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1 Introduction

There has been great progress recently in applications of holography [1-3] to condensed
matter systems such as superconductors following the pioneering works of [4] and [5]. These
authors managed to find a simple gravitational background in Einstein-Maxwell gravity
coupled to a complex scalar field where a second order normal-to-superfluid type transi-
tion occurs at finite temperature. The basic interest behind application of holographic ideas
to condensed matter theory (CMT) lies in the hope that the strongly correlated condensed
matter systems may secretly possess a gravitational description. Indeed, computations of
certain observables in the gravity picture, such as conductivity provides supporting evi-
dence, see [6-8] for reviews. It is a considerable possibility that [9] the underlying dynam-
ics behind the phase transition in high 7, superconducting materials is a strongly coupled
quantum phase transition at zero T. Then the hope is that, a dual gravity description of
the strongly coupled field theory around this critical point may also shed light over the
finite temperature transition in the quantum critical region.

On the other hand, there are several issues of fundamental importance in the proposed
gravity-CMT models, such as the role of the large N limit and the notion of weak-strong
duality, that are not entirely clarified. We have a much better understanding in the holo-
graphic constructions of gauge theories, thanks to the basic example [1-3] of the N' = 4
super Yang-Mills theory where the D3 brane picture provide the link between the gauge side
and the gravity side. Such a “top-bottom” approach is missing in the gravity-CMT models.

In this work, we entertain the possibility that such a link may be established under
certain assumptions, at least for certain simple condensed matter systems, i.e. spin models,
by analogy with the better understood gauge-gravity case.



The building blocks of such a connection are already present in the well-known liter-
ature. First of all, we recall the famous equivalence between lattice gauge theories (LGT)
and spin-models (SpM) [10, 11]: integrating out the gauge invariant degrees of freedom
in the partition function of a LGT with gauge group G, one arrives at an effective action
for the lowest lying mode, namely the Polyakov loop P. This effective action is invariant
under the leftover center symmetry C = Center(G) of the original gauge invariance. Iden-
tifying the Polyakov loop P with a spin field s, one then obtains the partition function
of a spin-model with the global spin invariance C. Using this equivalence between lattice
gauge theories and spin-models Polyakov and Susskind were able to show the existence of
confinement-deconfinement phase transition on the lattice, long time ago. Based on these
works, than Svetitsky and Yaffe [12] further proposed that, if continuous critical phenom-
ena prevails in the continuum limit of a certain lattice gauge theory, then it should fall in
the same universality class as the corresponding spin-model.

It is interesting to employ the same idea in the opposite direction in order to study a
spin-model that is strongly coupled at criticality. In particular, one would like to compute
the critical exponents, the transition temperature 7., certain thermodynamic functions
etc., by analytic methods. If one is lucky enough to find a gauge-theory that corresponds
to the spin-model under the aforementioned equivalence, then one may be able to study
the strongly coupled phenomena by the gauge-gravity correspondence.

One purpose of this paper is to emphasize that this chain of dualities may provide a
well-defined setting in understanding fundamental issues in the gravity-CMT correspon-
dence. In particular, if one can figure out the relevant D-brane configuration that describes
the gauge theory which arises in the continuum limit of the LGT under question, then one
may be able to take the decoupling limit and obtain a gravity description of the LGT —
and of the equivalent spin model — around criticality. Despite being abstract, in princi-
ple this provides a top-bottom approach to the problem. In particular, such an approach
would hopefully provide a microscopic description that is long sought for in holographic
applications to CMT.

Another purpose of this paper is to provide a concrete realization of these ideas in a
simple setting. For this purpose we consider SU(NN) gauge theory in d-dimensions (with
possible adjoint matter) in the strict N — oo limit. In this limit the center C becomes U(1).!
We imagine that the adjoint matter is arranged such that the deconfinement transition of
the gauge theory is of continuous type. This transition is then in the same universality
class with the order-disorder transition in the corresponding U(1) rotor model in d — 1
dimensions — that is sometimes called the XY model. The XY-models — and their O(n)
generalizations — provide canonical examples of superfluidity that arises as spontaneous
breaking of the global U(1) symmetry in a continuous phase transition.

To realize this phenomenon in the dual gravity setting we consider the NS-NS sector of

0

non-critical string theory in d+1 dimensions with Euclidean time direction 2" compactified.

It was shown in [15] that this theory in the two-derivative sector exhibits a continuous

!This idea in the AdS/CFT context was considered before [13], see also [14] and [12] for earlier discus-
sions.



Hawking-Page transition at some finite temperature T,.. The background is of the type
AdS™1 near the boundary and linear-dilaton in the deep-interior. Building upon the ideas
in [13], we argue that the U(1) symmetry (in the strict N — oo limit) corresponds to the
shift symmetry | uB — I} u B + const where B is the NS-NS two-form field and M is
the (r, 2") subspace of the background geometry. The only objects that are charged under
this symmetry are string states winding the time circle. In the thermal gas phase these
states have infinite energy and cannot be excited, hence the symmetry is unbroken and this
phase corresponds to the normal phase of the spin system. In the black-hole phase on the
other-hand they have finite energy (with an appropriate regularization) and the black-hole
corresponds to the superfluid phase.

It was further observed in [15] that the geometry becomes exactly linear-dilaton in
the transition region. Therefore, we argue that the transition region of the XY model
is governed by the linear-dilaton CFT on the string side. Although in general the o
corrections can not be ignored in the type of backgrounds that we will consider in this
paper,? one can still perform calculations in the critical regime, precisely because the
linear-dilaton background is known to be an o/-exact background in non-critical string
theory [16]. In particular the calculations that involve probe strings can be performed
by employing the exact CFT description of the linear-dilaton background, (in the limit
gs — 0).

The spin operator §(z) is related to a fundamental string that wraps the time-circle
and connected to the boundary at point z. Consequently one can compute correlation
functions of the operator § by studying the string propagation in the linear-dilaton CF'T in
the (single) winding sector. We perform such calculations in a semi-classical limit where
we only take into account the contribution of the lowest-lying string states. It is shown
that in this approximation, one obtains mean-field scaling near T.. We find that the
“magnetization” behaves as

M~(T—-T))2,  as, T — T

A similar calculation with string propagation connecting the points z and y on the (spatial)
boundary corresponds to the spin two-point function. We show that the expected behavior
of the spin-system arises in the large |z —y| limit near 7, indeed arises from this calculation
in a non-trivial manner. In particular, in order to show that the correlation length £ diverges
at T,, one has to identify the transition with the Hagedorn temperature where the lowest
lying single-winding mode becomes massless [17]. With such an identification one indeed
finds the expected behavior

£~ (T -T2, as, T — T,

again in a semi-classical approximation.

2We recall that in the case of A' = 4 sYM theory the o’ corrections can be ignored both for the bulk
and the string computations at strong 't Hooft coupling A. In the theories we consider here we do not have
a similar modulus that serves as a parameter to suppress the o’ corrections. Generally, the string scale and
the scale of the background geometry may be of the same order.



One can also study scaling of the speed of second sound that is associated with the
Goldstone mode in the superfluid phase. This mode is identified with fluctuations of the
zero-mode of the NS two-form field B. We find that the speed of sound indeed vanishes
at T, precisely with the expected mean-field scaling,

E~(T-T,), asT—T,

in a second order Hawking-Page transition. We also argue that this finding is not altered
by possible o corrections.

The identification of spin operators with the F-strings suggest a similar identification
between the vortex configurations — that play an important role in the 2D XY model
— with D-strings in the gravity dual. We study correlation functions of such D-string
configurations and find that they exhibit the expected behavior in the spin-model.

The paper is organized as follows. In the next section, we review basic ideas in the
past literature which indicate a general duality between spin-systems and gravity. We first
focus on the case of SU(N) in the N — oo limit and postpone the general discussion
to section 6. Section 3 reviews the Einstein-dilaton system that was studied in [15]. In
section 4 we argue that the IR limit of the model is described by a linear-dilaton CFT
and review basic features of such CFTs. Section 5 contains main technical results of this
paper. We first review the basic statistical mechanics results that are relevant in what
follows. Then we propose the precise identification between the F-string configurations
and the spin correlation functions. We calculate the one-point and two-point functions
near criticality in the semi-classical approximation making use of the linear-dilaton CFT.
Finally we present calculations related to vortex configurations. In section 6 we take a first
step in formulating a gravity spin-model duality in general. In the last section we discuss
various issues and possible future directions of research.

Several appendices detail our presentation. In appendix A, we review the simplest ex-
ample od the equivalence between lattice gauge theories and the spin-systems. In appendix
B, we review the connection between non-critical string theory and the linear-dilaton back-
ground. Appendix C provides some basic background material in statistical mechanics of
the XY models for the unfamiliar reader. Finally, appendices D and E contain details of
our calculations in section 5.

2 Gravity - spin model duality

Our goal in this section is to propose a particular approach to the gravity-CMT corre-
spondence that relates the spin-models in CMT to gravity by a two step procedure: The
first step is to employ a well-known equivalence between spin-models and lattice gauge
theories [10, 11] followed by a second step that is to utilize the gauge-gravity duality to
relate the (continuum limit) of the lattice gauge theory to a dual gravitational background.

2.1 Correspondence between gauge theories and spin systems

Existence of the confinement-deconfinement phase transition in lattice gauge theories at
strong coupling is rigorously proved [10, 11] long time ago. The proof is based on an



equivalence between lattice gauge theories (LGT) and spin systems with nearest-neighbor
ferromagnetic interactions, [10-12]. In the original papers of Polyakov and Susskind, this
equivalence was established for the cases of U(1) and SU(2) gauge theories. Subsequently it
was generalized to general Lie groups.? We shall refer to this equivalence as the LGT-spin
model equivalence. We review how the spin systems arise from the lattice gauge theories in
the Hamiltonian formalism, and in the simplest case of U(1) gauge group in appendix A.

This equivalence has profound implications in the continuum limit: As argued and
verified with various examples by Svetitsky and Yaffe [12], the critical phenomena — if
exists — in the continuum limit of the LGT, should be in the same universality class with
the corresponding spin model. Therefore, a continuous order-disorder type transition in a
d—1 dimensional spin-model with global symmetry group C is directly related to a continuous
type confinement-deconfinement transition of the gauge theory with gauge group G where
C = Center(G).4

Let us briefly review the argument of [12]. The basic observation is that the magnetic
fluctuations are always gapped both in the high and the low T limit of the lattice gauge
theory. Therefore, they are expected to be gapped for any T on a trajectory crossing the
phase boundary in figure 1. This means that the magnetic fluctuations should not play
an essential role at criticality in the vicinity of a continuous confinement-deconfinement
transition. Integrating these short-range fluctuations, one indeed obtains an effective theory
that only involves the Polyakov loops, which in turn can be mapped on a spin model.
Therefore the critical phenomena, e.g. the critical exponents etc. of the lattice gauge theory
around a continuous transition should be governed by the corresponding spin model.

