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Abstract We present a non-supersymmetric theory with
a naturally light dilaton. It is based on a 5D holographic
description of a conformal theory perturbed by a close-to-
marginal operator of dimension 4 — € which develops a con-
densate. As long as the dimension of the perturbing operator
remains very close to marginal (even for large couplings) a
stable minimum at hierarchically small scales is achieved,
where the dilaton mass squared is suppressed by €. At the
same time the cosmological constant in this sector is also
suppressed by €, and thus it is parametrically smaller than in
a broken SUSY theory. As a byproduct we also present an
exact solution to the scalar-gravity system that can be inter-
preted as anew holographic realization of spontaneously bro-
ken conformal symmetry. Even though this metric deviates
substantially from AdS space in the deep IR it still describes
a non-linearly realized exactly conformal theory. We also
display the effective potential for the dilaton for arbitrary
holographic backgrounds.

1 Introduction

Dynamical spontaneous breaking of scale invariance (SBSI)
is rare. If a theory is exactly conformal, it either does not
break scale invariance, or the breaking scale is arbitrary (a
flat direction) [1]. Thus an explicit breaking has to be present
to trigger and stabilize the SBSI. However, this explicit break-
ing must remain small throughout the whole renormalization
group running not to ruin scale invariance. In particular, the
B-function of the coupling that introduces the explicit break-
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ing must remain small at the scale of SBSI. This condi-
tion is difficult to satisfy: for example in QCD or techni-
color (TC) models the condensates are triggered by large
and rapidly changing couplings at the condensation scale
Aqcp,Tc, implying large explicit breaking. Thus no light
dilaton is expected in either case (in agreement with the
absence of a light dilaton-like scalar hadron in QCD) [2,3].

One possible scenario is that conformality is sponta-
neously broken along a flat direction, which is then lifted
via the potential generated through a small external cou-
pling whose non-zero but also small S-function breaks scale
invariance explicitly. This mechanism is essentially what is
assumed to happen in the Randall-Sundrum (RS) model [4]
stabilized via the Goldberger—Wise (GW) mechanism [5]:
the bulk scalar field is associated with the small and slowly
running external coupling, and the appearance of the IR brane
signals that SBSI has occurred [6,7]. The resulting massive
radion mode [8-11] is identified with the light dilaton of
SBSI. However, in the 5D picture this scenario assumes that
the IR brane tension has been tuned such that the radion
potential is flat in the absence of the external perturbation.
Generically such fine tunings are not present, and one would
like to understand whether a light dilaton can still occur in the
absence of tuning. In the 4D language the theory with a large
mistune can be understood in terms of the dilaton potential in
the following way [12—14]. Scale invariance allows an unsup-
pressed quartic (non-derivative) self-interaction term for the
dilaton, since a dimension 4 operator in the action is scale
invariant. An O (1) mistune on the IR brane corresponds to a
large quartic dilaton potential, which would generically pre-
vent SBSI, at least for small perturbations. In the 5D picture
a non-vanishing quartic would force the IR brane to infinity
(and thus no SBSI), or the branes would be very close to each
other (so effectively no scale invariant regime).

Contino, Pomarol and Rattazzi (CPR) have suggested in
an important unpublished work [15] that this might be over-
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come if the quartic becomes mildly energy dependent via
an explicit scale-invariance breaking perturbation, whose
B-function remains parametrically small, but not necessarily
the coupling itself. In this case the expectation is that SBSI
will happen around the scale where the effective dilaton quar-
tic vanishes, which can be a hierarchically small scale if the
running lasts for a long time. At the same time the dilaton can
be light, if the B-function is parametrically small at the scale
of spontaneous breaking. The latter is the crucial dynami-
cal assumption: the perturbation, which might start small in
the UV, becomes sufficiently large in the IR to neutralize
the initial large quartic, but at the same time its S-function
must remain small. Phrased in a different way, as long as
the B-function of the perturbation remains small, SBSI will
naturally happen regardless of the absence of a flat direction
to start with.

The mechanism of scanning through the possible values
of the dilaton quartic coupling until it reaches the minimum
where it almost vanishes is also important when we couple
the theory to gravity. The value of the potential at the mini-
mum corresponds to the cosmological constant contribution
generated during the phase transition from a scale invariant
theory to the broken phase. If the value of the potential at
the minimum is naturally suppressed by the smallness of the
B-function in the IR, the contribution to the cosmological
constant could be significantly reduced. This is a mechanism
along the lines Weinberg was considering in [16], except
that he was requiring that the cosmological constant van-
ishes exactly, which in turn requires an exactly vanishing
B-function. However, in this case no dilaton stabilization can
happen. The potential significance of the dilaton for reducing
the cosmological constant was also emphasized in [17].

The aim of this paper is to examine the CPR proposal
in a holographic setting and establish that it can indeed be
a viable route towards finding a parametrically light dila-
ton in a dynamical SBSI theory with hierarchical scales. We
will argue that even though the metric can deviate signif-
icantly from AdS space, this is due to the formation of a
condensate of the perturbing operator which is very close
to dimension 4. As long as the dimension is very close to
marginal (4 — €), the condensate will correspond to pure
spontaneous breaking of scale invariance, with the resulting
contribution to the dilaton potential still corresponding to a
quartic (which will, however, acquire a mild scale depen-
dence due to the running, € # 0). Moreover, as long as the
running is slow, € < 1, the condensation in the IR will
be universal: it will not depend on the details of the exact
form of the B-function (which is captured by the form of the
bulk scalar potential). Therefore in the IR the solutions to the
coupled tensor—scalar equations will well be approximated
by the exact solution to the system with a dimension 4 con-
densate (corresponding to the case of no bulk scalar potential
aside from the negative cosmological constant). In the UV
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a slowly running solution perturbing the AdS background
can be used. These solutions can be joined using asymp-
totic matching.! This way we will be able to explicitly cal-
culate the effective dilaton potential and show that the mass
is suppressed by the small parameter € of the S-function at
the minimum of the potential. This yields an explicit con-
struction for a dilaton that is parametrically lighter than
the dynamical scale of the theory as required for models
where the dilaton is a Higgs-like particle [12-14,19-21].
Moreover, we show that the value of the dilaton potential
at the minimum, which provides the cosmological constant
contribution from the phase transition, is also suppressed by
€, which for realistic hierarchies can be as small as € ~ 1072,
On the way we present an exact solution to the scalar-gravity
system which is the gravity dual of a dimension 4 operator
condensing in the IR, thereby yielding a fully spontaneous
breaking of scale invariance. Even though the scalar back-
ground is not flat, and the deviation of the metric from AdS is
large in the IR, this theory still realizes an exactly conformal
theory that is spontaneously broken.

CPR also comment on the nature of the bulk scalar and
the origin of its suppressed potential: a large coupling with
a small S-function in 4D may be the dual of a 5D Gold-
stone boson of the bulk with the potential suppressed by the
Goldstone shift symmetry. Of course, other realizations of
small B-functions can be envisioned as well, e.g. the cou-
pling approaching a strongly interacting IR fixed point that is
not reached because of early condensation. The construction
presented here can be thought of as the proper realization of
walking in technicolor theories [22-26]: in order to obtain a
light dilaton the B-function needs to remain small even at the
scale where the condensates are generated. In the following
we will not actually need to commit to any specific realiza-
tion and the only crucial assumption is that the bulk potential
is suppressed by a small symmetry breaking parameter.

