding T-dual ones.
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We have succeeded to realize such program in the bosonic
case, for both constant and weakly curved background. In
Refs. [35,36] we doubled all bosonic coordinates and obtain
the theory which contains the initial and all corresponding T-
dual theories. In such theory T-dualization along an arbitrary
set of coordinates x¢ is equivalent to replacement of these
coordinates with the corresponding T-dual ones, y,. There-
fore, T-duality in double space becomes symmetry transfor-
mation with respect to permutation group.

Performing T-duality in supersymmetric case generates
new problems. In the present paper we are going to extend
such an approach to the type II theories. In fact, doubling all
bosonic coordinates we have unified types IIA, IIB as well
as type II* [37] (obtained by T-dualization along time-like
direction) theories. We expect that such a program could be
a step toward better understanding M-theory.

In the present article we apply the approach of Refs. [35,
36] in the cases of complete (along all bosonic coordinates)
and partial (subset of the bosonic coordinates) T-dualization
of the type II superstring theory [1-3]. We use ghost free
type II superstring theory in pure spinor formulation [33,38—
441 in the approximation of constant background fields and
up to the quadratic terms. This action is obtained from the
general type II superstring action [45] which is given in the
form of an expansion in powers of fermionic coordinates 6*
and 6. In the first step of our consideration we will limit
our analysis to the basic term of the action neglecting 6
and 0 dependent terms. Later, in the discussion of proper
fermionic variables, using an iterative procedure [45], we
take into consideration higher power terms and restore the
supersymmetric invariants 1%, d,, and d, as variables in the
theory.

Rewriting the T-dual transformation laws in terms of the
double space coordinates Z¥ we introduce the generalized
metric Hyn and the generalized current J1y. The permu-
tation matrix (7)™ 5 exchanges the places of x¢ and y,,
where the index a marks the directions along which we
make T-dualization. The basic request is that T-dual dou-
ble space coordinates, ZM = (THMyzZN, satisfy the
transformation law of the same form as initial coordinates,
ZM Tt produces the expressions for the T-dual generalized
metric, ;Hun = (T*HT%)yy, and the T-dual current,
aJ+y = (T%J1)y- Thisis equivalent to the requirement that
transformations of the coordinates and background fields,
M L ZM  Hyn — oHuy and Joy — oJeym, are
symmetry transformations of the double space action. From
transformation of the generalized metric we obtain T-dual
NS-NS background fields and from transformation of the
current we obtain T-dual NS-R fields.

The supersymmetry case includes the new features in both
the Buscher and the double space T-duality approaches. In
the bosonic case the left and right world-sheet chiralities
have different T-duality transformations. It implies that in T-
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dual theory two fermionic coordinates, 6 and 0%, and corre-
sponding canonically conjugated momenta, 7, and 7, (with
different world-sheet chiralities), have different supersym-
metry transformations. As shown in [46,47] it is possible
to make a supersymmetry transformation in T-dual theory
unique if we change one world-sheet chirality sector. There-
fore, compatibility between supersymmetry and T-duality
can be achieved by action on the bar variables with the oper-
ator 42, * Ty = 42,7 aTg. As a consequence of the relation
' Q= (=04 ,Qr'"itfollows that such transformations
for odd d change space-time chiralities of the bar spinors. In
such a way the operator ,€2 for odd d maps type IIA/B to
type IIB/A theory. Here d denotes the number of T-dualized
directions.

There is one difference compared with the bosonic string
case [35,36] where all results from the Buscher procedure
were reproduced. In the T-dual transformation laws of type
IT superstring theory the R-R field strength F*# does not
appear. The reason is that R—R field strength couples only
with the fermionic degrees of freedom, which are not dual-
ized. This is in analogy with the term 9, x’ ITyy; d_x/ in the
bosonic case, where background field IT;; couples only with
coordinates x!, which are undualized [27-29]. To reproduce
the Buscher form of the T-dual R-R field strength we should
make some additional assumptions.

There is an appendix, which contains the block-wise
expressions for the tensors used in this article and useful
relations.

2 Buscher T-dualization of type II superstring theory

In this section we will consider type II superstring action
in pure spinor formulation [38,43,44] in the approximation
of constant background fields and up to the quadratic terms.
Then we will give the overview of the results obtained by
Buscher T-dualization procedure [9,10,46,47].

2.1 Type II superstring in pure spinor formulation

The sigma model action for the type II superstring of Ref.
[45] is of the form

s= [ oM A + 5+ @1
>

where the vectors XM and X" are left and right chiral super-
symmetric variables,

9,.0% 9_0%
s - n*
xM = d+ , XN = 7| (2.2)
o o
1 A7V 1 Aymv
Ny I N=
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of which the components are defined as

1
Y = ox" + E90‘(1““)a,f,a+9/3,

| (2.3)
" =a_x" + Eé“(rﬂ)aﬁa,éﬂ,
1 w1
dy =y — E(Fue)a oyxt + Z(GFME)JFQ) ,
I 1 - w1 -
dy = Ty — E(Fﬂe)a a_x" + Z(OFME)_Q) , 24
1 - 1 -
N = Swa (N gal - N = Sy (DI 30
2.5)
Inserting the supermatrix Ay
Aaﬁ Agy Eaﬂﬂ Qa,,uv
Aug Aw EL Q
A — up v I wvp | 2.6
MN E*y Eo PO Co, (2.6)

Qv L2uv,p Cuvﬂ Suv,po
in (2.1), the action gets the expanded form [45]

S = /dzg [0.40% Aapd_0P +8,0% Agy T +T1} A0 06"

+ T4 AT+ dy E®53-6F + doy E* T
+3:0%EoPdg + I E, P dg + dy PP g

1 _ 1

+ ENﬁquv,ﬂa—eﬁ + ENTQW,/)H/:
] 1 :

50407 Qo N2+ ST Qy 0y N7
1 - - 1 -

+ zNﬁUCMvﬂdﬂ + Edacale_w

1 _

+ ZNﬁ”SW pUN””] + Sy + S5. 2.7
The world sheet ¥ is parameterized by £” = (§0 =1, ¢! =
o) and 0+ = 9; % 9d,. Superspace is spanned by bosonic
coordinates, x* (u = 0,1,2,...,9), and fermionic ones,
0% and 6% (@« = 1,2, ..., 16). The variables n, and 7, are
canonically conjugated momenta to 6 and 6%, respectively.
The actions for pure spinors, S and Sj, are free field actions
Sy = / d*Ewad-1%, S5 = / d?EWq 04 1Y, (2.8)
where A% and A% are pure spinors and w, and w, are their
canonically conjugated momenta, respectively. The pure
spinors satisfy the so-called pure spinor constraints,

AT (M) gprf = 24T M) gpnP = 0. (2.9)

The matrix Aysy containing type II superfields generally
depends on x*, 6% and 0% . The superfields A, EM“, E%,
and P*# are physical superfields, because their first compo-
nents are supergravity fields. The fields in the first column

and first row are auxiliary superfields because they can be
expressed in terms of the physical ones [45]. The remaining
ones, y1.vp (v, p)s C% 1y (Civ®) and Sy, o » are the curva-
tures (field strengths) for the physical superfields.