The magnetic sector is gapped at low T by assumption. We assume that the (bare)
coupling constant is large enough (see figure 1) so that the low T theory is confined. The
argument at high T is as follows. In the Lagrangian formulation of the LGT one can take
the action to be,

Age => Re{ 8> TelUrgi+ B Y TlUrij o5 Urp = UpUnia UL, UL, (21)
7 7 i

where 7 labels sites on the square lattice, Uy, are the product of link variables on a
plaquette with corner 7. The first term in the action above corresponds to the electric
contribution and the second to the magnetic. The electric and magnetic coupling constants
are related to the bare coupling constant of the LGT and the temperature as follows:

922 — a*\/8,8,, T — \/g: Nta (2.2)

where a is the lattice spacing and N; is the number of the lattice sites in the Euclidean
time direction. One observes that, at fixed coupling, 5; ~ T'. Then, for sufficiently high T,
only configurations with vanishing electric flux contributes in the partition function. This
reduces the system to static configurations at high T, hence the theory can be thought of

3See [18] for a recent presentation of how the map works in a general case.
10f course, not all of the spin-models exhibit continuous transitions. See [12] for a list of examples.
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Figure 1. Typical phase diagram of a lattice gauge theory with non-trivial center. Low T phase is
confining with vanishing expectation value for the Polyakov loop P and high T phase is de-confined.
We assume that (at least a portion) of the phase boundary that separates these phases is of second
or higher order. Then the critical phenomena around the phase boundary is determined by the
corresponding spin-model.

a d — 1 dimensional LGT at zero T, with a coupling constant 9c2l—1 = ggT. Any such LGT
with a non-trivial center is confined and exhibits magnetic screening at strong coupling [12].
As mentioned before, the equivalence to the spin-models can be shown exactly at strong
coupling, [10, 11].

Svetitsky and Yaffe [12] were able to make reliable predictions concerning the critical
phenomena of a wide range of lattice gauge theories making use of this connection and the
well-known results on the critical phenomena of the corresponding spin-models.

First of all, they correctly predicted that the 2nd order transition in the pure SU(2)
theory in 4D is in the same universality class with the 3D Ising model (see e.g. [19] and
references therein). As another check of these arguments [12] presents the example of
SU(N) theory for d —1 =2, N > 4 where the dual spin model is again Zy symmetric and
exhibit a BKT type continuous transition. In this case, it was argued that for large N , the
theory approximates that of a U(1) LGT in 2+1 and the corresponding spin-model should
be the XY-model in 2D. It was explicitly checked in [12] that, for the U(1) LGT the critical
phenomena is in the same universality class as that of the 2D XY model. More generally,
if the d = 24 1 SU(IV) gauge theory — or a suitable deformation with additional adjoint
matter — involves continuous critical phenomena than it should be the BKT type.

A particularly interesting case concerns SU(N) gauge theory in d — 1 > 2 spatial
dimensions with N > 4 (that includes the large N) where the dual spin model is Zy
symmetric. We then consider the large N limit that is most relevant for the gauge-gravity
duality. It is reasonable to believe that in the strict N — oo limit (with or without adjoint
matter), the center Zn is promoted to U(1). See [13] for an argument in favor of this,



in the case of N' = 4 SYM at strong-coupling.® Another indication that this happens in
Zy invariant LGT at d = 2 is explained in [12]. Therefore, by the universality arguments
above, if there exist a continuous phase transition it should be governed by a U(1) invariant
spin model.%

We review how the equivalence of LGTs and spin-systems work at strong coupling in
appendix A for the unfamiliar reader. Here we shall mention two salient features.

e The temperature of the spin-system is inversely related to temperature in the original
gauge theory:
T, ~ T " (2.3)

Consequently, the low temperature (confined) phase of the gauge theory corresponds
to the high temperature (disordered) phase of the ferromagnet, whereas the high tem-
perature (de-confined) phase of the gauge theory corresponds to the low temperature
(ordered) phase of the ferromagnet.”

e Quite generally, the LGT-spin model equivalence can be generalized to incorporate
(adjoint) matter. This is mainly because the basic ingredient in the calculation i.e.
the center symmetry of the LGT remains intact upon addition of adjoint matter.
See [14] for a related recent discussion.

2.2 Holographic superfluidity

Here and until section 6, we specify to the particular case of U(1) invariant spin-models.
Continuous critical phenomena in such models include the interesting case of superfluidity,
that requires spontaneous breaking of the global U(1) symmetry. As reviewed above this
transition is directly connected to the confinement-deconfinement transition in the gauge
theory. In the original derivation of [10, 11], the de-confined phase of the U(1) invariant
LGT was understood as an ordered phase of the U(1) spin model. This is clear from the
discussion of section 2, as the center of U(1) is U(1) itself.

Instead, here we shall adopt an alternative approach where the U(1) factor arises
from the large N limit of an SU(IN) gauge theory (pure or with adjoint matter). In this
case the deconfinement transition can be understood in the gravity dual as a Hawking-
Page transition by a generalization of the arguments in [13]. Assuming that the following
assumptions hold,

®See however [20] which shows that the U(1) symmetry is expected to arise only in the strict N — oo
limit.

%One can ask whether there is any evidence, for or against criticality at N = oo. There are two
independent arguments that argue for a second order transition [21-23] in the case of pure YM in 341
dimensions. On the other hand, there is the usual argument against a continuous transition at large N
that claims, since the number of degrees of freedom in the system changes from O(1) to O(N?) in a
confinement-deconfinement transition, latent heat should be finite. In [15] we presented a counter-example
to this reasoning, albeit in a gravitational setting: although the degrees of freedom change abruptly as the
graviton gas deconfines in the black-hole phase, the entropy difference may vanish at the transition. See [14]
for other examples of second order transitions at large N. Finally, even if the transition is first-order for
pure YM, the situation may change when one adds adjoint matter.

“In d = 2, IR divergence of the spin waves prevent ordinary long range order. Instead, a topological
long-range order in terms of the vortex-anti-vortex pairs arises [24-26]. The gauge theory partition function
is capable of describing the vortex configurations [12].

-7 -



e There exists a suitable SU(N) lattice gauge theory with coupling to adjoint mat-
ter chosen such that, at large N it flows to an IR fixed point with a continuous

confinement-deconfinement transition,

e Gauge-gravity correspondence holds and maps this to a Hawking-Page type transi-
tion,

then one should be able to map the normal-to-superfluid transition in the XY model to a
continuous Hawking-Page type transition on the gravity side.

The U(1) symmetry of the spin-model follows on the GR side from the shift symmetry
1 — 1 + const. where 1 is the flux of the B-field

Y= /M B = const. (2.4)

on the subspace M of the BH geometry that is spanned by the coordinates r and xg. In this
paper we consider gravitational set-ups where the B-field is either constant or pure gauge
B = d¢ so that it does not back-react on the solution with H = dB = 0. Of course such a
B-field has no visible effect on the gravitational solution and in the second case it can be
removed by a gauge transformation. This ceases to be the case in presence of objects that
are charged under this shift symmetry.

In the classical approximation where one keeps only the low-lying gravity fields, there
are no bulk fields that carry the extra B charge. However, strings that wind around
the time-circle couple to the B-field through the term 4%, thus they are charged under
the shift symmetry with the identification 1) ~ 1 + 2. We shall denote this topological
U(1) symmetry as U(1)g® Therefore a non-vanishing string one-point function signals a
breakdown of the U(1)p symmetry. On the spin-model side this corresponds to an order-
disorder transition upon identification of the U(1)p symmetry with the U(1) spin symmetry
of the spin-model. Below, we would like to review these ideas in more detail.

2.3 Spontaneous breaking of U(1)z, the Goldstone mode and the second speed
of sound

For simplicity, let us consider the (critical or non-critical) bosonic string theory on a back-
ground with U(1) x E(d — 1) isometry where the U(1) corresponds to the temporal S*, and
E(d — 1) to translations and rotations on the spatial part. The general background with

these symmetries is of the form?

ds* = A(r,Q)dz? + B(r,Q)dK? + C(r,Q)dr* + D(r,Q)dQ; & =&(r,Q) H=dB =0,
(2.5)

8This symmetry should be broken down to Zy for finite N by quantum effects, see [20]. However we
only consider the N — oo limit in this paper.

9In order to distinguish the dilaton and the scalar field that appears in the Einstein-frame potential,
which is related to the dilaton by some rescaling, we denote the former (dilaton itself) by ® and the latter
(rescaled dilaton) by .



where xg ~ xo + 1/T, K is the d — 1 dimensional transverse part, and € is some internal
compact manifold. There can be additional bulk fields but we are only interested in the
NS-NS sector.

Most of the following traces the arguments in [13]. The order parameter for the
transition is the vev of the Polyakov loop, (P[C]), where C is a loop isomorphic to the
time-circle. This maps to the expectation value of the F-string path integral,

(P[C]) o< Wr)sa (2.6)

where Wg denotes the F-string path integral over all of the string configurations with the
boundary ending on C, and the final averaging is path integral over the super-gravity fields
that couple to the string. The string path integral is

Wp = / DX, Dhyy, ¢~ (G+iB+R), (2.7)

where R® is the Ricci scalar on the sub-manifold M that the F-string wraps and X 0
denotes the matter fields. We also use the short-hand notation

G = V/det hoy h9, X 9, X" G,y B = /det hyy €0, X 9, X" B,,. (2.8)

One has to make sure that W is finite by an appropriate regularization of infinite volume
of the space time!? and factoring out diffeo-Weyl gauge volume a la Faddeev-Popov.

In the original discussion of [13] W is dominated by the classical saddles that minimize
the action in (2.7). The boundary condition for these classical strings is such that at 7 = 0,
XH"(o, ) ends on the temporal circle z(, some point x in K and at the cut-off of the radial
coordinate r = e.

The string path integral is dominated by classical saddles when ¢/¢; > 1 where ¢
is the typical curvature of the target space and {4 is the string length. In the original
AdS/CFT correspondence this ratio is proportional to the t "Hooft coupling of the dual
N =4 SYM theory, £/ls At and indeed the classical strings dominate in the limit of
strong interactions. In the general case here one has to consider the full path integral.

