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1 Introduction

One of the most remarkable manifestations of the AdS/CFT correspondence [1-3] in recent
years was the duality between planar gluon scattering amplitudes and light-like polygonal
Wilson loops. It was first proposed at strong coupling [4, 5] and soon afterwards also ob-
served at weak coupling, first at one loop [6, 7], followed by extensive two-loop tests [8—11].
This duality can be formulated as follows:

In (An/Ag))) — In(W[Cy]) + O(1/N.) + O(e) . (1.1)

Here A, is the all-order n—gluon (color-ordered) MHV scattering amplitude depending on
the particle light-like four-momenta p; (with p? = 0 and Y. p; = 0), and AS)) is the
tree-level amplitude. An essential step in establishing the relation (1.1) is the so-called
T-duality transformation from momenta to dual coordinates:

_ 2 _
Di =T — Tit1 = Tjiql T =0, Tidn = T; - (1.2)

The Wilson loop W[C,,] is defined on a closed polygonal contour C), in the dual space,
with cusps at points x; and with light-like edges [z;, z;+1]. The duality (1.1) holds in pla-
nar N' = 4 super-Yang-Mills theory (SYM) and up to terms vanishing when the suitably
identified infrared (for amplitudes) and ultraviolet (for Wilson loops) regulators ¢ — 0.1

An important ingredient in this duality is the notion of dual conformal symmetry. This
is the natural symmetry of the light-like Wilson loop, becoming anomalous due to the cusp
singularities [13-16]. By virtue of the duality (1.1) it is extended to a symmetry of the
planar scattering amplitudes of dynamical origin. The first evidence for this new symmetry
came from the study [17, 18] of the loop momentum integrals appearing in the four-gluon
amplitudes up to four (or even five) loops [19-22]. Once rewritten in dual space accord-
ing to (1.2), they become pseudo-conformal (the infrared regulator breaks the symmetry).
This dual conformal symmetry, or rather its anomalous version [9, 23], was instrumental
in explaining the so-called BDS ansatz for MHV amplitudes [20].

In the present paper we provide evidence for another duality relation in the planar
N =4 SYM theory, this time between MHV gluon amplitudes and correlation functions of
gauge invariant composite operators on the light cone. The operators we consider belong
to the class of half-BPS (or “short”) scalar operators. They are of the type O*) = Tr(¢¥),
made of the six real scalars ¢ of the N'=4 SYM theory. They carry R-symmetry SU(4)
Dynkin labels [0, £, 0] and transform as chiral primaries under the superconformal symme-
try PSU(2, 2|4) of the N' = 4 theory, with fixed conformal dimension d = k. In perturbation
theory, such operators do not undergo renormalization and are thus protected to all or-
ders. The best known example is the simplest, bilinear (k = 2) operator, belonging to the
so-called stress-tensor superconformal multiplet. In the context of the AdS/CFT correspon-
dence, these operators are dual to massive Kaluza-Klein modes in the compactification of
type IIB supergravity on an AdSs x S° background.

LQuite remarkably, the duality between planar amplitudes and light-like Wilson loops also holds in gauge
theories with less or no supersymmetry, including QCD. However, in distinction with N' = 4 SYM, there
the relation (1.1) is satisfied in the high-energy (Regge) limit only [6, 12].



Correlation functions of half-BPS operators have been the subject of numerous stud-
ies. Not only the conformal dimension of the operators, but also their two- and three-point
correlation functions are protected [24-28]. The first non-trivial quantum corrections ap-
pear in the four-point correlation functions of protected bilinear operators, which have
been computed up to two loops in [29-34]. The knowledge of these quantum corrections
allowed one to extract the spectrum of anomalous dimensions of the Konishi operator [35],
and later on of all twist-two operators up to two loops by means of a conformal operator
product expansion (OPE) [36, 37].

Here we propose to look at such correlation functions from a novel point of view.
Consider the correlation function of n protected operators

Gn = (O(21)O(a2) ... O(ay)) . (1.3)

As long as we maintain the points x; (with ¢ = 1,...,n) in generic positions, this function
is well defined and has conformal symmetry. As a consequence, it is given by a product of
free scalar propagators times some (coupling dependent) function of conformal cross-ratios
w?szl (xfkacsl) In perturbation theory this function is expressed in terms of conformally
invariant space-time loop integrals. Now, imagine that we wish to take the limit in which

neighboring points become light-like separated,?
9512,2'+1 — 0, Titn = Tj - (1.4)

The correlation function G, becomes singular in this limit. The first problem we have

to face are the pole singularities in G%O)

, due to the propagators 1/ x?z 41 connecting two
neighboring scalars. Secondly, the loop integrals develop logarithmic light-cone divergences

~ In ar?l +1 when the integration points approach one of the light-like segments [, Tit1]-

To deal with the first problem, it is sufficient to consider the ratio G,/ G%O), in which the
pole singularities are removed. The second problem is more serious, it requires introducing

an appropriate regularization.

2
iyit1
as a cutoff; (ii) employ standard dimensional regularization and set z7, 41 = 0 from the

Two possible choices of a regularization procedure are: (i) use the small distances

very beginning. These two regularizations are considered in the parallel publication [39],
where it is shown that in both cases the ratio of the correlation function and its tree-level
expression reduces to the square of a Wilson loop,

) o (W[Cn))? . (1.5)

The exact form of the proportionality factor in the right-hand side of this relation depends
on the regularization; for case (ii) it is just 1. Here W[C,,] is the light-like polygonal Wilson
loop in the fundamental representation of the gauge group described earlier. Since W[C,,]
is dual to the MHV gluon amplitude, eq. (1.1), we expect that the ratio of the correlation
functions in the left-hand side of (1.5) is also related to the ratio of amplitudes, A, /Aq(q,o).

2A similar light-cone limit has extensively been studied in QCD, see, e.g., the review [38].



The question arises if we could find another, more direct way of establishing the relation
between correlation functions and amplitudes without invoking Wilson loops.

In the present paper we propose a scenario which realizes this direct link. It employs
an unusual, dual infrared dimensional regularization procedure. This may seem surprising,
as we have just argued that the singularities of the correlation function occur at short
distances. Nevertheless, we can consider the following alternative. We start by computing
the loop corrections to the correlation function by means of Lagrangian insertions. This
method is well known in field theory and has been further developed in [32, 33, 40] for the
two-loop computations of four-point correlation functions, but it has universal applicability.
The idea is to interpret the loop corrections to the correlation function as derivatives with
respect to the coupling ¢g. For instance, the one-loop correction

9 ,
928792Gn = —Z/dDﬂfo 97(1(21(900;961, Ces Tp) (1.6)

is calculated from the Born-level (n + 1)-point correlation function
GV (zo:21, . n) = (L(w0)O(x1) . .. O(an)) (1.7)

obtained by inserting the Lagrangian at the extra point xg. The crucial point here is that
the correlation function (1.7) stays well defined (after dividing it by the tree approximation
GS))) in D = 4 dimensions, even if we put the outer points x; (with ¢ = 1,...,n) on the
light cone, but keeping the insertion point x( in a generic position. The logarithmic singu-
larities originate from the integration over the insertion point in (1.6). Then we propose to
regularize this integral by choosing a measure in D = 4 — 2¢ dimensions, with € < 0. This
unusual regularization is motivated by the analogy between the space-time loop integrals
appearing in (1.6), and the momentum loop integrals in the gluon MHV scattering ampli-
tude A, discussed earlier. The analogy becomes possible after the T-duality transformation
(or change of variables in the integrals) (1.2), provided we use the infrared-like regulator
above. Still, nothing guarantees at this stage that we will find a result, not only similar,
but identical with a scattering amplitude. Yet, rather surprisingly, this is what happens.

We can rephrase the proposed dual infrared regularization in the following way. The
Born-level (n 4 1)—point correlation function (1.7) defines the integrand of the one-loop
correction to the n—point correlation function in (1.6). So, the proposal is to compare this
integrand to that of the matching amplitude, re-expressed in terms of dual coordinates.
Both objects are rational functions of the coordinates (for the correlator) or of the dual
momenta (for the amplitude), well defined in D = 4 dimensions. The need to introduce
infrared dimensional regularization for the amplitude occurs when we start integrating over
the loop momenta (the analogs of the integration point xy in (1.6)). So, our proposal is to
compare the finite integrands of the correlator in the light-cone limit and of the amplitude,
and not the corresponding divergent integrals.

In the present paper we show a number of examples of this new phenomenon. These
include all the n—point correlation functions (1.3) at one loop, and the four- and five-
point correlation function up to two loops. At present we have no explanation why this is
so, but if this new duality correlators/amplitudes is confirmed, it will provide the natural



explanation of the mysterious dual conformal symmetry [17, 18] of the loop momentum
integrals in all available gluon amplitude calculations (n gluons at one loop [41], four gluons
up to five loops [19-22], five [42] and six [11] gluons up to two loops).

The paper is organized as follows. In section 2 we show a simple example of a corre-
lation function becoming an amplitude in the light-cone limit and we formulate the main
idea of the correlators/amplitudes relation. In section 3 we give a more detailed description
of the correlation functions of protected half-BPS operators in superspace. We explain how
their loop corrections can be obtained by Lagrangian insertions. We then outline the pro-
cedure of establishing the duality with amplitudes, in particular the introduction of dual
infrared regularization. In section 4 we show in detail how the duality works for n—point
correlation functions of bilinear half-BPS operators at one loop. In section 5 this is extended
to four-point correlation functions up to two loops, and in section 6 to five-point correla-
tion functions up to two loops. Appendix A summarizes some key points of the harmonic
superspace formalism which we employ for loop calculations. In appendix B we generalize
our findings to four-point correlation functions of half-BPS operators of arbitrary weight.

2 A simple example of the duality correlators/amplitudes

In this section we discuss some general properties of the protected operators in A = 4 SYM
and of their correlation functions. To illustrate our main idea, we show how the four-point
one-loop correlation function is transformed into the four-gluon one-loop amplitude in the
light-cone limit.

The gauge invariant composite operators in N' =4 SYM can be classified as represen-
tations of the superconformal group PSU(2,2/4) (see, e.g., [43-45] and references therein).
There are two basic types of such operators, usually referred to as protected (or “short”)
and unprotected (or “long”). The former satisfy conditions of BPS shortening, i.e. they are
annihilated by a fraction of the supercharges. This, together with the conditions that they
are superconformal primaries, implies that they have quantized, or protected conformal
dimension equal to their canonical dimension. The long operators correspond to generic
superconformal representations, they receive quantum corrections and acquire anomalous
dimensions.

In this paper we will consider only operators of the half-BPS type. Their lowest
components (or superconformal primaries) are made of the six real scalars in the N' = 4
vector multiplet, pap = —¢pa = %GABCD(;ECD, where A, B = 1,...,4 are indices of the
fundamental irrep of the R symmetry group SU(4). Generically, they are of the type
OF) = Tr(¢F), carry SU(4) Dynkin labels [0,%,0] and have fixed conformal dimension
d = k. The best known example is the simplest, bilinear (k = 2) operator, belonging to
the so-called stress-tensor superconformal multiplet. The top spin state in this multiplet
is the stress tensor, while the state of highest dimension is the Lagrangian of the N' = 4
SYM theory. The lowest dimension state of the multiplet is the bilinear scalar operator

Oapcp = Tr(¢apdcp) — leeABCDTr(QEEFQf?EF) (2.1)



belonging to the irrep 20" = [020] of SU(4). Here ¢pap = ¢% 5t*, where t* are the generators
of the fundamental representation of the gauge group SU(N.), normalized as tr(t%t?) =
%5“1’. In what follows we always assume the planar limit,

_¢*Ne
82’

Let us consider certain projections of (2.1), namely

N, — o0. (2.2)

O =Tr(dradz), O =Tr(¢"%0"2), O =2Tr(62¢12) — %Tr(&E%EF) . (2.3)

where O is the (complex) highest-weight state, O is the conjugate lowest-weight state and
O is areal projection. We want to evaluate the correlation function of n such operators. For
n = 2m we can take, e.g., m operators O and m conjugates @ and consider the correlation
function

Gn = (0(21)0(22) ... O(27-1)O () - (2.4)
For n = 2m + 1 we can add one operator O, replacing (2.4) by

Gn = (O(z1)O(x3) ... O(2y_2)O(xp_1)O(z)) . (2.5)

Such correlation functions are finite (the operators (2.3) are not renormalized) and

conformally covariant, as long as the points z; are kept apart, z; # x;. If we let two

points get close to each other, x; — x;, we are dealing with the well-known short distance

expansion of the product of operators O(x;)O(x;) mentioned above. Here we plan to do

something else. We wish to take the limit where the neighboring points become light-like
separated, without coinciding with each other3

xz?,i+1 — 0, xi#$i+1, (i:1,...,n), (2.6)

(with the cyclic condition x,+1 = x1). This limit is singular for two reasons. Firstly, the
correlation function develops pole singularities, as can be seen already from the (connected,
planar) tree-level approximation

2m) 2" N2
GO = % + subleading terms. (2.7)
12723 - - - T

By “subleading” we mean terms corresponding to different Wick contractions of the scalar
fields ¢ which are less singular in the limit (2.6) (see an illustration in figure 1). This can
be remedied by considering the ratio
lim G,/GY). (2.8)
23110
Notice that the limit (2.6) breaks the symmetry of G, under the exchange of identical

operators (e.g., exchanging all points with odd or with even numbers in (2.4)). Instead, it
has a cyclic symmetry, ; — x;41, and a flip symmetry, x; — Zp_jy1.

3The standard OPE is done in the Euclidean regime, where x?yiﬂ = 0 implies ; = x;11. The Minkowski
regime allows us to consider the new possibility (2.6).
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Figure 1. Feynman diagrams of different types contributing to the correlation function (2.4) at
tree level. Arrowed lines denote free scalar propagators (¢'2(z;)¢12(7;)). In the light-cone limit
%21 41 — 0 the leading contribution comes from diagram (a), while that of diagram (b) is suppressed
by the factor 22,23, /(23,23,).

