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ABSTRACT: We construct special rational gly Knizhnik-Zamolodchikov-Bernard (KZB)
equations with N punctures by deformation of the corresponding quantum gl rational
R-matrix. They have two parameters. The limit of the first one brings the model to the
ordinary rational KZ equation. Another one is 7. At the level of classical mechanics the
deformation parameter 7 allows to extend the previously obtained modified Gaudin models
to the modified Schlesinger systems. Next, we notice that the identities underlying generic
(elliptic) KZB equations follow from some additional relations for the properly normalized
R-matrices. The relations are noncommutative analogues of identities for (scalar) elliptic
functions. The simplest one is the unitarity condition. The quadratic (in R matrices)
relations are generated by noncommutative Fay identities. In particular, one can derive
the quantum Yang-Baxter equations from the Fay identities. The cubic relations provide
identities for the KZB equations as well as quadratic relations for the classical r-matrices
which can be treated as halves of the classical Yang-Baxter equation. At last we discuss
the R-matrix valued linear problems which provide gl CM models and Painlevé equations
via the above mentioned identities. The role of the spectral parameter plays the Planck
constant of the quantum R-matrix. When the quantum gly R-matrix is scalar (N = 1)
the linear problem reproduces the Krichever’s ansatz for the Lax matrices with spectral
parameter for the glg CM models. The linear problems for the quantum CM models
generalize the KZ equations in the same way as the Lax pairs with spectral parameter
generalize those without it.
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1 Introduction

Let V be a finite-dimensional module of the group GLy. The quantum R-matrix is an

operator R : V®V — V ® V satisfying the quantum Yang-Baxter equation [52-57]:

Riliz(z —w) R?S(Z) Rgg(w) = RSS(U)) R?g(z) R?’z(z —w),

(1.1)

where z,w - spectral parameters. We consider a special class of non-dynamical R-matrices

which includes Belavin’s elliptic gl R-matrix and its (nontrivial) degenerations, i.e. z is

a local coordinate on the (degenerated) elliptic curve. Let us fix the normalization of R"

in the way that the unitarity condition takes the form

Riy(2)Rj (2) = 1@ 18" (2)@"(—2) ,

(1.2)



where ®"(2) is the function defined in the elliptic case' as

9 (0)0(u + 2)

h = z Z,U) = ——F——~——
() = No(Nh.2), o(zw) = =50

(1.3)
where ¥(z) = 611(z|7) is the odd Riemann theta-function, 7 — elliptic moduli.

We demonstrate here that starting with the R-matrix one can construct different fam-
ilies of classical and quantum integrable system. These constructions are based on two
special features of the R-matrices. The first one is the quasi-classical expansion. With the
normalization (1.2)—(1.3) it acquires the form:

Rly(2) = % 1@ 14 r19(2) + b mua(z) + O(R2) | (1.4)

where r12(2) is the classical r-matrix. It leads to integrable Euler-Arnold gly tops® and
Gaudin systems.
The second is the property of Painlevé-Calogero correspondence, which is equivalent
to the heat equation:
OrRiy(2) = 0:01Ri5(2) (1.5)

The latter leads to the monodromy preserving equations (non-autonomous tops, Schlesinger
systems) and the KZB systems.

At last, the main tool is the set of identities for the quantum R-matrices which we
introduce below. R-matrix is an operator acting on the tensor product of vector spaces V.
Consider a set of points z1,...,25 (on the curve where z is a local coordinate). Let

RZb = Rh(za — ), (1.6)

be the R-matrix acting on the a-th and b-th components of VOV, In our case R-matrices
satisfy the following property:

Ry (20 — 2) = =Ry, (26— 2a) (1.7)
i.e. the terms of the expansion (1.4) are of definite parity:
Tab = —Tbas Mab = Miq - (18)

We show that the R-matrices satisfy a set of relations similar to identities for function
¢(z,u) (1.3). In particular, ¢(z,u) satisfies the Fay identity

¢(xv 2ab) (Y 2bc) = H(T — Y, Zap) (Y, zac) + <z5(y — 1, 2pe) O, Zac) ) (1'9)

where z,, = z, — 2p- We notice that the following analogue of the Fay identity holds:
Ry, Rj, = Rl Riy" + Ry "Ry, (1.10)

It will be shown that one can derive the quantum Yang-Baxter equation (1.1) from (1.10).

'In the rational case we use ®"(z) = 2= + h~'. The trigonometric case will be considered separately.
2The integrable tops were previously proved to be related (equivalent) to the (spin) Calogero-Ruijsenaars
models by the symplectic Hecke transformations. See. e.g. [35, 37-40].



While the quantum R-matrix is similar to ¢(h, z) the classical r-matrix is the analogue
of function Ej(z) = 0,log¥(z). For example, the following relation holds:

(Fab + The + Tea)” = 1o ®@ 1p ® 1. N*(9(20 — 2) + 9(26 — 2¢) + 9(2e — 2a)),  (1.11)
where p(z) is the Weierstrass gp-function with moduli 7. It is the analogue of the identity
(B1(2za — 2) + F1(2p — 20) + E1(2e — 24))? = 9(2a — 2) + 9(25 — 2¢) + 926 — 24) . (1.12)
Together with (1.11) the classical Yang-Baxter equation
[Tabs Tac) + [Tacs Toe] + [TFaby Tbe] = 0 (1.13)
leads to the following relations:
TabTac = Tbe Tab + Tac The = Mab + Mbe + Mac - (1.14)

Difference of (1.14) written for indices a, b, ¢ and a, ¢, b gives (1.13).

Let us remark that the class of R-matrices we discuss here includes Baxter-Belavin’s
one [5-7] as the most general. Its trigonometric analogue was found in [4, 16] (we are going
to consider it in separate publications). At last the rational case is known from [16, 39, 40,
58-60]. In the simplest cases one gets the ordinary XXZ and XXX Yang’s R-matrices. In
the rational case the Yang’s R-matrix [61] (with normalization (1.2)) is of the form:

hovang  la @ 1p Py
R y g — ,
ab h * Za — Zp

(1.15)

where P, is the permutation operator. We deal with non-trivial deformations of (1.15).
In particular, they allow us to define not only KZ but also KZB equations. At the same
time the rest of our construction works for ordinary XXX (and XXZ) R-matrices as well.