The vev of P[C] is given by the path integral of Wz over the super-gravity fields
that couple the F-string, weighted by the SG action. The non-trivial SG fields are the
space-time metric G, the B-field B, and the dilaton ®. Thus one has,

(PIC]) o / DG, DBy, DO e A1 Wy, (2.9)

where Ay, is the gravity action. As we are interested in the large N limit of the dual field
theory, we can send the string coupling g; — 0 and the SG path integral is dominated by
the classical saddles of Ay,. For given asymptotic boundary conditions of G, ® and B,
the saddles of interest involve only two type of solutions, the thermal gas (TG) and the
black-hole (BH). At an arbitrary temperature T (that partially determines the asymptotic

19A cut-off in r that we call € close to the boundary would suffice for the sake of the discussion here. We
elaborate on this regularization in appendix D.1.



boundary condition for G), only one of these saddles will dominate the SG path integral
as a result of the classical limit g; — 0. Let us assume that TG dominates at T < T
and BH dominates at T" > T.. Let us also assume that the BH solution only exists
above a certain temperature Ty;,. Backgrounds that exhibit confinement generically satisfy
Te > Thin [27, 28]. As explained in detail in [15] and reviewed in the next section, only in
the case T, = 7. the transition is second or higher order.

On the TG phase, the classical world-sheet M has infinite area. Therefore the string
path-integral Wz, hence (P[C]) in (2.9) vanishes. One concludes that the TG solution is
U(1)p symmetric and the center in the dual gauge theory is unbroken. This means that
the dual spin-model is in the normal (disordered) phase. This is precisely as one expects
from the behavior of the dual spin model in the high temperature phase, recalling that the
temperature of the spin model is inversely proportional to the temperature on the gravity
side Ty o T71L.

On the BH solution 7" > Ty, however, the classical string saddle M has finite area
and one has to evaluate (2.9) carefully. One has to include all of the configurations over
the classical fields G, B and ® with the same on-shell value of the SG action.

The path integral over G and ® in (2.9) is replaced by the classical solution (2.5) that
is a BH in this case. Sum over these saddles include the following important contribution
from the B-field. In the black-hole case the sub-manifold M has finite area'! and the B-field
has a flux ¢ = fM B. 1 in (2.7) has angular nature because it appears with a factor of i
and it can attain any value in the range 9 ~ 1 + 27. This identification yields the U(1)p
invariance.!? The sum over classical saddles then should include various different values of
1. As dB = 0 all different values of 1 yield the same on-shell gravity action.

We can thus write,
P[C] o / DipeSs9lV] / DX, Dhgy € ¢~ Ju(@+2R?) (2.10)

where Sy, now is evaluated on the saddle solution and is only a functional of 1. On the
other hand the 1 path integral includes the classical saddle 1) = const and the fluctuations
0y (K) around it.

When K is non-compact and dim(K) > 2, then the fluctuations d¢(K) viewed as a
massless bosonic field on K has long-range order, hence 1) should condense.'® Thus, on the
black-hole solution the U(1) g symmetry breaks down.'* This happens exactly at the point
where the black-hole forms, right above Tiin. As a result, the fluctuation §v in (2.10)

becomes a Goldstone mode on the transverse space K.

"The divergence near boundary is regularized in the familiar way, cf. appendix D.1.

121 the critical IIB theory this identification arises as a result of discrete gauge transformations that
shift the value of ¢ by a multiple of 27 [13].

13The situation at dim(K) = 2 exactly parallels the analogous situation in the 2D dual field theory, where
IR divergences kill long-range order.

14 As a technical aside, in the computation above, one should check that the dilaton term in the action
does not spoil the arguments. In the particular case of the geometries considered in this paper, ® diverges
in the deep interior, hence this check especially becomes important. We check in appendix D.1 that this
term indeed remains finite in our case.
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Lattice gauge theory Gravity Spin model T
Deconfined, {{1)¢ Black-hole, Y{1)p Superfluid , i{1)g 1
Confined, U1)¢ Thermal gas, U1)p Normal phase, [1)s °©

Table 1. Correspondence of different phases in the gravity /spin-model duality.

Considering the wave equation for d) one expects to find,
w? = c(T) a* + O0(q"), (2.11)

where ¢y, is the speed of sound of 1 and there is no mass term for ¢ for 7' > T¢. It is
well-known that (see appendix C for a review, and section 5.6 for a holographic derivation
in gravity), the speed of sound ¢y of the Goldstone mode vanishes continuously as one
approaches the transition temperature T, from above, only if the transition is of continuous
type. This is exactly what happens in super-fluidity, where the “second speed of sound”,
i.e. the speed of sound associated with the entropy waves vanish as one approaches T, of
the XY model from below (recall that temperature in gravity and in the XY model are
inversely related). In order to mimic this property of the spin model, we should require
that the Hawking-Page transition in gravity is of continuous type, hence T, = Ty [15].
In section 5.6 we show by an explicit gravity calculation that indeed the second sound
vanishes with the expected mean-field exponents.

Our conclusion is: whenever a second order (or higher order) Hawking phase transition
occurs in the gravitational background, it is natural to associate it with super-fluidity.
Here the thermal gas phase is dual to the normal phase of the system, and the black-hole
phase is dual to the super-fluid. The “first speed of sound” i.e. the sound of the density
waves is associated with the graviton fluctuations (that we are considered in [15]), and the
“second speed of sound” is associated with the fluctuations of the B-field that we consider
in section 5.6.

One can summarize the various phases of the theories as in table 1. The various U(1)
factors in this table are as follows: The U(1)p is the dual symmetry that arises from
compactifying the B field on the temporal circle. The U(1)¢ is the center symmetry of
the corresponding lattice gauge theory that is proposed to arise in the large N limit of
SU(N) (with or without) adjoint matter. Finally the U(1)g is the spin symmetry of the
corresponding XY model. The arrow of increasing T is the same for the LGT and gravity

picture and opposite in the spin model picture.

3 A model based on Einstein-scalar gravity

The arguments put forward in favor of a gravity-spin model correspondence above are gen-
eral. In this section we would like to introduce a simple set-up which allows for computa-
tions of quantities such as the scaling of magnetization and spin-spin correlation function on
the gravity side. The model is inspired by non-critical string theory and it becomes precisely
non-critical string theory in the interesting regime near the continuous phase transition.

— 11 —



3.1 The model
The action in the Einstein frame reads,

— 167T1GN /dd+1x\/—g <R - i 1(8@)2 +V(®) - 1126‘«151‘1’}12 + - > + G.H.
(3.1)
where the kinetic terms of the dilaton'® and the B-field H = dB are inspired by non-critical
string theory in d + 1 dimensions. The ellipsis denote higher derivative corrections. The
last term in (3.1), that we shall not need to specify here, is the Gibbons-Hawking term on
the boundary.
We allow for a non-trivial dilaton potential V(®) that should be specified by matching
the thermodynamics of the dual field theory. In the case of non-critical string theory in

d + 1 dimensions the potential is given by,

oc 4
@

Vel®) = s, (3.2)

where /¢ is the string length and dc is the central deficit, see section 3.3 for more detail.
Gy in (3.1) is the Newton’s constant in D = d + 1 dimensions. It is related to N of the

dual field theory'® by,
1

167Gy
where M, is a “normalized” Planck scale, that is generally of the same order as the typical

_ d—1 a12
= MIIN?, (3.3)

curvature of the background ¢. The limit of large N corresponds to classical gravity as
usual. One should be careful in attaining this classical limit: The correct way of achieving
this is described in section 3.3. On the gravity side the parameter N arises from the RR-
sector, where it is the integration constant of a space-filling Fiqy1) form, F(4,1) oc N. Then
the large N limit is defined as sending this value to infinity and sending the boundary value
of the dilaton ®g to —oo such that N exp(®g) remains constant and yields M, in (3.3). We
refer to section 3.3 for details.

In what follows we shall only consider solutions with either constant or pure-gauge
B-field whose legs are taken to lie along r and z( directions:

B,, = By, (3.4)

In this case H = 0 in (3.1) and the B-field contributes to neither the equations of motion
nor the on-shell value of the action. However, it contributes the F-string and D-string
solutions as we study in section 5.

There are only two types of backgrounds at finite T (with Euclidean time compactified),
with Poincaré symmetries in d — 1 spatial dimensions, and an additional U(1) symmetry
in the Euclidean time direction. These are the thermal graviton gas,

ds? = 240 (dr* + daj_, + daj) O = dy(r), (3.5)

15The scalar field ® here is related to the original dilaton of the non-critical string ® by some rescaling
that is defined in section 3.3. By ® we will always mean the “rescaled dilaton” throughout the paper.

16 As explained above, N may either be the number of colors in SU(N) gauge theory or the number of
spin states at each site in a Zxn spin-model.
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and the black-hole,
ds? = *4m) (fHr)dr® + das_y +dxgf(r)), O = P(r). (3.6)

We define the coordinate system such that the boundary is located at » = 0. For the
potentials V' that we consider in this paper, there is a curvature singularity in the deep
interior, at r = rg. In (3.5), r runs up to singularity rs. In (3.6) there is a horizon that
cloaks this singularity at r, < rs where f(ry) = 0. x¢ is the Euclidean time that is identified
as xg ~ xo + 1/T. This defines the temperature T of the associated thermodynamics. In
the black-hole solution, the relation between the temperature and rj, is obtained in the
standard way, by demanding absence of a conical singularity at the horizon:

4T = —f,(Th). (37)

This identifies T and the surface gravity in the BH solution.
In the r-frame defined by (3.5) and (3.6) one derives the following Einstein and scalar
equations of motion from (3.1):

A" — A%+ df 1c1>’2 =0, (3.8)
"+ d-1DAf =0, (3.9)
(d—1)A? + Af' + A" f - dY 1e2A = 0. (3.10)

One easily solves (3.9) to obtain the “blackness function” f(r) in terms of the scale factor as,

Jiemta=na

f(ry=1- [T DA’ (3.11)
Then the temperature of the BH is given by eq. (3.7):
zv%::4ﬂe<d—1»4vh>jfrhe—wd—1»4v»dr. (3.12)
0

The difference between the entropy densities of the BH and the TG solutions is given by
the BH entropy density up to 1/N? corrections!'” that we ignore from now on [15]:

AS:MQNfM”MW. (3.13)

The difference in the free energy densities can be evaluated by integrating the first law of
thermodynamics, [28]:

1 " iy dl
- _ (d=D)A(7r) 7
AF(rp) 4Gy N? /T 2 i dry, (3.14)

where 7. is the value of the horizon size that corresponds to the phase transition tempera-
ture T'(r.) = T, at which the difference in free energies should vanish.

"We choose to normalize the thermodynamic quantities by an extra factor of 1/N? so that the entropy
on the BH becomes O(1) and on the TG it becomes O(1/N?).
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3.2 Scaling of the free energy

In [15] we showed that there exists a continuous type Hawking-Page transition between
the TG and the BH solutions when the black-hole horizon marginally traps a curvature
singularity: r, = r. — oo. This happens only when the IR asymptotics of the dilaton
potential is chosen such that,

V(®) — Vi ei1® (14 Voup(®)), & — oo (3.15)

where V4, is a constant and Vy,; denote subleading corrections that vanish as ® — oco. It is
also shown in [15] that the transition temperature T, that follows from (3.12) with r, — oo
stays finite.