The paper is organized as follows: in Sect. 2 we give
an overview of the mechanism for obtaining a light dila-
ton and in particular emphasize the differences between the
standard GW picture and the CPR proposal. In Sect. 3 we
show how to calculate the dilaton effective potential in gen-
eral holographic theories where the metric could deviate from
AdS significantly. Section 4 is devoted to the discussion of
the solution with a dimension 4 condensate (vanishing bulk
scalar mass), and of how to obtain a flat dilaton potential
in that case via tuning two condensates against each other.
Finally in Sect. 5 we show how a naturally light dilaton can
be obtained via the introduction of the small bulk mass, and
we comment on the suppression of the resulting cosmolog-
ical constant in that case. Several appendices are devoted

! This matching was also recently used by Chacko et al. [ 18] for finding
the solution to a particular bulk potential providing small perturbations
around AdS.
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to an alternative derivation of the dilaton effective poten-
tial (Appendix A), the detailed derivation of the small back-
reaction case (Appendix B) and the GW case (Appendix C),
an explanation of the asymptotic matching procedure for the
boundary layer problem used for finding the full solution
(Appendix D), a discussion of the dilaton kinetic term as
well as dilaton parametrizations (Appendix E), and finally a
discussion of an alternative choice for the IR brane potential
(Appendix F).

2 Light dilatons via long running and small -function

Unlike for internal symmetries, non-linearly realized spon-
taneously broken scale invariance allows a non-derivative
quartic self-interaction for the dilaton:

Veir = Fx* (2.1

where y is the dilaton field with scaling dimension 1. For a
theory without explicit breaking one needs to have F' = 0 in
order for SBSI to occur: if F > 0, the minimum is at x =0
(no SBSI), while for F < 0 we find x — o0, thus there is no
scale invariant theory. So the only possibility is that F = 0,
and thus x is a flat direction: just like the flat potential valley
for ordinary Goldstone bosons, the main difference being
that the dilaton corresponds to a non-compact flat direction.
If one wants to stabilize the scale one needs to introduce a
small explicit breaking by perturbing the theory with a close-
to-marginal operator O with a slowly running coupling A.
This will generate a small non-trivial potential

Vetr = x*F(M(x)), F(.=0)~0,

which can introduce a non-trivial minimum for the potential
at hierarchically small dilaton values, and which will give
rise to a small dilaton mass.

F = 0 and the appearance of a flat direction is natural in
supersymmetric theories. Focusing on non-supersymmetric
theories, one may ask how likely it is for F ~ 0 to occur
in any given theory. The simplest answer is to perform an
NDA analysis in the low-energy effective theory for the dila-
ton which gives an estimate for the size of the quartic [12]
F ~ 1672, From this point of view spontaneous scale sym-
metry breaking looks quite unlikely and can be tuned at best
in non-SUSY theories. This issue is even more evident if we
notice that by reparametrizing the dilaton as x = fe°// with
(o) = 0, the question of F' = 0 is reminiscent of a vanishing
cosmological constant, Aeff = F f 4.

Contino et al. [15] have, however, suggested a different
viewpoint: the presence of a flat direction (in the absence of
perturbation) is not required (nor is it natural). Their approach
is then that a theory with F # 0 will simply not break scale
invariance spontaneously. Thus for a successful breaking of
scale invariance a theory needs to be able to scan its value of

2.2)

F,until F ~ 0is reached. In effect one needs a scale depen-
dent quartic F'(it), which can be achieved by introducing an
external coupling A, explicitly breaking scale invariance via
its running,

dxr
dlog

=B(u) =eb) K1, (2.3)
where b(}) is a generic function of A, whose detailed form
is not important as long as the small parameter € can be
factored out. This running coupling will in effect adjust
the value of F from its UV value (presumably of order
~1672). If sufficiently long running is allowed, the correc-
tions 8 F ~ (Ayy/um)€ can become sizable, and at some scale
uir we find F(A(ur)) ~ 0. Atthis scale spontaneous break-
ing of scale invariance can happen. Since scale invariance is
effectively recovered by substituting & — x, this mecha-
nism is equivalent to the generation of a non-trivial potential
for the dilaton, Eq. (2.2), but with F(A = 0) ~ 1672, and
with its minimum determined by F(A(x)) ~ 0. Thus the
CPR idea is to let the theory scan through the values of F
driven by the small explicit breaking term. The running will
stop when the critical value F ~ 0 is reached and spon-
taneous breaking of scale invariance will occur. The differ-
ences between the scenario with F ~ 0, to which we refer
as RS+GW (recalling its extra-dimensional realization), and
F ~ 1672 are illustrated in Fig. 1. It is of course very impor-
tant that the explicit breaking of scale invariance, that is, the
B-function, remains very small all throughout the running,
and in particular at the IR scale where F ~ 0, otherwise the
dilaton would pick up a large mass. This is exactly what hap-
pens in QCD or in technicolor: one starts out with a small
B-function and an approximately conformal theory in the
UV. However, in the IR the coupling and 8 become large, and
thus at energies where the QCD (or techniquark) condensates

RS+GW CPR
Vers Vers
B=0 |
X X
| |
Vers Vers
540
— -

Fig. 1 Pictorial representation of the tuned scenario with vanishing
quartic in the absence of stabilizing perturbation (left) versus the pro-
posal discussed in this work, where a large perturbation compensates
for the large initial quartic (right)
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form there is no longer an approximate scale invariance and
hence no light dilaton is expected, in accordance with the
absence of an additional light scalar in QCD.

In order for the scanning mechanism to be possible, the
contribution of the perturbation must approximately can-
cel the existing large tree-level quartic in the dilaton poten-
tial. This can happen only if the value of the coupling of
the perturbing operator eventually becomes large. That does
not automatically imply a large dilaton mass as long as the
B-function remains small even while the coupling, A, itself
is big. This cancelation can be understood as follows: the
increase in A along the running will be accompanied by a
condensate for the perturbing operator O, which will con-
tribute a term o< x*~€ to the dilaton potential. If € is very
small (that is, the condensate (O) is very close to dimension
4) this term can cancel the existing tree-level quartic at a
hierarchically smaller scale than where the running started,
and it can allow the CFT operators to also condense, giving
rise to SBSI. Thus in this case the external perturbation both
triggers and stabilizes SBSI. One can see that for this to work
it is essential for O to be very close to dimension 4, that is,
€ < 1 throughout the running and even when A becomes
sizable at the condensation scale.

The issue of whether a theory can scan through the pos-
sible values of F and settle at a minimum where F ~ 0
is particularly interesting since in a gravitational theory the
value of F at the minimum corresponds to the cosmologi-
cal constant generated during the phase transition from the
scale invariant to the broken phase. If F ~ 0 is natural in
a theory coupled to gravity then a large (and perhaps most
problematic) part of the total cosmological constant could
be significantly reduced. The full cosmological constant in
a model with an approximately conformal sector giving rise
to electroweak symmetry breaking is made up of

Viot = Vuv + Vrev + VIR 2.4)

where Vyy is the value of the cosmological constant at the
UV cutoff scale, Vrev is the contribution of the broken con-
formal sector (generically expected to be of the size (TeV)*
and contains the contribution from electroweak symmetry
breaking), while ViR is the contribution due to all low-scale
phase transitions well below the electroweak scale (for exam-
ple due to the QCD phase transition). In a holographic model
Vuv would correspond to the contribution of the UV degrees
of freedom localized on or around the UV brane, Vpev to that
of the degrees of freedom localized on or around the IR brane,
while ViR is the contribution from physics below the scale
of the lightest bulk KK mode or radion mode, where the the-
ory effectively becomes 4 dimensional. One could perhaps
imagine eliminating Vyy via high scale SUSY, with a non-
trivial interplay between SUSY and the conformal symmetry
(for example SUSY might only be broken on the IR brane).
Another possibility would be to use the hierarchically small
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dilaton VEV only to solve a little hierarchy between 10 and
1 TeV, while above 10 TeV the theory becomes supersym-
metric. In the model with dynamical SBSI triggered by the
field of dimension 4 — € discussed above, the expectation is
that the value of the minimum of the potential will be sup-
pressed by € (since for ¢ — 0 the entire potential is again a
pure quartic that forces y = 0), thus