The purpose of the paper. is twofold. First, we construct the rational analogue of the
(elliptic) KZB equations. For this purpose we find 7 deformation of the quantum R-matrix
suggested in [39, 40]. Second, we show that integrable systems of Calogero-Moser type
admit higher rank Lax representations which generalize the Krichever’s one [30] in the same
way as (1.10) generalize (1.9). The standard (non-diagonal) matrix elements ¢(\, z, — 2p)
are replaced by the quantum R-matrices Réb, i.e. the spectral parameter is given by the
Planck constant entering R-matrix. Our constructions are independent of specific form of
the R-matrix, but based only on the set of identities (such as (1.10), (1.14), (1.5)) which
can be verified separately.

Rational KZB equations. Besides the standard trigonometric and rational versions of
the elliptic R-matrix there are more sophisticated degenerations. In this paper we consider
one of them [39, 40] and show that it leads to some modifications of the standard Gaudin
and Schlesinger systems and the KZ (KZB) equations.

3Tt is interesting if similar construction works for Toda-like models which can be obtained from the
elliptic systems by nontrivial (Inozemtsev) degenerations.



The Belavin’s R-matrix depends on the moduli of the elliptic curve 7. We notice that
it satisfies the heat equation (1.5) and treat this equation as Painevé-Calogero property.
In [31, 32] it was formulated in the following way: the Lax pair of the CM model satisfies also
the monodromy preserving equations and describe the (higher rank) Painlevé equations.
We refer to (1.5) as the heat equation because this equation for the function ¢(#, z) follows
from the heat equation for ¥-function 20,9(z|7) = 029(z|7).

The natural (noncommutative) analogue of ¥-function is the modification of bundle
E(z,7). In the elliptic case it was found in [26] in the context of the IRF-Vertex transfor-
mation, and then described in [35] (see also [37-40]) as an example of the Symplectic Hecke
Correspondence for integrable systems. Its rational analogue was suggested in [3] and was
know to be free of 7 dependence. Here we explain how to introduce the T-dependence. We
construct the 7 deformation of the rational R-matrix based on the heat equation

20,2 = 0°Z. (1.16)

The solution provides possibility for construction of the rational analogue of the KZB

equations
Vo =0, Vo=0., + > t7.(2a — 2c),
c#a
. 1.17
V=0, VT:(?T—%%ZmZC(zb—ZC), ( )
b,c

where r and m are the terms of the expansion (1.4) and 7 indicates the T-deformation. The
system of KZ of KZB equations is known to be related to the quantum (and classical) CM
models by the Matsuo-Cherednik construction [17, 46] (see also [47]). Recently relations
between CM (and Ruijsenaars-Schneider (RS)) models to quantum spin chains were actively
investigated [1, 2, 27].

2. R-matrix valued Lax pairs. The Fay type identities (1.10) for the quantum R-
matrices allows to suggest extended version of the Krichever’s ansatz for CM Lax pairs
with spectral parameter [30]. Consider the following block matrix Lax operator

N
L= Eu®Lauy (1.18)
a,b=1

where Eab is the standard basis of glg and
Lab = Oappale @ 1y +v(1 = 64)RY, Ry = R (20 — 2) . (1.19)

When N =1 the gl R-matrix reduces to its scalar analogue — function ¢(z, k) and we
reproduce the answer from [30] for N-body CM system. Notice that the Planck constant
of gly R-matrix plays here the role of the spectral parameter for gly CM model. The
corresponding M-operator is given in (4.14). The Lax equation 9,L = [£, M] is equivalent
to dynamics of N CM particles

%, = N*1? Z 0 (za — 2) - (1.20)
b#a



In the same way the monodromy preserving equation 0;L — dpM = [L, M] leads to the
Painlevé equations

0220 = N*V*> (20— 2) . (1.21)
b#a

The corresponding linear problem has the form
(Oh+ L)Y =0. (1.22)

Let us also mention that the linear problem for the quantum version of CM model

A~

LU =TUA, Lo =00, 1a® 1+ v(1 —64)RY, (1.23)

resembles very much the KZ connections from the first line of (1.17). Equation (1.23)
(or (1.22) with £) generalizes the first line of (1.17) in the same way as the Lax pairs with
spectral parameter generalize those without it. We hope to clarify exact relations between
R-matrix valued linear problems and KZB equations in our future papers.

Choosing elliptic, trigonometric or the rational R-matrix we describe the CM models
similarly to gl; case [30]. Notice that the gly R-matrix itself describes gly integrable
systems such as integrable tops which are gauge equivalent to CM or RS models. Here
we use gly R-matrices as auxiliary spaces for derivation of glg models. The next natural
step is to get similar result for the Ruijsenaars-Schneider (quantum) model. In this case
we deal with two Planck constants. Our general idea is that the both Planck constants
can play different roles, i.e. each of the constants can be either the spectral parameter in
a “classical-quantum” gl system (of (1.19) type) or the Planck constant in a quantum
gly system or the relativistic deformation parameter in a classical relativistic gly model
(see [39, 40]).* We hope that this can shed light on numerous dualities in integrable systems
mentioned in [19, 43-45, 48, 62-64].

2 From integrable tops to KZB equations

In this section we describe the sequence of steps which leads to the KZB equations [20-22]
starting from integrable tops. As it was mentioned above, our consideration is independent
on the choice of particular top model. The basic element is the underlying quantum R-
matrix [39, 40].

First, we briefly recall the structures underlying integrable tops and proceed to the non-
autonomous dynamics. It is described by the monodromy preserving equations. In the same
way the Schlesinger system is originated from the corresponding Gaudin model. At last,
the KZB equations arise from the quantization of the Schlesinger system [28, 29, 33, 34, 49].

“Let us also remark that in [41, 42] we have already found an R-matrix intermediate between the
Belavin’s and the Felders’ one. Her we use a different description. Presumably, the interrelation between
different descriptions is given by the Fourier-Mukai type transformation.