The action from which we start (2.7) could be consid-
ered as an expansion in powers of 6% and 6¢. In the iterative
procedure presented in [45] it has been shown that each com-
ponent in the expansion can be obtained from the previous
one. Therefore, for practical reasons (computational simplic-
ity), in the first step we limit our considerations to the basic
component i.e. we neglect all terms in the action containing
6% and 6°. As a consequence the 6% and 6% terms disap-
pear from I1%, d, and d, and in the solutions for the physi-
cal superfields just x-dependent supergravity fields survive.
Therefore we lose explicit supersymmetry in such approxi-
mation. Later, when we discuss proper fermionic variables,
we would go further in the expansion and take higher power
terms, which means that supersymmetric invariants, TT'}, d,
and d, would play the roles of d.+x", 7, and 7, respec-
tively.

We are going to perform T-dualization along some subset
of bosonic coordinates x“. Therefore, we will assume that
these directions are Killing vectors. Since d+x¢ appears in
M1, dy and d,, it essentially means that corresponding super-
fields (Aup, E,% E%,, P‘)‘ﬁ) should not depend on x“. This
assumption regarding Killing spinors could be extended on
all space-time directions x*, which effectively means, in the
first step, that physical superfields are constant. All auxiliary
superfields can be expressed in terms of space-time deriva-
tives of physical supergravity fields [45]. Then, in the first
step, the auxiliary superfields are zero, because all physi-
cal superfields are constant. On the other hand, having con-
stant physical superfields means that their field strengths,
Qo (Quv.p)s C%un(Crv®) and Sy po, are zero. In this
way, in the first step, we eliminated from the action terms
containing variables N\" and N"" (2.5).

This choice of background fields should be discussed from
the viewpoint of space-time field equations of type II super-
string action [48]. Let us pay attention on the space-time
field equations for type II superstring given in Appendix B
of [48]. Equation (B.7) from this set of equations represents
the back-reaction of P*? on the metric G wv- If we take a con-
stant dilaton @ and a constant antisymmetric NS-NS field
By, we obtain
Ry — %GWR ~ (P*P)2 . (2.10)
If we choose the background field P*f to be constant, in
general, we will have a constant Ricci tensor, which means
that the metric tensor is a quadratic function of the space-time
coordinates i.e. there is back-reaction of R-R field strength
on the metric tensor. If one wants to cancel non-quadratic
terms originating from back-reaction, additional conditions

@ Springer
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must be imposed on the R-R field strength—the Ad S5 x Ss
coset geometry or self-duality condition (see Ref. [38]).
Taking into account the above analysis and arguments, our

approximation can be realized in the following way:
Y — 0.x”, dy — 1, dy — g, (2.11)

and the physical superfields take the form

1 - -
Ay = K <§G,w + B,w) L EY =W, EY =,

pot = Zpos _ 2,
K K

3 pob, (2.12)

where G, is the metric tensor and By, is the antisymmetric
NS-NS background field. Consequently, the full action S is

1
S = K/ d’e |:8+x“1'[+,w8_x” + 4—ch<2>}
X

TTK

+ /E d%& [~ d- (0% + WoxH) + 8,0 + WixM)a,

2
+ _napaﬁr_[ﬂ] ’ (2'13)
K
where
1
iy =By £ EG’W' (2.14)

The actions ) and S5 are decoupled from the rest and can
be neglected in the further analysis. The action, in its final
form, is ghost independent.

The NS-NS sector of the theory described by (2.13) con-
tains the gravitational G, the antisymmetric Kalb-Ramond
field B, and the dilaton field ®. In the NS—R sector there are
two gravitino fields, ¥} and \fll‘f, which are Majorana—Weyl
spinors of the opposite chirality in type IIA and of the same
chirality in type IIB theory. The field F*# is the R-R field
strength and can be expressed in terms of the antisymmetric
tensors Fx) [9,49-51]

D
1
af _ 2 of of ol pdyeB
k=0
where
rlreipamd = plorpue | il (2.16)

is the completely antisymmetrized product of gamma matri-
ces. The bispinor F*/ satisfies the chirality condition,
I''F = 4+Fr!'", where I'!'! is a product of gamma matrices
in D = 10 dimensional space-time and the sign + corre-
sponds to type IIA, while the sign — corresponds to type I1B
superstring theory. Consequently, type IIA theory contains
only even rank tensors F, while type IIB contains only
odd rank tensors. Because of the duality relation, the inde-
pendent tensors are F(oy, F(2) and F4) for type IIA, while
F(1), F(3) and the self-dual part of Fsy for type IIB super-
string theory. Using the mass-shell condition (massless Dirac
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equation for F®#) these tensors can be solved in terms of the

potentials F) = dA—1). The factor e? is in accordance
with the conventions adopted from [52].

2.2 T-dualization along arbitrary number of coordinates

Let us start with the action (2.13) and apply the standard T-
dualization procedure [4,5,19,20]. It means that we localize
the shift symmetry for some coordinates x“. We substitute the
ordinary derivatives with covariant ones, introducing gauge
fields vg. Then we add the term % ya F'{_ to the Lagrangian in
order to force the field strength F¢_ to vanish and preserve
equivalence between original and T-dual theories. Finally,
we fix the gauge x“ = 0 and obtain

Sex (v, x7, 0%, 6%, 74, 7Ty)

:/ d’ |:/<vil'l+abvb+/<vil'[+aj8xj+K8+xil'I+ibvb
b

Frcdx Ty 0xd + %CDR@) — T W’

F VT, — T (0% + WIx') + 34 (0% + WP x') 7,

+ % ¥ n FP7g + g(via_ya - v08+ya)] C@17)
Varying the gauge fixed action with respect to the

Lagrange multipliers y, we get the solution for the gauge
fields in the form

v = 9xx4, (2.18)

while varying with respect to the gauge fields v{ we have

vl = —ZKéibl'[iji apxl — Kéibaiyb + Zéibllfibﬂia.
(2.19)

Substituting v§ in (2.17) we find

Sfix (v X', 0%, 0%, e, 7o)

2
:/ d’ [%8+ya0“b8yb +K28+ya9fbl'[+bj8,x~’
by

— K2px TI4ia0%0_yy + L og®
4
idpx (Mij — 26T 100 T4 )0 x7
— 70— (0% + WX — 2WGUTL yix) — WweGyy,)
F 04 (0% + WX 4 2WGIP Ty x) 4 W9y, 72,

o 1
+ 2 WO g + 5 e naF“ﬁﬁﬂ} . (2.20)

Before we read the T-dual background fields, we must express
this action in terms of the appropriate spinor coordinates,
which we will discuss in the next subsections.