Viey ~ €(TeV)*. (2.5)

Finally, the contribution of the IR scale physics is expected
to be of order Vi ~ mfm / (16712), set by the size of the
dilaton mass. If QCD was composite and the dilaton mass
is smaller than the QCD scale then the energy from the
QCD phase transition would be incorporated to a contribu-
tion to F and already be part of the estimate in (2.5). If the
dilaton mass is heavier than the QCD scale then there will
already be loop contributions to the cosmological constant
in the 4D theory above the QCD scale which will be the
leading contributions to Vir. The dilaton mass (as we will
see later) is expected to scale with € as m(21i1 x €(TeV)?,
thus the leading cosmological constant is given by (2.5).
In order to reduce this to observed magnitudes one would
need ¢ < 1079, The associated approximately massless
dilaton would mediate a long range force similar to gravity,
with strength oc 1/ (TeV)2 [17]. Fifth force bounds require
that € > 107%* [27,28] (corresponding to mgy > 6 eV).
Dilatons lighter than a few hundred MeV will decay to pho-
tons. The lifetimes of dilatons with mass above an MeV are
shorter than a second and are not expected to influence early
Universe cosmology. Dilatons lighter than an MeV could sig-
nificantly affect BBN and a detailed study would be needed
to decide whether a scenario with ultra-light dilatons remains
viable. However, there is another important reason not to con-
sider the case with ultra-light dilatons. As we will show in
Sect. 5, there is a correlation between the Planck-weak hier-
archy and the amount of running in this scenario: the Planck-
weak hierarchy is given by the IR brane mistuning raised to
the power 1/e. For O(1) mistunes, the observed hierarchy
implies € ~ 1/log(Mp1/Myea) ~ 0.1-0.01: an € signif-
icantly smaller than this would require more running (and
hence a much bigger Mpy) to settle at the point with a small
quartic. For a fixed hierarchy this can be understood as an
issue of initial conditions. Given the hierarchy one needs to be
adistance AA ~ €log MAiP‘ from the solution of F(19) ~ 0.
For exponentially small € (needed to significantly reduce the
cosmological constant) one needs to start exponentially close
to the tuned value of the coupling A, while for € ~ 0.1-0.01
one can be O(1) away from the special point. The conserva-
tive option is then to assume € ~ 0.1-0.01 and that Eq. (2.5)
is tuned against Vyyy to yield the observed cosmological con-
stant.

Weinberg has argued [16] that a dilaton-like field can not
be used to relax the cosmological constant to zero: if the
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theory is exactly conformal (¢ = 0) the dilaton does not
get stabilized, and one needs tuning to set the cosmological
constant to zero, while for a broken theory (¢ # 0) the cos-
mological constant is not zero. This is not in contradiction
with the arguments here. We will indeed see that for ¢ = 0
one needs to tune the parameters of the theory in order to
obtain a flat dilaton (and a vanishing low-energy contribu-
tion to the cosmological constant). However, we will see that
for € # 0 the theory can relax to a vacuum with a small
(e-suppressed) vacuum energy.

3 The dilaton effective potential in holographic models

A general holographic model can be obtained by considering
the action

1 1

—/d4x\/5Vo(¢) —fd4x\/EV1(¢) (3.1

of a bulk scalar field ¢ coupled to gravity. Here «? is the
5D Newton constant, which is related to 5D Planck scale
via k% = 5 1‘143 . We will be considering 4D Lorentz invariant
solutions to ’fhe Einstein equations, thus our metric ansatz
will be

ds? = e AW dx? — dy?, (3.2)
where e =40 is the general warp factor. The AdS/CFT pre-
scription gives an identification between the extra-dimen-
sional coordinate and an energy scale in a dual 4D CFT:

p= ke 40, 3.3)
where k = 4/ %5)'(2 is the curvature of the AdS space,
determined by the 5D cosmological constant A s).

We can then calculate the effective potential for the dila-
ton for an arbitrary background. We will assume that the
general background is cut off at the position y = y; with
orbifold boundary conditions, which corresponds to the pre-
sumed spontaneous breaking of conformality. The dilaton is
identified as the scale of the spontaneous breaking, which in
this case corresponds to the IR brane position y;, implying

X =ef =e A0, (34)

Both p and x are identified up to an unphysical arbitrary con-
stant, A(y) — A(y)+a being a symmetry of the system. We
will fix it by requiring A(0) = 0. Besides, reparametrizations
of the dilaton field should not change physical quantities, and
when convenient we will simply take x = e X1 (see also
Appendix E).

The background has to solve the bulk equations of motion

2 2
4A/2—AN=—%V(¢))
2472 2
K°¢ K
A/2 — _ Ty
B 5 (#)
v
1 — 4A/ / - 3.5
¢ ¢ + ” (3.5)
The BCs (assumed to be Z,-symmetric) are then
’ «?
2A ly=yo.y1 = i?Vo,l(qﬁ) (3.6)
Y=Y0.Y1.
Vo1
20/ ly=y0om = £ (3.7)
¢ Y=Y0.Y1,

where the + sign is for the UV brane and the — sign for the
IR brane.

Let us now calculate the effective potential for the dila-
ton in these general backgrounds. The effective potential is
obtained by integrating the bulk action over the solutions
of the bulk equations of motion, with the scalar BCs (3.6)
imposed both at the UV and the IR. We do not impose the
Israel junction conditions (3.6) corresponding to the BC for
the warp factor. Eventually the UV brane junction condi-
tion can be imposed, thereby fixing the location yq of the
UV brane, and possibly at the price of tuning the UV brane
tension. The effective potential in terms of the general warp
factor A(y) and the general scalar background ¢ (y) is then
given by

Y1
1 1
Vete(x) = —2 / dyJg [—272(20%2—8#)—5¢’2—V(¢)]
Yo

+/8Vio+ gV

Here we have integrated over the full circle rather than just
over the orbifold. Special attention has to be paid to the sin-
gular pieces in A” at the two boundaries, which will give an
additional contribution to the effective potential of

1
o =[]

K2

(3.8)

(3.9)

while using the bulk equations of motion in (3.5) the smooth
part of the bulk is given by

h)|
2 )
ok = 3 [ dye 1037 - )

Yo

2
_ [‘@FA/} , (3.10)

1
0
As expected, the entire effective potential is a boundary term,
given in terms of the location of the IR brane y; by

Vett = Vuv + VIR, (3.11)

@ Springer
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with
_ 6
Vuv/ir =e 4001 [Vo,l (¢(yo,1))¢K—2A’<yo,1>] (3.12)

An alternative derivation of this effective potential using the
Gibbons—Hawking boundary action is given in Appendix A.
As expected, this potential vanishes for a solution that actu-
ally satisfies the boundary conditions (3.6) which we have not
yetimposed. Once those are satisfied one has a flat solution to
the bulk equations of motion and the resulting effective 4D
cosmological constant necessarily vanishes. This does not
mean that the entire potential identically vanishes, nor does
it imply that the minimum of the potential has to be at zero.
In terms of the dilaton field x = e~4™) and the location of
the UV brane i = e~ 400 (which effectively acts as UV
cutoff regulator), the effective potential is

Vie = 1 [V1 (¢ (47 Clogn) )+ 47 (4 g x))} ,
(3.13)

while Vyy is obtained by x — o and a sign flip in front
of the A’ term. The form of this potential is in accordance
with the expectation that the general dilaton potential of a
spontaneously broken conformal theory should be of the form
[12]

Vetr (x) = x*F(M (), (3.14)

where X is a coupling that introduces an explicit breaking
of scale invariance. Therefore we can make the holographic
identification

F=Vi + %A/. (3.15)
K

In the case of pure spontaneous breaking the potential
should just be a pure quartic, which must vanish if there is
a stable vacuum in which scale invariance is spontaneously
broken. For example in the case of pure AdS space without a
scalar field (the original RS1 setup) the effective potential is
indeed a pure quartic. In this case, we have A’ =k, V| (¢) =
A1 (the IR brane potential is just a pure tension), and the
effective dilaton potential is

4 6k

Viil,rs = X <A1 + ,ﬁ) . (3.16)
This pure quartic must vanish for the IR brane to not fly
away or collide with the UV brane. From the 5D point of
view the vanishing of this quartic is interpreted as the second
fine tuning of RS.