Given the asymptotics in (3.15) one solves the equations of motion (3.8) and (3.8) to
obtain the IR behavior, as r — oo,

VVas

D(r) — ) AT (3.16)
A(r) — _c\l/‘—/oir +--- (3.17)

where the subleading terms vanish in the limit.
Depending on Vi, there are various different possibilities for types of transitions. We
consider only two classes of potentials with:

Casei: Vi = C e ", k>0, ® — o0 (3.18)
Case 1i : Veowp = C 7%,  a>0, d — o (3.19)

Defining the normalized temperature,
t= , (3.20)

the scaling of thermodynamic functions with ¢ can be found from the following set of for-
mulae: The reduced temperature directly follows from the subleading term in the potential,

t = Vou(®1), (3.21)

where @y, is the value of the dilaton at the horizon. Then the free-energy as a function of
t follows from by (3.14) as,
13 -
AF(t) o / di eld=DAW), (3.22)
0
Here, the dependence of the scale factor on ¢ should be found by inverting (3.21), and
comparing the (leading term) asymptotics of the scale factor A(r) with the dilaton ®(r) [15].
In the cases (3.18) and (3.19) one finds that,

Casei: A(t) = log(t/C) + -+, t— 0" (3.23)

2
k(d—1)

2
Case ii : At) = —

d—1) (t/C) a4+, t—0F (3.24)

— 14 —



The free energy then follows from (3.22) as :

Casei: AF(t) tntl, t— 07" (3.25)
L1
Case ii : AF(t) o e “plta, t— 0", (3.26)

where C’ = 2C'a in the second equation. We see that F' vanishes, as it should, for arbitrary
but positive constants &, k£ and a. Other thermodynamic quantities such as the entropy,
specific heat, speed of sound etc, all follow from the free energy above [15].

In the special case of
2

K= (3.27)
in (3.25) one finds an nth order phase transition. On the other hand, the special case of
a =2 in (3.19) corresponds to the BKT type scaling.'®

One can also obtain the value of the transition temperature 7, in terms of the coefficient
of the dilaton potential in the IR as [15]:
VVao

T. = . 3.28
¢ 47 ( )

Finally, we should note the following issue. As mentioned above, the transition region
t =~ 0 generically coincides with the singular region ®; > 1 in this setting. We do not need
to worry about the o corrections because they vanish in the interesting region 7 > 1 in
the interesting limit 7, > 1 [15]. However, one should worry about the string loops. In a
generic situation the higher string loops cannot be ignored near the transition region. We
are however interested in the situation with g — 0 (N — 00) that corresponds to the U(1)
invariant spin-model. This can be achieved by sending the boundary value of the dilaton
to —oo. We will now dwell on this point in more detail.

3.3 The large N limit and string perturbation theory

The effective Einstein frame action in (3.1) is supposed to arise from a (fermionic) non-

critical string theory which also involves an RR~sector. The string frame action is,

1 dc 1 1
AT e / Ay —gee (RS O+ 4y 12H<23>> ~ gy iy Flarn +o
(3.29)
The ellipsis denote higher derivative (') corrections, subscript s denote string-frame ob-
jects and dc is the central deficit that — depending on the fermionic or the bosonic string
theory — reads,!

de=cy (9—d), fermionic; dc = ¢, (25 —d), bosonic. (3.30)

18Very recently holographic realizations of (quantum) BKT scalings were obtained in [29] and [30].

9The constants ¢y, ¢, depend on the particular CFT on the world-sheet as there are various possibilities
for the boundary conditions and GSO projections on the world-sheet fermions possible twisted or shifted
boundary conditions for the scalar matter X* [31]. In the case of bosonic world-sheet with periodic scalars,
one has ¢, = 2/3 which is indeed what one obtains from solving (3.10) with the asymptotics (3.17) and (3.16).
See the next section for details of the IR CFT.
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Flay1) is a space filling RR-form whose presence is motivated by holography: it should
couple to the D,_1 branes that are responsible for producing the SU(V) gauge group. As it
is space-filling, its effect in the theory can be obtained by replacing it in the action by its on-
shell solution [32]. This solution in general will be very complicated as the higher derivative
corrections will also depend on F{4y1). Let us ignore these higher derivative solutions for
the moment in order to be definite — the following discussion will not qualitatively depend
on the higher derivative corrections.
The equation of motion for F(y 1 is d * F{g41) = 0. The solution is

N
Fainy =, (331)

@ \/_gs’
where €(441) is the Levi-Civita symbol in d + 1 dimensions and cr is some O(1) constant.
We chose the integration constant to be proportional to N motivated by the fact that F
should couple to N D;_1 branes before the decoupling limit. Inserting the solution in the

action gives (we ignore the NS-NS two-form in the following discussion),

1

A p—
Togd!

5 2
/dd“ac\/—gse_2<I> <RS + 4(0®)* + £§> + 2052 N? ... (3.32)

Now we define a shifted dilaton field

=@ +logN, (3.33)
and go to the Einstein frame by
Gs,uv = ediléguu- (334)
We obtain,
A= NE [ g rR- * (002 +v@ 3.35
= i ey (Rt e vie)) £ (3.35)

where the dilaton potential becomes,

1 2 o(d+1)
V(®) <5c ca1® C2Fe a-1'® 4. ) (3.36)

We denote the corrections coming from the higher-derivative terms by the ellipsis. This is
what one would obtain by ignoring the higher derivative terms.?"

On the other hand the solution of the dilaton equation of motion follows from (3.29)
generically involves an integration constant that we shall denote as ®y. For example in the
kink solutions of [15] this corresponds to the boundary value of the dilaton on the AdS
boundary. One can write

D = By + 50(r) (3.37)
20Tn the phenomenological approach that we adopted in the previous section, one assumes that there

exist a string theory that would produce a potential of the form (3.15) instead of (3.36). In particular the
leading term with exponent 2(d + 1)/(d — 1) should either be absent or renormalized to 4/(d — 1).
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to make explicit the integration constant. Now, we are ready to define the large-N limit.
We send N — oo, &g — —oo such that the shifted dilaton in (3.33) remains constant

€PN = XN = e? = \e?® (3.38)

where A is some O(1) constant.

The shifted dilaton @ is the one that we used in the previous section to discuss ther-
modynamics and it is what we will refer in the next sections to study the observables of the
spin-system from the gravity point of view. Whether ® is large or small does not matter
neither for the loop-counting of strings nor for the strength of gravitational interactions:
The latter is determined by the coefficient in the action (3.35). Identification with (3.1)
yields the Newton’s constant

av = B
N 16nN?
which shows that the gravitational interactions among the bulk fields can be safely ignored

(3.39)

in the large N limit. This equation also defines the “rescaled” Planck energy that was
introduced in (3.3) in terms of g5 and /; as,
2
M, =(;tgs 7. (3.40)
The string loops on the other hand are counted by the coupling of the original dilaton ®
to a world-sheet M with genus g as,

e am St VhE® & _ e’cI’OX(M)e* am Jor VhR®§® _ NX(M)ef am Jor \/hR@)‘I)’ (3_41)

where x(M) = 2(1 — g) is the Euler characteristic. We observe that the above definition
of the large N limit does the job and suppresses the strings with higher genus.

One might still worry about the viability of the string perturbation expansion if the
additional term proportional to [,, VAR®® in (3.41) becomes very large in some limit.
Indeed, as we argued above the interesting physics concerns the region ® > 1 which
corresponds to the vicinity of the phase transition. We check in appendix D.1 and D.2
that for all of the string paths that we consider in this paper the world-sheet Ricci scalar
suppresses the linear divergence in ®. For example in case of (3.18) one finds that in the
transition region VhR® ~ exp(—x®).

All of the discussion we presented above can be understood in the following equivalent
way. To be definite let us consider the simplest effective (rescaled) dilaton potential that
corresponds to case 3.18:

V(®) = Vag ea1® (14 Ce"?). (3.42)

It was shown in [15] that this potential has a kink solution that flows from the AdS
extremum at
1
e® = Cra (3.43)

—where a is some number independent of C—to the linear dilaton geometry in the IR
® — oo. Then the subleading term in the potential can be written as,

‘/sub(q)) _ a—nen'ibo—n@ _ a—nemboe—m:b (344)
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where we used (3.33). The statement that “the transition region corresponds to large dila-
ton” now can be quantified. What we really mean by this is that the reduced temperature
t (3.20) is small enough, so that the scaling behavior of observables set in. Now, from (3.21)
we see that this is given as,

t=a Fe e, (3.45)

On the other hand the large N limit (3.38) involves &y — —oo, therefore we see that in
order for t to be small, one needs not the actual dilaton ® but the difference & = & — P
to be large. The same reasoning can be generalized to general potentials that involve an
AdS extremum.

To conclude, we can safely ignore higher string loops in the computations below.

3.4 Parameters of the model

In the model constructed above there are various parameters. Here we shall list the pa-
rameters without derivation and refer to [28] for a detailed discussion.

e Parameters of the action: In the weak gravity limit, Gy — 0, N — oo and Mz}*d =
161GNN? = fized., there are two parameters in the action: M, and the overall
size of the potential ¢. The latter fixes the units in the theory. One can construct
a single dimensionless parameter from the two: My,¢ which determines the overall
size of thermodynamics functions in the dual field theory and it can be fixed e.g.
by comparison with the value of the free energy at high temperatures, see [28]. In
the present paper we are only interested in scaling of functions near 7., thus this
parameter will play no role in what follows.

e Parameters of the potential: We have not specified the potential apart from its IR
asymptotics. The IR piece will be enough to determine the scaling behaviors and also
the transition temperature through equation (3.28). Therefore we have only three (di-
mensionless) parameters: Voof?, C and k or « that appear in (3.15), (3.18) and (3.19).
The first determines the (dimensionless) transition temperature T.¢ through (3.28),
the second one is related to the boundary value of the dilaton (cf. the discussion
above), and the third one determines the type of the transition. For example k = 2
for a second order transition, equation (3.27).

e Integration constants: In [15] we solve the Einstein-dilaton system and work out the
thermodynamics in the reduced system of “scalar variables” that is a coupled system
of two first order differential equations. One boundary condition can be interpreted as
the value of T', and the other is just regularity of the solution at the horizon. Therefore
the only dimensionless parameter that arise among the integration constants is 7°¢.%!