Secondly, the loop integrals develop additional light-cone singularities in the limit (2.6).
To illustrate this, let us take a simple example — the four-point correlation function (2.4)
at one loop. It has been computed in [29-31] and the result for the ratio G4/ Gio) is given by

G4/G510) =1+2a x%xig(mi) + O(a2) ) (2.9)

Here the one-loop integral g(x;) is defined by

) dr
g(xi) = /2d22 (2.10)

2 2 -
2m 10720730740
As long as the outer points are kept in generic positions, :L'ZQz 41 # 0, this integral is finite
and conformally covariant in four dimensions. This allows us to write it down as a function
of two conformal cross-ratios

1 22,12 2,23
1 14%323 12734
9(x;) = 55— ol )(u,v), U= 55", V=55, (2.11)
T T3k e
13724 137T24 137T24

where the two-variable function ®() can be found in [46, 47]. The cross-ratios vanish in
the limit (2.6) and this function develops a logarithmic singularity, <I>(1)(u, v) ~Invlnu as
u,v — 0. It originates from the integration in (2.10), when xzy approaches one of the four
light-cone segments [x;, z;11].

Therefore, to define the integral (2.10) in the limit (2.6) we have to introduce a reg-
ularization. The standard approach is to use dimensional regularization from the very
beginning, that is, to repeat the whole calculation that leads to (2.9), but in D = 4 — 2¢
dimensions (with € > 0). This approach was adopted in [39], where it was shown that the
limit (2.8) turns the correlation function into a light-like Wilson loop.

Alternatively, we might use the four-dimensional result (2.9) and declare that we simply
regularize the integral (2.10) by choosing a measure in D = 4 — 2¢ dimensions (with € < 0).
Notice the change of sign of the regulator — now it looks more like an infrared, rather than



the natural ultraviolet regulator needed for such short-distance singularities. This unusual
choice is motivated by the observation that the one-loop space-time integral (2.10) is the
dual space version [17, 18] of the one-loop scalar box momentum integral appearing in the
four-gluon MHV amplitude. The latter is given by [20]

A4/A§10) =1+4a stlil)(pi) + 0(a?), (2.12)
where Aflo) is the tree-level amplitude, s = (p1 + p2)?, t = (p3 + p4)? are the Mandelstam

W, N 21 dPk
1) = (2m)2-2 / k2(k — p1)?(k — p1 — p2)?(k + pa)? (2.13)

is the one-loop scalar box integral. Switching from momenta to dual coordinates, k =

variables and

xr1 — xo and p; = x; — xi+1 (with z5 = 1), we identify the two integrals:

1Y (pi) = gels). (2.14)

where the subscript in g, indicates that we have changed the measure in (2.10) to D = 4—2¢
dimensions (with € < 0). Notice that the light-cone limit (2.8) for the correlation function
implies that the momenta p; = x; ;41 are light-like, p? = 0, as required for the amplitude.
Further, comparing (2.9) and (2.12), we observe a surprisingly simple relation between
correlation function and amplitude:
2
lim  Gy/GY = <A4 /AEP) +0(a?). (2.15)
x?,i+1_>0
This one-loop exercise suggests the following general recipe for obtaining MHV gluon
amplitudes from correlation functions of protected operators:

1. Compute the n—point correlation function of protected operators in four dimensions.
2. Change the D = 4 integration measure in the loop integrals to D = 4—2¢ (with € < 0).

3. Divide the correlation function by its tree-level value and take the light-cone limit
2. . =0
xz,z—s—l .

4. Switch from coordinates to dual momenta. The result should be the square of the
n—gluon MHV amplitude divided by its tree-level expression.

Of course, the four-points/gluons case at one loop is probably too simple to allow us to
jump to the conclusion that such a duality correlator/amplitude is a general phenomenon.
It is the purpose of this paper to provide a lot of evidence in favor of this conjecture.

3 Correlation functions of protected operators in superspace and their
loop corrections

In this section we explain the role of the Lagrangian insertion procedure in the calculation
of loop corrections to correlation functions. Then we formulate the rules of dual infrared
dimensional regularization and state the main result of the paper.



3.1 Correlation functions of protected operators in N/ = 2 harmonic super-
space

The one-loop, and even more so the two-loop calculation of the correlation functions are
much easier to do in terms of superspace Feynman graphs. Since there exists no off-shell for-
mulation of the A/ = 4 SYM theory suitable for application to perturbation theory, the best
compromise is to use the formulation in terms of N' = 2 superfields in the so-called harmonic
superspace [48, 49]. We give a brief summary of this formalism in appendix A. Here we
just mention the types of A/ = 2 supermultiplets and superfields that we are dealing with.

The N' = 4 vector multiplet is decomposed into an AN/ = 2 matter multiplet (hy-
permultiplet) and an A/ = 2 vector (gauge) multiplet. Upon reducing the R symmetry,
SU(4) — SU(2) x U(1), the six real scalars ¢4p split into an isodoublet ¢* (with i = 1,2)
and a complex singlet ; the four (chiral) gluinos A4* split into a doublet A and two
singlets 9%, k* (and their antichiral conjugates). These fields can be combined to form
N = 2 superfields. One of them describes the hypermultiplet:

(00,07 ) = ¢ (@) + 07 a(e) + O5R @) + .. (3.1)

(the dots denote auxiliary and derivative terms). It is a Grassmann analytic (or G-analytic,
or half-BPS) superfield in the sense that it depends on half of the Grassmann variables,
0T = gyl and 67 = @, obtained by projecting the SU(2) doublets §°* and 6
with an SU(2) harmonic variable u;. The latter, together with its conjugate u; = (u*%)*
forms an SU(2) matrix. Notice the presence of both chiral and antichiral odd variables
in the hypermultiplet superfield (3.1). In harmonic superspace one can define a special

conjugation (denoted by tilde ~), which takes (3.1) to another G-analytic superfield,
Gz, 07,07, u) = ' (x)u + 0 ka(2) + 050 () + ... . (3.2)

In contrast with the hypermultiplet, the A/ = 2 vector multiplet is described by the chiral
field strength (and its antichiral conjugate)

W(z,0) = o(z) + 0 Nia(z) + 07°0° Fop(z) + . .. (3.3)

containing, in particular, the self-dual part of the gluon field strength Fog = (0"")ag -

The protected half-BPS bilinear operators (2.1) in the SU(4) irrep 20" split into a
number of irreps of SU(2) x U(1). They can be descried as the lowest (6 = 0) components
of bilinears made of the above superfields. Three such bilinears are G-analytic superfields:

O="Tr(g q"), O=TeG"g"), O=0=2Tr(G"¢"), (3.4)

where all operators are functions of z, 0%, 6%, u. For example, the operator O(z, 6%, 0%, u)
has the bottom component O(x,u) = Olg+_g+_o = Tr(cbi(x)gbj(x))u?'u;_ containing the
complex SU(2) triplet Tr(¢'¢?). Another, real triplet is the bottom component of the real
operator O = O, O(z,u) = Olgr_gr_g = 2Tlr(gz_bz(x)qﬁj(x))u;ru;r We may say that the
harmonic variables serve as a “bookkeeping device” for organizing the fields into SU(2)
representations.



The remaining SU(2) x U(1) projections of the 20’ are described by different types
of superfields. Among them, the chiral operator Tr(W W) plays the prominent role of the
N =2 SYM Lagrangian. In this paper we do not consider the rest of the N/ = 2 projections
of the 20": Tr(WW), Tr(Wq™), Tr(Wqt) and conjugates.

The correlation functions of the three G-analytic operators (3.4) will be the main sub-
ject of this and the following sections. We are considering n-point correlation functions of

the type, e.g.,
Gn = <O($1,u1)@($2,u2) - O(@p—1, un—l)@(fﬂmun)) (3.5)

for n even, or
Gn = (O(x1,u1)O(22,u2) - - O(p—2, Un—2)O(Xn_1, tn_1)O(Tn, un)) (3.6)

for n odd. At tree level the connected contribution to the correlation function has the form?

N2 (12)(23)---(nl)

(2m)?n afyady - xp,

GO = + subleading terms, (3.7)

where (r,7 + 1) is a shorthand for the SU(2) invariant but U(1) covariant contraction of

the two harmonics with labels r and r + 1,
(rir+1)=—(r+1,r)= u;"ieijuﬂl . (3.8)

In (3.7), as in the expression (2.7) for the tree amplitude for the highest-weight and lowest-
weight state projections of the 20’, we only show the leading singular term in the light-cone
limit (2.6). Compared to (2.7), the tree-level expression (3.7) contains additional informa-
tion about the isotopic SU(2) structure of the correlation function. It is carried by the
harmonic variables v, (with i = 1,2 and r = 1,...,n) at each point.

3.2 Lagrangian insertions

The correlation functions (3.5) and (3.6) are defined by the path integral
G, = /D<I> e"ON=4 SYM O(z1,uy)...0(zp, up)
=GO 1 20 + ¢*GP ... (3.9)

Here the AV = 4 SYM action consists of two parts, the N' = 2 SYM action and the action
of the N/ = 2 hypermultiplet matter coupled to the gauge sector:

“More precisely, a n-point correlation function may involve m complex operators @ and also m conjugate
operators O, the remaining n — 2m operators being of the real type O. At tree level, such a correlation
function equals cnm Gﬁl()), where cno = 1+ (—=1)" and cpm = (—1)”+m :m > 0. In this paper we are
interested in the ratio of loop corrections over the corresponding tree, which is universal. The coefficients
Cnm can thus safely be omitted.
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Instead of computing the loop corrections to G,, directly, we prefer to evaluate the
derivative with respect to the coupling. As we show below, it is given by the insertions of
the N =2 SYM action

SN=2 SYM = /dD.Z‘d49 La—o SYM(x, 9) = /dD$d4§LN—2 SYM(-T, é) , (3.11)

where, after the appropriate rescaling of all the fields of the N' = 2 vector multiplet,

1 2
Ly=2 sym = @TT(W ) (3.12)

1 o o
= W{TY(QOQ)—F. = () T [FL s FOP +-4¢'0¢; +4iN 0N +interaction terms]}
9

is the ' = 2 SYM chiral Lagrangian. The effect of the rescaling is that the coupling
g disappears inside the Lagrangian Lar—o gym, it is only present in front of it, as indi-
cated in (3.12). The coupling also drops out from the interaction of the vector and matter
multiplets (see appendix A.3).

Notice that the action in (3.11) has two forms, one chiral, the other antichiral. They
are equivalent due to a Bianchi identity stating that the difference between Tr(W?) and
Tr(W?) is a total (super)space derivative. At the component level, this is clearly seen
from (3.12), where, for instance, the complex combination FQBFO‘B = F? 4+ {FF contains
the Yang-Mills Lagrangian F2 and the topological term iF'F. We will come back to this
important point later on.

Now, we want to differentiate the correlation function with respect to the coupling,
which is present only in Sy—s sym as an overall factor, see (3.12). Thus, the one-loop
(order g?) correction to the correlation function,

9 :
92372 Gn = —1/de60 G\, (w0 w1, uts . Ty un) + O(g") (3.13)
is calculated from the Born-level (n + 1)-point correlation function

Q,(ﬁzl (xo; L1, U553 Tn, un) = /d490<LN2 SYM(-%'O; 90)0((131, ul) . O(l’n, un)) + 0(94) y
(3.14)
obtained by integrating the Lagrangian insertion over the Grassmann variables at the inser-
tion point, but not over the space-time point zy. Note that the tree-level correlation func-
tion gﬂl is of order O(g?), because it involves interaction vertices (see section 4 for details).
A very important property of the correlation function g,gojl is its superconformal sym-
metry. Indeed, it involves the protected operators O and La—2 sym (the latter belongs to
the N = 4 stress-tensor multiplet), with fixed conformal dimensions 2 and 4, respectively.
Such operators are not renormalized and have well-defined conformal properties. This
symmetry greatly facilitates the perturbative calculation, as explained in appendix A.
The same procedure can be applied to the higher-order perturbative corrections. Thus,
to obtain the correlation function at two loops (order g*), we compute the derivative

1 o \? 1
5 94 (ag2> G, = _5 /le"OdDSUO’ gé(izg(-TvaO’;xlyUl; ceey xnaun) + O(gﬁ) (3'15)
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in terms of the Born-level (n+2)-point correlation function with two Lagrangian insertions
(see appendix A.3)

G, = / d*00d* 00 (L (20, 00) Lz, 00 ) O (21, u1) - . . On, un)) + O(g°) . (3.16)

In conclusion, the Lagrangian insertion procedure reduces the calculation of loop cor-
rections to the correlation function G,, to a tree-level calculation of the correlation function
QT(L(BQ with two insertions of the Lagrangian. The main point of our conjecture is that this
tree-level correlation function tells us what the integrand of the dual MHV amplitude
should look like. The precise matching of the two objects is obtain by introducing a dual
infrared regulator.

3.3 Outline of the dual infrared regularization procedure and of the duality
correlator /amplitude

Our strategy for establishing the relationship between correlation functions and amplitudes
is as follows.

We start with the tree-level correlation functions QT(SZI and QT(LOL, defined in egs. (3.14)
and (3.16), respectively. They are computed in D = 4 and need no regularization. Then,
we put 97(321 and QSRQ on the light cone by setting the adjacent external points at light-like
distances, xziﬂ — 0 (with 4 = 1,...,n). In order to remove the pole singularities, we
divide the correlation function with Lagrangian insertions by the tree-level correlation
function without insertions (3.7), thus obtaining U(1) chargeless ratios, Qfﬁgl /G%O) and
QT(L(22 / G,(lo). After that it becomes safe to set the external points on the light cone, while
keeping the insertion points g and x( in arbitrary positions. We remark that at this stage
we still need no regularization.