Combining two solutions for the gauge fields (2.18) and
(2.19) we obtain the transformation law between initial x¢
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and T-dual coordinates y,,

3x9 = 260 T dax’ — k0L (D yp — Jap).  (2.21)

Its inverse is the solution of the last equation in terms of y,

0xya = —2Mapdex’ — 2M0i04x" 4 g, (2.22)

where we use = to emphasize that these are T-duality rela-
tions. Here we introduced the current J.,, in the form

2
Jap = £ W5 Tta, (2.23)

where

“I’iu = \Ilgv \I’gu = \Ijﬁﬂ Mg = Mg, T—q = g,
(2.24)

and the expression éj‘tb is defined in (A.9).

2.3 Relation between left and right chirality in T-dual
theory

One can see from (2.21) and (2.22) that the left and right
chiralities transform differently in T-dual theory. As a conse-
quence, in T-dual theory we will have two types of vielbeins,
two types of ['-matrices, two types of spin connections and
two types of supersymmetry transformations. We want to
have a single geometry in T-dual theory. Therefore, we will
show that all these different representations of the same vari-
ables can be connected by Lorentz transformations [46,47].

2.3.1 Two sets of vielbeins in T-dual theory

The T-dual transformations of the coordinates (2.22) can be
put in the form

3:|:y€Z _ _2H:Fab —ZH;Faj 3:|:xb. I J+4
aext ) T 0 8; 4 x/ 0o )’

(2.25)
which can be rewritten as
3+ X)p = (07 p04x" + Jip,
- @X)p = (Q ) p0-x" + J_p, (2.26)

where we introduced the T-dual variables , X; = {ya, xi}
Here and further on the left subscript a denotes the T-
dualization along x¢ directions. For coordinates which con-
tain both x’ and y, we will use “hat” indices /1, . The matri-
ces

; K60 k6t 0

v — A N — A
o = (—ZKI—I,-CGib 3;) 0 <—2Kn+,-ceﬁb a;)’

(227) T4 =(ATHS I

and theirs inverse

Q_} _ 21 _up 0' Q_} _ 2M 4 ap 0_
Hv 21T _;p 81.] ’ Hv 204 4p 81.’ ’

perform T-dualization for the vector indices.
Note that different chiralities transform with different

matrices Q4 and Q™. Therefore, there are two types of
T-dual vielbeins

(2.28)

ae = ety (QN, 4 = et (1), (2.29)
with the same T-dual metric
WGM = (") = (G QM = G

= (&' nq&" = (GO (2.30)

The Lorentz indices are underlined (denoted by a, b).
The two T-dual vielbeins are equivalent because they are
related by the particular local Lorentz transformation

_ai bji T (-1
a€ = A% e, A = et (07 0) (e ) e

(2.31)

From (2.27) and (2.28) we have

_ a 2 hac 2 hac .
Qo 'o, = (5 bt g@+ Geb Kegi G”), (2.32)
J

which produces

Agé = (SQQ — 20)&2, aﬂé = —Kegaéff_b(eT)b£ Neb-
(2.33)

It satisfies definition of Lorentz transformations

ATnpA=n = detA%, =+I1. (2.34)

After careful calculations we have det A%, = (—=1)?, where
d is the number of dimensions along which we perform T-
duality.

2.3.2 Two sets of I'-matrices in T-dual theory

Because in T-dual theory there are two vielbeins, there must
also be two sets of I'-matrices in curved space

alp = (e Npa T = (ue '),

aTp = N T = (&', (2.35)
They are related by the expression
aLp=aQ il o, (2.36)

where ,€2 is a spinorial representation of the Lorentz trans-
formation

(2.37)

@ Springer
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2.3.3 Two sets of spin connections in T-dual theory

The spin connection can be expressed in terms of vielbeins
as

1 1
w2t = E(evgcl%u —e"cfy) — Eepgegbcgpgegw (2.38)
where
iy = de®, — dpey. (2.39)

Therefore, in T-dual theory there are two spin connections,
defined in terms of two vielbeins. As a consequence of (2.31)
they are related as

W@ = A% 0Py (AT + A% 0% (ATHE,.  (2.40)

It is useful to introduce the spin connection in the form

O = wugp T, 241
where

ree — rark _ rere, (2.42)
Then from (2.37) for ,€2 = const we obtain

=07 ol Q. (2.43)

2.3.4 Single form of supersymmetry invariants in T-dual
theory and new spinor coordinates

So far we used the action from Ref. [45] which is an expan-
sion in powers of 8% and #%. We performed the procedure of
bosonic T-dualization using the first term in the expansioni.e.
6% and #% independent part of the action. Consequently, the
supersymmetric invariants, I1", d, and dy, in that approxi-
mation became a4 x*, 7, and 77, . Butif we would take higher
power terms into consideration, then these invariants would
appear again in the theory. Consequently, we can use these
invariants to find proper spinor variables.

From the compatibility between supersymmetry and T-
duality we will find appropriate spinor variables changing
the bar ones. We are not going to apply such a procedure to
background fields which transformation we will find from T-
dualization. In Sect. 2.5 we will check that both T-dual grav-
itinos satisfy a single supersymmetry transformation rule.

Note that according to [38,53—-59] fermionic coordinates,
6% and 6%, and their canonically conjugated momenta, 7,
and 7y, are parts of the supersymmetry invariant variables,

1 R
dy = 1la = 5 (T8 ( D4x' + 76T"0,6

1 1. _
dy = a = 5 (Tu)a (8_x“ + Zer“a_e) . (2.44)
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In T-dual theory, as a consequence of two types of I matri-
ces, there are two types supersymmetry invariant variables,

oo = aTq — %(arﬂ a®a <a+ oXp + }Laearﬂ(‘u ae) :
(2.45)

T aé) .
(2.46)

1

_ _ _ - 1
ada = aTlq — E(aru a®)e <a— aX;l +7

4

We want the two expressions to have the same I matrices.
Using Eq. (2.36) we can rewrite the bar expressions as

B} ) 1 .

(@R ad)g = (a2 4o — E(aFMaQ a®)a <8_ aXp
1 - _

+ 1“9 OIS 9) aae> . (2.47)

Therefore, if we preserve expressions for ,60% = 6% and
4o = Ty, change bar variables

0% =, Q% 0P, *7y = QWP a7, (2.48)
and take
Qr=1, (2.49)

the transformation with bar variables will get the same
form as those without bar in ,d,. Consequently, the T-dual
supersymmetric invariant variables ,d, and oW; ac?,g; are
expressed in a unique form in terms of the true T-dual spinor
variables 6%, 1, *0% and *77,,

®7 B3 - 1 nepn
aly = dgy, dy = 42 dﬂ: 7701_5(541—‘ 0)a

1 - _
X (0- aXp + 3°0 aT3d- °6), (2.50)

if condition (2.49) is satisfied.

2.3.5 Spinorial representation of the Lorentz
transformation

In order to find expressions for the bar spinors in a T-dual
background we should first solve Eq. (2.37) and find the
expression for ,. We will do it for B, — 0, so that
é_‘f_b — —%(5‘1)“'5, where éab is the ab component of
G 1v- Then from (2.33) it follows that

@ = (G = P, 2.51)

where , P%; is some a dependent projector on the ab sub-

space o P4, ,P€, = 4P%. If we introduce the I'-matrices
in curved space

I* = (e~ Mk, I, (2.52)
we can rewrite Eq. (2.37) in the form
LQTH = [ru —2((e Yy u P ré] 2. (2.53)
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To simplify the derivation from now on we will suppose
that the metric tensor is diagonal. Then (e_l)“g o P4 =
st (e_l)“g and we have

WQIH =[TH =268 T] 4. (2.54)
For 4 = a and u = i we obtain
QT4 =-T9,Q, QI =T ,Q. (2.55)

The I'-matrices in curved space for a diagonal metric satisfy
the algebra

{re.r’y =2G7H",
(ri', r’'y=2(G=hHi.