2n the fifth order system of (3.8)—(3.9) it is a little harder to work out the non-trivial integration
constants. There it works as follows [28]: in (3.9), one requires f — 1 as r — 0. This fix one constant,
and the other is gives T. In the rest, one is fixed by requirement of regularity at the horizon, one is just
a reparametrization in r, and the last is fixed either by the asymptotic value of the dilaton in the case
®(r) = g is constant at the boundary, or the integration constant A that determines the running of the

dilaton near the boundary ® ~ log(—log(Ar)) near r — 0. In either case the thermodynamic functions can
be shown to be independent of this constant [28].
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4 Non-critical string theory and the IR CFT

4.1 Linear-dilaton in the deep interior

The leading asymptotics (3.15) of the dilaton potential which follows from the requirement
of a continuous Hawking-Page transition is precisely the same as the potential that follows
from d+ 1 dimensional non-critical string theory. This is easily seen by transforming (3.1)
with the potential (3.15) to string frame with g, ., = exp(2®/(d — 1))gu- Not only that
but we also have the asymptotics (3.16), which imply that the asymptotic solution in the
IR corresponds to a linear-dilaton background that is — very conveniently — an o’ exact
solution to (3.29) and corresponds to an exact world-sheet CFT. Indeed, in [15] it is shown
that, with the subleading terms of the form (3.15), the string-frame curvature invariants
both on the TG and the BH backgrounds vanish in the deep interior region near criticality
i.e. for rp — oo, (T' — T.). Hence the higher derivative terms denoted by ellipsis in (3.29)
become unimportant in the IR theory.

This implies that the dynamics in the transition region should be governed by the
linear-dilaton CFT. More precisely, we expect that quantities that receive dominant contri-
butions from the deep interior region near criticality should be determined by the linear-
dilaton CFT.

In the next section we shall make use of this observation to argue that the various
observables in the corresponding spin-model scale precisely with the expected critical ex-
ponents near T..

Another implication of this is that an asymptotically linear dilaton geometry (with
corrections governed by the subleading terms in (3.15) develops an instability at a finite
temperature T, into formation of black-holes. It is quite reasonable to expect that in the
limit of weak ¢gs this point coincides with the Hagedorn temperature of strings on the
linear-dilaton background [17]. We have more to say on this in section 5.4.2.

Finally, we note that in the case when the model is embedded in non-critical string
theory, all of the parameters in the model are entirely fixed. To illustrate this let us assume
that the entire potential is given by the leading term, ignoring the sub-leading terms etc.
Then the coefficient V, in (3.15) and the transition temperature would be given as,

(25 — d) 1
Veone = , Tene = 25 —d), 4.1
in the case of bosonic world-sheet CFT and
Cf(9 — d) 1
oco,nc — ) Tcnc: _d, 4.2
Ve, f o= g 0= (42)

in the case of fermionic world-sheet CFT. These results follow from (3.30) and (3.28). Of
course, in reality these numbers should be renormalized because the theory is not just
given by the leading piece: a potential with only the leading exponential behavior do not
possess any phase transition. The corrections will depend on the UV physics where the o
corrections kick in and renormalize these coefficients. We shall argue for another way to
fix these numbers in section 5. We will also show in that section that the scaling exponents
are also determined completely, once the CFT is fixed.
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4.2 The CFT in the IR

The arguments presented above point towards the conclusion that, on the string side the
criticality of the dual spin-system should be governed by a linear-dilaton CFT. Here we
want to spell out some of the salient features of this IR CFT. We start with the bosonic
case and then mention generalization to fermionic CFT in the end.

We reviewed the intimate connection between non-critical string theory and the linear-
dilaton background in appendix B. Utilizing this relation one can obtain the stress-tensor
of the (bosonic) linear-dilaton CFT as [31],

1

T(z) ==, - 0X"OX,,: +v,0° X (4.3)

for the left-movers, with an analogous expression for the right movers. v, are the propor-
tionality constants in the dilaton solution ® = v, X*. The indices are raised and lowered by
the flat metric. The total central charge of the theory (including the ghost sector) vanishes
for v, satisfying (B.5). In our case we have,

VVis

W=, Spr = Mo Oppr- (4.4)
The reason for denoting this constant mg will be clear when we analyze the spectrum
of fluctuations in this geometry, see appendix E. The total central charge of the theory

(including ghosts) vanishes only for,

2 602

my = 87asl f C—

402 €rmionic
S

{ 254 bosonic
(4.5)
for the bosonic and fermionic CFT’s, [33].

Now we discuss the spectrum in the case we are interested in: The Fuclidean d + 1
dimensional world sheet with (4.4) and the Euclidean X° dimension compactified on a
radius R = 1/27T. There are various ways to obtain the spectrum. Both the light-cone
and the covariant quantization is discussed in [31, 33]. Here we trivially extend these results
in our case.

The Virasoro generators are now

1 — Vo
L, = 0 Z NG /o (m + 1)moal,. (4.6)
n=—o00

The center-of-mass momenta are related to the zero mode oscillators as usual, pﬁ = \/ (3, af

and pé = \/ 3/ @y . Decomposing into components one has,

w w

= 27Tk =2nTk — 4.7
Do,L TLk A+ 9Tl Do,R ™ Tl (4.7)
Pi,L = Pi,R = Di; Pr.L. = Pr,R = Dr- (4.8)

In the first line the integer k£ denotes the Matsubara frequency and the integer w denotes
the winding number on the time-circle. As a result of the linear piece in the zeroth level
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Virasoro generator (4.6) one obtains the following mass-shell conditions (we adopt the
definition of mass in [31]) in the light-cone gauge:

. w 2 2 ~
—miyy = P+ P} + 2imop, + (27kT)? + (27TTO/) - (N+N-2), (49)

0=kw+N-N, (4.10)

where p,, N and N denote the center-of-mass momentum, the left (right) number of
oscillations in the space transverse to motion, respectively,

o0 o0
N = ZaL_n Q) o, N = ZdL_n @) g (4.11)
n=1

n=1

In (4.9) m3,, denote the d + 1 dimensional mass. One important difference between
the linear-dilaton and the flat case is that the definition of the mass of the string excitations
in terms of their momentum gets modified [31] due to the linear oscillator piece in (4.3).
The flat case follows by setting mo = 0, hence sending dilaton to constant.

Once the modified definition of mass is attained, the physical spectrum of the linear
dilaton is exactly the same as the critical string: the lowest level N = N = 0 is a tachyon
with mass —4/c’, the next level is massless and corresponds to the fluctuations of the
metric, the B-field and the dilaton, etc. [31].

All of these results are readily extended to the fermionic case with N = 1 world-sheet
supersymmetry [31]. In the light-cone gauge, one obtains the following spectra for the NS
and Ramond sectors,

1
mag =N+ bt by — ;o (NS (4.12)
q>0
mig =N+> gt br,  (R), (4.13)
q>0

where N denotes the number of bosonic oscillations in the transverse space (4.11) and
q € Z for the R-fermions and q € Z+ ; for the NS-fermions. This is again the same spectra
that one finds in the critical super-string.

However one finds crucial differences at the one-loop level: Modular invariance does
not allow for NS-R fermions except in particular dimensions given by multiples of 8. This
is quite convenient for our holographic purposes, because we do not want any fermionic
operators in the dual spin-model. Thus in a generic dimension d + 1 < 8 one has only two
sectors R-R and NS-NS. Furthermore, in the generic case, there is no analog of the GSO
projection of the superstring. Therefore the tachyon in the NS-NS sector survives.

Existence of tachyon in the physical spectrum is a very generic feature of the linear-
dilaton CFT in any dimensions. The mass of the tachyon changes depending on which
particular CFT chosen. With the definition of mass adopted above it is given by m% =
—4/a/ for the bosonic case, m2 = —2/a’ for the NS-NS fermions, m? = —15/4a’ for an
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orbifold in the r-direction, etc., but we stress that the ground state for £k = w = 0 in
linear-dilaton CFT in arbitrary dimensions is always a tachyon.??

This fact renders the linear-dilaton theory unattractive from many perspectives. In our
case however, it is a desired feature of the IR, CF'T. We recall that the background geometry
becomes asymptotically linear-dilaton only in the transition region T' ~ T, and only in the
large r region. We do not expect that the complete sigma-model which corresponds to
the black-hole for an arbitrary T have tachyon as a ground state. This would imply that
the black-hole geometry is unstable at any temperature. Instead the linear dilaton CFT
describes the physics near the transition and we do expect instability in this region. In
fact, as we show in sections (5.3.2) and (5.4.2), it is the presence of the tachyon which
guarantees vanishing of magnetization as M ~ (T — T,.)? and divergence of the correlation

length as & ~ |T'— T.|™" at the transition!

5 Spin-model observables from strings

F-strings and D-branes are important probes in the standard examples of the gauge-gravity
correspondence. In case of the holographic models for QCD-like theories, the phase of the
field theory at finite temperature, the quark-anti-quark potential, the force between the
magnetic quarks etc, can all be read off from classical F-string and D-string solutions
in the dual gravitational background. In this section we argue that the probe strings
constitute indispensable tools also in the spin-model-gravity correspondence. In particular,
the Landau potential, the correlation length, the various critical exponents, the scaling
of order parameters near the transition, the phase of the system, spin-spin correlation
function, etc. can all be computed from the probe strings in the dual background. In this
section we discuss how to obtain the various observables of the spin-model from the probe
string solutions.

5.1 What can we learn from the Gravity-Spin model duality?

In order to answer this question, one has to identify the Landau and the mean-field ap-
proximations on the gravity side. The Landau approach is based on integrating out the
“fast” degrees of freedom in the spin-model in order to obtain a free-energy functional for
the “slow” degrees of freedom, i.e. the order parameter M. We refer to appendix C for a re-
view of the statistical mechanics background and in particular a description of the Landau
approach. This is exactly analogous to integrating out the gauge invariant states to obtain
an effective action for the Polyakov loop on the LGT side, as illustrated in appendix A. In
the context of the gauge-gravity correspondence, this is, in essence, very similar to keeping
only the lowest lying degrees of freedom in string theory, i.e. the supergravity multiplet. It
is tempting to think that the complicated step of integrating over the spin configurations
in (C.4) to obtain (C.5) can be side-stepped by use of the gravity-spin model duality.?

22With a more conventional definition of mass [33], one finds a tachyon only for d > 1 in a d+1 dimensional
theory. In our case, the equivalent statement is that if we consider propagation of the tachyonic mode, we
find a smooth propagation for d < 1 but oscillatory behavior for d > 1.

Z3We note a very interesting paper [34] that dwells on these issues. In this paper Headrick argues that
one can generate the Landau functional at strong coupling in terms of classical string solutions.
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In the most general case, the correspondence between the spin model and gravity

should relate the Landau functional (C.5) with the string path integral:>*

71 = Zg. (5.1)

As in the original gauge-gravity duality we expect that there is a simple corner of the
correspondence where both sides of (5.1) become classical and one approximates the path
integrals by the classical saddles.

