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ABSTRACT: We discuss general supersymmetric brane configurations in flux backgrounds
of string and M-theory and derive a necessary condition for the worldvolume theory to
be supersymmetric on a given curved manifold. This condition resembles very much the
conditions found from coupling a supersymmetric field theory to off-shell supergravity
but can be derived in any dimension and for up to sixteen supercharges. Apart from
the topological twist, all couplings appearing in the supersymmetry condition are linked
to fluxes in the bulk. We explicitly derive the condition for D3-, M2- and M5-branes, in
which case the results are also useful for constructing holographic duals to the corresponding
field theories. In N = 1 setups we compare the supersymmetry conditions to those that
arise by coupling the field theory to off-shell supergravity. We find that the couplings of
both old and new minimal supergravity are simultaneously realized, indicating that off-
shell supergravity should be coupled via the S-multiplet of 16/16 supergravity in order to
describe all supersymmetric brane theories on curved spaces.
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1 Introduction

Brane physics are an important and powerful ingredient in many models of string and
M-theory, as they introduce field theory sectors into a UV-complete theory. In many
of these setups supersymmetry ensures control over the theory and enables to compute
physical couplings. Naturally these branes live on curved space(-time)s and generically
their worldvolume theories are coupled to the ambient geometry and fluxes. However,
in the limit where the directions transverse to the brane become infinitely large one can
decouple the worldvolume theory from the bulk dynamics, effectively sending the Planck
scale on the worldvolume to infinity. In this limit the background fields are degraded to non-
dynamical background fields that effectively induce certain couplings on the worldvolume
of the brane. A natural question to ask is which supersymmetric field theories can be
reproduced from a system of (intersecting) branes.

The most classic example of a coupling induced by the bulk theory is the curvature
of the worldvolume that is induced by the bulk metric. It has for instance been shown a
long time ago [1] that D-branes wrapping a calibrated cycle within a Calabi-Yau manifold
are described by a topologically twisted gauge theory [2—4]. This fits with the observation
that in four dimensions an N = 1 topologically twisted field theory can be constructed
on any Kahler manifold [5], as calibrated four-cycles inside a Calabi-Yau threefold are
indeed Kéhler manifolds. N = 2 topologically twisted theories in contrast can be con-
structed on any four-dimensional manifold [6], which suggests that calibrated four-cycles



inside a higher-dimensional supersymmetric gravitational string background might not have
to be Kahler.

In the last years a lot of work has gone into constructing supersymmetric field theories
on more general curved backgrounds [7]-[23]. This is usually done by coupling the field
theory to an off-shell supergravity formulation and treating the supergravity fields as back-
ground fields that do not satisfy any equations of motion. In four dimensions usually there
are two off-shell formulations used: the old minimal [24, 25] and the new minimal [26, 27]
formulation. Both are special cases of the 16/16 supergravity [28]-[30]. On a given curved
manifold with a specific metric a field theory can be made supersymmetric by tuning the
other, auxiliary fields in the supergravity multiplet. It has, in the Euclidean case for in-
stance, been shown in [12] that by coupling the N = 1 supersymmetric field theory to new
minimal supergravity it can be made supersymmetric on any complex manifold. Coupling
to old minimal supergravity also enables for instance the four-sphere, which does not even
allow for an almost complex structure, to admit supersymmetric field theories [8].

Off-shell supergravity has unfortunately various limitations. While there are multiple
formalisms for off-shell supergravity with four supercharges, in the case with eight super-
charges the coupling to arbitrary multiplets has not been worked out and in the case with
sixteen supercharges the action is altogether unknown. This raises the question whether
there is a another framework to discuss supersymmetric field theories on curved back-
grounds. Also, so far it has not been generally discussed which of the supersymmetric field
theories that arise in the constructions mentioned above are realized in terms of dynamical
branes in string theory. One goal of this paper is to close this gap.

In the presence of fluxes, generically the bulk geometry is not Calabi-Yau any more
(see [31] for a review) and in turn also brane calibration conditions and thereby the geom-
etry of calibrated cycles are altered by the presence of fluxes [32-34]. In this work we will
link these observations to the above discussion of supersymmetric field theories on curved
manifolds. For this, we will derive the differential conditions that govern the possibility of
supersymmetry on the worldvolume of the brane. For a brane to be calibrated, the bulk
background must firstly be supersymmetric. This is determined by the supersymmetry
variations of the fermions in the ten- or eleven-dimensional supergravity. The brane cali-
bration condition can then conveniently be expressed in terms of kappa symmetry on the
brane world volume [35, 36]. Combining these two conditions gives a number of conditions
on the embedding of the brane and a differential equation for spinors on the worldvolume.
While the former is model-dependent and governs the embedding of the brane into the am-
bient geometry, the latter gives a supersymmetry condition for the curved space itself that
resembles the condition found in off-shell supergravity. We will show how to derive this
supersymmetry condition for various brane configurations. Our most prominent example
will be a stack of D3-branes. Its supersymmetry condition is derived in (3.6). Similarly,
the supersymmetry condition for a stack of M2- and for a stack of Mb-branes is derived
in (4.4) and (4.12), respectively.