{r*,r'y =0,
(2.56)

‘We should find such an , 2 as anticommutes with all matri-
ces ' and commutes with all matrices I'*. Let us first intro-
duce the I'!! matrix,

D(D-1) 1

=) —
D—-1
1_[/4=0 G

1T M2 WD
Epypgepp T T2 THP,

(2.57)

where the normalization constant is chosen so that I''! sat-
isfies the condition (['!11)2 = 1.

Then we define an analogy of the I''! matrix in the sub-
space spanned by the T-dualized directions

d
L= @O T [ = O T rare ., (258)
i=l1
so that
d 1
(I)? = ]_[G“i“i =— (2.59)
i=1 Hi:l Gaq

Their commutation (anticommutation) relations with one
" matrix depend on the number of coordinates d, along which

we perform T-dualizations. Therefore we have
JTe=(=Dtre v, ,rri=nir ,r, (2.60)

which means that the solution of Eq. (2.55) is proportional
to

W2~ (e, (2.61)
Taking into account (2.49), «Q% = 1, we obtain
a2 = (2.62)

This is a general solution. Note that for a; () az = 0 we have
a2 Q= (=4, Q where a = a; | ay.

When the number of coordinates along which we per-
form T-duality is even (d = 2k), we have ,Q =

(—l)%,/]_[fl=1 Gua; ol'. As a consequence of the relation

', = (=07, ' we can conclude that in that case

bar spinors preserve chirality. When the number of coordi-
nates along which we perform T-duality is odd (d = 2k + 1),

wehave ;@ = (=) /], Gaa i «T' T'!1. As a conse-
quence of the above relation such a transformation changes
the chirality of the bar spinors.

In the particular case that we perform T-dualization along
only one direction, x4, ;' — I'*',d — 1 and we obtain
the result, well known in the literature [1-3,46,47],

R =i/Gaa MU T

This is the case of the transition between ITA and IIB theory,
when T-duality changes the chirality of the bar spinors.
When we perform T-dualization along all coordinates,

d— D=10,, —> % and from (2.62) we obtain

n=0 GMM

(2.63)

Q= (-2 ! =_r, (2.64)

2.4 Choice of the proper fermionic coordinates and T-dual
background fields

We have already learned that in order to have compatibility
between supersymmetry and T-duality, we should choose the
dual bar variables with a bullet in accordance with (2.48).
Therefore, before we read the T-dual background fields, we
will reexpress the action (2.20) in terms of the appropriate
spinor coordinates (2.48) which, with the help of the relation
an = 1, produces

aS()’aa xi, 904’ .9-“7 T s .7_[01)
2
K A A .
= / d’¢ {73+ya9“”ayb + 1204 Y0P T4y 9_x
b

, . 1
— K29,x T 4a0%0_yy + — PRP

4
idpx (Mij — 26T 10 0P T )9 x7
— 70— (0% + WX — 2WGUTL ix) — WweGyy,)
F 04 [0 Q2% + U 20909 Ty x7
F U0 1, Q6P T + 2 WO Qg7 07,

1
+5e e naF“/f‘aszﬂWﬁy} : (2.65)

Consequently, applying the Buscher T-dualization proce-
dure [4,5] along the bosonic coordinates x¢ of the action
(2.13) the T-dual action gets the form

25 1
S = / d’¢ [xa+<axman’i”8_<ax>o + 5 -a®R?
b)) T

— T [0% o W (, X) 104 [0+ W (. X) ] * T
1 4
+ ﬂer)na FP 'ﬁﬁ} :

(2.66)
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where ((X)p = (va.x'), «¥** = (W W) and
ali/aﬁ' = (a\I,aa’ a\p;x)~
Now, we are ready to read the T-dual background fields

140 = géi’”, (2.67)
oMl = —kTgip02,  o(Me)% = k0% Ty, (2.68)
oTlij = Mj — 26 Mg 0% Ty (2.69)
JVO = W T = e QY TP (2.70)
QU = W — 2k TT 000w,

GV = Q%P — 26Ty, 02 0F), .71
¢ FP = (e% Fey +4ngéibi/g)aszyﬁ (2.72)

when 2 is defined in (2.62).
The dilaton transformation in the term ®R® originates
from quantum theory and will be discussed in Sect. 2.6.

2.5 Supersymmetry transformations of T-dual gravitinos

Note that in the expressions for the T-dual fields , poa \ilf‘
and ,F*f the matrix ,Q appears as a consequence of the
T-dualization procedure and adoption of the bullet spinor
coordinates. In Refs. [46,47] it appears as a consequence of
the compatibility between supersymmetry and T-duality.

A supersymmetry transformation of the gravitino is
expressed in terms of covariant derivatives,

SeW), =Dy +--, 85@3=DM5“+...’ (2.73)

with the same covariant derivative on both left and right
spinors,
D, =0, +w,. (2.74)

In the T-dual theory, as a consequence of the two kinds of
spin connections, there are two kinds of covariant derivatives,

JDF =88 + o, D = 4 b, (2.75)
such that
@0e a WO = DY 5; 4V = ,DFEY, (2.76)

Let us show that improvement with ;€2 in the transformation
of the bar gravitinos just turns , D* to , D*. In fact, from

8z VO = Q% (aﬂéﬂ n a@f‘ﬂyéV) , 2.77)
with the help of (2.43), for constant , 2, we have
a8z W = 31 (, Q9470 + 0y QP B

= DM, Q% 55P) = 48,0z V. (2.78)

Therefore, it is clear that in order to preserve the same spin
connection for the two chiralities we should additionally

@ Springer

change the bar supersymmetry parameter

Y = (,Q)%p 4P, (2.79)

2.6 Transformation of pure spinors

In this subsection we will find transformation laws for pure
spinors, A% and A%, which are the main ingredient of the pure
spinor formalism.