This is the large N limit: On the Lh.s. this is given by the Landau approzimation (C.6).
On the r.h.s. | it is given by the saddle-point approximation to the string theory where one
can ignore string interactions gs — 0. Then (5.1) reduces to,

e PFL — = Ast, (5.2)

where the action on the r.h.s. is the full target-space action including all the o/ corrections,
evaluated on the classical saddle. It is the effective action for all excitations of a single
string®® and in principle it can be obtained from the sigma model on the world-sheet.

At this point, it is clear that scaling of any quantity on both side of (5.2) near T, should
be characterized by the mean-field scaling. This is just a consequence of the saddle point
approximation. Therefore, any operator in the spin-model that is given by a fluctuation
of A should obey the standard mean-field scaling. We shall refer to these operators as
local operators. The only possible exceptions to this — within the classical approximation
of (5.2)—are operators that can not be obtained as fluctuations of Ag. These correspond
to non-local operators on the gauge theory, they are governed by probe F-strings or D-
branes on the string side. Yet, as we will show in the next section, they can correspond
to quite ordinary quantities such as the magnetization on the spin-model side. Thus,
magnetization is an example of a non-local operator. Even for the “non-local observables”
though the mean-field scaling is expected to hold in a semi-classical approximation, where
one only keeps the lowest-lying string excitations in string path integrals. These excitations
correspond to bulk gravity modes (levels N = 0 and N = 1 of the string spectrum). We
confirm this expectation in the sections (5.3.2) and (5.4.2) below.

In practice, it is usually very hard to reckon with (5.2), and one further considers the
weak-curvature limit where one can replace the r.h.s. with the (super)gravity action:

1
TFL [ TVd—lACgr- (53)

Here, Ly, is the (super)gravity action evaluated on-shell, on the classical saddle. We also
assumed a trivial dependence on the spatial volume and made use of the fact that the
temperatures on the spin-model and the gravity sides are inversely related, cf. appendix A.

Influenced by the standard lore of the gauge-gravity correspondence, we expect that
the weak curvature limit corresponds to strong correlations on the spin-model side. On

24We shall be schematic in what follows.
251t is important to note that this is not a string field theory action, the excitations governed by Ag; are
particles, rather than strings.
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the other hand, one quantifies “strong correlations” by the Ginzburg criterion in the spin-
model, as reviewed in section C. Quite generally, the system will be in a regime of strong
correlations around the phase transition where the mean-field approximation usually breaks
down. Therefore, one may hope that the gravity side provides a better description in (5.3)
precisely within this interesting region. This can be checked explicitly by computing cur-
vature invariants in the string frame. Even though one show that the Ricci scalar (and the
various contractions of Ricci two-form and the Riemann tensor) vanish in the limit (see [15])
there exists invariants such as d®? that asymptote to a constant that is generically the same
order as the string length scale ¢;2. Therefore, in a generic case one is forced to include the
higher derivative corrections. Luckily this can be done precisely in the interesting critical
regime, because the background asymptotes to a linear-dilaton theory.

What observables can we actually calculate on the gravity side? Because going beyond
the large N limit is very hard, one can (at present) only hope to obtain results in the Landau
approximation. The main observables then include the Landau coefficients®S aq(T'), oy (T),
as(T), the basic scaling exponents (3, v, n, v etc., and the spin correlation functions.
Moreover, the scaling exponents of operators that are dual to fluctuations of the bulk fields
in Ly, in (5.3) are necessarily given by the mean-field scaling. Therefore one can only hope
to obtain results beyond mean-field in the scaling exponents of operators dual to stringy
objects, such as magnetization or the spin-spin correlator.

Once again, we would like to emphasize the distinction between “mean-field scaling”
and the “mean-field approximation”. The former is unavoidable for local operators in the
Landau approximation (large N). On the other hand, gravity description is expected to go
beyond the latter. Therefore for quantities such as 7., the Landau coefficients at T, etc.,
and correlation functions of the non-local observables we expect gravity to provide better
answers than the mean-field approximation.

One may still ask the question, what is the use gravity-spin-model duality if one can
compute all of these quantities by employing Monte-Carlo simulations, or RG techniques?
First of all, the RG techniques are limited in the case of strong correlations. Secondly, the
calculations on the gravity side are much easier to perform, much easier than the Monte-
Carlo simulations, and one can usually obtain analytic results. However a more fundamen-
tal reason is that, there are situations where applicability of the Monte-Carlo simulations
are limited. The well-known examples are the computation of real-time correlators or spin-
models with fermionic degrees of freedom. By the gravity-spin-model correspondence, one
expects to overcome such fundamental difficulties.

5.2 Identification of observables

The duality between the lattice gauge theories and spin-models [10, 11] relate the magneti-
zation directly to the Polyakov loop. On the other hand, the Polyakov loop is related to the
classical F-string solution as discussed in section 2.3. Therefore we propose the following
chain of relations:

(P(z)) « (m(z)) « e SNalCsl, (5.4)

26We refer to appendix C for a definition of these coefficients.
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Here the boundary condition C), for the string is just a point x in the spatial part and a
loop on the temporal circle.

The spin field is valued under U(1)g. Similarly the Polyakov loop is valued under the
center C = Zy that becomes a U(1) in the large N limit. One should think of this as the
exponents becoming angles in the transformation,

P—e™MNp,  k=1,2---N

at large N. We shall denote this U(1) as U(1)¢. Similarly, as discussed in section 2.2 at
length, the F-string that winds the time-circle is charged under the U(1)p,?” because it
couples to the B-field. Thus one should identify

U(L)s = U()e = U(1)p. (5.5)

as in table 1 in section 2.3.

One should work out the identification in (5.4) carefully. In particular the first entry
is a complex number and the second entry is a vector in 2D spin space. The precise
identification of the two is provided with the standard isomorphism between U(1) and O(2)
representations. We imagine the vector m on the XY plane represented by the magnitude
|m| and the phase ¢. Then the simplest option is to set m, = Re(P) and m, = Im(P).
There is a little complication though, because in fact the identification should depend
on the value of ¢. This is because the physically preferred reference frame is set by the
direction of the magnetization vector v; in (C.16). All of the correlation functions should be
decomposed into components parallel and perpendicular to v;. Represented by the phase,
the direction of magnetization reads

¥ = (cos(v)),sin(v))). (5.6)

Thus, the naive identification mentioned above is correct only for v = 0. For a dif-
ferent value of 1) one should obtain the correct identification by a U(1) rotation: P =

exp(i))(mg + imy). Thus, in general we have,
Re(P) = m) = cos(¢)my — sin(¥)my, Im(P)=m, = sin()mg + cos()my,  (5.7)

where

m”J = 27 ’I’T”L Vi, mLi = (62J — vivj)mj. (58)

The identification of the second and the third entries in (5.4) is straightforward. One
can schematically write,

(PIC]) = (e~ J G+ By, (5.9)

using (2.7) and (2.9), where we dropped the dilaton coupling.?® Thus the magnitude of
P is determined by the space-time metric and the phase is determined by the B-field as

2TThe charge is determined by the winding number. Here we are only interested in strings that wind the
time circle once.

Z8We check in appendix D.1 that this contribution is sub-leading and do not contribute to the scaling
near 7T..
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explained in section 2.3 and one should identify the v angle defined in (2.4) and the angle
defined in (5.6).

In this picture the spin correlation function should be given by a fundamental string
solution that ends on two separate points x and y:

(mi(w)m;(y)) — e SvelCuml, (5.10)

The boundary condition is such that the string ends on the points x and y on the spatial
parts and wraps the temporal circle.

Again, one has to be careful in the identification (5.10) and has to split the correlator
into the parts perpendicular and parallel to the magnetization vector v; as in (C.19):

(mi(x) m;(0)) = (o () - 11y (0))vivj + (ML (2) - 711 (0)) (655 — vivy). (5.11)
On the other hand one has the identification,
(m(z) - m(0)) = (P*(x)P(0)). (5.12)
Given the identification (5.7) one obtains,

(i) (z) - iy (0)) = [M[ + (5)(z) - 5(0)) = (Re P(z)Re P(0)), (5.13)
(miy(x) -m1(0) = (8L(2) - 5.(0)) = (Im P(z)Im P(0)) (5.14)

where we also decomposed the magnetization M and the fluctuations § according to (C.14),
assuming that M is isotropic. This is of course in the black-hole phase. In the thermal-gas
phase |M | vanishes and any direction v; is identical.

5.3 One-point function

Having identified the observables on the spin model side with the observables on the gravity
side, we are ready to determine the magnetization M of the spin model on the gravity side
by a one-point function calculation. As we argued in the previous section the magnetization
should be given by the real part of the F-string solution that wraps the time circle. As a
warp-up exercise, we shall first assume that the string path integral is dominated by the
classical saddle and obtain the resulting scaling law for the magnetization. After this, we
will loosen the assumption and perform the same calculation in a semi-classical regime in
section 5.3.2.

5.3.1 Warm-up: classical computation

The definition of the Polyakov action and the boundary conditions are given in detail in
section 2.2. In appendix D we prove that in all of the cases we consider in this paper, the
dilaton coupling term in Sy¢, that is given by ®R?) gives finite contributions, hence do
not alter the scaling. Also, the effect of the B-field is discussed in detail in section 3.2.
Thus we shall only restrict our attention to the area term (see eq. (5.9)):

M| = |(P[C])] x (e~ / €) (5.15)
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and replace the fundamental string action with the Nambu-Goto action.
To compute the energy of the string, we fix the gauge o = 2, 7 = r where (7, o) are the
coordinates on the world-sheet, 2° is the Euclidean time that is identified as 2° ~ 204+ 1/T

and r is the radial variable in the coordinate system given by (3.6). Then,

T(rp)~t [T
S = (2;22 / dr/det hap, oy = Dar 2" g, (5.16)

where /4 is the string length, ¢° is the BH metric in the string frame:

2

ds? = 0 (1) dr? + dagy +d2f(r)), As(r) = A()+ T

(), (5.17)

and € is a point near the boundary.?’

In passing we review the discussion in section 3.3. There we introduced the rescaled
field @ in relation to the “real” dilaton as in equation (3.33) as ® = ® 4+ log N = &g +
00 +log N = log A + 6@ the last two lines follow from (3.37) and (3.38). The constant A
is O(1). Thus, when large, ® just corresponds to the difference of the real dilaton and its
boundary value ®y. Large ® does not mean large & when ® is chosen very small. This
choice indeed corresponds to the large N limit in the gravity language. Therefore we can
safely ignore the loop corrections here, and in the next sections.