The supersymmetry condition only depends on the geometry close to and the form
field strengths of the backgrounds at the location of the brane. The geometry close to the
brane determines the worldvolume geometry and the R-symmetry twist. The form field



strengths give rise to additional terms in the supersymmetry condition and resemble the
auxiliary fields of off-shell supergravity. The identification of the various couplings can be
found for instance in (3.7) for D3-branes. In all cases, the worldvolume couplings for the
field theory are completely determined by the fluxes in the ambient background.

The condition for a the field theory on a stack of branes to be supersymmetric naturally
appears in an N = 4 version, i.e. the spinor appearing in this equation has sixteen compo-
nents. The topological twist is embedded into the respective R-symmetry group and also
the other couplings appear in representations of that group. By considering the stack of
branes to lie inside or intersect with other brane stacks additional kappa-symmetry projec-
tions are applied in order to reduce the number of spinor components and the R-symmetry
of the theory. In this way it is also possible to make contact with the supersymmetry
conditions coming from the various off-shell supergravity formulations. We consider for
instance a stack of D3-branes lying inside the intersection of D7-branes and derive the
condition for the theory to be supersymmetric in (3.18). In this case, four supercharges
appear in the supersymmetry condition, and therefore it can be compared to the condition
appearing in [8, 12]. Indeed we will show that the possible couplings on the brane induced
by fluxes (3.19) encompass the couplings from both old and new minimal supergravity. In
particular, old minimal supergravity is the special case of (3.18) for A = 0, while new min-
imal supergravity is represented by the case M = M = 0. The generic case is described by
coupling the field theory to off-shell 16/16 supergravity, via the S-multiplet of [37], which is
the most general way of doing so [38].! Unfortunately an classification of supersymmetric
field theories on curved backgrounds using this formalism has not been attempted yet.

In this work we will mostly focus on D3-; M2- or M5-branes in curved backgrounds, as
they play a prominent role in the construction of holographic AdS/CFT pairs. We hope that
the presented results will also be useful to understand the holographic dual gravitational
background. We suspect that in the t’Hooft limit any system of supersymmetric D3-,
M2- or Mb-branes give rises to a supersymmetric field theory with a holographic dual.
Translating the bulk fields into worldvolume couplings therefore automatically leads to a
dictionary between the couplings of field theory and the corresponding field configurations
in ten- or eleven-dimensional supergravity and thus in AdS spacetime, enabling a more
systematic study of these field theories holographically.

Also note that under dimensional reduction from M-theory to type IIA, the supersym-
metry conditions do not change. Therefore our results automatically carry over to the case
of field theories on D2- and D4-branes (as well as NS5-branes and F-strings of type IIA).

The paper is structured as follows. In section 2 we discuss how the supersymmetry
condition in the bulk and kappa symmetry for the brane together give a differential con-
dition on the brane worldvolume. In section 3 we then study field theory on D3-branes in
more detail and make contact with the formulations of old and new minimal supergravity.
In section 4 we discuss supersymmetric theories on M2- and Mb-branes, and in section 5
we present some simple examples. A discussion of our findings can be found in section 6.

'We would like to thank C. Closset very much for pointing out this connection.



2 Supersymmetric string backgrounds and branes

2.1 Supersymmetry and calibration conditions

We will assume a general supersymmetric background of type II or M-theory. In type II
the supersymmetry transformation of the spinor doublet ¥, in the democratic formula-
tion reads

1
5 \I/M VMé“—i- SHMNPFNPP€+ *e Z F]M1 MQnFMl MQ”FM'PQHE (2.1)

and the dilatino variation is
v, 1 MNP 1 é 2D — 210 M;...May,
dA = (O + cHunpT MNP e+ ce > (1) WFML.,M%F Pané
n
(2.2)

P Lo P, vl 2.3

the number n runs over integers (integers plus 1/2) in type IIA (IIB) and [-] denotes the
floor function, i.e. [(n 4 1)/2] is n/2 in type IIA and (n + 1)/2 in type IIB. Note that P,
P, and P42 anticommute with each other and obey the commutation relations

where

[Pn, P = 2Pyt [P, Pm] = ((—1)PH1/2 — (—)m+1/2hp (2.4)

Furthermore, in type IIB the two spinors in the doublet ¢ = (¢',e%) are of the same

chirality, which means that the P, and P commute with the spacetime gamma matrices and
generate S1(2,R) of type IIB. In type IIA the two spinors in the doublet ¢ = (¢!, £?) have
opposite chirality, indicating that P, anti-commutes with the chirality operator F(m) =
10,6M0 Mo s - Indeed I'(10)P is the identity, and the matrices FM, M =0,...,10,
defined by

Ty =TuPo, Ti="P, (2.5)

form the eleven-dimensional Clifford algebra.? This is of course natural as type IIA can be
lifted to M-theory.