Itis well known that pure spinors satisfy the so-called pure
spinor constraints,

A (TM)gprf =0, A% (TH)epaf = 0. (2.80)
After T-dualization they turn into
a)\a(ar‘;l)aﬂ a)VB =0, a)_\a(af‘ﬁ)aﬂ a)_\ﬁ =0. (2.81)

The relation between matrices ,I"j and , r 418 givenin (2.36).
In order to have the two cases expressed with the same gamma
matrices, as before, we preserve the expression for the unbar
variables,

ar® = 2% (2.82)
and change bar variables
=, Q% AP (2.83)

The variables w, and w, are canonically conjugated
momenta to the pure spinors A% and A%, respectively. The
transformation laws for pure spinor momenta can be found
from the expressions for N iw and N"¥ (2.5) which would
appear in the action if we would take higher power terms in
6* and 0%. After T-dualization these expressions become

N = o Liao)®p at?
a +ﬁf)—5awo¢(a [[u?]) B ar’ s

_ 1 - -
aN_jig = Sata(aliae)"p ot (2.84)
Using Eq. (2.36) and the definition of T'l#'] (2.16) we see
that the relation between ,I'[;; and af‘mg] is the same as
between the gamma matrices (2.36). As in the previous case,
in order to have unique set of gamma matrices, we do not

change the unbar variables,

aWa = Wy, (2.85)
while we choose bar variables in the form
*Wy = a%P 4. (2.86)

Let us note that free field actions S, and S are invariant
under T-dualization because ,Q% = 1.
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2.7 T-dual transformation of antisymmetric fields: from IIB
to IIA theory

To find the T-dual transformation laws for antisymmetric
fields we will start with Eq. (2.72). First, as explained in
Refs. [4,5,60] the quantization procedure produces the well-
known shift in the dilaton transformation

det Ggp
aq) =& —1In det(2H+ab) =& —1In W. (287)

Together with (2.72) it gives a relation between the initial
and T-dual background fields,

det Ggp @ Ao
4 a — > b\, Y
oF*P = \ det ,Gab (F7 +4e” 2cWg00)), 0, P

(2.88)

For B, = 0 we have G = (GEI)“Z’ = (G 1% and

consequently 4/% = J(det Gop)? = /[ detGyy |. It

is important to stress that unlike in Eq. (2.62) for , 2 here we
have the absolute value under the square root. For a diagonal
metric G, we have det G4 = ]_[f=1 G,q; and taking into
account Eq. (2.62) we find

d d
sign (1—[ Gaiai> l_[ Gaa;
i=1 i=1

X (Fay + 46_%16\1135317‘1’1)7/) I’ Ftlil)yﬁ'
(2.89)

Note that we are going to T-dualize all D-directions. Then
it is necessary to perform T-dualization along the time-like
direction. Here the above square root has important conse-
quences. For our signature (4, —, —, ..., —), the square of
the field strength (, F*#)? and, consequently, the square of all
antisymmetric fields will change the sign when we perform
T-dualization along the time-like direction. This is just what
we need to obtain type I 1* theories in accordance with Ref.
[37].

In a simple case when gravitino fields and Kalb—Ramond
field are zero and metric is diagonal we will express the tran-
sition from type IIB to type IIA theory. Taking d = 1 we
have

oF*P =i\/sign(Gaq) Gag F*7 (P19, 7.

Let us choose type IIB as a starting theory. The matrix I'!!
turns F™ to F10~ where

(2.90)

1
(F("))aﬂ — JFMM"'#n (F[M1M2"‘Mn])0tﬁ_ (2.91)

As a consequence of the chirality condition FT'!! = —T1 F
the independent tensors are F M FO and self-dual part of

F®) . So we can write

15\
Forath, f = <F(1) +F® ¢ EFG)) : (2.92)
Similarly, in T-dual theory (here it is IIA) we have
oFP = (;F? 4 FO)P, (2.93)
where now
| R S
(aF(n))aﬂ = EuFﬂlﬂz #n(ur[ﬁlﬂzwﬂn])aﬂ' (294)

The I'-matrices on both sides are defined in curved space.
For the initial theory it is just (2.52), while for T-dual the-
ory it is defined in the first relation in Eq. (2.35) as ,I'; =
(e ™) fa I'®. As a consequence of the first relation (2.29)
between the vielbeins g%t = eQU(QT)”ﬁ we can find the
relation between the I'-matrices,

i = I, (2.95)
which produces
(FMy@h — %(LJQF)MIMHM(F[muz--w])aﬂ’ (2.96)
where
EF)pizepn = aFmﬂzmﬂ"(Q_lT)/llm

X (@ gy (@ Dy, (297

Using the standard relation between the I"-matrices,

a a a —
rlripa-pnlpa _priipo-pwna _ Glbn PH12 - hn 1],

(n—1)!
(2.98)

we obtain

FWrae — 1 12+ pnal

EFMIH‘Z'"MHF

1

(n - 1)’FM”’L2”'/Ln—1a F[M”‘Lz"'”‘nfl].

(2.99)

Therefore, from (2.90), (2.92), (2.93), (2.96), (2.97) and
(2.99) we can find a general relation connecting antisymmet-
ric fields of Type IIA and type IIB theories,

aFlllllz---ﬂn = MGQLI (nF/“:UQ"'Mn—]Sa/,L,,
- FM1#2-~-M,,Q)(QT)M“1 (oTyraiz ... QT yknltn
(2.100)

Under our assumptions we have

i —Gaa
(T _( G 5#’)’ 2.101)
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and consequently

aFij = _i\/Sign—GaaGaaFija’ aFi" = =2i/signGya Fi,
(2.102)

i -
aFijkq = _5 SlgnGaaGuaFijkqa’

aFiji = —4i/signGag Fiji. (2.103)

For the space-like directions G, < 0andi./signG, isreal.
For time-like direction /signG,, — +/signGop = 1 and the
remaining imaginary unit causes squares of the antisymmet-
ric fields to get an additional minus sign and type II theories
to swap to type II* ones [37].

3 Double space formulation

In this section we will introduce double space, doubling all
bosonic coordinates x* by corresponding T-dual ones y,,. We
will rewrite the transformation laws in double space and show
that both the equations of motion and the Bianchi identities
can be written by that single equation.

3.1 T-dualization along all bosonic directions

Applying the Buscher T-dualization procedure [4,5] along
all bosonic coordinates of the action (2.13) the T-dual action
has been obtained in Ref. [9]. This is a particular case of our
relations (2.67)—(2.72) where the T-dual background fields
are of the form

1
Ny =B E ST = ek, 3.1
PO = @R U = i QY @MV, (3.2)
e *Feb — (e% Fer +4K\yg®‘i”\ifg) QP (3.3)

Here we use the notation
2
Gy = Gy = 4(BG™ B)yy, O = —=(G'BG™H",
*Q=-r' (3.4)
and
% 2 —1 —1\uv o 1 1y
OF =~ (Op MeGY" =07 F 2(GE)™, G5

so that

1
(MeO5)," = 5-8," (3.6)
From (3.1) and (3.5) it follows that
TG = (G, *BMY = g(a““. 3.7)

In this case the transformation laws (2.21) and (2.22) (the
relations between the initial x* and T-dual coordinates y,,)
get the form

@ Springer

dext = —c O dry, + 1O J1y,

Oty = =204y 04x” + Jip. (3.8)

3.2 Transformation laws in double space

Rewriting Eq. (3.8) in the form where terms multiplied by
sii = =1 are on the left-hand side of the equation, we

obtain

+01y, = Gpuvdex” —2(BG), dxyy

+2(M+G ™Y " T, 3.9)
+00x" = (GTH™ o1y,
+2(G7'B)*,04x” — (G™HM Iy, (3.10)
Let us introduce double space coordinates
"
M — <x ) (3.11)
Y

which contain all initial and T-dual coordinates. In terms of
double coordinates Egs. (3.9) and (3.10) are replaced by one
equation:

0L ZM = 1 QMN (M porZ? + Jin), (3.12)

where the matrix H sy is known in the literature as the gen-
eralized metric and has the form

GE —2 By, (G~hHrY
— j7aY mp 1
HMN <Z(G_1)M'O pr (G—I)MV (3. 3)
The double current J4 ), is defined as
2(IM+G~ Y,V Iy

iy :( e ), (3.14)
and

QMN — (1(; 15)), (3.15)

is a constant symmetric matrix. Here 1 p denotes the identity
operator in D dimensions. Let us stress that the matrix , 2
and QMY are different quantities.