The minimization condition of the dilaton potential
Eq. (3.14) can be written as

d Vet (%)

=0,
dx

x=(x)

(3.17)
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with

AV oF oA
eft(X) — X3 4F + _:B , /3 — . (318)
dy oA dlog x

Since we will require that the potential is minimized, we see
that at the minimum

10F

F = _287'6’ (3.19)
implying that the potential at the minimum will be propor-
tional to the value of the S-function. We will derive explicitly
the same result from Eq. (3.13) in Sect. 5. That the value at
the minimum itself might be non-vanishing implies that the
solution does not actually have flat 4D sections, therefore to
find the corresponding complete bulk solution a more gen-
eral ansatz, different from (3.2), would be needed, along the
lines of [29].

4 Constant bulk potential-flat dilaton potential
by tuning two condensates

Before we discuss the case with a non-trivial scalar bulk
potential, it is very instructive to consider the theory with a
constant potential. This is useful for two reasons:

e Itprovides a 5D gravity dual for the formation of a dimen-
sion 4 condensate and hence a ‘soft-wall’ version of the
RS-model of SBSI.

e This solution will be relevant for the IR region for the
discussion of the general case with a small bulk mass in
the next section.

The theory with constant bulk potential corresponds to
adding an additional exactly marginal operator to the the-
ory. If this operator condenses, it is expected to give another
x* quartic term to the dilaton potential. For the case with a
finite UV brane one also generically expects additional terms
suppressed by the UV scale 1¢. This will provide us with an
alternative way of obtaining a flat dilaton potential compared
to RS/GW. In GW one tunes the IR brane tension against the
bulk cosmological constant to ensure that the condensate cor-
responding to the IR brane does not produce a quartic dilaton
term, resulting in a flat dilaton potential. The other possibil-
ity considered here is to not impose the RS tuning at the IR
brane, allowing a tree-level quartic from the condensate, but
then canceling this with another quartic corresponding to the
condensate of the bulk scalar. By appropriately tuning the
two condensates against each other one finds another way
of obtaining a flat dilaton potential. While this also involves
tuning, the significance of this is that by introducing the small
bulk mass this tuning can be alleviated.
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We parametrize the bulk potential as

6k

V(p) =As) = - “4.1

For concreteness we will choose quadratic brane potentials,

Vi(@) = Ai + ki — i), (4.2)
though for most arguments the detailed form of the brane
potentials will not matter. The bulk only depends on the
derivative of the scalar field, and thus one hasa ¢ — ¢ + C
shift symmetry, which signals the presence of conformal
symmetry in this case. Thus one expects this to correspond
to a purely spontaneous breaking of scale invariance.

The bulk equations of motion for this case can be solved
analytically and the solutions are [30]

. _l sinh 4k(y. — y)
AQ) = =7 log [ sinh 4k, } : @.3)
3
o(y) = —j—; log tanh[2k (y. — ¥)] + ¢o. 4.4)

In this expression the (unphysical) constant in the warp
factor was fixed such that A(0) = 0. This solution describes
the formation of a 4-dimensional condensate correspond-
ing to the operator O that ¢ couples to. The singularity at
¥ corresponds to this condensate. This solution on its own
can be considered a ‘soft-wall’ version of a model of SBSI.
While RS corresponds to the condensation of an infinite-
dimensional operator (hence the metric is exactly AdS all
the way till the condensate forms, described by the appear-
ance of the IR brane), here we have the more realistic case
of the formation of a dimension 4 condensate. Both of these
correspond to pure spontaneous breaking of scale invariance,
and hence both of these should give pure quartic potentials
for the dilaton. In our construction we will assume that both
condensates are present, and that the pure RS condensate
forms earlier, hence the IR brane will shield the singularity.
Therefore we consider the region y < y., and the location
of the IR brane y; appears before the singularity, y; < y.:
the RS condensate in the CFT forms at a higher energy scale
than the O condensate.

For finite y., the AdS boundary is at y = —o0,

Al(y » —00) =k, ¢(y — —00) = do. 4.5)
Exact AdS space is only obtained in the limit y. — oo,

lim A'(y) =k, lim ¢(y) = ¢o. (4.6)
Ye—>00 Ye—>00

The scalar profile is constant in this limit. The AdS limit
Eq. (4.6) can only be obtained by imposing the require-
ment that both brane potentials are pure tensions (no
¢-dependence) and the tensions obey the RS tunings:

A
Vi(g) = 2,

f 4.7)

in which case the singularity is pushed to y. — oo.

For generic brane potentials y. will be finite, thus the
space will deviate from pure AdS. We want to find the effec-
tive potential for the dilaton field in this case. A convenient
parameterization of the dilaton y and the location of the UV
brane g is

x4 = A0 sinh 4k (ye — y1).
sinh 4ky,
. (4.8)
ub = e4A00) sinh 4k (yc — yo)
0 sinh4ky.

while for the location of the singularity we will use the
parametrization

o1 4.9)
sinh 4ky,

To determine the effective potential we need to impose the
BCs for the scalar field Eq. (3.7). For concreteness we can
choose simple quadratic brane potentials Eq. (4.2), though
the specific form of the brane potentials will not be important.
For these potentials the scalar boundary conditions are

3
2A; <¢0 - ;/—; log tanh[2k (yc — yi)] — Ui)

23k 1
T T sinh4k(ye — i)

(4.10)

These should be used to determine the constants y. and ¢ for
use in the effective potential. Since both of these equations
depend only on the distances of the brane to the singularity
yi — Y both of them can be written in terms of the combination
of the variables x*/8* and [,Lg /8*. We can use the UV scalar
equation to determine ¢ in terms of the location of the UV
brane as

_ 4, 4
do =0 (1+ fo6* /1)) @.11)
since in the simultaneous limit § — 0 and po — 090, ¢g
approaches vg. The IR brane equation can then be used to
separately determine &, and the result will be of the form

4 _ 4

8" = x"f1(¢o, vi, A1). (4.12)
Combining these two equations we find that the structure of
the solutions to the scalar BCs will be of the form

do = vo (140G /1))

5 = 1 fi (v + 00 /). 2r v ).

(4.13)

(4.14)
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These expressions have the right limits to be identified with
an external source and a condensate:

lim ¢g = vo, 4.15)
Ho—> 00
lim §* = 0. (4.16)
x—0
For example in the limit Ag,; — oo we find
V3 88 &
¢po=vo+ S—log| [1+—5——]),
2k Ko M
0 0 4.17)

2k
5% = x*sinh (—(m - ¢0)> :
V3
and the system can be exactly solved, although the exact
expressions are not important for the general argument.
The full effective dilaton potential is

Vert = Vuv + ViR (4.18)
with
6k
Vov = ug | A 0= 3 +—+)»0(¢0—v0
ERN [ 1+ D (4.19)
2 Ko
6k 58
VIR = X A1+ﬁ 1+F+M(¢o—v1
J3 T\
3 58 1)
-7 1+ -2 4.20
2 o2 + PO (4.20)

We can see that using (4.14) the IR term will become a pure
quartic modulo the x -dependence of ¢, which is suppressed
by the location of the UV brane, while the UV contribution
will be a pure cosmological constant given by the RS tuning
and additional x*/ uf‘)-type corrections:

Vie = x* (ao) + O /) (21

Vov = 1§ (80 + 00 ) (4.22)
where a(vg) is a constant that determines the quartic dilaton
coupling, which depends on the UV value of the scalar field
vo (and all the other parameters of the theory), while Ay is
the usual RS UV fine tuning condition Ag = Ag — 6k/K2.
For generic values of the parameters this potential would be
minimized for x ~ O(up) and thus no hierarchy would be
generated.