2.1 Integrable tops

In [39, 40] we defined the relativistic integrable top by means of the quantum R-matrix.
The gl Lax matrix is given by

L9(2,9) = tra(Rh(:)S2) . S = Res L7(,5) (2.1)
N
where S = Y E;;S;; is the gly-valued dynamical variable,® and R,(z) is the corre-
ij=1

sponding quantum non-dynamical R-matrix. It satisfies the quantum Yang-Baxter equa-
tion (1.1). The non-relativistic limit (n — 0)

L9(2.8) =1 B2 Ly + Lz, ) + nM(z.5) + O(n?) (22)
is related to the classical limit (h — 0) (1.4) via (2.1):
L(z,S) = tra (r2(2)S2) , §=ResL(z,5), (2.3)
M(z,S) = tra (m12(2)S2) . (2.4)
The quantity r12(z) in (1.4), (2.3) is the classical r-matrix. It is skew-symmetric (1.8)
r12(z) = —r21(—2) (2.5)
and satisfies the classical Yang-Baxter equation:
[r12(z — w),r13(2)] + [r12(z — w), reg(w)] + [r13(2), ra3(w)] = 0. (2.6)

As it was mentioned in [39, 40] the matrices (2.3), (2.4) appear to be the Lax pair of the
non-relativistic top. It means that the Lax equation

0L(z,8) = [L(z,5), M(z,9)] (2.7)
is equivalent to equations of motion
oS =[S, J(9)], (2.8)
where the inverse inertia tensor is given by the linear functional
J(S) =M(0,S). (2.9)
The equations (2.8) are Hamiltonian with the Hamiltonian function
HoR () = %tr(S 7(S)) (2.10)
and the Poisson-Lie brackets on gly
{51,852} = [S2, Pro] (2.11)

or {Sij, Sk} = i Skj — OrjSu-

*{Eij, 4,4 = 1...N} is the standard basis in the fundamental representation of gly: (Ei;)r = 6ird;1.



2.2 Painlevé-Calogero correspondence and non-autonomous tops

The (classical) Painlevé-Calogero correspondence was suggested in [31, 32]. It claims that
the (Krichever’s) Lax pair of the elliptic Calogero-Moser model can be also used for the
monodromy preserving equations, which describe the higher rank Painlevé equations in the
elliptic form.

Let us formulate here the Painlevé-Calogero correspondence in the form of the quantum
non-dynamical R-matrix property.

Definition 1. Suppose that the quantum R-matriz entering (2.1) depends on some addi-
tional parameter 7: R (z) = R(z,h,7). We say that the R-matriz satisfies the property
of the “Painlevé-Calogero correspondence” if the following relation holds:5

- R (2) = 0,0,R"7(2) . (2.12)
Plugging the expansion (1.4) into (2.12) we get a set of relations. The first non-trivial is
Orria(2) = 02miy(2) (2.13)

where 77,(2) = r12(2,7) is the classical m-matrix. An example of the R-matrix with this

property is given by the Baxter-Belavin’s one [5] (see appendix B). The parameter 7 in

ell

this example equals 7 /21, where 7€ is the module of the underlying elliptic curve, and

the property (2.13) is due to the heat equation for the theta-functions
20,9(2|T) = 0%9(2|7) . (2.14)
From (2.13) and (2.3)—(2.4) it follows that

R
E‘L (Z’S)_aM (275)7 (215)

where L7(z,5) = L(z,5,7), M7(2,5) = M(z,S,7). Therefore, we can define the mon-

odromy preserving equations in time 7
d:L"(z,5) — 0,M"(2,8) =[L"(2,5),M"(2,5)], S=5() (2.16)
(d; = %) as the non-autonomous version of the integrable top’s equations of motion (2.8):"
0-5 =[5,J7(9)]. (2.17)

Indeed, the total derivative d,L"(z,S) contains both — the partial derivatives by explicit
and implicit dependence on 7:

AL (2, 8(1)) = drtra(rTy()82) = tra((9:77(2)) 1) + 12 (1Ta(2) (9,52)) . (2.18)

5Notice that the definition depends on the gauge choice.
"These models are no more integrable but can be treated as alternative description of (higher) Painlevé
equations. See [36] for the example of Painlevé VL



The first term is cancelled by 9,M7(z,S) (2.15), and we get the same result as in (2.8) fol-
lowing from the Lax equations (2.7). But this time it contains explicit dependence on 7 via

J(8) = MT(0,8). (2.19)

Similarly to the autonomous case this system is Hamiltonian (see (2.10)) with

H(S) = %tr(S J7(S)) (2.20)

and the Poisson brackets are given by (2.11).
Let us keep the notation 8% (but not ;) for the partial derivative by only explicit
dependence on T, i.e.

;TLT(Z, S(r)) = trg((afrb(z)) 52(7)) . (2.21)

2.3 Gaudin models

The phase space of the Gaudin model [8-11] is the direct product of n coadjoint orbits, i.e.
N copies of §: S% € gly, a=1,..., N with some fixed eigenvalues. Its Poisson structure

{S1, S5} = 6°° (S5, Py (2.22)

is the direct sum of (2.11). The Lax matrix has n simple poles at {z,, a =1,..., N} with
residues S®. It is given in terms of the top Lax matrix (2.3):

N N
= Z L7 (z — 24,5%) = Ztrg (7{2(2 - za)Sg) . (2.23)
a=1 a=1

Here we imply the existence of the deformation parameter 7 (2.14)—(2.20) from the very
beginning in order not to repeat (almost) the same notations with 7 and without 7 as we
made for the top and its non-autonomous version.