In the following we will discuss branes in supersymmetric backgrounds. These back-
grounds are distinguished by the fact that all fermion supersymmetry variations vanish,
which means that

0:War =0, (2.6)

and
ocA=0. (2.7)

Note that while (2.7) determines the dilaton profile, (2.8) is a condition on the ten-
dimensional background. In the following we will write (2.6) as

Dyre =0, (2.8)

2Note that in the entire paper we will use flat indices to keep the formulas as simple as possible.



where we defined the differential operator Dj; acting on the spinor bundle as

1 1 1
Dy =Vyu+ gHMNpFNPP + 1766(]5 Z wFMl,..MQnFMl”'M%PM'PQn . (2.9)

A supersymmetric brane on a (p + 1)-dimensional cycle S, inside the string back-
ground can be described by the kappa symmetry condition

Te=¢. (2.10)

where we defined € as the restriction of € to S, i.e.

ms

:5‘8 . (2.11)

For a Dp-brane in type II string theory [ is given by

oy = (~det(g + 7)Y

ni...NoM1...Ms
[1s12! F
2l+s=p+1

ning -« - - fngl_1n217m1...msps+l )

€

(2.12)
where v are the anti-symmetric products of gamma matrices on the worldvolume, which
are related to the anti-symmetric product of I' matrices by the push-forward i, of the
embedding function ¢ of § into M. Here we assumed that the Dp-brane fills out the time
direction, which means that 7y is one of the gamma matrices in the anti-symmetric product.
If the Dp-brane does not fill out time, po has an additional factor of i, and there is no
minus sign in front of the determinant. In the following we will use (2.12) in flat coordinates
so that ¢ is just the flat metric.

We can perform a similar analysis in M-theory. In M-theory there is only one eleven-
dimensional gravitino U, and one eleven-dimensional supersymmetry parameter €. The
supersymmetry variation of the gravitino here reads

1/1 2
(Se\I/M - VME - E <4‘GNPQRFNPQRM — ?"GMNPQFNPQ>E . (213)
In terms of (2.8) we can define the differential operator

1 /1 2
Dy =Vy—— (ZUGNPQRFNPQRM - 3,GMNPQFNPQ> ; (2.14)

analogous to (2.9). The kappa symmetry projector for an M5-brane with worldvolume flux
‘H reads in flat coordinates

Pats = c(H)~/2em-ms <61!7m1”'m6 + 3716Hm1m2m3’7m4m5m6 + ;Hmlm2m7{m3m4m7m5m6> :
(2.15)
where
c(H)=1- %’Hmnpﬂm”p - %H[mn”ﬂpq}ﬂm”s%ms : (2.16)
Similarly, we have for an M2-brane ‘
T'vo =73 = %eml”'m%ml...mg : (2.17)



There are also less-discussed 9- and 6-branes in M-theory [39]. The former has been dubbed
M9-brane in [40]. We will later use them to reduce supersymmetry for the theory on the
worldvolume of M5- and M2-branes. For this we use the projectors

mi...Mm10 mi...my

. 1 - 1
Ing = —€ Tmi..mig s I'nve = ﬁe Ymi..mz - (2.18)

10!
Also the M-theory kappa symmetry projectors have an additional factor of i in case they
do not fill out the time direction. By dimensional reduction the M-theory analysis gives
also the correct type ITA result, as the identification (2.5) suggests.

2.2 Supersymmetry on the curved worldvolume

For a supersymmetric brane in a supersymmetric background we have two supersymmetry
conditions on the brane worldvolume S: the kappa symmetry condition (2.10) and the
restriction of (2.8) to S. The latter splits on S into two components, one along the brane
worldvolume and one normal to it. The component normal to the brane describes how
€ is continued into the bulk using parallel transport and only gives a condition on the
embedding of the brane into the supersymmetric background. The component tangential
to the worldvolume gives a differential equation for é itself, given by>

~

Dpé =0, (2.19)

where the operator D,, is given by D,, = Dm’& This means that both (2.10) and (2.19)
are conditions on ¢ itself. Under assuming the kappa symmetry projection (2.10), we will
study in the following the equation (2.19) in the equivalent form

~ ~

(D, T)E =0, (2.20)

and
{Dn,T}e=0. (2.21)

Since the ten-dimensional tangent space splits on the worldvolume according to
TM|;=TS& NS . (2.22)

the Lorentz group also breaks into two subgroups, acting on the tangent and normal bundle
of S, respectively. The Lorentz group is broken to O(1,p) x Gr, where Gy is O(9 — p)
in type IT and O(10 — p) in M-theory.* While the former is the Lorentz group on S, the
latter also transforms spinors on the world-volume and can therefore be understood as the
R-symmetry on S. In this language € is a spinor on S valued in a non-trivial representation
of the R-symmetry group Spin(9 — p) or Spin(10 — p) , and both (2.20) and (2.21) give
conditions on the supersymmetry generators on the worldvolume and therefore for S to
accommodate for a supersymmetric field theory.