Next, we perform the integration over the insertion points, thus passing from the tree-
level correlation functions with insertions g,(ﬂl and QSRQ to the loop corrections of the
correlation function without insertions G,. Here we are facing logarithmic singularities
due to the divergent integrals over xp and xy. Divergences arise when the integration
points approach a light-like segment [z;, z;+1]. We regularize the integrals by modifying
the dimension of the integration measure, D = 4 — 2¢, with € < 0. We emphasize that this
is not standard dimensional regularization, for two reasons: (i) the tree-level correlation
function with extra points from the Lagrangian insertions has been computed in D = 4
and then put on the light cone, without regularization; (ii) the sign of the regulator € is
chosen to match the infrared divergences of the dual amplitude, so this is not the usual
ultraviolet regulator. We call this “dual infrared regularization”.

In order to make contact between the n-point correlation function and the n-gluon
amplitude, we identify the momenta with the dual coordinates

Pi = Tijit1, Tpt1 = 21, (3.17)

so that > 7'p; = 0 and p% = 0. The Mandelstam variables are identified with the non-
vanishing distances in dual space,

sij = (pi + piy1 + ... +p;)* = 96,27j+1 . (3.18)

— 12 —



[+1 l I+1 l
(a) (b)

Figure 2. The n-point correlation function with one insertion. The solid and wavy lines are
hypermultiplet and gauge propagators, respectively. The double dot denotes the insertion of the
N =2 SYM Lagrangian Tr(W?).

The main result of the next three sections is that the above procedure leads to the
following duality relation between correlation functions restricted to the light cone and
MHYV n-gluon scattering amplitudes in planar N' =4 SYM:

tim I (G,/00) = (4, /A;0>)2 +0(e), (3.19)

x?,i+1—>0
where A,(lo) is the tree-level amplitude and O(e€) denotes terms that vanish after we remove
the regularization. The reason why we formulate the relation in terms of logs will become
clear in section 6. In section 4 we demonstrate this duality for any n at one loop, and in
sections 5 and 6 we will show it for n = 4,5 up to two loops.

4 From correlation functions to amplitudes: n points at one loop

In this section we perform the calculation of the one-loop correction to the correlation
function G,, according to the procedure of section 3.3.5 We use the Feynman rules from
appendix A.2. The harmonic superspace Feynman diagrams for the correlation function
with one extra point corresponding to the Lagrangian insertion are shown in figure 2.

They are constructed from the two basic building blocks T and TT described in ap-
pendix A.3.2, combined with free hypermultiplet propagators (A.24). The block T shown
in figure 3(a) is the supersymmetric analog of the vertex correction (@q(z1)F}" (z0)de(z2))
for two scalars and one gauge field strength. The main difference is that at the insertion
point we have only the self-dual part of the gauge field strength Fog = (0/")asFuw, as
well as the auxiliary field Y% (see (A.13)); the scalar ¢ and the gluino A from (3.3) do

®Our result agrees with earlier calculations of one-loop correlation functions in [29-31, 50, 51].

SNotice that the graphs are drawn with a polygonal matter frame. Graphs based on the “zigzag”
configurations like in figure 1(b) are suppressed in the light-cone limit (2.6), after dividing out the leading
singularity of the tree-level correlation function (2.7).
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(a) (b)

Figure 3. Building blocks for the graphs in figure 2. The single dot in (a) denotes a W insertion,
the double dot in (b) a Tr(W?) insertion.

not have a cubic vertex with the external scalars. Since we are doing the calculation in
D =4, the integral at the vertex can be easily computed yielding a rational expression. It
is obtained from the block (A.47) by setting the external 6] = 65 = 0:

 2ig fupe (12)

(G (21,0, u1) Wy (0, 00) g (22,0, uz)) = i12 (4.1)
with
+ + + - + - + +
. 9 90/1 : 90/2 90/1 : 90/1 90/2 : 90/2 90/1[9”10’ x20]90/2
12 = 212 2 2 2 + 2 - 2 2 : (4.2)
(12)x1,73, T10 20 (12)zfx5

Here 93% = 0}(u,)F are the two U(1) projections of the SU(2) doublet 6} with the har-
monics at point r and the notation was introduced for 6 - § = 0“0, and [m,y]aﬁ =
xadydﬂ - yadwdﬁ = _Qixuyy(auu)g .

The second building block shown in figure 3(b) is the supersymmetric analog of the
propagator correction (¢(xy)é(xx41)), after integration over the insertion point. It is ob-
tained from the TT block (A.48) by identifying the insertion points 0 = 0’ and by setting

0?29;:0:

~ 2¢* N, gy (12)

<(j;_($1,0,ul)TI'(” 2)(1‘0,90)(];_(1'2,0,UQ>> - (27‘(‘)6 x%g J12 (43)
with
, (1-27) (05,1)*(95,5)° Li)? 4
j12 = — =—(i . .
2 (12) 22,23, 912

Summing up all graphs (all sums are cyclic, k +n = k) and integrating over the odd
variable 6y at the insertion point (but not yet over the even z), we find

n

2¢2N3  (12)(23)---(nl) [ , /1 o o
Gni1 = STon /d to <— E Uk k120,041 T E Jk k:+1>
+2 2 32 g2 ’ ' ’
(2m)2(nH2) afoads - wy 2 kyl=1; k#l k=1

n

_ %Ggo) /d490 (Z ik,k+1)2a (4.5)

k=1
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where G%O) is the leading singular part of the connected tree-level n-point correlation func-
tion defined in (3.7). In deriving (4.5) we have used the identity ji = 5 (i)>.
The next step is to set the adjacent external points on the light cone, xik 41 =0, for
the ratio n
a 2
i Goit /G0 = %5 lim [ dy (D k) 1.6
m?’i+1—>0 n+1/ n 272 CC%Z-_H—)O 0 kzzzl k,k+1 ( )
We notice that for x%z — 0 the first term in 412, eq. (4.2), vanishes while the second and
the third terms cancel in the cyclic sum

+ +
Zn:ik o En: Qo/k[wk,o,flfkﬂ,o]eo/kH (4.7)
k+1 = — . .
k=1 k=1 (k’ k+ 1)95%,09«%“,0

Then, using the identity
/d490 081i1932i2983i3eg4i4 _ _% (6i12'26i3i46041a46042043 _ 6i1i46i2i36010¢260¢30¢4) ’ (4.8)
after some algebra we obtain

n 2
. 4 .
2hHl d 90 <Z Zk,k—i—l)

nit1—0 =1

n
. [(k:,k+1)(l,l+1)]—1/ iy o
= ,lim d*00 05, [2k,0, k11,0100 00 (21,0, Tig1,0)07
x?,m—)%lzlxz,oszrl,ole,oxzﬂ,o 0/k 0/k+1%;1 0/141

T

~ lim - {2(%0'$l+1,o)($k+1,0'$l,0)—(ff?k,o%z,o)(xkﬂ,o'ﬂrz+1,0)
k=1

7 2 7 .2
3 ;410 T 0%k+1,0C1,0%141,0

.EMV)\PxZ,OxZ—H,Oxl):Ox;)JrLO (4.9)
xi,oxiﬂ,ow?,oxzzﬂ,o ' '

The parity-odd terms in the last line deserve a special comment. They will subsequently
be integrated over the insertion point zg, according to (3.13). The resulting pseudo-scalar
integral will depend on the four external points zy, xgy1, 21, £;11, which is not sufficient to
make a translation invariant pseudo-scalar. But in fact there is another reason why these
terms are suppressed by the integral over the insertion point. By inspecting the component
content of the inserted Lagrangian (3.12), we see that the pseudo-scalar terms are due to
the presence of the topological term iF'F. Such an insertion is a total space-time derivative
with respect to the insertion point, so the integral must vanish. The underlying reason
why the loop corrections to the correlation function G, cannot contain parity odd terms
is that the fields ¢ in the operators O can be treated as true scalars (see appendix A.5).
We will come back to this point in section 6.

Further, replacing 2(x0 - 2141,0) = xzﬂ + :zl2+170 — x%,H_l, etc. in (4.9) and using the
properties of the cyclic sum over k£ and [, we obtain

2
n no 2 2 2.2
. 4 ) 1 .. L t41Pkr1,0 — ThiPhr1,0401
2hm d*6y g ihkt1 ]| =3 2hm E R 55 . (4.10)
Tii410 1 242,20 k=1 Ck0TE+1,0T10%141,0

1,0
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Notice that the numerator vanishes when k. =1— 1,1 or [ + 1.

Up to now, we have done the entire tree-level calculation, including the light-cone limit,
in D = 4. The last step is to integrate over the insertion point, [ dPzg, with D = 4 — 2¢
and € < 0, in order to regularize the divergences occurring when the integration point ap-
proaches any of the light-like segments [z;, x;11]. We reiterate that this is not the natural
UV regularization (for which e > 0), but it is what we call a dual infrared regularization.
This yields

lim §9<G%/G$U

. 2 2 2.2

_ 1 . D Thl+1Tk+11 ~ TRiTk41,0141
, =——— lim d” o 5 .
z7,; ,—0 0a 4

2 2 2 2
a=0 T 2iia—0 L 0Tk+1,0%7,0T141,0

(4.11)
To make a comparison with the amplitudes, it is instructive to rewrite the one-loop in-
tegral in the right-hand side of (4.11) in terms of dual momenta, eqgs. (3.17) and (3.18).
Defining the D—dimensional loop momenta as ¢ = x¢; we find that, for general k and I
this space-time integral becomes the two-mass easy box momentum integral [41]

i [dP0(P*Q*— (p+ P)*(¢+Q)?)

42 | U +p2U+p+ P2l —-Q)2 " (P’ =q"=0) (4.12)

F(p7P7q7Q):_

evaluated for p = xp jy1, P = Tp410, ¢ = 2141 and Q = x41,. When rewritten in terms
of these functions, the right-hand side of (4.11) coincides with twice the one-loop n-gluon
MHYV amplitude (see eq. (4.19) in [41])

1m149(GMG9)

2
z7 ;410 da

—24(00/A® =23 F(p, P,q.Q). (4.13)

a=0

In conclusion, the one-loop n—point correlation function calculated by means of a La-
grangian insertion and in dual infrared dimensional regularization, reproduces the one-loop
n—particle amplitude expressed in terms of momentum integrals.

5 Four-point correlation functions and four-gluon amplitudes to two
loops

In this section we extend the one-loop duality from the previous section to two loops. We
show that the logarithm of the correlation function of four half-BPS operators of weight
two (bilinears), when put on the light cone using the dual IR regularization procedure,
becomes identical with the logarithm of the square of the four-gluon scattering amplitude.

5.1 Four-point correlation functions of bilinear half-BPS operators

Let us consider the correlation function of four protected N = 2 half-BPS complex opera-
tors (3.4)

G4 = (0(1‘1, ul)@(l‘Q,UQ)O(J}g, U3)@($4,U4)> . (5.1)
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It has been computed up to two loops in [32, 33]7 (we summarize the computation in

appendix A):8

N2 (12)(23)(34)(41 N?Z 2aR
08( 3( 2)(2 )(2 )+ c8 2 2a R 90(1727374) (5.2)

(2m)®  afpwygws sy (2m)® z{ya35w5427

N2 2a*R [1 5 o

Gy =

(2m)® 22,1202, 22 5(37125534 + 2323, + 274253) (90(1, 2, 3,4))”
1242343441
+ 235h0(1,2,3;1,2,4) + 233h0(1, 2, 3;2,3,4) + 23,h0(1,3,4; 2, 3,4)
+a31ho(1,2,4;1,3,4) + a23ho(1,2,3;1,3,4) + 23,h0(1,2,4;2,3,4) | + O(a®),

where the one- and two-loop four-dimensional integrals in coordinate space are defined by

d4$0
gO(la 27 3a 4) = Cp 2 2 9 > (53)
L10%20%30% 10
d4I0d4$0/
ho(1,2,3;1,2,4) = cg/ , (5.4)
(33%095%037%0)3%0' (33%0/%%0'”320/)

with ¢ = i/(27%). A characteristic feature of the all-order loop corrections is the presence
of the universal harmonic-space-time polynomial prefactor

R = (12)%(34)%a7 235 + (14)%(23)%z]y23, + (12)(23)(34)(41) [95%395%4 — afyad, — 95%417%3] .
(5.5)

This phenomenon was first revealed in [52] under the name “partial non-renormalization”.

Note that if the external points are in generic positions with x?j # 0, the integrals
above are well defined in D = 4 and are manifestly conformally covariant. This allows us
to write them as functions of the conformal cross-ratios,

1 x2,12, x2,x2
90(1327374) G ) (I)(l)< ég 34’ %4 23)’
T13%24 L1324 T13T24
1 2.2 2 2
ho(1,2,3,1,2,4) = —5o- @) (21028 T1aTa0) (5.6)
(219)%23y L12T34 L12T34
having well-known expressions in terms of classical polylogs (see, e.g., [46, 47]). In what fol-

2
iit
regularize them, mimicking the gluon scattering amplitudes, by modifying the dimension

lows we wish to take the light-cone limit z7,. ; — 0, which makes the integrals diverge. We

of the integration measure to D = 4 — 2¢ (with € < 0), thus giving up conformal invariance
dDJ}(]
9(1727374)266/ 5 92 92 9 »
L10 ¥20 £30 L40
dDLL“O de,UO/
2 2 2N\ 2 (2 2 2
(230 230 %30) Lo (T10r T30 T )

"The terminology of [32, 33] is based on the topology of the Feynman graphs, rather than on the

h(1,2,3;1,2,4) = cf/ : (5.7)

perturbative order of the correlation function. Thus, the lowest order (Born level) contribution is called
2(¢=1) are called “¢-loop”.