We consider the flows corresponding to Hamiltonians

N N
- Z tr (S L™ (zq — 2¢,59)) = — Z trig (rIQ(za - ZC)S‘fS’§> (2.24)
c#a c#a

fora=1,...,N and

N
Z (Sb M (zp — 26, S )

Notice that the terms coming from b = ¢ in (2.25) are the top Hamiltonians H”(S¢) (2.20).
The functions (2.24)—(2.25) Poisson commute because (2.22) is equivalent to the classical

N
Z trio <m12 zc)Si’S§> . (2.25)

M\)—‘
[\D\)—‘

exchange relations

{LY(2), L5 (w)} = [LT(2) + L5 (w), ria(z — w)] . (2.26)



The dynamics generated by (2.24)—(2.25)

0,8% =[S, L™ (24 — 2,,5%)], b#a

05" = 3" [5%, L7 (20 — 20, S5°)] (227)
c#a
fora=1,...,N and
01y S =[S, (S + Y [S% M (20 — 2, 5°)] (2.28)
c#a

possesses the Lax representations

O, LC(2) = [L¢(2), M%), d=0,...,N (2.29)
where
M%%2) = —L"(2 — 24,8%), a=1,...,N (2.30)
and )
N
MSO(z) =) M (2 - 2,59. (2.31)
c=0

2.4 Schlesinger systems

Similarly to the description of Painlevé equation in the form of non-autonomous tops let
us also represent the Schlesinger system [50, 51] as the non-autonomous Gaudin model.
First, it follows from (2.23) and (2.30) that

9 rary_ 9 yoa
97 LY(z) = p M (z). (2.32)
Secondly, it follows from (2.23), (2.31) and (2.15) that®
9 G _ ﬁ G,0
57 LY (z) = 5 MY (z). (2.33)

Therefore, the monodromy preserving equations (or compatibility conditions for isomon-
odromic deformations)

0., L%(2) — 0, M%*(2) = [L°(2), M@ “(2)] (2.34)

and
0, LC(2) — .M (2) = [LE(2), M °(2)] (2.35)

generate dynamics in time variables z, and 7. They have form form of non-autonomous
versions of the Gaudin’s one (2.27)-(2.28):

0,,8% = —[S*, L7 (24 — %,5%)], b#ua

N 2.36
0,,9% = > [S* L™ (2¢ — 24, 5°)] (2:36)
c#a

8In (2.32) and (2.33) the partial derivatives are taken with respect to explicit dependence on 7 or
2o (2.21).



fora=1,...,N and

08" = [S*, T (SY)] + > [5% M7 (24 — 2, 5] (2.37)
c#a

The Hamiltonians (2.24)—(2.25) and the Poisson structure (2.22) are of the same form.’

2.5 KZB equations

The relation between KZB equations and the quantum monodromy preserving equations
was described in [49] (see also [28, 29, 33, 34]). Let us formulate it using notations of (1.4)
with the 7-deformation satisfying (2.13). The KZB equations have form:

{ gj‘j} z gz (2.38)
where
Vo= 8Za + Ztgc(za - Zc) s (239)
c#a
V, =0+ %ngc(zb —2). (2.40)

Here t],. and m],. are the operators acting by a-th and ¢-th components of U(gl N)®N (the
tensor product of N copies of the universal enveloping algebra). Recall that in classi-
cal integrable systems (as well as in the Schlesinger systems) we used the fundamental
representation py of gly (see e.g. (2.3)—(2.4)):

r12(2) = pn(¥]a(2 Z ng ki Bij @ B,
k.l
" (2.41)
mis(2) = pn(mis(z Z mj i Bij © B
.5,k

The algebra U(glN)®N can be considered as a quantization of the classical phase space
with the Poisson structure (2.22). Indeed, let

5 — 59 gfj =€ (2.42)

jio

where {e‘;j}: lef;,
U(gly)®V. In this notation

el] = 5% (e%dy; — e;0i1) is the standard basis in the a-th component of

T T § :
Yab = Z rij7kl(za ezjekl TU kl S Slk7 (243)
i7j7k7l 7‘] kl
C— T
miy = D mi(za — @) efer = Y miu(za — 2) S5iSy (2.44)
i7j7k7l ,j kl

9The elliptic case was considered in [18, 28, 29, 33, 34, 37, 38].

,10,



The fundamental representation is given by pn (egj) =1®...010E;®1®...®1, where
(Eij) = dirdji is on the a-th place. Then r-matrix is an operator acting on the a-th and
b-th components of an element of the tensor product VOV The operator is represented
by matrix of N N % NV size because it also contains (as factors) the product of identity

operators for the rest of components ) 1.. The residue of r-matrix is (up to factor N
c#a,b
in (B.11)) the permutation operator replacing a-th and b-th components of an element of

the tensor product VY to which 7 belongs.
Then

N
[S¢,85] = 69 [S%, Poy], 5% = Z S p(ed) (2.45)
i,j=1

N

or [S¢

”-,S’,zl] = g§ab (S’,‘jjéﬂ — 5’55@> The indices 0,0" in (2.45) are the notations for the
o\ ®2

components of (pN(U(glN)®N )) — tensor product of auxiliary spaces. To quantize

the Hamiltonian (2.25) we also need to fix the ordering. Consider the symmetric (Weyl)

ordering

— 1/, 4 L

S4Sh =5 (550 + $1.8)- (2.46)

Then the KZB connections (2.39)—(2.40) are written in terms of the quantum versions of
the classical Hamiltonians h, and Hg (2.24)—(2.25):

?a = Uz, — ;La 5 @T — 87— + 7:[0 . (247)

In the same time the KZB equations (2.38) acquire the form of the non-stationary
Schrodinger equations in times z1,...,z5 and 7.
The compatibility conditions of KZB equations (2.38)

[V, V] =0 (2.48)
[Va,Vi] =0 (2.49)

are fulfilled identically.!® The first one (2.48) follows from the classical Yang-Baxter equa-
tion
[taby tbc] + [tba tac] + [taba tac] - 07 (250)

where vy, = 7, (24 — 2). The set of identities underlying (2.48) consists of the prop-
erty (2.13)

Ortap = Oy, Mgy, (2.51)
where mgy, = m), (2, — 2) and
1
3 [tabs Maa + Mpp] + [tap, Map] = 0, (2.52)
[Cabs Mbe] + [taby Mac] + [Cac, Map] + [Tae, Mpe] = 0. (2.53)