3We will use in the following flat coordinates, with the index m (a) describing directions along (perpen-
dicular to) the brane.

4For an Euclidean brane the Lorentz group is broken to O(p + 1) x Gr instead and Gr is O(1,8 — p) in
type II and O(1,9 — p) in M-theory.



Equation (2.20) is an algebraic equation, since I' commutes with the connection V on
S. Another algebraic equation comes from considering

[D,,T)€=0, (2.23)

where D, = Da‘ s~ The simplest way to solve this equation is by setting the matrices
[Dp,, '] and [Dg, I'] to zero, which constraints the bulk fields at the position of the brane.
Otherwise these matrices work as projectors on the possible supersymmetry generators é.
We are in this work mainly interested in what are the constrains for a manifold S to admit
supersymmetric theories, and thus we will ignore (2.20) and (2.23) and just study (2.21)
to understand the restrictions on S.

In contrast (2.21) is a differential equation for € on the worldvolume. We can decompose
the operator {@m,f} where V = V B into the induced connection V = i*(V) on the
worldvolume plus the spin connection part (€,,). acting on the normal bundle, as the
off-diagonal components of the connection do not appear in the anti-commutator. Thus
for each m the matrix (). generates rotations on the normal bundle, i.e. a subgroup
Hp inside Gr. Moreover, ¢ will be in a certain representations x* of Hg, and we can
decompose £ as

E=D Xo®, (2.24)

where « runs over certain representations of Hy, and we can define a connection A so that

1

(Am)s®xs = 5 (m)abi™ Xar (2.25)

where we denote by 4% the gamma matrices of the Clifford algebra on NS. Thus A is the
connection for a gauged subgroup Hg of the R-symmetry group Gr. In total we find

{Vim, T} Zxa @ (Vi + A0l - (2.26)

The gauging of the group Hp inside the R-symmetry group Gpg is called a topological
twist [5, 6]. Note that depending on the dimension of S the Majorana (and for type II
the Weyl) condition for € and kappa symmetry (2.10) both can imply non-trivial relations
between the different components x% & 7.

For branes in purely gravitational backgrounds, i.e. where the form field strengths are
set to zero, the vanishing of the gravitino variation (2.1) simplifies to

Ve =0, (2.27)

and the ten-dimensional background admits at least one covariantly constant spinor. We
can use (2.26) to rewrite (2.27) on the worldvolume as

Vn+A-n=0. (2.28)

Hence the field theory on the brane world volume is a supersymmetric theory with a
topological twist given by Hy. This reproduces the result of [1].



Note that the dilatino variation (2.7) leads to a differential equation for the dilaton
in the background. If we combine (2.7) with (2.10), we get from the (anti-)commutator of
the operator acting on ¢ a differential equation for the dilaton profile along (perpendicular
to) the brane. The profile of the dilaton perpendicular to the brane only determines
the embedding of the brane, and so only the commutator equation is relevant for the
worldvolume theory. We will not further discuss it since it only determines the dilaton
profile on §. Note however that allowing a solution for the dilaton might restrict the
geometry of S.

The equations governing the embedding of the brane into the ambient geometry are
the before-mentioned equation for the dilaton profile transverse to the brane and

{Dy,T}e =0, (2.29)
which should be understood as an equation valid in the proximity of the brane. This
equation gives a differential equation to continue € into the bulk. It can be used to embed
a supersymmetric field theory on a brane into a full string background, for instance by
using a 1/R expansion. We will not study this equation further but notice that (2.29) can
be used to construct a (holographic) string background for a given worldvolume theory.

3 Curved D3-branes in flux backgrounds

Let us now be more specific and discuss four-dimensional field theories on D3-branes. We
will in the following ignore worldvolume fluxes on the brane and set them therefore to zero.
It would be very interesting to generalize the following discussion to the case of non-zero
worldvolume flux.

3.1 A stack of D3-branes

The preserved supersymmetry of a D3-brane without worlvolume fluxes is described by the
kappa symmetry

YayPi€ = Yo Pr1é =€, (3.1)
where we used that ¢ is chiral in ten dimensions. The chirality operators in four and six
dimensions are defined by v(4) = %em”pq’ymnpq and Yg) = éeabc‘ief Yabedef- The supersym-
metry condition (2.21) then can be computed to be

-1 w1 1 A .
(vm + 5 (m)ard ™ — e’ <Fw”7(4> + g chefn’Y"%b> 7m>5

1 1 1 . 1 N A
+ <4 (Hmna - §e¢ana7(4) + 4e¢€mnqupqa> 'Yn’Va + 486¢Fab07abc’y(4)7m> Pe =0,
(3.2)

where we used (2.4), (3.1) and the self-duality of F5 in ten dimensions.
Let us now decompose the spinor ¢ into an SO(1, 3) spinor on 7'S and an SO(6) spinor
on the NS. From the Majorana-Weyl condition and (2.10) we find