On the TG solution one replaces f — 1, A(r) — Ag(r) and ®(r) — Py(r) in the above
formulae. As described in section appendix D.1 the exponential of —Sy¢g vanishes on the
TG solution. Thus,

My = 0. (5.18)

This confirms our discussion in section 2.3, that indeed the TG phase of the gravity corre-
sponds to the disordered phase of the spin model.

Let’s turn to the BH phase. It is shown in (D.1) that (5.16) is finite, unless d = 2. In
the latter case the fluctuations of the zero mode of the B-field in the 2D transverse space
makes it vanish — see the discussion in section 2.3. Thus one finds,

Mpy #0 (d>2), Mpg=0 (d=2), (5.19)

and the black-hole solution indeed corresponds to the ordered phase of the spin-model for
d > 2. One also confirms on the gravity side, that no long-range order in the spin field is
possible in d = 2.

We would also like to see how M scales near the phase transition (as one approaches
from below in the spin model). Using egs. (3.17) and (3.16), one finds that the scale factor
vanishes As(r) — 0 as r — oo, see (D.8). Thus the integrand in (5.16) becomes constant in
the limit 7, — oo. Using also the fact that 7" — T, in this limit one finds, (see appendix D.1

for details),
T71
Sng — 2;@ Th, T —T,. (5.20)

2The target space metric typically diverges on the boundary and this cut-off guarantees finiteness
of (5.16). One can remove the dependence on e by some renormalization procedure, however we do not
need this as we are only interested in the dependence of Snye on 74 in the limit r;, — oo that corresponds
to T' — T.. We provide an appropriate renormalization scheme in appendix D.1.
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In order to determine the scaling of Sng with the reduced temperature ¢, one needs to find
the dependence of r, on ¢ . This is done in appendix D.1. Define the dimensionless constant:

Ve = Vo l? = (4nT . 0,)?, (5.21)

where V is defined in (3.15) and (3.28) is used to relate it to T,. Then the result is,

— 4

Casei: Mpy = e NG o tr Va t—0 (5.22)
v S0 o ¢k (8)°

Case ii : Mpg = e °NG x e Vs\C/J | t—0, (5.23)

where the constants «, s and C are defined in (3.18) and (3.19).
We note that (5.23) is valid strictly for d > 2. As mentioned before, for d = 2 we obtain
M = 0 below and above the transition.

Let us now specify to the case of second-order transitions. Then the coefficient & is
given by (3.27) with n = 2:

k=2, second — order transition. (5.24)
Then, comparison of (5.22) with (C.21) yields the critical exponent of the magnetization as,
s=2v, (5.25)

where V; is given by (5.21).

Finally, we note that the mean-field scaling \M | ~ t2 corresponds to a particular value
of the parameter V:
VME — 4 (5.26)

s

It seems like a contradiction that one does not automatically obtain the mean-field scaling
for |M | directly from the gravity action. However, it is not. As explained in section 5.1, the
magnetization is a “non-local operator” which maps onto a non-local object in the string
theory side, i.e. the expectation value of the F-string that wraps the time-circle. Therefore
the classical string computation is not bound to produce the mean-field result.

On the other hand, we remind the reader that this section is just meant to be a warm-
up exercise. The classical computation is not at all guaranteed to be self-consistent. In
particular it assumes that the string path integral is dominated by classical saddles, which
only holds when ¢/ is parametrically large. This is not guaranteed in the backgrounds
that we discuss in this paper. Below, we consider the semi-classical computation and argue
that the classical result is altered non-trivially due to large quantum fluctuations. We shall
observe that the mean-field scaling arises as a result of the semi-classical computation.

5.3.2 Semi-classical computation

In principle the classical saddle dominates the path integral only in a regime where the
typical curvature radius of the geometry — that is determined by the asymptotic AdS
radius /—is much larger than the string length ¢/¢; > 1. This is indeed the case for a
pure AdS black-hole geometry when the dual N' = 4 theory is at strong coupling, because
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the AdS/CFT prescription relates the ratio /s to the 't Hooft coupling \; of the dual
gauge theory as £2/¢2 « \/\;. In the theories we are interested in, when there is no tunable
moduli like )¢, this assumption will generically fail — unless there is some physical reason
for £/¢s to be large. In this section we consider a full path integral computation.

What kind of a string propagator do we want to compute? In the classical approxi-
mation of the previous section, the recipe [13, 38, 39] to compute (P[C]) can be described
as follows. Consider a string that stretches between the boundary at » = 0 and a probe
D-brane just outside the horizon at r = r, — €. The boundary operator wraps the time-
circle, hence the string that couples to it also should. In the Euclidean BH the length
of the time circle measured by an observer sitting at r goes to zero as r — rj, thus the
string world-sheet wraps a 2D ball, and yields a finite answer when the UV divergence
regularized properly. This string world-sheet is the classical saddle of the Nambu-Goto
action and it provides the correct answer for £ > ¢,. We can generalize this picture to the
case  ~ L4 simply by considering a string that stretches between the boundary and the
horizon, wrapping the time circle, but this time computing the full path integral including
all quantum fluctuations on the string. This is similar to an open-string annulus diagram.
It is very hard to compute this however because the string stretches over the entire range
between the boundary and the horizon and one needs the full CE'T that governs the physics
everywhere on the target-space. Instead one can think of this diagram as propagation of
a closed string that is created at the boundary, travels the distance from r = 0 to r = r},
on the BH and absorbed at the horizon. This is easier to handle because, at least we
know the CFT close to r;, in the limit r;, — oo, which corresponds to the phase transition
regime. This is the linear-dilaton CF'T described in section 4. Indeed, this CFT will prove
important in determining the critical exponents of the corresponding spin system.

Then the idea is to divide the closed string paths into two parts: from the boundary
to a point r,, and from r,, to the horizon rj. The point r,, should be chosen such that the
string propagation from 7, to r, be governed by the IR CF'T, see figure 3. What is meant
by “semi-classical approximation” will be to consider the contribution of the lowest mass
string states at levels N =0 and N =1 in the IR CFT.

Field theory analogy. It is helpful to introduce the idea first in a similar situation in
quantum-field theory. Generalization to the string will then be clear. First consider the
correlator of a free massive scalar field with mass m? in flat d + 1 dimensions (#(0)¢(y)).

This can easily be given a point-particle interpretation,’

(D(2)o(y)) = /0 " (0,007 y)op (5.27)

where the integrand is just the propagator of a point-particle in proper time 7 with Hamil-
tonian p? + m?.

Now let us consider the more general situation of computing the propagator of a field
¢ in curved space time. The field should be specified with some quantum numbers such
as momenta, charge etc. determined by the isometries of the background. We assume

30We consider Euclidean case for simplicity.
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that there are no self-interactions, hence no Feynman loops. We also assume that the
back-reaction on gravity can be ignored. Finally we consider a background geometry of
the “domain-wall type” 3.6 where one coordinate r is singled out. We denote the d + 1
coordinates as (1, Z). Now, (¢(0,0)¢(r, 7)) can still be formulated in proper-time as in (5.27)
but this time the one-particle Hamiltonian will be much more complicated.

However, let us consider a situation when the background geometry simplifies in some
asymptotic region, when r > 1, where we know how to write down the one-particle Hamil-
tonian. Then the idea is to divide one-particle paths in (5.27) from 0 to r,, and from 7,
to rp, where rp, > 1., > 1. For this purpose we decompose the correlator as,

00
<¢(070)¢(Th737)> :/ dT/d'r’ddxm<0;O=0’Tm§r7fm><7m§rafm‘73 rh7gm> (5'28)
OOO )
%/ dT/dTm Im ddxm<03070‘7'm§rm7£m><7m§rm7£m‘7'§ Th,§m>1R,
0

where in the second line we exchanged the integral over the intermediate point r with an
integral over 7, producing a Jacobian J,,.3!

In the second line of (5.28) the propagator in the region 0 < r < r,, is governed by
an unknown one-particle Hamiltonian Hpyry that is the full Hamiltonian valid everywhere
on the target-space. The second propagator is governed by H;gr for which we assume
the knowledge of the spectrum. The two should be continuously connected at 7,,. The
approximation in the second line is to replace the full Hamiltonian in the second propagator
with this IR Hamiltonian. The entire procedure will in general depend on the matching
point r,,. But, if we are interested in how the object scales as a function of the end-point
rp, this dependence will be irrelevant.

A technical but crucial point is that the division of the paths as in the second line
of (5.27) makes sense only for the paths with 7(7) > 0. This will certainly be satisfied for
“slight deformations” from the classical path, if the classical path itself satisfies 7(7), > 0.
It is reasonable to assume that these are the paths that dominate because they minimize
the kinetic energy in the one-particle lagrangian L,, o< 72 4 --- . The procedure can be
extended to non-monotonic paths in an interesting way. Let us consider one-dimensional
case for simplicity (the generalization to arbitrary dimensions is trivial). Suppose that we
want to divide the path integrals in two different regions in space, for r < rp, and r > 7,,.
Then, one has to classify all of the paths according to their “crossing number” ¢,, that
is defined as the number of solutions to (1) = r,,. The monotonic paths have crossing
number ¢,, = 1. This is obviously an odd number and the next case have ¢,, = 3, see
figure 2. All of the paths from r = 0 to r = rj > ry, are classified by ¢,,. For non-trivial
paths, with ¢, > 1 one can apply the same procedure by defining 7,,, to be the greatest
solution to r(7,,) = ry. Then, the procedure applies smoothly. For sake of the argument

31This is achieved by making use of the freedom to choose 7,, anywhere in between 0 and 7 and inserting
inside the integral 1 = [ drm 5;’;(””)_”” a la Faddeev-Popov. This is not to be confused with the usual

dr |T(7'):7‘m

re-parametrization invariance of the relativistic point-particle. Here we describe propagation of a quantum
field in the Schwinger’s proper-time formulation, not a relativistic particle. In particular the Lagrangian
that generates the propagation is not re-parametrization invariant.
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Figure 2. Division of the one-particle paths that contribute to the QFT correlation function into
regions with r < r,, and r > r,,. The paths are classified according to their crossing number c,,.
For crossing ¢,, > 1, 7, should be chosen as the greatest node.

here, we will restrict only to the paths with ¢,, = 1. This can be achieved by choosing r,,
to be close enough to 7. This is indeed the case in the physical situation we are interested
in, because the region where the CF'T on the string is governed by the IR CF'T corresponds
to T S 1 for vy > 1.