19This statement was verified directly in different cases. See [23-25, 28, 29] for elliptic examples.
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Remark 1. One can get more identities relating v, and mg, and higher order terms of
expansion (1.4) from the Yang-Bazter equation (1.1) RZ’;RZ’JRZ&T = RZ&TRZ’CTRZ’;. The
first non-trivial identity is (2.50). The next one is

[Taba mac] + [maba Tac] + [rab, mbc] + [mab, Tbc] + [Tam mbc] + [mac, Tbc]+ (2 54)
+rapTacTve — TbeTaclab = 07

where Tqp =17, (20 — 2b), Map = M7 (2a — 2p)-

3 Rational non-autonomous tops and KZB equations

The rational top was first studied for small rank cases in [58-60] by degenerating the elliptic
Lax matrix [35]. Later it was constructed for gly case using its relation to the rational
Calogero-Moser model [3]. The idea was to compute the classical (skew-symmetric non-
dynamical) r-matrix as follows:
()= 228 g Resi) (3.1)
rig(z) = —————= = Res L(z) . .
12 852 ) =0
In [39, 40] this relation was extended to the quantum R-matrix by proceeding to the
relativistic top:
_ OLY(z,9)

h
RIQ(Z) 882

. 5=Res L'(z), (3.2)
where the classical Lax matrix L"(z) depends on the constant & playing the role of the
relativistic deformation parameter. The Lax matrix was found using its relation to the
Ruijsenaars-Schneider (RS) model. In the spinless case the gauge transformation relating
two models

L"(z,8) = g(2)L"(2,m)g " (2) (3-3)

can be written explicitly in terms of the RS particles coordinates ¢;: g(z,q) = Z(z,q) D™,
where!! 4
E(z,q) = (2 + ;)7

(3.4)
0(i)6=i—1 for i<N—-1; p(N)=N.

3.1 7-deformation of quantum rational R-matrix

Our aim is to construct 7-dependent R-matrix satisfying the Painlevé-Calogero prop-
erty (2.12) starting from the 7-independent one (3.2). The answer follows from (3.8)
(see below). It appears that the deformation of the Yang’s rational R-matrix suggested
in [39, 40] admits this kind of deformation similarly to the elliptic case. The idea is to
deform first Z(z) (3.4). Let us find Z(z, ¢| 7) satisfying the heat equation

20,2(2| 1) = 92 E(2| 7) (3.5)

"The explicit from of L®5(z,n) as well as diagonal matrix D;; = 8;; [] (¢ — qx) is not used in what
ki
follows.
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with the boundary condition

=(2]0) = 2(2). (3.6)

Then the R-matrices (3.1), (3.2) constructed by means of Z(z|7) satisfy the prop-
erty (2.12).12 The solution of (3.5)—(3.6) is given by

- T -
E(z| T) = exp (5 83) =(2) (3.7)
or
.
E(z|7) = exp (5 T) E(z), (3.8)
where T is the nilpotent operator representing the action of 92 on the N-dimensional
column-vector (1,z,2%,...,2N72 2MT It is N x N matrix with elements

DS i< N
@f:?Q+)ZZw?< ’ (3.9)
J(]+1)6i—1,j7 i=DN.

For example, for N = 2, 3,4 we have:

0000
00 000
0000
IN=2 = ) ITn—3=|1000 ]|, IT'N=y = . (3.10)
20 060 2000
00120
Denote
T = exp(%T) ; (3.11)
i.e. Z(z|7) = T Z(2]|0). Then for N = 2, 3,4 the operator 7 equals
1 000
10 Lo 0100
Tn=2 = ( ) ) Tn=3=|01 0|, TN=4 = - 010 (3.12)
71
0371
! 672067 1

It follows from (3.1)-(3.3) and (3.8) that 7-deformation of R-matrix is given by the
following gauge transformation:

R'(z|7) = T2 R"(2|0) T, ' Ty (3.13)
written in terms of (3.11). See appendix A for explicit answer in gl; case.

3.2 Rational KZB equations
It follows from (3.13) that

riy(za — %) = TaTorav(za — 2) T ' T,

3.14
miy(za = 2) = TaTomap(za — 2) T, T, .

Then the condition (2.13) is fulfilled as well as (2.51) for (2.43)—(2.44).

12Tt can be also proved directly by using explicit answer for the quantum R-matrix [39, 40].
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The Lax pair (2.3)—(2.4) is transformed by not only the gauge transformation since
the residue S also changes. From (2.3)—(2.4) and (3.14) we have

L(2,8,7)=TL(z, T'ST, 0) T !, (3.15)
M(2,8,7) =T M(z, T 'ST,0)T . (3.16)

Let us summarize the results:

Proposition 1. The 7-deformed quantum R-matriz (3.18) satisfies the Painlevé-Calogero
property (2.12).

Proposition 2. The 7-deformed quantum r and m-matrices (3.14) define the KZB equa-
tions (2.38), i.e. the corresponding KZB connections Vg, (2.39) and V; (2.40) are compat-

ible (2.48), (2.49).

The proof is direct. Below we give explicit examples of 7-deformations in the rational
case.

3.3 Example: gl, case

Quantum R-matrix (satisfying (2.12)):

Rt 4271 0 0 0
—h—z o 21 0

R (2) = (3.17)
—h—z 1 pl 0

—(z+h)(*+zh+ R +41) i+ 2 h+z b+ 271

Classical r-matrix

r1a(z) = . (3.18)
—28 —dar 2 z oz

and m-matrix (the next term of expansion of (3.17) in &) satisfying (2.13):

0 000
-1 000
T = 3.19
miy(2) 1 000 ( )
—222-47110
The following additional relation holds:
Py 3 1
— 0.179(2) = 2 3 mis(2) + 3 mis(0). (3.20)
Non-autonomous top Lax pair and Hamiltonian:
1 511 — 2’2512 512
L(z,S|7)=— (3.21)

I

So1 — 22(S11 — S22) — 24519 — 4227512 Sao + 22512
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S1a 0
M(z,5|7) = - (3.22)
S11 — Sog + 222819 + 47519 —S12

H(S,7) = —S12(S11 — Saz) — 2757 . (3.23)

The Gaudin (or Schlesinger) Hamiltonians:

N

ha=Y hac, hae=—tr1z(ry(za — 2)555) = (3.24)
c#a
r(895°)

Za —Zc

(2= 2) (STa(ST1 = 52)+ ST = 5) +47 S 5%, ) + (20 —2)" 12552

N n
1
hozzbz_ltr (Sb,/\/l(zb—zc,SC)) :_bz_lg%(gfl — 55,)+ 58,55, [(zp—2e)2427] . (3.25)

Some similar formulae for gl case are given in the appendix A.