+ o T - -
a®a+ Ol®0¢
é:Z( Xa & T X 77), (3.3)

—ixt ond +ixg ®n,



where the upper index indicates the chirality of the spinors, defined by
Yo X= =Fixt,  AunT ==LinT. (3.4)

Note that in four-dimensional spacetime and in six-dimensional Euclidean space the spinors
of opposite chirality are related by charge conjugation, in other words there are charge
conjugation operators C(y) and C(g) such that

X =Cex", n =Cun". (3.5)
Now we can rewrite (3.2) in a four-dimensional form

(@m + A 41827 Y + UnVn'Ym)n+ + (an'yn +iWym + it’Ym)n_ =0, (3 6)
(Vi + A% = 327 Ym + Uy Yo )0~ + (VE v — i W 9 + itym)nt =0,

where the connection A of the topological SU(4) twist is defined by (2.25) and the other
couplings are the su(4) matrices U, Vit and W as well as the SU(4) singlets s,, and .
They are defined by

Un)s™xs = — ﬁe%abwefﬂdefm%bxl_ ;
(an)ﬁaxg :i <Hmna + %ied’ana + ie‘ﬁemanpqa) Ao s .
W5x5 +txa = — %e‘bFaM““X& : |
Sm = — %e‘z’Fm .

3.2 N =2 and N =1 cases

So far we discussed the supersymmetry on the worldvolume in a N = 4 way. In particular,
there is no matter on a single smooth stack of D3-branes. Matter is generated if we have
for instance flavor D7-branes so that the D3-branes lie inside the D7-branes. Let us first
consider just one stack of D7-branes of that type. From the D3-brane worldvolume point
of view, this corresponds to an additional projection for & imposed by kappa symmetry of
the D7-branes
Ipré =¢, (3.8)
where
I'n7r = Y(a)Jus67P1 - (3.9)

In practical terms, this is the projection
A1567Xa = Xa - (3.10)

This breaks the symmetries of the normal bundle to SO(2) x SO(4). Moreover, it restricts
the SO(4) representation of the yZ to the chiral representation, which only transforms
under SU(2) € SO(4). Thus, the R-symmetry is U(1) x SU(2) and the connection (2,)as
can only gauge a subgroup of it.



Following up on this discussion we can define the U(1) x SU(2) action via the generators
o; = (1, 0;) such that
’3/8977+ = 177+ )
1. . .
5 (Gar +s6)x T =iox™,

% (3.11)

5(’?46 —Asr)x T =ioaxT,

1 . . .
5(745 +Ae7)x T =iosxT .

Here the o; are the Pauli matrices. For convenience we will split in the following the index
a into a = a,8,9. By considering the anti-commutator of (3.2) with the projection (3.10)
we can simplify (3.2) to

- N 1 -
(Vim 145,01+ 2 (F" + 1 F" 03y ym )"

' - (3.12)
HGrmnY" + Foiym + 5 Gnpy™m)C -~ =0,
where we defined
PALXT o :%(Qm)@g’ydi’ﬁ ,
i F™yt . oy :éem”qu&Bnpqﬂ/&BX+ ,
FIX o =i 41786(15(Fa138 + i Fy) i
A, =~ (s , (3.13)
Fmo — _ lemnpq Fsonpg

1 . .
Gmn :g(HmnS + ed)anQ +1 Hpmng — le¢an8) )

G :% ie?(Fps + 1 Fopo) ,
and we choose the charge conjugation matrix C(g) such that C(g) = C4s with C' € su(2) is
the charge conjugation matrix.

In order to reduce the supersymmetry condition (3.12) to an N = 1 form we have to
introduce another projector. The simplest ways to do so is by adding another stack of
D7-branes. In the case of D3-branes, there are two compatible D7-brane projections that
do not introduce any new defects into the four-dimensional worldvolume theory. We choose
the flat indices such that these additional kappa symmetry projectors read

b7 = Y(a)Jas67P1 Ip7 = Yy FassoPr - (3.14)
Acting with these projections on & implies that n* obey

Auserx ™t = X T, AussoxE = X T, AersoxT = —xT, (3.15)

~10 -



or, taking into account the chirality of y™ and x~, this means
st =FixT,  AerxT =+ixT,  AsoxT =xixt. (3.16)
Moreover, we can choose charge conjugation such that
408y = =yt . (3.17)
Then we find from commutating (3.2) with 445, Y67 and g9 that

(6171 +idm+ iVn’Yn’Ym)n+ + M~ymn~ =0,

v § (3.18)
(Vin —i A — 1V YY)~ + Mymnt =0,
where
A = ()67 + (Qn)go — (n) s Vi = éed’(Fm + Finase7 + Fimassg — Finerse) , (3.19)
and
M = ée¢(F468 + Fs7s + Fre9 — Fazg + 1(Furs + Fapg + Fsr9 — Fies)) - (3.20)