8The Born approximation in (5.2) has a connected and a disconnected sectors (see [32, 33]), with different

“one-loop”, and the contributions of order ¢

color factors. Here we show only the connected contribution to the tree-level correlation function. Also,
the color factors are given in the large N, approximation.
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where the normalization factor c. = 2i/(27)22¢ is introduced to simplify the final expres-
sions for the two-loop corrections.
5.2 Four-gluon amplitudes

We expect that the four-point correlation function (5.1) in the light-cone limit (2.6) is
related to the four-gluon planar MHV amplitude. The latter has been computed to two
loops in [20] and it has the following form:

A=A 14 aMD +a2M®@ 1 0(a?) (5.8)

where Aio) is the tree-level amplitude and the loop corrections M) and M) are given by
MO = st1V(s,8), MO = st(gf)(s,t) + 1, s)) : (5.9)

where s = (p1 + p2)? and t = (p2 + p3)? are the Mandelstam variables. All gluons are

outgoing, so that their momenta satisfy the relations 2411 p; = 0 and p? = 0.

The one- and two-loop scalar box momentum integrals I il) and [ f) in (5.9) are given by

I(l)(s t) —c / de (5 10)
4\ ) k*(k—p1)?(k — p1 — p2)?(k + psa)?’ .

Dy. 1D
@ B 2/ d“kd”l
/ = . 5.11
i(st)=c k2 (k = p1)2(k — p1 — p2)2(k + )?12(l — pa)*(I — p3 — pa)? o4y

These massless integrals are infrared divergent, therefore they are regularized dimensionally,
D = 4 — 2¢ with € < 0. Switching from momenta to dual coordinates [17, 18], k = 1 — o,
l =xy —x1 and p; = x; — 2,41 (with x5 = x1), we identify the pseudo-conformal integrals
from the correlation function with those from the amplitude (see figure 4):

I, =g(1,2,3,4), IP(s,t) =h(1,2,3;1,3,4), It s) = h(1,2,4;2,3,4).
(5.12)

Then, the two-loop expression for the amplitude (5.8) can be rewritten as

AgJAY) =1+ aa?swd,g(1,2,3,4) + a® a2, [0 h(1,2,3;:1,3,4) + a2y h(1,2,4;2,3,4)] .
(5.13)

5.3 Duality correlator/amplitude

For the purpose of comparing correlation functions and amplitudes, we define the ratio of
the correlation function and its Born-level expression:

2R
(12)(23)(34)(41)

Gy /G =1+ (5.14)

1
c{ag,2.3,0) + 2| Stk + abdy + bk a1, 2,3.0)°

+ 235h(1,2,3;1,2,4) + 233h(1,2,3;2,3,4) + 22,h(1,3,4; 2,3, 4)

,18,



2 3 3 2 3
K

2 ! 4 2 : 4

1 1 4 1 1 4

9(1,2,3,4) & IV(s,t) h(1,2,3:1,3,4) & IY(s,t)

Figure 4. One- and two-loop pseudo-conformal integrals contributing to the correlation function
G4, eq. (5.1), and to the amplitude Ay, eq. (5.8). The diagrams with solid lines depict Feynman
integrals in x—space. The diagrams with dashed lines represent the same integral in the dual
momentum space. The straight labels correspond to the points x;, the slanted labels correspond to
the momenta p; = x; — ;1.

+ 22, h(1,2,4;1,3,4) + 233h(1,2,3;1,3,4) + 22,h(1,2,4; 2,3, 4)] + O(a3)} .

Next, we wish to evaluate this ratio on the light cone, i.e. with
2 2 2 2
Tiy = X3 = 34 = Ty = 0. (5.15)

From (5.5) we see that the prefactor R/[(12)(23)(34)(41)] in (5.14) is reduced to x2;z3,.
Further, most of the two-loop h—integrals do not contribute to the right-hand side of (5.14)
due to vanishing kinematic prefactors like z%,. The result is

dim Gy/GY = 1+2a2%,03,9(1,2,3,4) + o {(m%3x§4g(1,2,3,4))2

z7 ;410

+ 222523, <x§3h(1, 2,3:1,3,4) + x3,h(1,2,4; 2,3, 4))] +0(a®).

(5.16)
Comparing this result with the perturbative expansion of the amplitude, eq. (5.13), we
obtain )
lim Gy/GY = (A4/Aff’>) +0(d®), (5.17)
a3 ;0

confirming the general statement (3.19).

We recall that G4 was defined in (5.1) as the correlation function of operators (2.3)
bilinear in the scalar fields. The duality (5.17) can be extended to correlation functions of
half-BPS operators O = Tr(¢"*) of arbitrary weight k, see appendix B.

6 Five-point correlation functions and five-gluon amplitudes to two loops

In this section we extend the previously found duality between dual-IR-regularized cor-
relation functions and gluon MHV amplitudes to the case of five points/gluons. This is
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a rather non-trivial test, in view of the significantly more complicated integrals involved.
Also, we explain why the duality should be formulated in terms of logs, rather than the cor-
relator/amplitude themselves. The reason is in the parity-odd (pseudo-scalar sector) of the
amplitude, which is reduced to O(e) terms by taking the log. This is essential for the duality
to work, because the correlation function must be a true scalar, as we argue in appendix A.5.
We consider the correlation function of n = 5 half-BPS operators of weight k = 2,

Gs = (0(1)0(2)0(3)0(4)0(5)), (6.1)

where the local scalar operators @, @ and O are the bottom components of the hypermul-
tiplet bilinears

O(i) =Tr(¢"¢"),  O() =T(@"q"), O)=2T(Gq"). (6.2)

+

) denote the set of space-time and harmonic

+

ir

Here the arguments of the operators i = (x;, u
coordinates of the hypermultiplet scalar fields, ¢*(i)|p=0 = ¢"(z;)u;. and G (i)]g=g =

¢"(xi)u (with 7 =1,2). We wish to examine the correlation function (6.1) in the limit

xiiﬂ = (z; — xi+1)2 -0, Tixs = T; - (6.3)
In this limit, the leading asymptotic behavior of the tree-level correlation function is given
by the product of free scalar propagators

N2 (12)(23)(34)(45)(51)

0) c

Y=

5 10 2.2 .2 .92 2
(2m) L1oL23L34L 5L 51

., (6.4)

where the ellipses denote subleading terms as .%221 41 — 0. Notice that the obvious symme-
try of the correlation function (6.1) under the exchange of operators, 1 <+ 3 and 2 < 4, is
lost in the light-cone limit. At loop level, the correlation function (6.1) turns out to have
the same leading singularity as the tree Géo). This suggests to study the following ratio in

the light-cone limit (6.3),

Fg= lim In (Gg,/GéO)) = aFél)(xi) + a2Fé2) (z;) + O(a®), (6.5)

2
wi’iH%O

where a = ¢g?N,/(872) and Fc(;p ) (x;) are scalar functions of x; only. The rationale for
considering the log of the ratio of correlation functions in the left-hand side of (6.5) is
that, firstly, it does not receive a contribution at O(a®) and, secondly, as we will argue
below, it has a much simpler form. Computing Fg)(xi) and Fg) (x;) we shall follow the
same routine as before, that is, we shall expand Fép ) (x;) over a basis of one- and two-loop
pseudo-conformal integrals in D = 4 dimensions, and then regularize them by modifying
the integration measure at the Lagrangian insertion points to D = 4 — 2¢ dimensions,
d*zg — d* %z, with € < 0.
In section 4 we have demonstrated that the one-loop correction in (6.5) is given by

FO (2;) = adyad,9(1,2,3,4) + (cyclic) , (6.6)
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where ¢(1,2,3,4) is the one-loop pseudo-conformal “cross” integral in (6.8); (cyclic) means
the four non-trivial cyclic permutations, ¢ — i + 1, of the points {1,2,3,4,5}. The two-
loop correction Féz) is computed in appendix A.4, using the method of double Lagrangian
insertions in harmonic superspace. The result is the following expression:

FE =2y 03, [20350(1,2,3;1,3,4) + 223, h(1,2,4;2,4,3) — 273, h(1,2,4;1,3,4)]
+atyaly a3 [20(1,2,5:1,3,4) — h(1,2,3;1,4,5) — h(1,2,4;1,3,5)]
+ a3y w35 (2235 p(1;2,5;3,4) — 23, p(152,4;3,5) — 235 p(1;3,5;2,4)]

1
- 5[.%‘%3.%’%49(1, 27 37 4)]2 - x%S x%él g(lv 27 37 4) :U%S 135 g(la 27 3a 5) + (CyCliC) ) (67)

where the cyclic permutations act on the entire sum of terms. Here we use the dimensionally
regularized integrals (5.7) together with

D D 2
d :L'Od Zor Ty

2 .2 2.2 2 2 .2 .2 3\’
(10 T30 T50) Tgor (T30 T30 Ty T5r)

p(1:2,3:4,5) = & / (6.8)

2-2¢ i5 introduced

where D = 4 — 2¢ with e < 0 and the normalization factor ¢, = 2i/(2)
to simplify the final expressions for the two-loop corrections. Switching to dual momenta
pi = x; — w1, we find that the g—, h— and p—integrals correspond to the scalar box,

double-box and penta-box momentum integrals of ref. [42], respectively.

6.1 Five-gluon MHV amplitude

We expect that in the light-cone limit (6.3) the five-point correlation function (6.1) is
related to the five-gluon planar MHV amplitude. The latter has been computed to two
loops in [42] and it has the form

As =AY [1 +aMD 4 a2M® 4 0(a?)] (6.9)

where Ago) is the tree five-gluon MHV amplitude. Here the one- and two-loop corrections
are given by the following expressions

1
MO = B Z 812523[,51) + M1(Odd) )
cyclic

1
M = 2 > [3%2323152) + stsisly” + stasaasas [P |+ MY (6.10)

cyclic

where s;; = (p; + pj)2 is the invariant mass of the gluons with labels ¢ and j. All gluons
are considered outgoing, so that their momenta satisfy the relations Zi’ p; = 0 and pf = 0.

Further, Lgl) is a one-loop and ng), Ié2), IC(Q) are two-loop planar scalar integrals
depending on the gluon momenta, eqgs. (5.10) and (5.11). Switching to dual coordinates,

pi = x; — Ti4+1, these integrals can be expressed in terms of the basis integrals (6.8):

I
e

9(1,2,3,4), 1) = h(1,3,2:1,3,4),
h(1,3,2;1,3,5), I = p(2:1,3;4,5). (6.11)
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Finally, M (Eé)d and M (Ejzi in (6.10) stand for the parity-odd contributions to the five-
gluon MHV amplitude, proportional to the pseudo-scalar €(p1,p2, ps,ps). The one-loop
parity-odd contribution M é(ljzi is of order O(e), whereas M (5321 has a simple pole 1/e. The
residue at this pole is proportional to the product of the one-loop parity-even and parity-
odd parts. As a consequence, the parity-odd contribution can be significantly simplified
by considering the logarithm of the ratio As /Aéo), as shown in [42]. Namely, we introduce
the following ratio function

2
Fa=ln <A5/Ag0)> = aFS) + aQFIEXZ) +0(a?), (6.12)
FO =2m® FE —opm®@ — ()2,

The main advantage of (6.12) is that, unlike the amplitude itself, the parity-odd contribu-
tions to FE) and F(gz) vanish as € — 0. Replacing M) and M® in (6.12) by their explicit
expressions (6.10) and going to dual coordinates p; = z; — x;4+1, we obtain (up to terms

vanishing as € — 0)

FO —a%403,9(1,2,3,4) + (cyclic) (6.13)
F,Sf) :lel3x%4h(1a 27 3; 17 37 4) + x34x%3h(17 2? 4; 21 3a 4) + .%'%41’%5.1%5])(1; 2> 5; 37 4)

1 1
- 1[33%3»’6%49(1, 27 37 4)]2 - 5%%31’%49(1, 27 37 4)%%41’%59(27 37 47 5)

1
— ix%3x§4g(1, 2,3, 4)22:2%,9(3,4,5,1) + (cyclic) . (6.14)

Here g, h and p stand for the dimensionally regularized integrals defined in (6.8).
Although the explicit expressions for individual two-loop integrals in (6.14) are quite
complicated, their sum Ff) can be found in a closed form thanks to the remarkable duality
between MHV amplitudes and light-like Wilson loops [4-7]. This duality allows us to
formulate the dual conformal Ward identity for F4 to all loops [9]. For five points it has a
unique solution (up to an additive constant) which coincides with the BDS ansatz [20].

6.2 Duality correlator/amplitude
Assuming the duality relation (3.19), the correlation function on the light cone should be
related to the scattering amplitude

tim I (G5/G) = n (45/A0) +0(0). (6.15)

2
z7 ;410

In terms of the functions Fi and F4 introduced in (6.5) and (6.12), this relation implies
that up to terms vanishing for e — 0

RO ZRD, EO R, (019

The first of these relations follows immediately from the explicit one-loop expressions (6.13)
and (6.6). At two loops, Ff) and Fg) are given by two seemingly different expressions,
egs. (6.14) and (6.7), respectively. Then, for the duality relation (6.16) to hold, the two-loop
integrals in (6.14) and (6.7) should satisfy a very non-trivial identity.
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Figure 5. Two-loop pseudo-conformal integrals of different topologies contributing to the corre-
lation function G5, eq. (6.7), and to the amplitude A5, eq. (6.14). The diagrams with solid lines
depict Feynman integrals in x—space. The diagrams with dashed lines represent the same integral
in the (dual) momentum space p; = x; — 2;41. In the latter case, (k) stands for the particle with
momentum (—pg). Thin solid lines denote numerators in the x—integral. In momentum space, this
numerator is given by the squared sum of the momenta flowing through the arrowed dashed lines.