4 Planck constant as spectral parameter

4.1 R-matrix valued Fay identities

In this paragraph we show that the quantum R-matrices satisfy a set of relations which
are similar to their scalar analogues — the functions ® (1.2). It is convenient to discuss
the elliptic case (B.5)—(B.14) because the trigonometric and rational versions are obtained
by some (nontrivial) degenerations.

The function ¢(x, z) (B.5) (or (B.14)) satisfies the Fay identity:

ﬁb(xy Zab)¢(ya Zbc) = d)(x - Y, Zab)¢(ya Zac) + ¢(y -, Zbc)¢($a Zac) ) (4-1)
where 24, = 24 — 2. Let us formulate its noncommutative analogue.
Proposition 3. The Belavin’s R-matriz (B.8) satisﬁes the following relation:

RIY R = RI RN 4 RIE-IRE

ac”ab aco (42)
where R, = R (2, — z).

Proof. Denote by T the basis element T, (B.1) standing on the a-th place in the tensor
product 1®...0107T,®1®...®1. It follows from the definition (B.8) and the multiplication
rule (B.3) that

Z Ta TB a 6 K—a,B (pa( - Zb)gO}é (Zb - ZC) ) (43)
Rh R Z TETh o T 5 kpa—p Pl (20 — 2)Ph " (20 — 2) (4.4)
RE-PRE = Z TETY o T 5 Kp—aa Pl (2 — 2e)Ph(2a — 2c), (4.5)

Notice that k_q 3 = Kga—p = Ka—a,a due to (B.4). Then the statement (4.2) follows
from (4.1), where z = h + w, and y = #/ + wg. O
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Proposition 4. The quantum Yang-Baxter equation (1.1) follows from (4.2), the prop-
erty (1.7) and unitarity condition (1.2).

Proof. Consider (4.2) for a,b,c =1,2,3 and ' = h/2:
h/2 h/2 5h/2 —h/2 ph
R}szzé = Rlé Rlé + Rzg/ Ri
Replace h — 2h and multiply this relation by Rg3 from the left:
RisRi3Ri, = RigR{3RYy — by Ry RYS . (4.6)

Similarly, consider (4.2) for a,b,c = 1,3,2 and &' = h/2, replace h — 2h and multiply the
obtained relation by RA, from the right:

RilizRili?,Rgs = R%:ER%RQI’:& - RthR%ERg?) . (4-7)

The r.h.s. of (4.6) equals r.h.s. of (4.7) due to the property (1.7) and unitarity condi-
tion (1.2). O

Consider the derivative of (4.2) with respect to z:

RN Fl — FLRY = Fl "Rl — RI FIT (4.8)

ac” ab

where F, (2) = 9,R" (z). The function F" (z) has no singularities at i = 0. Therefore, we
can put i =1 in (4.8). This gives
RZbFlZ: - Fbelf)ic = FI?(:RZC - RZCFOI) ) (49)

a

The latter equation is analogue of the following identity

O, Zab) f (0, 2be) = f (5 2ab) D(2; Zoc) = D2, 2ac) (9(2ab) = 9(26c))

(4.10)
f(1:7 Zab) = aza¢($, Zab)
underlying Lax equations (integrability) of the Calogero-Moser model [12-15, 30].
4.2 R-matrix valued linear problem for Calogero-Moser model
Consider the eigenvalue problem
LU =WTA (4.11)
for the following block matrix operator
N ~
L= Eu®Law, (4.12)
a,b=1
where Eab is the standard basis of gl and
Lap = 0abPa g @ 1p + (1 — 5ab)RZb7 RZb = sz(za —2p) . (4.13)

,16,



It is worth mentioning that in gl; case (IN = 1) this operator is the Krichever’s Lax matrix
with spectral parameter for the Calogero-Moser model [30]. The eigenvalue matrix consists
of vectors 11, ..., 5. In the case of quantum CM model (p, — 0.,) equation (4.11) should
have well defined limit » — 0 which gives the KZ equations for ¢; = ... =5 = 1.

The spectral parameter in (4.13) is /i - the Planck constant. The M-operator is defined

as follows:
My, = Vapdy + V(1 — 6ap) Flt 4 134y FO, (4.14)
where
Fuy = 02, Rip (20 — 2) (4.15)
N
do = — Z Fgcv Fc?c:Ft?c ’h:O’ (4.16)
c:c#a
1 N N
]—“0:5 Y RL= ) F. (4.17)
b,c: b#c b,c:b>c

M-operator (4.14) is also straightforward generalization of the one proposed in [30] except
the last term FY. The latter is not needed in N = 1 case because in this case it is
proportional to the identity matrix.

Proposition 5. The linear problem
N ~
O+ M)T =0, M= Eup®Ma (4.18)
a,b=1

is compatible with (4.11). The compatibility condition is equivalent to dynamics of glg

Calogero-Moser model.

Proof. The compatibility condition is the Lax equation 0;£ = [£, M]. For brevity sake let
us denote £ =p+ R, M =d+ F + F°. The commutator equals

(L, M] = [p, F] + [R,d] + [R, F] + [R, F°]. (4.19)

The term [p, F] is cancelled by 0;R (due to z, = pa)-
Consider the off-diagonal block ac. It has three inputs from
4.9)

L. from [Ra F] Z RZbFl?c - Fc?bRbhc = E Fl?cRZc - RZCF((L)Z);
b#a,c b#a,c
2. from [R,d]: —R!, >° F% + Y FOR!

b#c b#a
3. from [R, F%: [Lgc, FOI.
The sum of the inputs equals zero. We used that F, = FQ, (due to FY, = 0,,7ap(24 — 2)).