@ Springer

Again for the sake of illustration, in the limit Ag,; — 00
one finds the potentials

Vov = ud | Ao — %
uv = /“LO K2
1/2
8 cinh2 [ 2«
X sinh” ( == (v; — vg)
. o) V"]
uh + x8 = 2ugx* cosh (%(vl - vo))
(4.23)
ViR = =Vuv(uo < x, Ao = —A1), (4.24)
and therefore the quartic dilaton coupling reads
6k 2k
a(vg) = Ay + COSh (—(vl — Uo)) . (4.25)
V3

This can be made to vanish by properly tuning the UV
value of the scalar, vy, which is the holographic equivalent
to a tuning of the initial value of the external perturbation,
A(po)O. 1t is particularly illuminating to notice that in the
limit Ay — oo we have taken, the whole IR potential comes
from the (6/K2)A’ piece, that is, from the back-reaction on
the metric. This is easy to understand since the IR ¢ BC
fixes ¢’ ~ 9V;/d¢ and due to the structure of V| one has
Vi ~ ¢?/A; — 0 when A; — o0.

The generic structure of the effective potential has a very
clear explanation: the only explicit breaking of scale invari-
ance in this theory corresponds to the introduction of the UV
brane. Thus in the limit when the UV brane is removed, the
effective potential must reduce to a pure quartic (plus a UV
contribution to the cosmological constant). This is indeed
what we find here, and the explicit expression for the quar-
tic depends on vy, the value of the scalar field in the UV.
One can make the entire potential vanish by tuning the UV
cosmological constant to zero, and by tuning vy appropri-
ately. The important difference in this tuning compared to
Goldberger—Wise is that here we tune the UV value of the
scalar field (that is, the value of the perturbing coupling in
the UV), rather than the IR brane tension (which is arbitrary
here). We will see in the next section that this tuning will be
alleviated once we let the perturbing coupling run, that is,
once we include a non-trivial potential for ¢, in particular a
mass term, m? ~ ek?. Then vg — vo(x /1mo)€, which will
become the leading order term in x /o and will then set the
hierarchy.

We should stress that once the tuning on vg is imposed
corresponding to setting the quartic to zero, a(vg) = 0, the
spacetime (3.2) with the warp factor given by (4.3) still rep-
resents the 5D dual of a spontaneously broken CFT, even
though the metric deviates significantly from AdS:

sinh4k(y. — y)
sinh 4ky,

ds? = dx? — dy?. (4.26)
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That this metric corresponds to a spontaneously broken scale
invariant theory should be clear from the previous analysis
and the resulting effective potential for the dilaton, but one
can also explicitly consider the effect of the scale transforma-
tiony — y + a, x — e“(a)x. If the IR brane is kept fixed,
then this transformation will not leave the metric invariant
simply due to the presence of the IR brane>—this is exactly
what one expects from a spontaneous breaking of scale invari-
ance. The symmetry is restored by simultaneously moving
the IR brane, y; — yj+a. Due to the scalar BCs that resultin
(4.14) ashiftin y; should also be accompanied by a shiftin y.,
which will make the shift in the warp factor y-independent:
the net shift in the warp factor is then compensated by the
scale factor e* (a) = [sinh(4ky.)/ sinh(4k (ye + a))]'/2.3

Notice that in order to obtain a small cosmological con-
stant (neglecting O( x8/ ug) terms), we have to impose the
UV RS tuning Ag < 1. This condition is actually also needed
in order to obtain a suitable dilaton potential, due to the pres-
ence of a dilaton—gravity kinetic mixing, of O (x?/ u%) (see
Appendix E). If the UV RS tuning is not imposed we gener-
ate a term Ao u(z) x? in the potential, which would not allow
for the generation of a large hierarchy between 1o and x.

In two appendices, Appendix B and C, we present the
detailed description of the cases with a small back-reaction
and with no bulk mass, and small back-reaction and small
bulk mass (the GW case).

5 Light dilaton without tuning: the general case

We are now ready to consider the general case with O (1) IR
brane mistuning, a large condensate and long slow running
of the scalar due to a small scalar bulk mass. The bulk scalar
potential is again given by
2
V(p) = —% — 2ek’¢>. (5.1
K
We want to stress again that the exact form of the perturbing
bulk potential does not matter, as long as it is always para-
metrically suppressed (that is, € multiplies the entire bulk
potential). For more complicated potentials the form of the
RGE running will change, but as long as the € suppression
persists, the running will be mild. CPR suggested that the

2 The UV brane is a source of explicit breaking, which is eliminated
once the UV brane is removed, ng — oo.

3 The reader may notice that e®(a) is mildly dependent on y; so that
the scale transformation of the dilaton field is slightly non-linear, y —
f(x)x,with f(x) aslowly varying function. One might then argue that
a more natural parametrization of the dilaton field is provided by x =
Exp[—ky1 ], which transforms covariantly even though it does not seem
to reproduce the expected quartic potential. In fact, in Appendix E, we
clarify these points and show how both parametrizations are legitimate
and give rise to a purely quartic potential once the kinetic mixing with
gravity is properly taken into account.

overall suppression of the bulk potential by € may be due to
¢ being a 5D bulk Goldstone field, and € is the parameter of
a small explicit breaking term.

For the brane potentials we will again use a quadratic
expression, Eq. (4.2), but as explained before the detailed
form of this potential again does not matter.

In order to find the bulk solution, we note that we can break
up the bulk into two regions: the UV region dominated by a
mild RGE running of the scalar where the solution remains
close to AdS, and the IR region dominated by the condensate,
where the solution is of the form considered in the previous
section. We will then match up these two solutions using
asymptotic matching for the boundary layer theory of differ-
ential equations [31].

The UV solution is characterized by a mild running of the
scalar, which means that one can neglect the second deriva-
tive of the scalar: ¢, 8V (¢) > ¢”. The deviation from AdS
space is small, so in this region A’ = k, and the scalar equa-

tion is first order:
k¢’ —ep =0, (5.2)

so the solution in the UV region (which we call the ‘running
region’ and denote by subscript r) is given by

Al(y) =k,
&r () = et

(5.3)
54)

This solution is self-consistent in the UV as long as the back-
reaction on the metric is negligible, that is, K26k2¢2 /3 <L
A”?, which restricts the region of validity to

1 1
—1 .
Ve <ﬁ¢0K)

The second region where we can find an analytic solution
is the region where the condensate dominates. In this case
the behavior of the scalar is dominated by the ¢”, ¢’ terms
and the additional bulk potential is negligible. In this case
we recover the equations for the zero bulk mass considered
in the previous section. Thus there is a universality in the IR
behavior of the solution, since it is dominated by the dimen-
sion 4 condensate. Therefore in this IR ‘condensate region’
(denoted by the subscript c) the solution is given by

(5.5)

AL(y) = —kcoth (4k(y — yc)) (5.6)
V3
be(y) = ¢m — s log (—tanh (2k(y — y¢))) , (5.7

where ¢p, is the matching value of the scalar field. Apply-
ing the method of asymptotic matching for a boundary layer
theory we obtain the matching conditions:

lim ¢c = lim ¢y = ¢m = Poe ", (5.8)
y—>—00 Y=y
lim A, = lim Al = k=k. (5.9

y—=>—0© Y=

@ Springer
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The details of this matching are explained in Appendix D.
As before, to determine the constants ¢ and y, we impose
the UV BC for ¢, and the IR BC for ¢.:

, oV
20 ly=y, = +£ (5.10)
d(=¢:(y0),
aV
2ely=n =5 (5.11)
¢ Lo e,
from which we find, in the limit A9, A; — 00,
$o = voug, (5.12)
5 = x tanh!/4 (i(vl - ¢m)) . (5.13)
V3

To simplify our expressions we have used the alternate def-
inition of the dilaton, the UV scale, and the condensate
wo = e ko5 = ek and x = e ¥, As we learned
from the constant bulk potential case, the distance between
the singularity and the IR brane, or equivalently §/ x, depends
on the IR potential parameters, in particular on the difference
between ¢ (y1) = vi,and ¢ (yp) = v, where the latter is now
modulated by (uo/x)€.
The full approximate solution* to the system is

bt (y) = ¢r(y) + ¢e(y) — ¢m (5.14)

3
= yp k00 ‘2/—/: log ¢anh (2k(yc—y))) (5.15)

and equivalently for A’(y). In z = ™% coordinates these
are

-1

! 2Z8
Apn @)= [+ 5
28+ x® tanh (%(vl—vo(uo/x)‘))
(5.16)
€ 3
Grun (z) = vo (@) - £
z 2K
4
log | =1+ 2
74+ x* tanh (%(m —vo(uo/x)f))
(5.17)

This solution exhibits the correct asymptotic behavior. We
can see this explicitly in Fig. 2. The full solution interpolates
nicely between the running and the condensate-dominated
solutions.

4 We have dropped a term 2—*/5 log (tanh (2k(yc — yo))) which is expo-
nentially small for y. > yo, but which strictly ensures ¢ (yp) = vp.
This term would be automatically included if the matching of the ¢,
was at y = yp instead of y — —oo. This approximation propagates to
Eq. (5.13) and amounts to unimportant O () /o) corrections.

@ Springer

‘We can now compute the effective potential for the dilaton
as usual (again in the Ag,; — oo limit)

6k
Vov = 1§ [Ao — ﬁ} : (5.18)
ViR = 4[A . h(Z—K( — vo( )6))]
IR = | Ar g cosh | T —vo mo/ x
sech? <%(v1 — vo(uo/xf)) . (5.19)

The UV effective potential contains a constant piece, which
must be tuned to zero in order to obtain a flat 4D space
(usual UV RS tuning). The IR potential is of the expected
form x*F[(uo/x)€]. This is the leading part of the poten-
tial, whose minimization will determine the position of the
minimum, (x), up to O (e) corrections. Recall also that the
potentials Egs. (5.18) and (5.19) are corrected by O ( X2/ ,ug)
once the dilaton—gravity kinetic mixing is fully included, see
Appendix E. It is therefore important to tune Ag =~ 6k/«? in
order not to generate a large x 2 term.

To leading order in €, the condition for the minimum of
the potential is

aV , . .
8—)‘(“ = x* (4F o/ 01+ F'[(o/ )1 120/ X)) =0,

(5.20)
leading to a dilaton VEV

1/€

Lo _ =0 +0(e),
Mo v — sign(e)*z/—,(g arcsech(—6k/k2A1)

(5.21)

while the potential will obviously be of order F[(uo/x)¢] =
O(e). Notice that for this to be a good minimum we need
A1 < 0 and |Aj] > 6k/k?. One can clearly see from
Eq. (5.19) that if these conditions are not satisfied then the
effective quartic is always positive F[x/uo] > 0 for all y,
and the minima can only be found at (x) = 0 or (x) = wo.
Furthermore, in order for the effective quartic to be positive
at x = po (thus avoiding this as a minimum), one must have
[A1] < ’?—15 cosh(j—’%(vl — vp)). This condition is easily sat-
isfied, either if v{ > vg, a condition consistent with € > 0,
or vy > vi, consistent with ¢ < 0. However, notice that a
large hierarchy, which in this scenario is given by the point
where 6A’/k? compensates A1, is easier to produce for the
case € > 0, since in this case v| — vo(uo/x)¢ runs slower
than for € < 0. This is the scenario we have advocated for
naturally canceling a large quartic at the scale 9. We show
a plot of the potential (5.19) in Fig. 3, where we can see
that a shallow stable minimum with a small mass is indeed
generated.

One might be concerned that phase transitions in the early
universe may substantially affect the Planck-weak hierarchy,
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Fig. 2 Left Bulk scalar profile: ¢py (solid black), ¢, (dashed red), and ¢y, (dotted blue). Right Effective AdS curvature, A’(y): same color code
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Fig. 3 The plot of the effective dilaton potential Eq. (5.19) for the parameters € = 0.1, vo = 0.1, v; = 4.5, A; = =50, up = 1, and x = 0.5, all
of them in units kK = 1. The plot in the right is a zoom of the region where the minimum of the potential is

effectively changing G . However, the sensitivity to changes
in A from condensates is only power-law:

1 V3 < X )E
€ 2 \ Mo '
2kv04/ 1 — (%)

For example, a change in the IR tension due to the QCD phase
transition would give rise to §A1/A; ~ (AQCD/TeV)4 ~
10716 and hence it generates only a small change in the hier-
archy §x /x « é&Al/Al as long as € is bigger than ~ 10714,

The dual CFT interpretation of the potential Eq. (5.19)
for the interesting € > 0 is simple. The quartic in the
absence of perturbation (that is, vg = 0) is given by Fy =
A1+ i—]; cosh(j—’%vl). This is generically large and positive,

' 9 log x (5.22)

dlog Aq

hence there is no SBSI at high scales. Once the perturba-
tion is turned on, it grows larger in the IR, v (uo/x)€. This
in turn decreases the effective quartic, until the minimum
Fx/mol = O(e) is found. Effectively, the dilaton quartic
coupling relaxes to zero at x/uo < 1. At this point SBSI
will occur.

The dilaton mass to leading order in € is given by

323k
m2 ~ e# tanh <%(01 - UO(MO/X)€)>

X
(0 o/ x)E 4 O(€). (5.23)

One then concludes that, regardless of the size of the back-
reaction on the metric, the dilaton remains light as long as
the B-function is small. Of course the actual physical mass
of the dilaton also depends on the normalization of its kinetic
term, which we have not calculated in this paper, we assume
itis O (1) or bigger. The kinetic term normalization does not
remove the € suppression in (5.23).

Next we examine the value of the potential at the min-
imum, which is the effective cosmological constant. In the
approximation we have followed in this section, the cosmo-
logical constantis given by Acfr = VIR ({x)) from Eq. (5.19),
since we have fine-tuned away Vyy. The value of the IR
potential at the minimum is

: 24/ 3k
V" = —Gutaﬂh (%(Ul - vo(uo/xf))
2
G0 o 10" ~ —m L (5.24)

As expected, the value of the minimum is suppressed by
€, and also by 4 — € powers of the dilaton at the mini-
mum. Assuming that this is the origin of the hierarchy, that
is, (x)k ~ TeV, the resulting potential is of order € TeV*4.
Therefore, since we have minimized the potential at 0 (€%
Eq. (5.20), ViR((x)) = O(e(x)*k*). Phenomenologically,
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this contribution is still too large unless € ~ 1079, which,
however, would require much more running than available
from the observed Planck-weak hierarchy, and which would
also yield a dilaton that is too light, ~ 1078 eV. Also, since
€ > 0 for most interesting applications, the IR potential
is usually negative. Of course since our full potential con-
tained a tuned value of the UV contribution, one could have
tuned Vyv = O(e(x)*k*) previously, such that eventually
Aeff = 0 or small positive. This change in the UV potential
affects the minimization only at O(€), and thus it does not
affect our conclusions.