To begin with, let us examine the topology of the Feynman integrals in the two-loop
expression for FE) and Fg). By construction, the planar MHV amplitude As receives con-
tributions from planar Feynman diagrams only. However, taking the log of the two-loop
amplitude (6.9), we find that Ff) contains an admixture of products of one-loop integrals
in (6.14). For the correlation function the situation is different. The diagrammatic rep-
resentation of Fg) is shown in figure 5. We observe that the expression for Fg) involves
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two-loop integrals of the same type as those contributing to Ff), eq. (6.14). Closer ex-
amination shows, however, that the external points in these integrals, x1,..., x5, are not
(anti)clock-wise ordered and, therefore, these integrals do not contribute to the planar am-
plitude Ff). Still, they contribute to the two-loop planar correlation function. This is due
to the different realizations of the planarity condition for correlation functions and scatter-
ing amplitudes. For the latter, the planar diagrams have the topology of a disk, while for
the former they have the topology of a sphere (see figure 7 in appendix A.3.2 for an exam-
ple). Despite of this, the expected duality relation FE) = Fg) suggests that the two sums
of two-loop integrals of different topologies, eqs. (6.7) and (6.14), are equal to each other.

We can apply the relation p; = z; — ;41 to rewrite the Feynman integrals contributing
to Fg) as conventional momentum integrals, as shown in figure 5. The absence of cyclic
ordering of the external points z; leads to an unusual feature of the resulting momentum in-
tegrals: They involve seven external legs including one pair of legs with opposite momenta,

pi and (—p;).
6.2.1 Soft limit

There exists a simple way to test the duality relations (6.15) and (6.16) by examining
them in the special limit x4 — x5. For the amplitude, this corresponds, e.g., to the soft
limit py = x45 — 0 when one of the external gluon momenta vanishes. In this limit,
the dimensionally regularized five-gluon MHV amplitude Az reduces to the four-gluon
amplitude A4 in such a way that the ratio function (6.12) takes the form

lim Fy = In (A4/A§f>)2. (6.17)
T4—T5

For the correlation function (6.1), the limit x4 — x5 corresponds to its short distance
asymptotic behavior. In this limit, we apply the operator product expansion @(4)@(5) ~
(¢ (4)pT(5))O(4) + ..., where (¢p¢) is a free scalar field propagator in D = 4 — 2¢ di-
mensions, and the dots denote subleading terms. In this way, we find from (6.5) that
the ratio of the 5-point correlation functions reduces to the ratio of the 4-point ones

G(1,2,3,4) = (0(1)O(2)O(3)O(4)),

lim Fg = lim ln< (6.18)

T4—T5 mf i+1*>0
,

G(17 27 37 4)
G0(1,2,3,4) )’

where the light-cone limit in the right-hand side corresponds to x2,, x%3, :v§4, x3 — 0.

Let us verify (6.17) using the expression for the two-loop ratio function (6.12). We recall
that, by definition, the adjacent points in dual space are light-like separated, 53121 41=0.In
the soft limit x4 — 25 we find the additional relations 23; — 0 and 23, — 0. Notice that
the dimensionally regularized g—, h— and p—integrals, eq. (6.8), remain finite as x4 — x5.
The expression for F4 simplifies because some of these integrals are multiplied by x§5 and
5542117 so they do not contribute in the soft limit. Thus, the pentabox integral p drops out:

11_r>n FX) = 2%’%31‘%4}),(1, 3,2; 1,3, 4) + 2$§4$%3h(2,4, 1;2,4, 3) - [.’E%3$34g(1, 2, 374)]2 :
T4—TH
(6.19)
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Using eq. (5.13), we verify that the expression in the right-hand side of (6.19) coincides with
the two-loop correction to the ratio of four-gluon amplitudes 2In(A4 /Aflo)), in agreement
with (6.17).

In a similar manner, we examine the ratio function Fg) and simplify the expres-
sion (6.7) in the limit z4 — x5. We find that, unlike the case of Ff), the pentabox inte-
grals have a non-vanishing contribution which can be expressed in terms of h—integrals.
For instance,

—a2, 2222 p(1;3,5;2,4) + (cyclic) "= —b(1,2,3,4) — 2522,h(1,3,2;1,3,4),  (6.20)

where the notation was introduced for the ‘bad’ integral b(1,2,3,4) =
x3,793h(2,3,1;2,4,4), which does not have an interpretation in terms of two-loop four-
particle planar momentum integrals. The same ‘bad’ integral comes from h(1,2,5;1,3,4)
and p(1;2,4;3,5) and their cyclic images. We find that b(1,2,3,4) cancels in the sum of
all terms in the right-hand side of (6.7) as z4 — x5, leading to

Jim F = 22ha2,h(1,3,2;1,3,4) + 228,2%,0(2,4, 1;2,4,3) — [22523,9(1, 2, 3,4))2.
(6.21)
Again, we verify that the expression in the right-hand side coincides with the ratio of
four-point correlation functions (6.18).
Comparing (6.19) and (6.21), we conclude that the two-loop corrections to F4 and Fg
coincide in the soft limit z4 — x5,

lim (ij) - Fc(f)) = 0. (6.22)

T4—T5

In the next subsection we argue that for arbitrary x; the difference Ff -F ((;2) is a constant.

)
Together with (6.22) this immediately implies that Ff) = Fg) , as announced in (6.16).
6.2.2 Conformal symmetry and proof of the integral identity

As was already mentioned, the duality relation Ff) = FC(?) implies an identity between
two-loop integrals of various topologies. Evaluating the difference FE) — Fg) with the
help of (6.7) and (6.14) and equating it to zero, we formulate the identity that we expect
to find as follows:

0 ::L'%IS l’%4 [$%3 h(lv 2> 3; 17 374) + ‘1‘34 h(L 274; 27374) - "L‘%4 h(17 274; 17374)]
+ 22wt w3 [20(1,2,5;1,3,4) — h(1,2,3;1,4,5) — h(1,2,4;1,3,5)]
+ 23, 35 (255 p(132,5;3,4) — 23, p(1;2,4;3,5) — 235 p(153,5;2,4)]
1 1
- Z[x%5x34g(17 27374)]2 + 5%’%31’%49(1, 27 374).%%41}359(2, 3747 5)

1
- §x%3$34g(17 27 37 4)'%%51'%49(17 37 4> 5) + (CyCliC) . (623)

In the previous subsection we showed that this relation holds in the soft limit.
The proof of (6.23) goes as follows. The Feynman integrals in (6.23) are regularized
dimensionally with D = 4 —2e. We will first show that the sum of Feynman integrals in the
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right-hand side of (6.23) is finite as € — 0. This will allow us to remove the regulator, i.e. to
restore the D = 4 integration measure. Since all integrals we are dealing with are pseudo-
conformal, the expression in the right-hand side of (6.23) will thus become an exactly
conformally invariant function of x1,...,x5. Since one cannot construct conformal cross-
ratios from the five external points with light-like separated neighbors 37@21 +1 = 0, conformal
invariance will imply that the right-hand side of (6.23) is a constant. We have already seen
that the right-hand side of (6.23) vanishes in the soft limit, so the constant must be zero.

The direct way to prove finiteness is to evaluate the pole part of (6.23) by the
Mellin-Barnes (MB) method (see, e.g., [53]) using the package [54] for the e-expansion
and evaluation of the representations. At O(1/e*) through O(1/€?) the program finds only
one-parameter integrals which we have analytically evaluated. At 1/¢* and 1/€® one has
to show the cancelation of rational numbers and simple logarithms, respectively, which
was in either case immediate. At 1/¢?> we needed Landen’s identity on dilogarithms, but
once again the proof was ultimately simple. With our MB representations, the highest
integrals contributing to the simple pole in € were of dimension four (from the pentabox).
The precision of the numerical evaluation used by the package [54] was therefore good: For
all kinematic points in our (rather general) sample set we obtained values like 0.00(2)/e.
Within the given accuracy the sum of integrals is seen to be finite.” As we have just
explained, the finiteness of the integral implies that it equals zero since a non-vanishing
constant part is ruled out by the soft limit.

Alternatively, we can show finiteness analytically by combining the sum of integrals
in (6.23) into a single integral of the form

dPxodPxy P(xo, 05 75)

(2o - - 230) (ly - - 23, )25y

r.h.s. of eq.(6.23) = / , (6.24)

where, by construction, the polynomial P(zq, z(/,x;) is invariant under cyclic shifts of the

external points x; (with ¢ = 1,...,5) and under the exchange of the integration points

xo < xy. Each integral in (6.23) gives a contribution to P(xg,xq, ;) in the form of a
2
]
h—integral in the first line of (6.23) produces the contribution (—a%523,23,25,72)23,, 2y ),

product of seven distances z;; with various choices of indices ¢ and j. For instance, the third
while the contribution of the cross-product of one-loop integrals in the last line of (6.23)
looks as (—za?y23,2%,03:08023,,22,). To save space, we do not present the explicit
expression for P(zg,zo;x;). Due to the pseudo-conformal property of the integrals
in (6.23), the polynomial P(xzq, ¢, x;) is covariant under conformal transformations with
weight (—4)10 at points zg and xy. Given the weight (+8) of the denominator, and if
the integration measures can be made four-dimensional, the integral will be conformally
covariant, as stated above.

Let us identify the potential divergences of the integral (6.24). They could only come
from the part of the phase space of x¢ and x(, in which some of the propagators in the
denominator of (6.24) vanish simultaneously. Notice that upon the change of variables,

9An analytical proof of the absence of the simple pole, too, should be feasible given the relatively low
dimensionality of the MB-integrals.
1%We use the standard convention that the scalar propagator has weight (+1).
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p1 = T12,...,p5 = w51 (with p? = 0) supplemented with k¥ = z19 and k' = x1¢, the
integral (6.24) can be rewritten as a conventional two-loop momentum-space Feynman
integral with k and k' being the loop momenta and py,...,ps defining the external leg
momenta. It is well known that infrared divergences originate from integration over the
loop momenta collinear to the light-like momenta of the external legs. For instance, suppose
that k* is collinear either to pj' and to py. To analyze the divergences, it is convenient to
employ the so-called Sudakov decomposition of the loop momentum,

k' = afy = apl + Bph + K], (6.25)

where «, 3 are scalar variables and k“j_ are two-dimensional transverse momenta, (kyp1) =
(k1p2) = 0. In terms of Sudakov’s variables, the xo—integral in (6.24) takes the form

/d4:c0[“.]:/ 2}y dadBd?ky | ...] (6.26)

5”(2)135%095?’,0 (x%?)aﬁ - ki)(ﬂf%(l —a)B+ ki)(ﬁ?ﬂ(l —B)+ ki) 7

where [...] denotes the remaining terms in the right-hand side of (6.24).

It is easy to see that the integral (6.26) develops logarithmic divergences originating
from the integration region

riaB — kL =0(p"), ki =0(p) (6.27)

with p — 0. Depending on the hierarchy between a and § we can distinguish three
subregions: For «, 3 = O(p) we have k* = O(p), for a = O(p"), B = O(p*) we have
k* = apf + O(p) and, finally, for a = O(p?), 8 = O(p") we have k* = pph + O(p). In
terms of the dual x—variables, this corresponds to the limit where the integration point
xo approaches either the external point, 29 — x1, or one of the light-like segments [z, z2]
and [z2, z3], respectively. Due to the cyclic symmetry of the integral (6.24), divergences
are also produced when zy approaches the other cusp points x; and the light-like segments
[, zi+1]. The same analysis applies to the integral with respect to xg.

Then, for the integral (6.26) to be finite, the expression inside [...] should be finite
and, in addition, it should vanish in the region (6.27). This leads in its turn to the
condition for the polynomial P(xg,xy,z;) in the right-hand side of (6.24) to vanish
sufficiently fast when xy and/or xy approach one the potentially dangerous regions
explained above. We return to (6.24) and verify that the polynomial P(xg,zy;x;) indeed
satisfies this condition. Thus, the integral (6.24) remains finite as ¢ — 0. Together with
conformal invariance this immediately leads to the identity (6.23).

7 Conclusions

The main result of this paper is the observation that computing the loop corrections to
the correlation functions of protected operators by the Lagrangian insertion method, and
taking the light-cone limit, gives us the integrands of the MHV gluon scattering amplitudes
in the dual momentum space. These integrands can be evaluated directly in four dimensions
since they are finite and explicitly (dual) conformally covariant. The divergences appear
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in the integrals over the insertions points for the correlation function (UV divergences) or,
equivalently, over the loop momenta for the amplitude (IR divergences). In order to achieve
an exact matching of the two objects, we need to dimensionally regularize the theory, not as
one would do for a correlation function computation in coordinate space, but in the way that
is natural for the dual theory in momentum space. We call this dual infrared regularization.

At present we have no understanding of the field-theory mechanism responsible for this
surprising relation between two seemingly very different objects. In fact, the surprise is not
total, since we already know that MHV amplitudes are dual to light-like Wilson loops. The
latter, as shown in [39], are intimately related to correlation functions in the light-cone limit.

Further tests are needed to confirm our conjecture. In particular, a crucial test will
be the calculation of the six-point correlation function at two loops and its comparison to
the six-gluon amplitude. This is similar to the test of the Wilson loop/amplitude duality
at six points and two loops [10, 11]. Before it, one could suspect that the matching of
the four- and five-point objects was simply due to (dual) conformal symmetry, which
fixes their form completely. As we saw in our five-point two-loop correlation function
computation in section 6, conformal symmetry plays an important role here too. However,
at six points it will not be sufficient to explain the matching, if it is confirmed.

The Lagrangian insertion procedure described here can give us a simple way to compute
the integrands that determine the higher-loop corrections to amplitudes. We would like to
emphasize that our one- and two-loop correlation function computations involve a handful
of Feynman graphs. This is in striking contrast to the huge number of graphs needed, if one
would attempt to do a straightforward amplitude calculation (not using unitarity methods).

The fact that the integrand of the amplitude can be obtained from a tree-level com-
putation raises the hope that one might be able to profit from some hidden enhanced
symmetry of the tree-level correlation function. This is motivated by the analogy with
the tree-level scattering superamplitudes, which are known to have a dynamical symmetry
called dual conformal symmetry [55-57]. If something similar exists also for the correlation
functions, it might eventually lead us to the integrability of the loop amplitudes.