By straightforward calculation we can prove the relations

HIQH=Q, Q*=1, detHyy =1, (3.16)

which means that H € SO (D, D). In calculation of deter-
minant we use the rule for block matrices

AB\ _ 1
det <C D) = det Ddet(A — BD™'C). (.17

In double field theory QM isthe SO (D, D) invariant metric
and denoted by n™V .
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3.3 Equations of motion and double space action

It is well known that the equations of motion of the initial
theory are the Bianchi identities in T-dual picture and vice

versa [12,19,22,60]. As a consequence of the identity
ap0_zM —9_a,zM =0, (3.18)

known as the Bianchi identity, and Eq. (3.12), we obtain the
consistency condition

O [Huno-Z" + J_p1+ _[Hund+ZN + Jym] = 0.

(3.19)
In components it takes the form

dpd_xt = —%(G”w (W04 7T + W50 _70)

Ay_y, = —%wa (PO, T + * UMY ) . (3.20)

These equations are equations of motion of the initial and
T-dual theory. Double space formalism enables us to write
both equations of motion and Bianchi identities by the single
relation (3.12).

Equation (3.19) is the equation of motion of the following
action:

S = %/dzé[a_i_ZMHMNa_ZN + 3+ZMJ—M

+ T d-ZM 4 L(my, 7)1, (3.21)

where L(my, 7Ty) is an arbitrary functional of the fermionic
momenta.

4 T-dualization of type II superstring theory as a
permutation of coordinates in double space

In this section we will derive the transformations of the gener-
alized metric and current, which are a consequence of the per-
mutation of some subset of the bosonic coordinates with the
corresponding T-dual ones. First we will present the method
in the case of the complete T-dualization (along all bosonic
coordinates) and find the expressions for T-dual background
fields. Then we will apply the results to the case of partial
T-dualization.

4.1 The case of complete T-dualization

In order to exchange all initial and T-dual coordinates let us
introduce the permutation matrix

m (0 1Ip
T N—<1D 0>, 4.1

so that the double T-dual coordinate *Z is obtained:

*ZM ITMNZN — <pr) .

o (4.2)

We require that the T-dual transformation law for the double
T-dual coordinate *Z™ has the same form as for the initial
coordinate Z¥ (3.12)

0 ZM = L+ QMN 1N pa* ZP +*Tin). 4.3)

Then the T-dual generalized metric *H sy and T-dual current
*Jyum are

*Hun = T Hxr TE N, *Jaem = T Jan. 4.4)

Permutation of the coordinates (4.2) together with transfor-
mations of the background fields (4.4) represents the sym-
metry transformations of the action (3.21).

Using the corresponding expressions for 7Y y, H sy and
J+y, we obtain from the generalized metric transformation

GM = (G BN = S 4.5)
Taking into account that as a consequence of (2.48) the bar
dual variable is **7, = (*Q7),*? 7, from the current trans-
formations we have

W = @R, P = i QYO E (4.6)

where *Q = —I'!1,

Consequently, using double space we can easily repro-
duce the results of T-dualization, Egs. (3.7) and (3.2). The
problem with T-dualization of the R-R field strength F*#
will be discussed in Sect. 5.3.

4.2 The case of partial T-dualization
Applying the procedure presented in the previous subsection

to the arbitrary subset of bosonic coordinates we will, in
fact, describe all possible bosonic T-dualizations. Let us split

the coordinate index @ into ¢ and i (a = 0,...,d — 1,
i =d,..., D —1)and denote T-dualization along direction
x% and y, by

T =TT, TaETOOTlo~~on_1,

T,=TpoTio---0Ty_1, “4.7)

where o marks the operation of composition of T-dualizations.
Permutation of the initial coordinates x¢ with its T-dual y,, is
realized by multiplying the double space coordinate by the
constant symmetric matrix (7)™ y,

Ya 001,0 x?

M: .X'l . a\M N _ O 1[ 0 O .X'l
«Z" = x4 (T) NZ 1a 000 Va ,

Vi 0001 Vi

(4.8)
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where 1, and 1; are identity operators in the subspaces
spanned by x“ and x’, respectively. It is easily to check the
following relations:

(TTHYM y =My, (TQTHYMy = QM. (4.9)

The first relation means that after two T-dualizations we get
the initial theory, while the second relation means that 7¢ €
O(D, D).

Let us apply the same approach as in the case of the full T-
dualization presented in the previous subsection. We require
that the double T-dual coordinate ,Z* satisfy the T-duality
transformations of the form like the initial one ZM (3.12),

0r o ZM =2 QYN (Hyk 02 oZ" + aden). (4.10)
Consequently, we find the T-dual generalized metric

oHun = Ty Hxk(THEy, (@.11)
and the T-dual current

aJem = TOu™ Jan. 4.12)

Note that Egs. (4.8), (4.11) and (4.12) are symmetry trans-
formations of the action (3.21). The left subscript ¢ means
dualization along the x¢ directions.

5 T-dual background fields

In this section we will show that permutation of some bosonic
coordinates leads to the same T-dual background fields as
standard Buscher procedure [9]. The transformation of the
generalized metric (4.11) produces expressions for NS-NS
T-dual background fields (G, and B,,,). They are the same
as in bosonic string case obtained in Ref. [35]. Therefore, we
will just shortly repeat these results. From the transformation
of the current Jyy (4.12) we will find T-dual background
fields of the NS-R sector (W}, and \i'/‘i). Because R-R field
strength F*# does not appear in T-dual transformations, we
will find its T-dual under some assumptions.

5.1 T-dual NS-NS background fields G ., By

Requiring that the T-dual generalized metric ,H s n has the
same form as the initial one Hzn (3.13) but in terms of the
T-dual fields

.G

2,6 2B)," G-

—2(,B G~ HK,
cHuN = ( ( ) ) ,

@G D
and using Eq. (4.11), one finds expressions for the NS-NS
T-dual background fields ,TT'}" in terms of the initial ones,

where y and y are defined in (A.4), g and g in (A.5), while

Bi1, B and B are defined in (A.7). The quantities A and D are

given in (A.11) and (A.13), respectively. In more compact

form we have

I — ( 203 KO3 Ty ) . (5.3)
=k Maip0F" Maij — 26 Mg 08 Mg

where éib has been defined in (A.9). Details regarding the
derivation of the Eqgs. (5.2) and (5.3) are given in Ref. [35].
Reading the block components we obtained the NS—NS T-
dual background fields in the flat background after dualiza-

tion along the directions x, (¢ =0,1,...,d — 1)
K A N
MY =202, oM = k02 Ty, (5.4)
T = =k T2,
allgij = Majj — ZKHiiaébeHibj- (5.5

These are just the Eqgs. (2.67)—(2.69). The symmetric and
antisymmetric parts of these expressions are the T-dual metric
and T-dual Kalb—Ramond field, which are in full agreement
with the Refs. [9,20].