We finally show that regardless of the explicit form of the
IR brane potential the value of the potential at the minimum
is always suppressed by €. The form of the dilaton potential
ise 440D R (y1, ¥¢), hence the derivative of the potential is
given by

dVIr Ay
— | = +40) ( —4A' () F(y. ye)
Yoly
d d dyc
+—F(,y)+—F(, yo)— =
dy dye dyi /1y,
(5.25)

Note that
d V] 6
—F(y, =—¢ +—=A", 5.26
dy (¥, yo) 99 ¢ + 2 (5.26)

and by using the bulk equation of motion A” = «2¢’?/3
can be brought to a form proportional to the scalar boundary
condition (3.7), and thus it vanishes at the IR brane. Note also
that the functional dependence of F on y. comes in the form

Yo — ¥, so in the € — 0 limit we also have H%F(y, ye) =0.
Thus at the minimum
aa

d¢

(5.27)

d
—F(Q,y) =

d ‘
———F(y, yo) + € k g eKO0
dyc dy

= ek gy eek(yﬂ'o)m;
¢

thus for the value of the potential at the minimum we find

ek o eck(y1—yo) V) dy.

Flmin = — .
min 4A(y1) 3¢ dy

(5.28)

6 Conclusions

We presented a 5D holographic construction of a theory with
a naturally light dilaton: a conformal theory perturbed by an
almost marginal (dimension 4 — €) operator. As the coupling
of the perturbation slowly increases through renormaliza-
tion group running, the effective quartic of the dilaton slowly
decreases. Around the scale where the effective quartic van-
ishes scale invariance will be broken, the perturbing operator
(along with other CFT operators) will develop a condensate
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and we have a stable minimum of the dilaton potential at hier-
archically small scales. If the perturbing operator remains
close to marginal even for large couplings, the dilaton mass
squared and the value of the dilaton potential at the minimum
will both be suppressed by €.

In order to find the explicit holographic description of this
setup we first considered the case with an exactly marginal
perturbation, and described the exact solutions of the scalar-
gravity equations for this system. This solution is a novel
holographic dual of an exactly conformal theory where con-
formality is broken via the condensate of a dimension 4 oper-
ator. Even though the metric deviates significantly from AdS
in the IR, this nevertheless corresponds to a non-linearly real-
ized conformal theory. This solution provides the description
of the IR region for the case with the 4 — e-dimensional con-
densate, while the UV is dominated by the slow running
of the bulk scalar. Matching these solutions one obtains the
full background for the system with the light dilaton. Finally
we applied the formula for the effective dilaton potential
derived earlier in this paper to verify that the dilaton mass
squared and the contribution to the cosmological constant are
both indeed suppressed by €. Phenomenologically € cannot
be taken small enough to solve the cosmological constant
problem: an exponentially small € requires much more run-
ning than the observed Planck-weak hierarchy would sug-
gest. However, a parametric suppression over the value in
SUSY is still interesting (and as far as we know unique to
this mechanism).
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Appendix A: Effective potential and boundary terms

We show here another way to get the effective dilaton
potential (3.12) from integrating out the extra dimension. In
order to properly disentangle brane and bulk contributions
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to Vesr(x) it is convenient to explicitly write the Gibbons—
Hawking boundary terms,

S = ok — / d*x/Z0Vo(d) — f dxJTVi ()

—% / d*x/g0Ko — K]—2 / d*x /21K (7.1)
where K 1 are the extrinsic UV and IR curvatures that for
a rigid brane y = yp 1 in our warped metric are Ko,| =
VyunM = :F4A’(y0,1).nM = (0, ) is the normal unit vector
and — (+) is for the UV (IR) brane. This contribution gets
actually doubled, because of the orbifolding, after integrating
out the extra dimension,

bound —4A(, 8
Voviir © = e A0 [vo,lw) T pA/(yo,o] (7.2)

and it adds to the bulk contribution Vyyx = £2/ KZA'( Y0.1)
(after using the ¢ equations of motion)

_ 6
Vuvir = e 400D [VO,I () F EA’(yo,l)} , (7.3)

giving the effective potential (3.12).

Appendix B: The massless case for small back-reaction

The computation of the effective potential in Sect. 4 can be
explicitly carried out for the case when the back-reaction of
the metric is small, that is, when we expand around the usual
AdS solution (§/x < 1). In this case the expanded bulk
solutions are

8
A = ky + (eg"y - 1) + 0%,

v 8.1)
d(y) = ¢o + 2—‘/55%4’0‘ + 0. (8.2)

Solving the scalar BCs Eq. (3.7) for ¢9 and § at 0 (%), with
the brane potentials Eq. (4.2), we find

w1 (4k — A0)A1x* + vo(4k + A1) houg

0 = , (8.3)
4k — Ao)h x* + (dk + A)roug
Y Aoripgx*
§" = —=W1—vo)— 2 :
V3 113 (4k + 2o + x4 Gk — Ap)h
(8.4)

For the effective potential we find at leading order in y /g

Vuv = Aoug + 0 /1), (8.5)

4k (vg — v1)*A
V1R=<A1+—(0 DA

4 8, 4
KT )x + 00" /1ng) (8.6)

where Ag = Ag—6k/k?and A = A1 +6k/k?, the mistun-
ings of UV and IR brane tensions. These expressions have
the expected generic structure of (4.21)—(4.22).

The rescaling of the potential after taking into account the
dilaton—graviton mixing is given by (see Appendix E)

1 x2 4223 (vg — v1)? 4 4
— =1+22 1+ —L— = J+0 ,
k2T M%( T Sk ) T

8.7)

verifying that it is O (x 2/,u(z)).

Appendix C: (Mistuned) Goldberger—Wise revisited

We revisit here the scenario discussed in Sect. 5 under the
assumption of a small mistune A and small back-reaction.
This effectively corresponds to the analysis of GW supple-
mented by a small mistune (A < 1).

The solutions to the bulk equations of motion close to
AdS space, at 0 (8% ~ k2¢?), and now also at O(e) and at
all orders in e€%?, is given by

242
) (et 1)
2

38
~ (8=2e)ky _
A(y)_ky+l6(e 1)+ 1

L edov3 (¢ 1),

3 ©.1)
P (y) = poe™ + ;/—3846(4“)k>’ 9.2)

where we have again fixed A(0) = 0. This expansion ensures
that we include in the effective potential all terms at a given
order up to 088 ~ K2¢?), including also O (€) terms, and
at all orders in e<”.

Solving now the scalar BCs Eq. (3.7) for ¢¢ and §, with
the brane potentials Eq. (4.2), we find at O (¢),

vi (4k — ho)h1 x4 + vo(dk + A Aoy

$o = (4k_)‘0))\lX4_2€ +(4k+)~1)loué_2€ e(...),
9.3)
2k - Aort (Vi € —vox %)
54 ~ — 4—e 0 )
ﬁ(ﬂox) 172 (e Ao x4 k= ho)y +e(..)
(9.4)

where we have omitted the O (¢) terms to avoid clutter. One
can explicitly check that in the limit ¢ — 0 we recover
Egs. (8.3) and (8.4), furthermore in the limit Ao, A; — o0
limit we recover the well-known results of Rattazzi and
Zaffaroni [6].

‘We can now compute the effective potential as in Eqs. (4.19)
and (4.20), as a function of y, (o, ¢o, and §. The potential,
using the expressions for ¢g and § in Egs. (9.3) and (9.4), at
leading order in x /i and in the limit Ao, A1 — 00, is given

@ Springer
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by
Vuv = (Ag — ekvd) g — €2kvo(reo/x)*
(W1 — vo(uo/ X)) x* + 0P /1),

Vie = (A1 + 4k 1 = w00/ +€(.)) x*

<1 1 = vo(po/ X))

9.5)

3

This is in agreement with our expectations: the value of vy
is replaced by the running coupling vo(o/x )€, making the
dilaton quartic effectively run, which will allow a non-trivial
minimum of the potential as in [5,6].