A related issue is the observation that the correlation functions we have discussed
enjoy the full superconformal symmetry of the N’ =4 SYM theory. In this paper we have
explored the lowest scalar components of the supersymmetric correlation functions, and
we have shown that they match the gluon MHV amplitudes. The question arises if the
correlation function defined in superspace has some relation to the superamplitude, and
thus possibly to non-MHV amplitudes.

Acknowledgments

We are grateful to Juan Maldacena for carefully reading the manuscript and making
many useful suggestions. We would like to thank Fernando Alday, Babis Anastasiou,
Vladimir Braun, Evgueny Ivanov, Henrik Johansson, David Kosower, Radu Roiban, Misha
Shifman, Boris Zupnik for interesting discussions. For BE and ES it is a pleasure to
acknowledge the collaboration with Christian Schubert, with whom part of the supergraph
method from appendix A was developed. GK is grateful to Vladimir Bazhanov and to

— 28 —



the Australian National University, Canberra, and ES is grateful to Nima Arkani-Hamed
and the Institute for Advanced Study, for warm hospitality at various stages of this work.
This work was supported in part by the French Agence Nationale de la Recherche under
grant ANR-06-BLAN-0142.

A Lagrangian insertion procedure in N/ = 2 harmonic superspace

In this appendix we give a very brief overview of harmonic superspace, in particular of
the Feynman rules we need here. More details can be found in [48, 49, 58, 59]. We then
summarize the Lagrangian insertion procedure, developed in [32, 33, 60] for the case of
four-point correlation functions. Finally, we explain how to adapt this procedure to five

(and more) points.

Al N =4SYM in N =2 terms

The basic ingredients of the N' = 4 SYM theory in N' = 2 terms are the hypermultiplet
and the super-Yang-Mills (SYM, or vector) multiplet. The N/ =4 SYM action consists of
two terms:

SN=4 sYM = SN=2 sym + SHwm - (A.1)

Below we give a short description of each multiplet and its action.

A.1.1 N =2 hypermultiplet in harmonic superspace

The N = 2 massless matter (or hyper)multiplet consists of an R-symmetry SU(2) doublet of
complex scalars ¢’ () (with i = 1,2) and of two Majorana spinors and SU(2) sunglets , (z),
Ya(z) and ko (), Ka(z). Their supersymmetry transformations close only on shell. Going
off shell requires the introduction of an infinite set of auxiliary fields [48]. This is achieved
by extending the space-time by two extra compact dimensions in the form of a sphere S2.
The latter is described in terms of harmonic variables u** which form a matrix of SU(2),

| u] € SU(2): utiu; =1, utt = = eyud, ep=—€?=1, (A2

and parametrise the sphere S? ~ SU(2)/U(1). A harmonic function f(@(u®) of U(1)
charge ¢ is a function of u** invariant under the action of the group SU(2) (which rotates
the index 4 of u™¥) and homogeneous of degree ¢ under the action of the group U(1)
(which rotates the index + of u®?). Such functions have infinite harmonic expansions on
S? whose coefficients are SU(2) tensors (multispinors).

In this framework the hypermultiplet is described by a harmonic superfield ¢* (z, 0, 0, u)
of U(1) charge +1 satisfying the Grassmann (or G-)analyticity constraints

Diq"=Dfqt =0, (A.3)

where
DY =Diuf, D} = Diu (A.4)
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and D!, Dg are the usual supersymmetric spinor derivatives. These constraints can be
solved explicitly in the G-analytic basis in superspace

9 = g% — 4i0a(i§d‘j)u2‘u; ,

Hf,a = Uziaé,a (A.5)

where 2% = w“aff‘j‘ and (ij) means weighted symmetrization. In this basis ¢* becomes a
function of 67,07 only, i.e., a G-analytic superfield q*(z4,07,0", ).

As mentioned earlier, the A’ = 2 supermultiplet can exist off shell because an infinite
number of auxiliary fields (coming from the harmonic expansion on S2) are present. On
shell these auxiliary fields are eliminated by the harmonic (or H-)analyticity condition

(equation of motion)
Dt ¢t =0. (A.6)

Here Dt* is the harmonic derivative on S? (the raising operator of the group SU(2)
realized on the U(1) charges, D**ut =0, D™y~ = u'). In the G-analytic basis (A.5)
it becomes a supercovariant operator involving space-time derivatives:

! '

DYt =yt —— — 4ipTegte (A.7)

Oou=" Oxq™
It is then easy to show that the free on-shell hypermultiplet becomes an “ultrashort”
superfield:

g (@A, 07,07 u) = ¢ (va)u] + 0T o (va) + OLR (2 4) + 4i0T "0 0,0 (v.4)u; (A.8)

where the physical scalars ¢’ and spinors 1., R satisfy their massless field equations

O¢'(x) =y = f=0.
The equation of motion (A.6) can be derived from an action given by an integral over
the G-analytic superspace:

Sinp = —Q/dud4xAd29+d2§+ Tr (7D qt) . (A.9)

Here ¢+ (z4,0,0%,u) is the conjugate of g*. The conjugation ~ combines usual complex
conjugation with the antipodal map on S? in a way to preserve G-analyticity. This action
is real (with respect to the ~ conjugation) which can be seen by integrating D™ by
parts. In this sense the action (A.9) resembles the Dirac action for fermions, although the

superfield ¢* is bosonic.

A.1.2 N =2 SYM multiplet in harmonic superspace

The N' = 2 SYM gauge potential is introduced by covariantizing the action (A.9) with
respect to a Yang-Mills group with G-analytic parameters A(z A,0+,9_+,u). To this end
one replaces the harmonic derivative in (A.9) by the following covariant one:

Dt — DT 4 igV T (2, 01,0, 1), (A.10)
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where g is the gauge coupling constant. The gauge potential is described by a real (17++ =
V+T) G-analytic superfield of charge +2 (equal to the charge of D*T). The matter and
gauge superfields are subject to the usual gauge transformations:

q+' _ eig)\q+’ vt = _zeig)\DJrJrefig)\ 4+ A T mi9A 7 (A.11)
g

so that the covariantized action (A.9)
S/syn = —2 / dud*zod*0Td?0" Te(gPD gt +iggtv g™ (A.12)

is indeed gauge invariant.
In the non-supersymmetric Wess-Zumino gauge the gauge potential has the component
expansion

Vg (24,0707, u) = =2i0T 0T Ay (x4) — iV2(07)?@(wa) +iV2(07)2p(z4)  (A.13)

+4(0T)20T N (w4 uy — 4(0+)Z§2Xdi(xA)u; + 3(07)2(01)2Y " (2 4)u; u;

containing the fields of the N' = 2 off-shell vector multiplet: the gauge field A,, the
complex physical scalar ¢, the doublet of Majorana gluinos A, A% and the triplet of real
auxiliary fields Y.

The gauge invariant action for V™' can be written down either directly in terms of
VT 49, 58, 59], or in terms of the chiral superfield strength W (zy,0°*) (or its conjugate
antichiral W (zg, 0;4)):

SN=2 SYM = 1 d*zpd*0 Tr W? = 1 / d*zpd*0 Tr W? | (A.14)
292 2g2
where
¢ = 299 — 2i9"H2 (A.15)
are the space-time coordinates in the chiral basis, and xr = Z, are the antichiral ones. In
a topologically trivial background these two forms are equivalent (up to a total space-time
derivative), due to the Bianchi identity D DLW = D! DIV

Unlike the G-analytic potential V' the field strength W (xy, ) is a chiral superfield
which does not depend on the harmonic variable u. It can be expressed as a power series
in VT involving multiple harmonic integrals [61, 62]

X gVt ++
W= ZujungDWZ/dul...dur (Cig) V" (wy) . VI (ur)
r=1

() (g ug) - ()

(A.16)

where (uu) = ute;jul? | ete. In terms of component fields we have (in the Abelian case)

W = () + 0% Npi(z) + 0%05 (€15 (0" ) g Fu () + €apYij) + (038 0aa A (z) + 01005 (x) .

(A.17)

With the hypermultiplet matter in the adjoint representation of the gauge group, the
two actions (A.12) and (A.14) describe the NV =4 SYM theory,

SN=4 5YM = SN=2 sYM + SHM/SYM - (A.18)
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As mentioned earlier, the main advantage of the A/ = 2 harmonic superspace
formulation is the possibility to quantize the theory in a straightforward and manifestly
N = 2 supersymmetric way [58, 59]. Further, compared to the AN/ = 1 chiral matter
superfields, the N/ = 2 hypermultiplet composite operators O = Tr(qt), etc., need
no covariantization, hence no presence of the gauge superfield in the definition of the
correlation functions (O. .. O> The hypermultiplet matter interacts with the gauge sector
only through a single trilinear vertex, which considerably simplifies the Feynman diagrams.
The true non-Abelian nature of the theory is encoded in the gauge self-interactions (as
well as in the ghost sector, but we do not need it here).

A.2 Feynman rules

In this section we give a subset of the Feynman rules for the combined N = 2 matter+gauge
system which are sufficient for the one- and two-loop calculations we do in this paper (the
complete set can be found in [49, 58, 59]).

The hypermultiplet propagator is the solution to the Green’s function equation

DGt (1)g*(2)) = 6% (war — 242)0% (0] — 03)0%(0F — 05)0(ur, uz), (A.19)
and is given by
(@0 ) = gt = - = (A.20)
Here a, b are color indices and
(12) = —(21) = u eijuy” (A.21)

is a shorthand for the SU(2) invariant but U(1) covariant contraction of the two harmonics.
The coordinate difference

. 20 ., _ _ _ _ _

iy = iy = i + g (1D + (2700 0B + 0704 + 050 0] (A22)
where, e.g., (172) = ufieiju;rj , is invariant under the Poincaré supersymmetry transfor-
mations in the G-analytic basis (A.5):!!

Sors® = —diu; (20T + o), SOt = uf e Squi =0. (A.23)

Setting the Grassmann variables in (A.20) to zero, we find the propagator for the
physical scalars ¢} (z) projected with harmonics (recall (A.8)):
~t + +i7 + 4J (12)
(@ (Vay (2))o=0 = (uy" dia(x1)|ug; ¢y (72)) = —5 5 ab - (A.24)
4mexi,y
The gauge field (gluon) propagator depends on the gauge we have chosen. In
our loop calculations we will only need the propagator (W (1)V%(2)), having one chi-
ral end (the field strength W(xr1,601)) and one G-analytic end (the SYM potential

"o check this one makes use of the harmonic cyclic identity (172)1 + (21)1~ + (117)2 = 0 and of the
defining property (117) =1 (see (A.2)).
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V(242,05 , 05 ,uz)). Tt is independent of the gauge and has the following form

L,a 2,b
oab_ R R
(Wa(V,77(2)) = =5 55 (012)" = (A.25)
T2T]y
It involves the coordinate differences
:5?2“ = x%ﬁ“ — mﬁ%‘ — 4iu5i€§a 5;6‘ , To = u;ﬂia — 0;“0‘ (A.26)

and is invariant under the Poincaré supersymmetry transformations in the chiral basis for
Ot = —4i0™'€" | 00" = €', (A.27)
and (A.23) in the G-analytic basis for x 9.

Finally, the only interaction vertex we shall need here is the gluon-to-matter coupling
which can be read off from the covariantized hypermultiplet action (A.12):

++
Vi

= 19 frac / d*rodud 0 (A.28)
qr qF

0

The SYM action (A.14), (A.16) is non-polynomial in V**, so it contains infinitely many
vertices (but, of course, becomes polynomial in the Wess-Zumino gauge (A.13)). At the
one- and two-loop levels that we are studying in this paper only the cubic non-Abelian
vertex can appear, but later on we shall see that all such graphs are irrelevant.

A.3 The insertion procedure: four points

Here we illustrate the AV = 2 Lagrangian insertion procedure described in section 3, on the
example of the two-loop four-point correlation function G4 (5.1) of hypermultiplet bilinears
O = Ops_gr_p with O = Tr(¢g™)? and O = Tr(¢+)% In particular, following [32, 33]
we explain the important role of A/ = 2 superconformal symmetry, which allows us to
drastically simplify the two-loop calculations.

The two-loop (order g*) corrections to the four-point correlation function G4 can be
obtained by a double insertion of the N'= 2 SYM chiral action

L (W@, 0))2. (A.29)

SN=2 sym = /d456d49 L(xp,0), L= 55

To see this, we first rescale the gauge potential V+ — ¢~V *F with the effect that the
coupling only appears in front of the SYM action (A.14), but not inside the field strength
W (A.16). It also drops out of the gauge/matter coupling (A.12), thus (A.28) loses the ex-
plicit g. As another consequence, the gauge propagator (i.e. the inverse of the gauge kinetic
term) is scaled up by g2, which introduces a factor of g2 in the right-hand side of (A.25).
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Let us write out the perturbative expansion of Gy:

Gi=GV+g2cV+ g+ .., (A.30)
so that )
1/ 0
¢ = = () Gy. (A.31)
4 2 \99*/ =g

On the other hand, by considering the effect of the differentiation on the path integral we
find

2
g (8) Gy = Z‘/d4a:0d400 (L(0)O(1)O(2)0(3)0(4)) (A.32)

1
2 dg?

—% / dedi0y dizgdi0y (L(0)L(0)O1)O2)0(3)0(4)) .

The left-hand side in the last formula starts at O(g*), which leads to a puzzle: The pertur-
bative expansion of the first term on the right-hand side starts at O(g?), while the second
term seemingly starts at O(g*). The only way to produce a compensating O(g?) contribu-
tion from there is to insert both L(0), L(0') into one gluon line. This means inserting the
chiral-to-chiral propagator (it contains just the propagator of the auxiliary field Y in (A.17))

(W(O)W(0")) = 2ig*6*(zLo — Lor)0* (0 — Or) (A.33)

into that gluon line. Upon performing the chiral superspace integration over point 0/, the
O(g?) contribution from the single insertion term is identically canceled. This remains
true in general: 00" contact terms from the double insertion term identically cancel the
single insertion term. Returning to O(g*):

G — —2;4 a0y dayd*dy (LO)LO)OMORIOGOWYE  (A31)
where the superscript indicates that the 00’ contact terms are to be omitted. For the class
of graphs we find below this simply means not to contract W(0) and W (0'). We stress
that this (4 4+ 2)—point correlation function is once again at Born level; it comes with
g* because there are four Yang-Mills propagators and two explicit factors ¢—2 from the
Lagrangian insertions. Below we show that this correlation function with insertions has
to be nilpotent, i.e. proportional to #%.