On a diagonal block we get equations of motion:

. 4.22
Pa =12 Z RMNWE — FI R (329 2,2 Z 0 (24 — 2) - (4.20)
b#a b#a
O
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It is natural to expect that the same receipt works for other root systems (not only gl )
as well, i.e. one can replace the function ¢(z, z) in the Lax matrix with the corresponding
quantum R-matrix.

Denote the off-diagonal part of (4.13) by £%: L0, = (1—4,)R",. We conjecture that:!?

N N
(L) Naa= > Rl . Rp,=h©..®@ly > ®"(za—2,).. ®"(2, —2),
bi,....,bp=1 bi,....,bp=1

(4.21)
where tr denotes the trace over gl x5 component of £ and the sums do not contain zero argu-
ments (i.e. by # a, by # b1, ... by # a). Relation (4.21) means that traces of £ (4.12)—(4.13)
provides the Hamiltonians of the gl; Calogero-Moser model (where z, are coordinates of
particles).

For k =1 (4.21) follows from the unitarity condition:

Y Rl Ry =1a@15 ) ®"(za — 2)2"(2 — 2a) = Np(Nh) = N?p(2a — ). (4.22)
b b

For k =2 and N = 3 we have

Rl Ry RL+RERY RE = 1,01,@1, (@h(zab)q)h(zbc)@h(zm) + @ﬁ(zac)@h(zcb)q)h(zba))
(4.23)
(zab = 2 — 2p) Or, in particular

Riy R33 Ry + Riy Ry Rby = 10101 (@h(zlg)qﬁ(z%)qﬁ(zm) + @h(zlg)q)h(zgg)q)h(zm))
(4.24)
The function in the r.h.s. of (4.24) equals

— N3¢/ (h) in elliptic case,
@5(212)@h(223)@h(231) + (I)h(zlg)q)h(z;gQ)@h(ZQl) = (4.25)
2/h3 in rational case.

4.3 Half of the classical Yang-Baxter equation

Consider the unitarity condition R, Rl = ®"(2,,)®"(2,). Its expansion in the h° order
gives
2 = 2map = 1, @ 1y N2p(24 — 2) - (4.26)

Here 7qp = 17, (24 — 2b), Map = m7y (24 — 2). Next, consider (4.23)-(4.25). In the h' order
it provides the following relation between r and m matrices:

[Tabv Tbc]—&— + [rbm Tca]—&— + [Tabv Tca]-{— + 2<mab + mye + mac) =0 y (427)

where [, %]; is the anticommutator [A, B]; := AB+ BA. Using the classical Yang-Baxter
equation
[Tabv rac] + [Ta(n 7’bc] + [raba Tbc] =0 (428)

13The proof will be given elsewhere.
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we can combine (4.27) and (4.28) into two “halves” of the classical Yang-Baxter equation:
TabTac = Tbe Tab *+ Tac The = Mab + Mpe + Mac (4.29)

and

TacTab — Tab The + The Tac = Mab + Mpe + Mae . (4.30)

The difference of (4.29) and (4.30) gives (4.28) while the sum leads to (4.27).
In the light of (4.26) the expansion R"(z) = k™' + r(z) + hm(z) is similar to the
expansion (B.9). Indeed, using (4.26) we have

1 1 h
RZb(z) = 1,1y +repp+hmegp+...= = 1a®1b+rab+§ (rgb — N2p(zab)) +.... (4.31)

h h
In the same time (4.27) can be re-written as
(Fab + The + Tea)” = 1a @ 1y © 1e N*(p(20 — 2) + (25 — 2c) + 9(2c — 2a)) (4.32)
using (4.26). It is an analogue of the elliptic functions identity
(B1(zq — 25) + F1(2 — 2e) + E1(2e — 22))? = 9(2a — 2) + (2 — 2¢) + 9(2e — 24) . (4.33)

4.4 Identities for KZB equations

It follows from (4.26) that
[Tab, Map] = 0. (4.34)

This is equation (2.52) written in the fundamental representation (in this case mg, are
some scalar operators). Equation (2.53) keeps its form in the fundamental representation.
Let us prove it.

Proposition 6. The following identities holds true:

[Taba Mge + mbc] + [raw Mab + mbc] =0 ) (435)

[Tba Map — mac] + TabTbeTac — TacTbeTab = 0. (4.36)
The first one underlies the compatibility of KZB equations. See (2.53).

Proof. Consider the Yang-Baxter equation R R R = R R Rl in the RO order. It is
given by the sum of (4.35) and (4.36). Consider also (4.23) in the A° order. It is given by
the difference of (4.35) and (4.36). O

The identities (4.26)—(4.27) allow also to get the following Matsuo-Cherednik’s like [17,
46] statement:

Proposition 7. Consider the glyy KZB equations for N punctures:

Vi =0, Vi=0;+v Y 1z —2), (4.37)
Jij#
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forizl,...,N and™

V=0, Vi=0,+= Zm i — 2) (4.38)
J?ﬁk

where r]; and mj; are the coefficients of the expansion (1.4) and v is a free constant. Then

the conformal block satisfies the following equation:

- 1
<N1/87 + 2A> = —uzarw fNuz Zm” —1—1/2]\7221 @1 p(zi—z) | ¥
1<j i<j
(4.39)
where A =Y 0? and m7; =mj;(0) are scalar operators depending on T.

Proof. Let us omit the dependence on 7, i.e. 7“[)- = Ty .