If we want to derive the Euclidean versions of the supersymmetry condi-
tions (3.6), (3.12) and (3.18), we have to consider an E3-instanton in ten-dimensional
spacetime. This changes the kappa symmetry projectors slightly, in that we find the chi-
rality projectors

Yot =40t Aext =Xt (3.21)
Thus we get the Euclidean equations by replacing

F. — —iF,, 7(4) — —i’y(4) . (322)

so that (3.2) becomes

~ 1 R 1 . 1. R
<Vm + i(Qm)ab’Yab + Eed} (2 1 Fn’7n7m7(4) + 6 1 Fabnpq'yabenpqrm“'ym) > X;t ® 77:;

1 R 1 1 . . . . _ _
+ <8Hmna’7a’7n+16€¢ <_ gFabcfyabc’Ym+2Famn7a'yn+l Emnquanpfya’Yq)) Xo Ny = 0.
(3.23)

In the N =1 projection let us assume that both stacks of D7 branes fill out the time
direction. Then we find

Aosern™ = —in*, Aosson™ = —in*, Aerson® = —n*, (3.24)

or

JosmT = Fnt,  Aemt =£inT,  AsonT = xin® . (3.25)

- 11 -



Under these projections, (3.23) simplifies to
(Vin +1Am 1V vm)x ™ @ 0"

1 . o
——e? Fup Ay x~ @0~ =0,

. 48 (3.26)
(Vi — 1A — iV ym)x~ @10~
f%e‘ﬁFabﬁ“bC%x* @nt =0,
where
Ap = (Qn)er+(Qm)so+i(Qm)os,  Vin = ée¢(Fm—iFmo567—iFm0589—Fm6789), (3.27)

are now complex quantities.
Note that x and y~ are not related by charge conjugation in six-dimensional space-
time. However, (3.23) can only be solved if

1 R _
— @e‘bFabcyabcx =Myt, (3.28)

for some complex M. Similarly, we find for

- %e(‘SFabe?“be* =Mx", (3.29)
where (abusing notation) M is not necessarily the complex conjugate of M. In total we
find again (3.18), but now the parameters of this equation are determined by (3.27)—(3.29).

The condition (3.18) implies the charged twistor spinor equation that has been studied
in [11] and references therein. The couplings appearing in (3.18) combine the auxiliary fields
of old and new minimal off-shell supergravity: if we set M to zero, we end up in new minimal
supergravity [26, 27]. If we set A to zero, we end up in old minimal supergravity [24, 25].
As we know, both formalisms allow for different manifolds to be supersymmetric [8, 12, 15].
Thus (3.18) must allow for more general solutions than the conditions coming from minimal
N =1 off-shell supergravity formalism that has been used so far. Indeed, Equation (3.18)
naturally appears as gravitino variation in 16/16 supergravity [28-30], which has exactly
the right auxiliary fields® to fit (3.18) and corresponds to coupling the field theory to the S-
multiplet [37]. It would be very interesting to find a classification for the solutions to (3.18).
Since the S-multiplet is the most general coupling of field theory to supergravity [38],
this should give a full classification of N = 1 supersymmetric field theories on curved
backgrounds.

4 Supersymmetric curved membranes

Supersymmetric membrane theories are, apart from the classic D3-brane case, particularly
interesting as they feature in a prominent role in the construction of many holographic

5Note that there is additionally the dilaton as an auxiliary field, which only appears in the equation
coming from the dilatino.

- 12 —



AdS/CFT pairs. In general the worldvolume theory is much less understood and in many
cases no perturbative description is even available. However, one can nevertheless study the
supersymmetry condition and use methods that do not require a perturbative description.

Note that we will perform the analysis only for the Lorentzian case, but the Euclidean
case can of course be easily obtained by Wick rotation.

4.1 M2-branes

The kappa symmetry for an M2-brane is (2.17) so that
Y3)E=¢€ . (4.1)
In eleven dimensions there is

1
F(ll) — ﬁeMl"'MuFMl...Mn =1, (4'2)

so that this translates into the condition

oo 1 . A .
7®)¢ = geal'“agfyay--asg =¢e. (4'3)

which means that the Gg = SO(8) representation of £ will be the chiral representation.
We can compute (2.21) for this projection to be

~ 1 . 1 /1 . 1 . . A
(Vm + i(Qm)ab’Yab 12 <4|Gabcd7ab6d7m + EGmannpab’Yab - Gmnab7ab7n> e=0. (44)

The chiral Gg = SO(8) spinor representation of £, confer (4.3), is by triality isomorphic
to the fundamental representation of SO(8). Thus the decomposition (2.24) actually reads

8
€= Z x*n* . (4.5)
a=1
If we apply this decomposition to (4.4), we find

(@m + A, + SYm + €mnpTP")n =0, (4.6)

where we defined the SO(8) connection A, by

1 1

(Am)aﬁxﬁ = _5((Qm)cd - ﬂemannpab);yabxa . (47)

The other couplings are a traceless symmetric matrix S given by

o 1 ~abed | o
S 5XB = _@Gabcdﬁ/ b dX s (48)

and three anti-symmetric tensors 77" given by

1 .
(Tm)aﬁxﬁ = —ﬁém'annpab’yabXa . (49)
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On any manifold there is a simple solution to (4.6), as the maximal holonomy on S
is SU(2), which can be easily compensated for by a topological twist, and this twist can
preserve up to eight supercharges. However, it is not clear which other supersymmetric
theories can be defined on a certain manifold S.