A.3.1 Structure of the nilpotent superconformal covariant

The most important feature of the new six-point correlation function is its superconformal
symmetry. Indeed, it involves gauge-invariant composite operators, O, O and L. As ex-
plained in section 3, all of these operators are particular projections of the N” = 4 half-BPS
protected operator in the 20" of SU(4). As such, they need no renormalization and have
well-defined superconformal properties. As long as we keep the end points in this correla-
tion function apart, nothing can break the N’ = 2 superconformal symmetry of the theory.
This imposes rather strong constraints on the general form of the correlation function.
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The N = 2 superconformal algebra has an SU(2) x U(1) automorphism group (R sym-
metry). The U(1) factor (to be distinguished form the harmonic U(1) C SU(2)) acts only
on the odd superspace variables, R[f] = 1/2, R[] = —1/2. From the SYM action (A.29)
we deduce R[L] = 2 and R[W] = 1. At the same time, the hypermultiplets ¢* and ¢* have
no R charge, as follows from the action (A.9), but they carry harmonic charge 1. This
implies that the six-point correlation function carries harmonic U(1) charges 2 at points 1
to 4, and a total R charge 4 at points 0 and /. Since the chiral 6, (at both the insertion
and external points) are the only superspace coordinates with positive R charge 1/2, we
conclude that the correlation function can be written in the factorized form

(LLOOOO) = O(x,0,u) x f(x,u) + O-terms (A.35)

where © is a particular nilpotent six-point superconformal covariant, homogeneous in 6
of degree 8, and thus carrying the whole R charge. The antichiral odd variables  can
only come from the external points, but we are ultimately interested only in the lowest
components O = Op+_g+_g, S0 we can ignore the § terms in (A.35). So, the essential
information about the six-point correlation function (A.35) is contained in the function
f(z,u) without R charge. Below we will show that this function is in fact harmonic
independent, the harmonic U(1) charge being carried by ©.

The structure of the nilpotent covariant © is determined by superconformal symmetry
combined with the G-analytic nature of the four external points and the chiral nature
of the two insertion points. In addition to Poincaré supersymmetry (parameters e, Eza)

we need to consider special conformal supersymmetry (parameters 7., ﬁla) In the chiral
basis (A.15) we have

(530%@ = —41'9”?" 4201axL M8i » 501 = o x%ﬁnzﬁ + 0(92) , (A.36)

while in the G-analytic basis (A.5) we find

5:1:%‘5‘ = —4iu;(ei°‘9_+d + 9+O‘€id‘) + 4@'(:L‘35§+°"77i6 — xﬁd0+ani Ju;
§ote = u;rem + xjﬁng ; T+ 0(92) 50T = Ujgid ﬁaﬁﬁu + 0(92)
Suf = 40 n, + L0 fuy, Suy =0, (A.37)

Now, the covariant © is homogeneous in 6 of degree 8. The inhomogeneous part of §6,
607 = &+l 0T =t 4+ a i (A.38)

would lower this degree, unless we find combinations of #’s which are invariant (to lowest
order in @, §) under N = 2 superconformal supersymmetry. Such combinations are

5,«@ = Prée — Oréy 7":1,...,4 (A39)
with

pra = (OF — Oyt @r)actrd . 0w = (07 — Oyuf) (@rdocars . (AA0)
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Their total number is 8, and we wish to construct the nilpotent covariant © of degree 8.
We conclude that the leading term of © must involve all of the variables &,

O = 6836 . (A.41)

The aim of our two-loop calculation is to determine the factor f(x,u) in the six-point
correlation function (A.35). Since we are only interested in the lowest component of the
four-point correlation function (OOO0) = (0000)y+ _5+_,, We can set all the external
0s to zero, ;" =0, r = 1,...,4. In this case © is rather simple [32, 33]:

(wgo/)QR

__ pip4h
Olg+=0 = boby —3 :
| | $2 372

r=1*r0<ro’

(A.42)

where

R = (12)*(34)%2T4a35 + (14)(23)%21y23, + (12)(23)(34)(41) [37%39534 — afyaly, — ‘7:%4$%3] .
(A.43)

Finally, substituting everything into the double-insertion formula (A.32) and perform-
ing the trivial chiral integrations over 6 o, we obtain the two-loop correlation function

d*zod*zy

H4 22 22 (3%0’)2 f(x7 u) . (A44)
r=1"r0%ro’

(0000) = (0000) s _5i_y =R /
Notice the characteristic presence of the polynomial prefactor R. As shown in [52, 63, 64],
this factorization of the loop corrections is a universal feature, called “partial non-
renormalization”.

A.3.2 Feynman graphs. Harmonic analyticity

Now, the practical question is how to compute f(z,u) from the corresponding set of two-
loop Feynman diagrams. It turns out that instead of setting # = 0, as required in the
final expression (A.44), it is much more convenient to do the computations with 6 o = 0.
The knowledge of the complete © (A.41) allows us to easily switch from one of these forms
to the other. The new form of © is even simpler, yielding

<LLOO~OO~>90’O/:§+:0 = (1:%01)4 H 2 92 f(:c, u) . (A45)

r=1 TroTry

6’

Then it is clear that in working out the expressions for the various Feynman graphs we
can concentrate only on the terms with the maximal number of external §*. In particular,
at order g* this choice removes all graphs which contain non-Abelian interaction vertices.
For example, the non-Abelian gluon subgraph in figure 6(c) vanishes because it has two
chiral ends at the insertion points 0 and 0’ and one G-analytic end (the gluon without
insertion); after setting 6y = 0 we are left with too few chiral s at the G-analytic
gluon end to supply the required R charge 2. Similarly, the block in figure 6(d) has three
chiral ends (in fact, only two, points 0’ and 0” should be identified) and two G-analytic
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Figure 6. Building blocks of the Feynman graphs.

ends; once again, the G-analytic §7s cannot provide the required R charge 3. The same
applies to the block in figure 6(e).

As a result of all these simplifications our task is reduced to listing all tree level
Feynman graphs made out of the two building blocks T and TT in figures 6(a) and (b).
They are calculated with the Feynman rules from section A.2. Although these blocks
contain gauge/matter interaction vertices (A.28) and hence space-time integrals, the latter
are easily done using the identities

dtz; 4im? [k ] d* x3 9 m[l%xQ]O
0 5 5 = 55 » 0y 0, = —dirt (A.46)
L132L23%03 T12T70 951393239503 L12%10%20

producing very simple rational space-time functions [32, 33, 60]:

i 2
G OW0)gE (2) = ~ G (1) + (128 = 2] (A7)
N N+ _ 4g4fabcfcde —6—\ 2 2
<Q(z (1)Wb(0)Wd(0 )qe (2>> - (27T)6 x%Q (1 2 )pl 02, (A48)

where p and o were defined in (A.40).

Notice the characteristic presence of negative-charged harmonics in both expres-
sions (A.47) and (A.48). This has to do with the important issue of harmonic analytic-
ity [65]. In an interacting theory the hypermultiplet satisfies its equation of motion (A.6)
with a covariant harmonic derivative, DT T¢™ +ig[V ™", ¢7] = 0. The gauge-invariant com-
posite operators Oy, = Tr(g™)* satisfy the same equation with a flat harmonic derivative,
DTtO, = 0. As explained above, the harmonic derivative is the raising operator of SU(2).
So, Oy, corresponds to the highest-weight state of an SU(2) irrep of weight k (a (k+1)-plet).

In practice, this means that the n—point correlation function is annihilated by the
harmonic derivative D™ at each point,

DOy ...0) =0, r=1,...,n. (A.49)
Since D™Tu™ = 0 and D*tu~ = u™', this implies that the correlation function is a
polynomial in u", » = 1,...,n, homogeneous of degree k at each point, and no dependence

on u~ is allowed.
Clearly, the expressions for the building blocks T (A.47) and TT (A.48) are not
harmonic analytic because of the presence of u; and u, . This, however, is not a problem:
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Figure 7. Graphs surviving the identification of harmonics.

The various building blocks or even complete Feynman graphs are not expected to be
harmonic analytic, much like they are not conformal and gauge invariants. It is only the
sum of all graphs that has these properties. Indeed, it can be shown that by summing up
all graphs made from the T and TT blocks, all negative-charged harmonics drop out. To
see this one uses the harmonic cyclic identity, e.g.,

(12)(1727) — (127)(172) = u by ud Fuy (e — eqee) = (117)(227) =1, (A.50)

as a consequence of the defining property u™u; = 1 (A.2). In practice, the use of the
cyclic identity is cumbersome when there are u’s from too many different points. But we
can do better, by completely sidestepping this issue.

We can profit from the expected harmonic analyticity of the final result to greatly
simplify our graph calculations. Let us come back to the correlation function of four
operators O = 09 with two Lagrangian insertions, calculated at 6y = 6y = 0, see (A.45).
The Lagrangian has no harmonic U(1) charge, hence (LLOOOO) should have charges
+2 at each external point. From (A.45) we see that the nilpotent factor already carries
the necessary charges, thus making the function f(x,u) chargeless. Harmonic analyticity
then implies that this function is harmonic independent. This allows us to compute the
correlation function (A.45) with all four harmonic variables identified,

ut =ui =uf =uf. (A.51)

This simple trick eliminates a number of irrelevant Feynman graphs, namely, all graphs
with at least one free hypermultiplet line, since the hypermultiplet propagator (A.24)
vanishes if u] = u3. Among them we find the graphs with the blocks from figure 6(c)-(e),
for which we already gave a different reason why they do not contribute. In addition, the
identification of harmonics eliminates the graphs with TT blocks. This leaves only the
three graphs shown in figure 7 (plus point permutations):
Notice that despite the appearance, the third graph is planar. This has to do with the
fact that unlike the Green’s functions of elementary fields, which are planar on a disk,
the correlation functions (Green’s functions) of composite operators have the topology of
a sphere. This peculiar property of the correlation functions was mentioned in section 6.2.
Each of the graphs in figure 7 is a product of T blocks (A.47) evaluated at 6y = 6y = 0.
Thus, the calculation of the harmonic-independent function f(x) in (A.45) is reduced to
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elementary algebra. Then f(x) is substituted in (A.44), leading to the final result (5.2)
from [32, 33].

This procedure is a very efficient tool for calculating not only four-point, but also
n-point correlation functions of half-BPS operators made of hypermultiplets. In the next
subsection we show how to adapt the procedure to five points.

A.4 The insertion procedure: five points

Here we evaluate the correlation function
G5z = (L(0) L(0') O(1) O(2) O(3) O(4) O(5)) , (A.52)

with O = Tr(¢")2,0 = Tr(§")%,0 = 2Te(G q"), L = 1/(2¢%) Tr(W)2, in order to study
the two-loop corrections to the correlation function

G5 = (0(1) 0(2) 0(3) O(4) O(5)) (A.53)

discussed in section 6. We will use the technology developed in [32, 33] and reviewed in
appendix A.3 for the four-point case G4 = (O(1) O(2) O(3) O(4)).
As before, we compute Gg1o in D = 4. It remains finite in the light-cone limit

2 _ .2 .2 _ .2 _ .2
T1g = X9z = Tz4 = Ty = Ty — 0. (A54)

The divergences of G5 in this limit arise from the integration over the insertion points
xg, o which we will eventually regularize by the IR prescription of changing only the
dimension of the integration measure at these points.

Repeating the superconformal argument of appendix A.3.1, we can claim that the
leading term in the 6 expansion of the correlation function Gsio will factorize into a
nilpotent covariant © ~ 6% and some function f(z,u) of the bosonic variables, see (A.35).
Once again, © will depend only on the invariant variables & (A.39) (with r = 1,...,5).
This time, however, we have 10 such variables, while the degree of homogeneity of © is
still 8. Unlike the four-point case, where the nilpotent structure (A.41) was unique, now
we can have two different choices:

A5 = GG EE fi(au)
Buis = €1 €363 &aa 55 112 (3,), (A.55)

and their point permutations. A graph calculation is needed to fix the coefficient functions
f(z,u). The knowledge that only A,, B,s can occur is very useful, though, if combined
with the property of harmonic analyticity, namely the fact that the full gauge invariant
correlation function only depends on u," and that it does so in a polynomial fashion (see
appendix A.3.2).

Let us consider the covariants A,, B;s at g = 6y = 0, in other words, only the terms in-
volving 0,7 from the outer points. Now, 6. carries U(1) charge 1 at point r, and so does w,’.
Hence the spinor part of the covariant A5 has charge 2 at points 1,2,3,4, whereas it is charge-
less at point 5. Since all five outer operators O, O, O carry charge 2, the coefficient function
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f5(x,u) has to have charge 2 at point 5 and zero at all other points. To be harmonic analytic
it must be an SU(2) invariant polynomial in the ;" with the correct charges. The only such
invariant is trivially zero, (55) = € u;’]u; = (. This argument rules out all A, covariants.

Further, in By the odd variables £ carry charge 2 at points 1,2,3 and charge 1 at
points 4,5. Due to harmonic analyticity, the harmonic dependence of the bosonic factor
can only be of the form ff‘f(m, u) = (45) Lf‘f(:c). Thus, the sum of the contributions of the

graphs to this covariant will be

Bis = €66 1ty (45) f (). (A.56)

Individual graphs do contain non-analytic terms, but we need not go through all the
details of how they cancel out. Instead, we can apply the powerful trick of identifying the
harmonic variables, as we did in the four-point case in appendix A.3.2.