5.2 T-dual NS-R background fields Wy, \ilz

Letus find the form of T-dual NS-R background fields, , ¥'*¢,
aVia W2 and , ‘illf". The T-dual current , J+ 7 (4.12) should
have the same form as the initial one, Eq. (3.14), but in terms
of the T-dual background fields

2(uMe «G™H% (DB + 201 «GH ()i

20T+ 4G Vg (0L +2(Ts oG () 4j
@G Map DL = G (o )xi
—@G™ N (DL = (GH (4 )
—(G™Har Iy,

2(MLGYH Ty,

2(MeGH Tey
—(G7Hirgy,

(5.6)

On the left-hand side of this equation we split the index p in
a and i components because in the T-dual picture the index
a has a different position, it is now up. T-dual currents are
written between the brackets to make a distinction between a
left subscript a denoting partial T-dualization and summation
indices in the subspace spanned by x¢.

We can obtain the information about T-dual NS-R back-
ground fields from the lower D components of the above
equation. In order to find the solution of these equations it is
more practical to rewrite them using the block-wise form of
matrices given in the appendix and Ref. [35],

Hw_< gpD Ty = AN B F D) %A—lgT—zg—ImD—l(BT:F%)) 5.2)
a - — - — o - — _ Y ) .
D7y =277 AT B F ) B AT - DT BT F )
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—8ab DL +20B0)a" ()i
~ 1 .
=2 (,3 + 5) b Iy + 20" T,

=280 D%+ 7Y (oD = v T + 77 Ix ;.

5.7
From Eq. (3.18) of [35]
N 8ab —2(BG™h,/
(aG )H«V - <2(G—IB)ib (G—l)ij >
g 28
= _ , 5.8
(—Zﬁf % ) o8

(A.4) and (A.7), we find the components of .G~ L, Gl and
BG™!, respectively. In the first equation on right-hand side
for (HiG_l)ai just stands for (;61),1" because 8,° = 0.

The difference

i =i = G [ 7 S + 2805 L]
(5.9)

obtained from the second equation, we put in the first equa-
tion, which produces

~ 1
2 |:</3 £ E) - 51)7_1)/:| b,
=—(g—4p7'8l) WL (5.10)

From the definition of the quantity A, (A.11) we get

bc
(aJ>i=2[—A1(Bi%)+A1Mly] Jic. (5.11)

Using the expression Ay, = gqp (proved in [35]) and Eq.
(A.12), we recognize the ab block component of Eq. (5.2).

Therefore, with the help of (5.3) it is easy to see that
()i =2 a1 e =k 02 . (5.12)

Note that now the T-dual current ,J/ is of the form

X ) X
a]lL = :l:; a‘yiu allta, (5.13)
where
aqjiﬂ = a\yaﬂ, a\yiﬂ = Q\I,aﬁ,, all4+o = Ta,

ATl = ° Ty, (5.14)
and as before
Jipy = :E;\I/iuﬂia. (5.15)

Therefore, the a components of the T-dual NS-R fields are
of the form

VO = 0w U = i Q% 0P TE (5.16)

Substituting (5.11) into (5.9) we obtain

__ o~ 1
—4[y 'l A 1(ﬁi§)] ia. (5.17)
i
With the help of (A.13) Eq. (5.17) transforms into
()i — J+i
1 ~ 1
=2|-D7y =297 1Bl AT (B S )| Vs
2 2/1;
(5.18)

From the ;“ component of (5.2) and (5.3) we finally have

(o)t = Jai — 2 gip02 Ty (5.19)

As in the previous case, using the expressions for the currents
(5.13) and (5.15), the final form of the T-dual fields is

QW = W — 2k TT_ 000 W,
V= QW] — 21000 0F),

1

(5.20)

Equations (5.16) and (5.20) are in full agreement with the
results from Ref. [9] given by Eqgs. (2.70) and (2.71).

The upper D components of Eq. (5.6) produce the same
result for T-dual background fields.

5.3 T-dual R-R field strength F*#

Using the relations ;/H = 79H7? and ,Jx = T%J1 we
obtained the form of the NS-NS and NS-R T-dual back-
ground fields of type II superstring theory. But we know
from the Buscher T-dualization procedure that the T-dual R—
R field strength , F*# has the form given in Eq. (2.72). In
this subsection we will derive this relation within the double
space framework.

The R-R field strength F*# appears in the action (2.13)
coupled with the fermionic momenta r,, and 7, along which
we do not perform T-dualization. Therefore, we did not dou-
ble these variables. It is an analog of the i j-term in approach
of Refs. [27-29] where x’ coordinates are not doubled. Con-
sequently, as in [27-29] we should make some assumptions.
Let us suppose that the fermionic term L(my, Ty) is Sym-
metric under exchange of the R-R field strength F*# with its
T-dual , F*P

L=e? g FPy+¢7 oty o FP oig = L + oL
(5.21)

for some F®? and , F*#. This term should be invariant under
the T-dual transformation

WL=LA+AL. (5.22)
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Taking into account the fact that two successive T-dualizations
are the identity transformation, we obtain from (5.22)

L= oL+ AL (5.23)
Combining the last two relations we get
aAL=—AL. (5.24)

If AL has the form AL = mg A“ﬂfr}g and consequently
dAL = 47y o AP a7 g, then with the help of the first relation
of Eq. (2.48) we obtain the condition for A%}

aAP = — A7 QP (5.25)

Therefore, we should find the combination of background
fields with two upper spinor indices which under T-dualization
transforms as in (5.25). Using the expression for the NS—
R fields (2.70) and the equation (;01)ap = 2[zap =
L (02 ap [see the T-dual of (5.4) and (A.10)], it is easy
to check that there are D different solutions,

AP = cw2fbyp (5.26)

where d = 1,2,...D and c is an arbitrary constant.
Consequently, when we T-dualize d dimensions x¢ (a =
0,1,...d — 1), from (5.22) we can conclude that the T-dual
R-R field strength has the form

¢ FP = (e% F7 4 c\pgéi”@g) .27, (5.27)
For ¢ = 4k we obtain the agreement with Eq. (2.72). Note
that the fermionic term L, (7, 77, ) depends on d, the number
of directions along which we perform T-duality, just in Refs.
[27-29].