So far the formalism is NV = 8. We can project the theory to less supercharges by using
6-branes of M-theory [39]. The projector in (2.18) reduces with (4.1) to

X = X - (4.10)

This projection breaks the Lorentz group of the normal bundle to SO(4) x SO(4).
Since (4.10) projects to chiral four-dimensional spinors, we find that the R-Symmetry is
broken from SO(8) to SU(2) x SU(2), which is the R-symmetry for an N = 4 theory. The
couplings S and T' are accordingly projected to traceless symmetric and anti-symmetric
(4 x 4)-matrices, respectively. By intersecting two stacks of 6-branes in the M2-brane times
two more dimensions, we can further break the R-symmetry to U(1), which gives us the
N = 2 formalism in three dimensions.

4.2 Mb5-branes

We will study now a calibrated M5 brane inside a supersymmetric M-theory background.
This should determine on which manifolds we can put a (2,0) theory in a supersymmetric
fashion. Subsequently we will discuss the projection to (1,0) theory. Note that by dimen-
sional reduction to five dimensions, the derived supersymmetry conditions also describe
five-dimensional field theories.

In the following we will ignore worldvolume fluxes for the M5-brane, i.e. H = 0. Then
the kappa symmetry projection (2.10) with the kappa symmetry projector (2.15) means
that the spinor is chiral in six dimensions

Y(6)E =€, (4.11)
where we defined (g = eml'“mﬁé%ﬂl,_,mﬁ. Then from (2.21) we find

~ 1 R 1 1 N 1 R
<Vm + 7(Qm)ab7ab 39 <3‘Ganpq7a’7npqm + ?Gabcnvabcq/nm

2 12
. 1 . .
- Gmnpa')/a’ynp - 3Gmabc’7abc) > e=0, (4-12)

where V is the induced connection on the worldvolume.
We can decompose the € into

2
e=> xXer+xten, (4.13)
i=1

where the (x*) = (x%, x°%) together transform in the fundamental of USp(4). Then the
(n®) = (n*,n°%) are of positive chirality, due to (4.11). We can rewrite (4.12) as

~ - 1
(Vm + A+ §Tmnp’y"p + Sn’y"*ym>n =0, (4.14)
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where the USp(4) connection A for the topological twist is defined by

. 1 1 )
Aﬁaxﬁ = _5 <(Qm)ab + %EadeeGmcde) ’Yabxa . (4-15)

The matrices Tipyp are Hermitian and defined by the action

1.1 "
(Tmnp)ﬁaxﬁ = _E(gﬁm"PquGaqrs + 2Gamnp) 7 X" - (4.16)

The matrices S, are anti-Hermitian and are elements of usp(4), defined by

1 .
(Sm)ﬂaxﬁ = meadeeGmcde'YabXa . (4'17)

This gives the conditions to preserve some supersymmetry within the framework of
(2,0) theory.

Also for Mb5-branes there should be a projection to the (1,0) theory. For that we
will consider a stack of M9-branes [39, 40] that fills out the M5-brane plus four other
directions. Using (2.18) we therefore find an additional projector %19y = v(6)y@) and,
since (4.11) holds, the condition reduces to

YaX =X - (4.18)

This means that the spinors xy® are projected to the four-dimensional spinors of positive
chirality (x, x¢) and thus the R-Symmetry group USp(4) is broken to USp(2) = SU(2).
This projections affects all couplings in the same way and simply projects A and S,, onto
su(2) representations, while T}y, is projected to a scalar

~ 1 /1
Tmnp = _E <3!€mnpqu10qrs + 2G10mnp> . (419)

Equation (4.14) does not change otherwise.