For each covariant B,s (with r,s = 1,...,5) we know that the harmonic dependence
of the coefficient function will eventually be given by just (rs). This result clearly does

+

not change if all harmonics, except for u.-, are put equal to usi As a convention, if r < s

-
we will keep ui aside and identify all other harmonics with u;tl We will obtain the correct
result if this is done consistently for any contribution to the spinor structure pertaining
to the given covariant (A.56).

This manoeuvre drastically simplifies the use of the harmonic cyclic identity. For
example equation (A.50) reduces to 0 — (—1) = 1 if both uj;, u3; are sent to uz;. But

there are more far-reaching consequences for the supergraphs at 8y = 6y = 0.

e Any diagram with more than one free line (i.e. a hypermultiplet propagator between
two outer points) is put to zero. Spinor structures relating to the A, covariants may
be discarded immediately. For the B, type contributions the suggested identification
of the harmonics will send at least one of the numerators of the free lines to (ss) = 0.

e As a consequence, we only need to take into account graphs built out of four T blocks
and one free hypermultiplet line.

e The light-cone limit singles out diagrams in which the gluon lines connect to the
pentagon frame 123451 of matter lines, because the T blocks with outer ends r,s
have an explicit propagator factor 1/x2,. This eliminates graphs with disconnected
matter frames, like the third graph in figure 7, since they lack the required light-cone
singularity. For the same reason, graphs with a connected “zigzag” frame like in
figure 1(b) are not allowed.

All of these simplifications leave us with a very small number of graphs shown in
figure 8 (notice that the middle graph is planar, like the two others).
The resulting algorithm for evaluating these graphs is as follows:

e For any of the diagrams in this set multiply out the terms of the four T blocks and
classify them according to the various 6 structures. Discard terms with four (6;1)?
(A type) but keep those related to the B type covariants. Sum over all graphs.
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Figure 8. Graphs contributing to Gs.o. The permutations of the insertion points 0, 0" and the
cyclic permutations of the external points should be added.

e In each term identify the harmonics according to the spinor structure; by way of
example for (07)%(05)%(0F )20426’;5 we put uj; = uj; = uz; = uz;. The contributions
of some diagrams may vanish in doing so, in other cases the harmonics will reduce
to the simple factor (45).

e Reconstruct the full covariants. The result of the procedure is the entire leading
term of the correlation function Gsio in which the harmonics are not identified
any longer. We can now switch to the “opposite end” of the expression by putting
all ;7 = 0, while restoring the spinors from the insertion points. We observe that
this step produces (12)(23)(34)(45)(51) 65 6 go, i.e. in the light-cone limit no other
SU(2) channel is present.

The reconstruction is in fact elementary. From the definitions (A.39), (A.40) we find

2 .2 ad ad
pro — Lro Lroy [ %o _ Lo/ 5 ’ (A 57)
Id - xz 1'2 .TZ ro 90290/20 . .

00’ r0 0’

By this formula we can unambiguously upgrade every 6, from the graph calculation to the
invariant combination &,.. Next we note that

a:20 xQO, xa(? magf
r0 r r r . Ql\TH ad T+
) < 2 T 2 ) Eralgr—o = 70 Ayg — Tro Ao (A.58)
Lo Trg Ty
where
00/ & .
r+ _ P00 aa pai, + !
Mg = 5 0w t € {0,0}. (A.59)
Loy

In order to complete the task we must collect the u-projected A\ variables into 06‘ 03, and a
harmonic factor. To this end we use the identity

1
1+ 424 \3+ y4+ _ 1+ \2+ 24+ _ 1+ 24 _ 1+
N NN = e e ((13)A(w (232 ) ((14)A05 (24)\ )(A.Go)
1 4
= iy (GM €55 (14)(23) — e 5 ¢4 (13)(24)) 04,

and its special cases where some points coincide. Beyond the factor (rs) in the coefficient
function of the B,s covariants, the conversion to 03 93, produces four further harmonic
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factors (ij) which now carry the remaining U(1) charges. The harmonic dependence
remains manifestly analytic. Out of the w," from the five outer points one can construct
six independent polynomials carrying charge 2 at every point. We stress that it is not
obvious that the sum of graphs produces only one channel in the light-cone limit, namely
(12)(23)(34)(45)(51).

In summary, we have explained how the evaluation of the correlation function
Gp+2 is reduced to algebraic manipulations by the insertion procedure combined with
superconformal symmetry and harmonic analyticity. As in the four-point case, no integral
needs to be done once the T block is known. Nevertheless, the amount of algebra is
fairly large, so that we have resorted to a Mathematica script. It remains to restore the
integrations over the insertion points zg,zy with the IR-modified measure. The scalar
(parity-even) part of the result for G5 has the concise form displayed in eq. (6.7).

A special comment is due here on the pseudo-scalar (parity-odd) part of the correlation
function. Our calculation of G542 does indeed produce such a (rather complicated) part.
But this does not mean that G5 will have a parity-odd part. It must drop out after the
integration over the insertion points zg, x¢/. The explanation is given in appendix A.5.

A.5 Parity properties of the scalars in the A/ = 2 theory

Here, following ref. [66], we argue that there exists a parity assignment for the fields of the
N = 2 vector and hypermultiplets, such that the hypermultiplet scalars are true scalars
(not pseudo). With this assignment, all our operators made of hypermultiplets are scalars,
and their correlation functions should not contain a parity-odd part.

The components of the two multiplets are contained in the G-analytic superfields ¢+,
eq. (A.8), and VT, eq. (A.13). The parity assignments of ref. [66] for the superspace
coordinates are

P 336 =z9, T =-7, (0;5)/ =gt (éo.f)’ =0T, (ui)/ = uzi , (A.61)

(2

while the superfields remain inert,
(0 ) = ¢t (x,0,u), VI (@0 W) = VI (2, 0,u) . (A.62)

In terms of the bosonic physical fields, these assignments imply that the hypermultiplet
scalars ¢’ are true scalars, the gluon A, is a polar vector, while the complex vector mul-
tiplet scalar ¢ is a mixture of a true and a pseudo-scalar. In addition, the fermion fields
transform in an unusual way: the hyperinos transform into each other (up to signs), ¥ <+ &,
and the gluinos A\* ++ A, The latter relation means that, e.g., A! <+ A\l = Ay = (A\2)*,
which again differs from the traditional assignment A* <+ (\)*.

These rules can be tested for consistency by inspecting the Yukawa couplings in the
N = 4 Lagrangian. The gauge/matter coupling reads

/ dud*zd* 0T Tr(VTT[G",¢T]) = Tr[o"({k, Mi} + {¥, \i})] + c.c. (A.63)
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We see that the above assignments allow ¢’ to stay inert under parity. At the same time,
the Yukawa coupling from the gauge sector is

/ dzd*0 Te(W?) = / d*zTr (P{N, A} + p{hi, A'}) . (A.64)

Here the combination of fermions accompanying each boson is chiral, therefore ¢ <> @.
The above parity assignments mean that the hypermultiplet composite operators of
the type O = Tr(¢")*|g—o = Tr(¢™ (z) ... % (oc))uj1 . u;; are all true scalars. Thus, the
correlation functions (OOOQ) that we are considering cannot have a parity-odd part.
The reason why we see such a part in the correlation functions G, 1 and G,, 2 was ex-
plained after eq. (4.9). It is due to the insertion of the complex (chiral) form of the SYM La-
grangian. In it we find pseudo-scalar terms, for example i F' F , which are responsible for the
parity-odd part in the correlation functions with insertions. But at the final stage of the cal-
culation, the integration over the insertion point will eliminate all such terms, which are to-
tal derivatives. Indeed, we have already encountered this phenomenon in section 4. The cor-
relation function with one insertion G4 has the form (4.9), where we clearly see a pseudo-
scalar in the last line. However, it drops out after the integration over the insertion point.

B Four-point correlation functions of operators of weight &

Let us consider the four-point correlation function of protected half-BPS operators of weight
k. At the lowest level of the 0 expansion they are built from k elementary scalar fields,
Tr(¢*). Such correlation functions are discussed in detail in [63, 64], using the method
of [32, 33]. We consider the following N = 2 hypermultiplet projection

Gy = (O"(1)O"(2)0*(3)0"(4)) (B.1)

where in this appendix OF = 2K/2Ty(g+)*.
The (connected, planar) tree-level correlation function is given by (see figure 9)

k—1
GO = KINZ2 N xmykem, (B.2)
m=1

where the notation was introduced for the harmonic and space-time propagator factors

1By (4)62)
s D O D N (B.3)

The loop corrections have the general factorized form

k—2
GUP) =R S Fh (o) xmy ko (B.4)
m=0
with the polynomial prefactor
R =sX*+(t—s—1)XY +Y? (B.5)
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Figure 9. Tree graphs for operators of weight k.

involving the conformal cross-ratios

2 .2 2 .2
T1od T13T
12-¥34 1324 (BG)

vl 7 a3y
The coefficient functions F(z) will be specified below.
The result of [63] for the one-loop correction in the planar limit is

k—1
G\ = KINZ 2R 202,03, g(1234) Y Xty Rl (B.7)

m=1

where the one-loop box integral ¢(1234) is defined in (5.7). We see that in this case the
general amplitude (B.4) becomes completely degenerate, with all F¥ (x) o< 22,23, g(1234).
Going to the light-cone limit z%, = 23, = 23, = 23, — 0, we find that s remains finite
while ¢ — oo, hence

R — tXY . (B.8)

As a consequence, eq. (B.7) simplifies to

k—1
GSIZ: = K*N?*72 20 22,23, g(1234) Z X™Yy*R=™ 4 subleading terms. (B.9)
m=1
Dividing this expression by the tree-level correlation function (B.2), we obtain the same
ratio as in the case k = 2 at one loop, see (5.16). Thus, the ratio does not depend on the
value of k, up to one loop.
The same pattern is found at two loops. According to [64], the two-loop coefficient
functions in (B.4) are

4

g
= et |Chdaes + (2501, — Clyadiads + (207 /5 — O ) ey lo(1230)

+(C¢, — C2)2[x2,h(123;134) 4 23,h(124; 234)]
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+ (04 — C9)2[22, h(124;134) + 22,h(123; 234)]
+ (C4, — C2)2[x3,h(123;124) + 23,7 (134; 234)]} (B.10)

with the two-loop integral h defined in (5.7) and with color factors C' given in [64]. Going
to the light-cone limit, only the first term from the first line and the term from the second
line survive. Further, in the planar limit the remaining color factors simplify to (see [64])

cd =k'NZk Cc =2k Nk, (B.11)
As aresult, we find that on the light cone all the relevant two-loop coefficients become equal,

Fh(z) = a® kN2 { (23523,)%[9(1234)] + 227523, [v13h(123; 134) + 23,7 (124; 234)]} .
(B.12)

Substituting this result into (B.4) and taking account of (B.8), we obtain the two-loop
correction
2
Gl ={(@%53,)°[g(1230)]° + 208423, [adsh(123; 134) + 23,k (124; 234)]}
k—1
x a? k*N2k-2 Z XmY* =™ 4 subleading terms. (B.13)

m=1

Finally, dividing by the tree-level correlation function (B.2), we obtain the same ratio as
in the case k = 2 at two loops, see (5.16). This confirms that the ratio does not depend
on the value of k£ up to two loops.

In conclusion, we can claim that the duality relation

2
lim 0G4;k/GfS,1 = (Au/AD)) "+ O(a?) (B.14)

Tiir1
holds for any weight k& of the half-BPS operators.

B.0.1 Relation to Wilson loops

From our analysis it follows that the correlation function in the planar limit has the fol-
lowing universal form on the light-cone

(d"(1)@"(2)¢" (3)7" (4)) = (4" (1)3™(2)q" (3)§™ () (W (21, 22, 23,20)] ,  (B.15)

where W (x;) is a light-like Wilson loop in the fundamental representation of SU(N,.) eval-
uated along the contour [z1,x2| U [z2, x3) U [x3, z4] U [x4, 21],

W) = ]\1[C<0\ Te P exp (igjfudx - A(x)) 0). (B.16)

The diagrammatic derivation of the above relation is shown in figure 10. As explained
in the parallel paper [39], each propagator connecting a pair of adjacent points x; and
xi+1 18 approximated by a free propagator multiplied by a Wilson line along the segment
[, z441], evaluated in the adjoint representation, Wagj[xs, i41]. Then, the vertex at point
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Figure 10. In the planar limit each propagator is replaced by a pair of arrowed lines and the vertex
is replaced as shown in figure 11. Each line with an arrow corresponds to a Wilson line.

N
ZIN\

Figure 11. Each vertex ¢* in the planar limit is replaced by k pairs of arrowed lines.

x; contains k; Wilson lines with their color indices contracted to ensure that the total color
charge is zero. The Wilson lines in the adjoint and in the fundamental representations are
related to each other as

(Wadj[i, Zit1))abt” = Weund [, Ti1 )t Weana[zi41, 4] (B.17)
or equivalently (for the gauge group U(NV))
(Wiand i, Zi+1))i;(Waana i1, )it = ) ej Waas[#i, 2iv1])ap ()i - (B.18)

In the multi-color limit, we can use the last identity to replace a Wilson line in the
adjoint representation by a pair of two parallel fundamental Wilson lines with opposite
orientations. This is shown in the middle panel of figure 10. In this way, we obtain a
collection of closed cycles. We observe that all cycles but two have a backtrack shape, i.e.
the corresponding contour encircles a zero area. We denote such a contour by C'U C~1.
Only two cycles go through all cusp points x; with different orientations. Notice that the
Wilson lines satisfy the unitarity condition

VVC(I/Vc)Jr =WcWe-1 =1. (B.19)

As a consequence, each backtrack cycle reduces to 1 and we arrive at the right-hand side
panel in figure 10. It contains only two cycles, each corresponding to a Wilson loop in the
fundamental representation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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