) +0(*/ug).  (9:6)

Appendix D: Asymptotic matching

In order to perform the asymptotic matching between the
running and the boundary solutions it is somewhat more con-
venient to change coordinates and rewrite the equations of
motion (3.5) for ®(y) = ¢(y/e€)

e (y) —4A' (y/e) D' (y) + 4k>D(y) = 0, (10.1)
2.2 21,2
A (y/e) = El—gcb/z(y) L E R4 102

where we have specified the bulk potential V = —6k> /x> —
2¢k*¢?. These equations, for € < 1, show a boundary layer
close to the IR brane, and one can directly apply the boundary
layer theory of [31]. In the outer (UV) region where ® and
A are slowly varying we can neglect all the O(¢) terms so
that the solution is well approximated by

() = Poe®, Al =k (10.3)
where @ is determined by the UV BC
Dy = voe k. (10.4)

As @ approaches the boundary layer it starts running fast
so that we can neglect the mass term in the potential but not
necessarily the cosmological constant contribution that can
still be large: the boundary solution is thus given by

3
Dp(y) = Oy — “2/—1: log (—tanh [2k/e(y — §o)]),  (10.5)
Ap(y/€) = —k coth (4k /e(y — Fc)) (10.6)

where we have defined y. = €y.. The thickness of the bound-
ary layer is determined by

Yo — e ~ €/2k (10.7)

where A{ and @y, start approaching a constant.

The IR BC fixes only one of the two integration constants;
the other is going to be fixed by the asymptotic matching with
the UV solution.

@ Springer

The asymptotic matching takes place at the edges of the
inner and outer regions: in this overlap region both ¢, are
solutions. For this boundary region we can take for example
y — e ~ €722k fore « 1

dpekde = b (10.8)

Of course we can match in any other location as long it is
in the overlapping region. It actually makes more sense to
match at the branes at y; and yg, which corresponds to taking
€ small but finite,

3
Dot = Py, — 2£ log (— tanh [2k/e(yo — §o)]) . (10.9)
K
In this case the full solution is given by
® = Dy + Dy — Prmarch = Poe'”
_¢_§ o tanh [2k /€ (e — ¥)]
2k tanh [2k/€ (e — yo)]

where @ and y. in this expression are actually given in terms
of vp,1 and yp,1 via the BCs.

Notice that the scale yy where the back-reaction becomes
important for the running solution is

(10.10)

Yor ~ %log (x/?/(el/zlc%)) , (10.11)

which agrees with QCD where Aqcp is fixed by the UV

coupling and its B-function: barring tuning, one expects y; ~

Ybr ™~ Ye.
Transforming back to the original coordinates we obtain

(5.15).

Appendix E: Dilaton Kinetic term

We can parametrize the fluctuations of the 5D metric of
Eq. (3.2) as

ds? =e2WEg () dxtdx” — T(x, y)*dy®. (11.1)

Upon evaluation of the 5D Ricci scalar term in Eq. (3.1) in
terms of the metric Eq. (11.1), one obtains
| i
(kin)
Leg = T2 / dygR
o

N1
1
=a f dy/ge 2 (TRIZ1-6T W) +69TaW )
Yo

(11.2)

where we have dropped 92, terms by gauge-fixing the
gravity fluctuations to be transverse. The second line of
Eq. (11.2) makes evident that the 5D Ricci scalar contains
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both dilaton interactions (kinetic mixing) with gravity via the
first term in the parentheses, as well as the kinetic term for
the dilaton, the second and third terms.

A proper parametrization to describe the dilaton fluctua-
tions is given by Csaki et al. [10] (see also [32]),

W, y) =A0) + Fx,y), T, y)=1+2F(x,y).

(11.3)

Expanding Eq. (11.2) on the fluctuation, we obtain at
quadratic order

V1
ki 1 Ay
et L far e
0

[ +2P)RIgI+60F)? + OF) ] (114)

An ansatz for the case where we can neglect the fluctua-
tions of the the bulk scalar, in particular for the limit 1o, A1 —
oo in Eq. (4.2), is given by F(x, y) = f(x)e*40) /2401,
In this case one obtains

2A(y)

Y
i 1 €
k ~| [ .—240 .
L = Pl / dyv/g |:<e 2400 4 2f2—e2A(y1)> RIg]
Y0

e2A() ) ;
0 Sagn @7+ 0 | (11.5)

E.1 Dilaton reparametrizations

In the main text we have parametrized the background dila-
ton solution by x = e~40 or in some cases it was more
convenient to use a different parametrization ¥ = e <1
Notice from Eq. (3.12) that the latter does not yield automat-
ically a quartic dilaton potential when the metric is not AdS.
In fact the relation between the two parametrizations can be
explicitly computed for the metric Eq. (4.3),

Xt = 2

1+ 78+ (1 — 7% cosh (j—g(vl - vo))

+0(%%/ixp) (11.6)
where g = e X and where we have taken the limit

Ao, A1 — oo for simplicity. This nuisance is trivially solved
by considering the dilaton interactions with gravity of the
form
1 i
= f dye >0 | VERIZ] = M3y e (o, yOVERIE],
0

(11.7)

which defines the effective Planck scale, as a function of yg
and yj. For a proper holographic interpretation of the effec-
tive dilaton potential it is convenient to factor out the depen-

dence of Mpj ¢fr on y1 and reabsorb it on the metric by a trans-
formation /g — /2/K?, which will leave the gravitational
kinetic term as (,u(z) / K2k) \/E’R[g], with no dilaton contribu-
tion (interpreted as a purely elementary operator), and it will
bring the dilaton potential to its expected x* F (x /i10) form,
regardless of the identification of x and wg as functions of
y1 and yp, respectively. We can check this explicitly in the
case at hand, where

Vi

1 1
2 dve2A0 — _ 12 _ 2
k/ ye 2(Mo x7)

Yo

V2 :
—H?BZ [B ((ug/a“ + 1+ ug/(SS) ,3/4, 1/2)
2
—B<<X4/54+,/1+x8/58) ,3/4,1/2)} (11.8)

with uo and 6 defined in Egs. (4.8) and (4.9), respectively, and
B is the incomplete beta function. Evaluating § as obtained
solving the ¢ BCs, Eq. (4.17), one obtains the expected K =
14+ 0(x2/ ,u(%). Likewise, if the dilaton is parametrized by
X » the effective potential after the rescaling of the metric gets
their expected scale invariant form,

eHA0D o o
K7 =X (sech (ﬁ(vl - vo)) + O(x /Mo)>,
(11.9)

where the constant factor can be redefined away.

Appendix F: Linear IR potential

Let us illustrate again our finding with a different IR brane
potential, such that its contribution to the effective dilaton
potential does not vanish, contrary to the case considered in
the main text for A; — 00. We have

Vi(@) = A1 + 19, (12.1)
and the same UV brane potential as Eq. (4.2).
The ¢ BCs now fix (again in the limit Ay — 00)
B0 = vofig. (12.2)
1/4
433k = (4307 + (@rre)?
§=yx . (12.3)
alk
The effective potential is
6k
Vov = 1 |:/<_2 - A01| , (12.4)
_ 4 —€
Vir = x* [ao + ar1vo(x /o) ~¢]., (12.5)
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where

ap = A1 + gﬁmk)z + (a1k)?

V3 44/3k
+—uoj log
e+ @4y + (@)

2K
It is required that ag > 0, while o] < 0.
The minimum is found at

—1/e
9Q=(—“°> + 0,
Mo voo|

while the dilaton mass is

(12.6)

(12.7)

2:

2 (12.8)

m 4ea0(x)2.
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