5 Examples

We want to give here some non-trivial examples of calibrated branes in flux backgrounds.
The simplest known flux backgrounds are compactifications to anti-de Sitter (AdS) space-
times, for which supersymmetric branes have been discussed in [41]. If we consider
AdSs x S°, the supersymmetry of the ten-dimensional background is supported by five-form
flux on S°. We see from (3.7) and (3.19) that the (self-dual) F5 flux enters the D3-brane
worldvolume supersymmetry condition if it fills out an odd number of directions. Indeed,
this additional term in (3.6) and (3.18) can cancel the covariant derivative of a spinor on
a sphere or on AdS spacetime [42]. Thus a stack of D3-branes wrapping an S C S° (and
being a point particle at the center of AdS3) or wrapping an S' C S% (and filling out
AdS3) can be made supersymmetric. The corresponding four-dimensional field theory has
a non-trivial U, (or V;, in the N = 1 case) and therefore can live on S® and AdS3, respec-
tively. These examples also exist if we replace S° by some five-dimenional Sasaki-Einstein
manifold. It might be that in that case the theory is in addition topologically twisted.
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Similarly, we can place M2- and M5-branes in the holographic backgrounds AdS7 x S*
and AdS; x S” and find similar three- and six-dimensional supersymmetric field theories.
When the M2-brane completely fills out AdS3 C AdS; or S C S7, it automatically gives
a supersymmetric field theory. Similarly, if an M5-brane fills out AdSs x S! or sits at the
center of AdS; and wraps an S° C S7, we find supersymmetric theories. Also here we
could discuss the general Sasaki-Einstein case.

Also in type IIB compactifications on conformal Calabi-Yau spaces in the spirit of [43]
we have calibrated four-cycles in the internal Calabi-Yau, and these four-cycles are usually
conformally Ké&hler. In the same spirit as in the discussion of AdS backgrounds, here
the five-form flux leads to additional couplings on the world volume theory that cancel the
warp factor in (3.18). An additional topological twist with U(1) makes the four-dimensional
field theory is supersymmetric on any conformally K&hler manifold. A related discussion
of E3-instantons in F-theory setups has been studied in [44-46]. The discussion gets even
more interesting in the case where supersymmetry is broken by fluxes on the classical level
and only restored by non-perturbative effects, suggesting similar non-perturbative effects
to take place on the brane world-volume, cf. [45].

6 Discussion

In this work we showed how calibrated branes in a supersymmetric flux background give
rise to supersymmetric field theories on curved manifolds. In particular we derived a
necessary condition that determines whether a certain curved manifold can even admit
supersymmetric branes, and therefore supersymmetric field theories. We did not only
recover the well-known topological twist, but also linked the various other terms to fluxes
in the ambient geometry. The supersymmetry condition of a single stack of branes naturally
has an N = 4 form, and imposing suitable projections we could also derive the N = 2 and
N =1 conditions.

It has been known for a long time that N = 2 and N = 4 theories can be defined
on any manifold, by using the topological twist [6]. However, depending on the manifold
there seem to be various other ways to define supersymmetric theories, without the need
for the theory to be topological. It would be very interesting to study the structure of
supersymmetric field theories that can live on a given manifold.

In the N = 1 case we made contact with the similar supersymmetry conditions com-
ing from coupling the theory to off-shell supergravity and showed that both old and new
minimal supergravity can only describe subcases, while the most general case should be
described by coupling to off-shell 16/16 supergravity. More precisely, the N = 1 supersym-
metry condition in four dimensions derived in this work allows for all the couplings coming
from auxiliary fields of the S-multiplet discussed in [37]. Since this is the most general way
to couple a field theory to supergravity [38], we suspect that studying the solutions to this
supersymmetry condition might lead to a classification of supersymmetric field theories on
curved backgrounds. This condition still fulfills the charged conformal spinor equation as
observed in [11]. It would be very interesting to find the general solution to this equa-
tion, as it might lead to a classification for manifolds that support N = 1 supersymmetric
field theories.
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We performed a similar analysis for membranes in M-theory and derived the condi-
tions to make three-dimensional field theories and six-dimensional (2,0) and (1, 0) theories
supersymmetric on a curved background. Dimensional reductions of the six-dimensional
theories should also lead to the condition for five-dimensional field theories on a curved
background to be supersymmetric.

Many holographic pairs originate from a stack of D3-branes or M-theory membranes.
The results presented here indicate that many supersymmetric field theories on curved
manifolds can originate from such stacks of branes, and therefore should have a holo-
graphic dual. The identification of couplings in the worldvolume supersymmetry condition
with bulk form field strengths also indicates the flux configurations that a gravitational
background dual to a given supersymmetric field theory on a curved manifold should have.
By studying (2.29) in the neighborhood of the brane one can then construct a ten- or
eleven-dimensional supersymmetric background that the brane embeds into, and thereby
also a holographic dual to the field theory on the brane.

As pointed out in this work the analysis can be performed for calibrated cycles of
arbitrary dimension. It would actually be interesting to understand the geometry of cali-
brated cycles in arbitrary flux backgrounds. The tools developed in this work might help
in initiating such an analysis.

We did not study punctures of any kind in this paper. They can easily be included
in the setup by non-trivially intersecting the brane worldvolume with other brane stacks.
These punctures usually further break supersymmetry at their position, and also manifestly
break Lorentz invariance of the worldvolume. We also did not discuss worldvolume fluxes,
as they considerably complicate the analysis by modifying the kappa symmetry condition.
Moreover they break worldvolume Lorentz-invariance. It would be very interesting to study
supersymmetry conditions in the presence of worldvolume fluxes and punctures.
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