2

8127# = | -V Z 61'7’1']' + V2 Z Tij Y. (4.40)

JijFi Jij#
Summing up equations (4.40) for i = 1... N we get
1 2 o 1 o
§Aw = —Vzaﬂ'ij +v Zrij + 5V ZZ[Tki,Tkj]J’_ ) (4.41)
1<J 1<J k i<j

Let us transform the last sum using identity (4.27):

1 1
5 SN rkisrrily = 3 D7 ki rigly + i ikl + ik ail +

k i<j k<i<j
4.4
4. 27) (4.42)
Z M + My + ng - 2 Z mij
k<i<j 1<j
Plugging it into the r.h.s. of (4.41) and using (4.26) we obtain:
1 -
iA@b = —I/Z@ﬂ“ij + VQZ?”ZZJ- + (N —2) 2 Zmij
(4.26) 2 A72 o2
= —Vzaﬂ“ij—}—VN Zli®1jp(zi—2j)+NV Zmij
i<j i<j i<y
The Proposition result (4.39) follows from (4.43) and (4.38). O

4The summation of indices runs over 1...N. Here and elsewhere we shall omit the limits of summation
when it can be done without ambiguity.
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4.5 Painlevé equations

The block matrix Lax pair (4.13), (4.14) can be also used for description of the Painlevé
equations likewise it was done in [31, 32] in N = 1 case, i.e. the result of Proposition 5 is
naturally generalized to the following one:

Proposition 8. Consider the linear problem

(Beze
where L and M are defined by (4.13), (4.14). The compatibility condition
0-L — opM = [L, M] (4.45)
is equivalent to gly Painlevé equations
0%z, = N2 Z © (zq — 2|T) . (4.46)

b#a

The proof repeats the one for the Proposition 5. Additionally one should use the
property (2.12) of the Painlevé-Calogero correspondence.
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A gl; (rational) case

Undeformed gl; quantum R-matrix:

R'(z) = (A1)
Rt 4zt 0 0
1 Bt 0
2R> 4+ 3zh+22° —3h—3z ht
—1 P 0
2h+22 0 0
223 +3zh% +21% 4+ 32%h —3h% —3zh— 22 1
—2h% —3zh—22° —3h—3z 271
223 +3zR2+21° +32°%h 3224+ 3zh+h? -1

2R + 32 h 4+ 32202 + 225+ 320 + 32302 32 — 3R —32R3 +32%h —22 + 2
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—3h—3z2
5l
0 Bt
—3zh—32% — 1’
—3h—3z
22 +3h*+3zh

3202 4+3h —32°h—32" —6h% =622 —9202 —92°h 32+3h —h2+22324+3h h 4271

0 0
0 0
3 0
0 0
+ 271 0
0 !
-3 0
0 27t

The 7-deformation generated by (3.13) with Ty=3 from (3.12) yields

R"(z|7) = R"(2]0) + 6R"" (2),

SR"(2) =

=37 X

2h+2z
—1

2h+22

20z4+h) (222 +2h+ 2R +37) 322 —3h% 0 —32% + 317

0 0
0 0
0 0
0 0
0 0
-1 0
0 0
1 0

Classical tau-deformed r and m-matrix:

r’(z) =
z7! 0
1 0
37 +22° -3z
—1 27!
2z 0
225 4672 —22 =37
37227 -3z
225 +672 322437

18722+ 12724225 9722+ 324

-1 22437

o o o o o

1

o w o O

0

o o o o o o o o

(A.2)
0 0000
0 0000
0 0000
0 0000
0 0000
0 0000
0 0000
0 0000
~62z—6hL0000
(A.3)
0 0 0 0
0 0 0 0
0 z" 0 0
0 0 0 0
0 0 0 0
0 1 z7' o
0 0 0 0
2t -1 0 0
2?2 3z 27t

—22 —9722-32* —62°—-1872 3z

— 922 —




0 0 0 0 0 0000
0 0 0 0 0 0000

3z -3 0 -3 0 0000

0 0 0 0 0 0000

m’(z) = 2 0 0 0 0 0000
322467 -320 -3z 0 0000

-3z -3 0 -3 0 0000

322467 32z 0 3z 0 0000

1872 418722 +32* 32° 0 —32° 922 -1873030

The Lax pair for 7-deformed (autonomous or non-autonomous) rational top can be found
from (2.3)—(2.4). It describes dynamics generated by the following Hamiltonian:

H = 5%2 — 3511593 + 3533593 — 3513521 + 67512513 — 97‘5%3 + 97’25%3 . (A4)

B Belavin’s R-matrix
Consider the following basis in gly (some details can be found in [37, 38)]):
™
To = Thya, = €Xp <N a1a2> QU AY (B.1)

where a1, a0 € Zn and

271
Qri = Op exp ( k) Apt = Ok —141=0moaN , k,l=1,...,N. (B.2)
The multiplication is defied by the following relation:

TalagTblbg = Rab Ta1+b1,a2+b2 ) (B3)

where

m
Ka,b = €Xp (N(bﬂw - b2a1)) . (B.4)

For the odd Riemann theta function ¥(z) = J(z|1)

?(0)0(u + 2)
d(zu) = ——F——77, B.5
(2,u) = 900 (B.5)
©0a(2) = exp(2m20;wa)P(2, wa) , We = W’% , (B.6)
' (2) = exp(2m120,w,) P2, wa + h) . (B.7)
The Belavin’s R-matrix [6, 7] can be defined as
R}li2(z) = Z QPZ(Z) To®T_o. (B.8)

Q€L N XLN
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The local behavior of ¢(h, z) (B.5) near h = 0 is give by

o(h, 2) = % + Ei(2) + g (B(2) — p(2)) + ..., (B.9)
where
E1(z) = 0, 1log¥(z) (B.10)

and p(z) is the Weierstrass p-function. Therefore, expansion (1.4) of (B.8) gives

ri2(2) = B1(2)1®0 14 Y 0a(2) T ® T, (B.11)
a#0
2 —
mig(z) = W1®1+§Ofa(z)Ta®Ta, (B.12)
where
fa(2) = exp(2m120;wa) Oud(2, 1) |,—,,. - (B.13)

The function ® entering the unitarity condition (1.2) equals
d"(2) = No(Nh, z). (B.14)
Notice that the residue of the R-matrix (B.8) at z = 0 equals NP9, where Py =

N1 > T, ®T_, is the permutation operator.
a

It follows from the heat equation for function (B.7)
0-0)(2) = 0,000} (2) (B.15)
that the R-matrix (B.8) satisfies the property (2.12):
- R, = 0.0,R", . (B.16)
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