6 Conclusion

In this article we showed that the new interpretation of the
bosonic T-dualization procedure in the double space formal-
ism offered in [35,36] is also valid in the case of type II
superstring theory. We used the ghost free action of type II
superstring theory in a pure spinor formulation in the approx-
imation of quadratic terms and constant background fields.
One can obtain this action from the action (2.7), which could
be considered as an expansion in powers of fermionic coor-
dinates. In the first part of the analysis we neglect all terms
in the action containing powers of 6% and 6¢. This approx-
imation is justified by the fact that the action is a result of
an iterative procedure in which every step results from the
previous one. Later, when we discuss proper fermionic vari-
ables, taking higher power terms we restore supersymmetric
invariants (l'[i, dy, da) as variables instead of d+x*, m, and
Ty

We introduced the double space coordinate ZM =
(x*, y,) adding to all bosonic initial coordinates, x*, the

@ Springer

T-dual ones, y,,. Then we rewrote the T-dual transformation
laws (3.8) in terms of double space variables (3.12) intro-
ducing the generalized metric Hp/n and the current Jiyy.
The generalized metric depends only on the NS-NS back-
ground fields of the initial theory. The current J4 5, contains
fermionic momenta r,, and 7, along which we do not make
a T-dualization, and it depends also on NS—-R background
fields. The R-R background fields do not appear in T-dual
transformation laws.

The coordinate index w is splitina = (0, 1,...d —1) and
i =(,d+1,...D — 1), where index a marks subsets of
the initial and T-dual coordinates, x“ and y,, along which we
make T-dualization. T-dualization is realized as permutation
of the subsets x“ and y, in the double space coordinate Z¥ .
The main require is that T-dual double space coordinates
W ZM = (THM y ZN satisfy the transformation law of the
same form as the initial coordinates Z* . From this condition
we found the T-dual generalized metric ,Hyn and the T-
dual current ,J1y. Because the initial and T-dual theory
are physically equivalent, ,H n and ,J+ s should have the
same form as the initial ones, H and J4 s, but in terms of the
T-dual background fields. It produces the form of the NS—
NS and NS-R T-dual background fields in terms of the initial
ones which are in full accordance with the results obtained
by the Buscher T-dualization procedure [9,10].

The supersymmetry case is not a simple generalization of
the bosonic one, but it requires some new interesting steps.
The origin of the problem is the different T-duality transfor-
mations of the world-sheet chirality sectors. It produces two
possible sets of vielbeins in the T-dual theory with the same
T-dual metric. These vielbeins are related by a particular local
Lorentz transformation which depends on T-duality transfor-
mation and of which the determinant is (—1)¢, where d is the
number of T-dualized coordinates. Therefore, when we per-
form T-dualization along an odd number of coordinates then
such transformation contains a parity transformation. Con-
sistency of T-duality with supersymmetry requires chang-
ing one of two spinor sectors. We redefine the bar spinor
coordinates, 40 — ;9_"‘ = Q¢ 59_/3 , and the variable .7,
Wty —> o7 = aQaﬁr—rﬂ. As a consequence the bar NS—
R and R-R background fields include ,€2 in their T-duality
transformations. For an odd number of coordinates d along
which T-dualization is performed, ,€2 changes the chirality
of the bar gravitino \TJI"j and the chirality condition for F®.
We need it to relate type IIA and type IIB theories.

The transformation law (3.12) induces the consistency
condition which can be considered as equation of motion
of the double space action (3.21). It contains an arbitrary
term depending on the undualized variables L(r,, 7y ). This
is in analogy with the term 9, x' T, | d_x/ in the approach
presented in Refs. [27-29]. Therefore, to obtain the T-dual
transformation of the R-R field strength F*# we should
make some additional assumptions. Supposing that the term
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L(my, my) is T-dual invariant and taking into account that
two successive T-dualizations act as the identity operator, we
found the form of the T-dual R-R field strength up to one
arbitrary constant c. For ¢ = 4k we get the T-dual R-R field
strength , F' @B a5 in the Buscher procedure [9].

A T-duality transformation of the R-R field strength F*#
has two contributions in the form of square roots. The contri-

bution of the dilaton produces the term /| 1—121:1 Ggq;l. On

the other hand the contribution of the spinorial representation
of a Lorentz transformation , €2 contains the same expression

without the absolute value i,/ ]_[f=1 G ;q; - Therefore, the T-

dual R-R field strength , F @B besides a rational expression,

contains the expression 4./ sign(]_[?=1 Gaa;) (2.89). If we

T-dualize along the time-like direction (Goo > 0), the square
root does not produce an imaginary unit i, not canceling the
one in front of the square root. Therefore, T-dualization along
the time-like direction maps type II superstring theories to
type II* ones [37].

The successive T-dualizations make a group called the T-
duality group. In the case of type II superstring T-duality,
transformations are performed by the same matrices 7¢ as
in the bosonic string case [35,36]. Consequently, the corre-
sponding T-duality group is the same.

If we want to find a T-dual transformation of F*# with-
out any assumptions, we should follow the approach of
[35,36] and, besides all bosonic coordinates x*, double
also all fermionic variables m, and 7,. In other words,
besides bosonic T-duality we should also consider fermionic
T-duality [53-59].
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Appendix A: Block-wise expressions for background
fields

In order to simplify notation we will introduce notations for
the component fields following Ref. [35].
For block-wise matrices there is a rule for inversion,

A B\
CD
(A—BD'O)™!

B —A"'B(D—-cA'B)"!
“\=D'cA-BD ')} '

(D—CA~'B)!
(A.1)

For the metric tensor and the Kalb—Ramond background
fields we define

Gab Gaj G GT

= = = - AZ
Guv (G,»b Gl-j> (G G (A2)
and

_ ((bap baj\ _ (b DT
B = (bib 51’] =\, 5 . (A3)
We also define the notation for inverse of the metric,

sab . aj S~ ., T

G~ ’”:(”. ’f‘.>z(y”_), A4

and for the effective metric

GE =G,y —4B,,(GTHP°

By, = 8ab éiaj = g g_T> .
my gib &ij g 8

(A.5)
Note that because G*" is the inverse of G, we have

y=-G'Gy =-7GG™!,
v = G167y = —5GTG,
=G -G6'¢7'e)"", y=G-66"1¢H,
1

Yy
Gl=y—yTyly, Gl=y—ypplyl (A.6)

It is also useful to introduce a new notation for the expres-
sion
is by T _ BT 5 3
by +by by" +by B2 B
(A7)

We denote by a hat expressions similar to the effective
metric (A.5) and non-commutativity parameters but with all
contributions from the ab subspace,

- -~ - N 2 -~
Sab = (G —4bG ')y, 6 = —Z(7'HGT1). (A8)
K

Note that g, # Zap because g4p, is a projection of g, on the
subspace ab. It is extremely useful to introduce background
field combinations,

1
H:tab = Bab + EGab
A 2 ie s A | S
b = =@ 'ALGTHT =00 F —@TH (A9

which are inverses to each other

B9 My = iag. (A.10)
The quantity A, is defined as

Aab = (& = 48177 B a- (A.11)
One can prove the relation [35]

@ 'BD D =@ By (A.12)
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where D'/ is defined in Eq. (3.21) of [35],

D

U= —4plg BV,

(D7 = (17_1 +477_1ﬂfA_1ﬁn7_1>l.j~

(A.13)
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