At this point it is helpful to switch to canonical formulation and express the propagators
in terms of the eigenstates of Hyy and Hygr that we denote as ¢ and £ respectively:

(¢(0,0)p(rp, ¥ / dT/dTmJ dz,, Z @5/(0,6)\i12/(7:m,fm)emeHUV(ﬁ/)
§'eHuy
X > We(rg, En) Ve (rp, e T HIn(E), (5.29)
EEHIR

where H denote the Hilbert spaces of the respective Hamiltonians. W¢ and \ng/ denote the
wave-functions of the eigenstates £ and & of Hyr and Hyy respectively.

One can now carry out the integration at the matching subspace r = r,, over &,,. This
integration will produce the overlap of the wave function ¥ of the UV Hamiltonian with

the wave function ¥ of the IR Hamiltonian:32
One can further sum over the UV Hllbert space, by defining the overlap function
Ag 0 Tm = Z Cgﬁ/\lfgl HUV(&I)T"L. (531)
§'eHuv
This is the amplitude for production of a state & of the IR Hamiltonian at 1,,. Thus one has
(0(0,0)p(rp, i / dT/dTmJ Z Ag(0, 7)) WE(rn, G)e ~(r=7m)H1R(€) (5.32)
§EHIR

32We do not assume that the Hilbert spaces of the UV and the IR Hamiltonians have same dimensionality,
the overlap matrix may be rectangular.
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Now one can carry out the 7 integral; this will produce Hrg(£) in the denominator and
then the sum over the IR states £ will only get contribution from the on-shell state &, with
Hyy(€*) = 0. This is the analog of the on-shell state p? + m? = 0 in the free-field case.
Therefore our final expression is,

((0,0)¢(r1, 7)) = ( / AT I Ag. (0, m)eTmeR(f*)) Ut (rp,7) (5.33)

Dependence on the matching point r,, of the UV and IR regions is hidden in the Jacobian
Jm. Our ignorance about the UV region of the target space is summarized by the function
Ae, (0,7,). More generally this may be replaced by a sum over the on-shell states &, as
will be the case for the string propagation below.

Closed string case. Having outlined the procedure for the simpler case of quantum field
theory, let us now consider the closed string propagation. As we argued in the beginning
of this section, the one-point function (P[0]) is given by the propagator (¥;,0,0(¥ ¢, 7y, 7 /)
with some initial state ¥,; on the boundary that corresponds to the Polyakov loop at the
transverse point 6, and some final state W, at the horizon at a transverse point Zy. In the
end of the computation everything that is not determined by the boundary condition at
r = 0 should be summed over. In particular we should integrate over y. When comes to
VU the situation is as follows: In the CFT language, the path integral we want to compute is
a sphere diagram with two insertions of vertex operators Vi, (o1, 71) and Vi ; (02, 72). These
operators should be defined in the full CFT. Quite generally, the PSL(2, M (') invariance
of the sphere 1) allows to fix locations of the insertion points (o1,71) and (092, 72); 2) it
restricts the conformal weights (hf,ﬁf) of the operator Vi, in terms of the ones of the
initial state (h;, h;). Therefore the final state will be fixed automatically. However, we will
still have a sum because the matching procedure described above will effectively yield a
decomposition of W in terms of the spectrum of the IR CFT.

What do we know about the initial string state ¥;7 It should correspond to the
Polyakov loop on the boundary gauge theory. Clearly it should be a winding w = 1 state
in the full CFT with zero transverse momentum p|; = 0 and zero Matsubara frequency
k = 0.33 Apart from these we cannot say much. In particular we do not know the precise
form of the vertex operator that corresponds to this state, as we do not know the details
of the full CFT. However, this ignorance will not affect our final result.

Gauge fixing. One important complication in comparison to the QFT case above is that
now we have two re-parametrization + one Weyl invariance on the world-sheet that should
be gauge fixed. String paths are parametrized by the world-sheet coordinates (o, 7) with
o ~ o+ 27w. In the path integral we can fix the two re-parametrizations by fixing the world-
sheet metric to be of the form hy = fLabeUL with some reference metric h. The remaining
freedom o, is the Liouville mode, which can be left as unfixed. It is well-known that
under quantum effects o, becomes a space-like dimension and the target space becomes
flat with one additional dimension plus a linear dilaton. It was further shown in [31] — see

331t is also reasonable to assume that it corresponds to a state with no string excitation numbers but we
will not assume this.
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appendix B for a review — that for non-critical strings on flat d — 1 dimensional target-
space to make sense at higher genera, one is forced to introduce an extra world-sheet field
¢ that couples to the world-sheet Ricci scalar. Then, after fixing the re-paratmetrization
invariance, the Liouville field o combines with ¢ to produce two extra dimensions on the
target space plus a linear dilaton field. Thus the end-result is non-critical string theory in
d+1 dimensional flat target-space with a linear dilaton ®, which is exactly what we have in
the IR in the model of section 3 for r; > 1. Another option is to make sure that the CFT
has vanishing total central charge. In this case o, decouples and one has fixed the entire
gauge symmetry on the world-sheet. The background becomes linear-dilaton in the range
r > 1 for r;, — co. The two options are totally equivalent and for definiteness let us adopt
the latter option. Then we start with d + 1 dimensions and we fix both re-parametrization
and Weyl.

At this point there are two options that one can choose to work with. One can either
keep the ghosts that arise from the re-parametrization fixing or one can ignore them and
include only the transverse string fluctuations in the canonical formalism and treat the
propagation in the light-cone gauge. In the asymptotic linear-dilaton regime it is known
that the ghosts exactly cancel the excitations of the string along the r and the 2 directions
in the linear dilaton background, just like the flat case [31]. We will assume that this is
true also in the more general case when we have the correction terms in (3.15).

The calculation becomes more transparent in the light-cone gauge which can easily be
generalized to the linear-dilaton background [31, 33]. Here, one ignores the contribution
of the re-parametrization ghosts and fixes the metric hy, = Babe(’L by hand. There is a
residual freedom from the combination of diffeo-Weyl that leaves h invariant which can be

fixed by,
1

V2

X~ is also fixed through the Virasoro constraint and one is left with only the transverse

Xt =ptr+at, X* (X% +7). (5.34)

oscillators along X°.

Calculation. For the purpose of identifying the contribution from the IR region we
divide the propagation into two parts. The procedure we outlined for the field-theory
case to separate the paths in the two different regions and to sew the propagators at the
matching region r = r,, has a direct generalization to the closed string propagation in our
background: One only has to

1. replace the Hamiltonians in (5.29) with the Virasoro generators H = Ly + Lo;

2. extend the integration over 7 to a complex parameter w = 7 + 0 whose imaginary
part couples to Lo — Lo, hence the integral over it produces the left-right matching
of the on-shell states;

3. replace the wave-functions V¢ and \i’g of the IR and UV Hamiltonian with vertex
operators in the CFTs.
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Figure 3. The string world-sheet that wraps the time-circle and hangs from the boundary to the
horizon as the dual of the one-point function of the Polyakov loop. The Euclidean time is identified
as indicated by the dashes. We insert a complete set of string states x at an intermediate point 7,
chosen close enough to r, for large rp,, such that the IR CFT description holds for r > r,,.

Formally we first decompose the path integral from 7 = 0 to 7, and 7, to co:

(Psi;, 0|0 s, 00) = (U;,0,000, 7, 75) = DXHe AKX AloL] (5.35)
be;,bey
= / dX" (o) DxFe AKX DxHe AR
bei,bem, bem,bey

where the boundary conditions are defined by the sets,

be; = {X“(O,a) =Xl (0): X (o +21) = XD (o) + ;;Xw =rg= 0} (5.36)
bem, = {XH(Tim,0) = XE (0)} (5.37)
bep = {X*(00,0) = X (0) : X0 =70 =0} (5.38)

Quantities with subscript 0 refer to the center-of-mass positions in the first and the
last lines.

The r-component of the intermediate string r,,,(c) has a center-of-mass piece

27 do B
r(Tm,0) = 5 r(Tm,0) + =19+ (5.39)
0 Y

Just as in the field theory computation above, we can use the freedom to choose 7, to
replace the integration over ry with an integration over 7, by inserting

d
1= /dTma(ro(Tm) )y Tt =0

m. dr |ro(7'):rm

(5.40)

inside the integral over X}, (o). Now, we assume that only the paths with crossing number
¢m = 1 dominate the path integral. This is certainly the case for 7, chosen close enough®*

31We remind that the “crossing number” was defined in the field theory analogy above. This assumption
can be lifted as explained in the field theory analogy above by modifying the procedure of dividing paths.
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to 7, for r;, > 1. This means that,

r(t)y>r(r),  T'>7, forT >y, (5.41)

where

2
do
r(r) = T . 5.42
=] e (5.4
Therefore we achieved the division of path integrals from ry = 0 to rg = 7,,, and ro = r,;, to
ro = rp. We will approximate the second class of paths by replacing the action with that

of the linear-dilaton CFT:
o0 /
(V;,0[W ¢, 00) =~ / dTme/dX,#(J)PI(O,Tm)PI[R(Tm, 00), (5.43)
0
where the first path integral is

PI(0,7,) = Do DXFe A (5.44)

be;,bem,

with A the full world-sheet action and the second one is

PIR(Tm, 00) = DXHe AR, (5.45)
by, ,bey

The primes in (5.43) and (5.45) denote omission of the center-of-mass piece in r(7,,) as it
is fixed to 7, by (5.40).

The approximation in (5.43) is two-fold: First of all we approximate the action in the
region r(7) > 7y, by the IR CFT:

1 2T 0 s R
Arg = Aret / da/ dT\/h [h“b(?aX“(?bX”nW + 4a/v, X" R + 20/babvacb] ,  (5.46)
™ 0 Tm

where we idsplay explicitly the reparametrization ghosts. The proportionality factor in
the dilaton in our case is given by (4.4). We consider the bosonic linear-dilaton theory
for definiteness; the final result (in the semi-classical approximation that is to be defined
below) is independent of the particular linear-dilaton CFT chosen.

The second approximation is that we restrict the analysis to the ¢,, = 1 paths. Both
of these approximations become better as the point 7, is chosen closer to rj. In fact, the
second assumption is automatically satisfied in the light-cone gauge (5.34) where the role
of r(7) is played by X (7).

Now, we focus on the second path integral PI;g. In the canonical formalism this can
be written as,

PIa(Tm,00) = Y (Vi(Xom, 7o) Vi (X5, 00)) A s (%), (5.47)
XEH L

This is an unimportant detail however, which has no effect on the final result. Here we just restrict the
analysis to ¢, = 1 paths for simplicity.
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where x runs in the transverse Fock space of the linear-dilaton CFT and V, (X, 7) denotes
the vertex-operator for creating a closed string X at world-sheet time 7 in the y eigenstate
of the Hamiltonian L + Lo [40]:

2
do
VX(XaT) = / QWVL(X’XL(T_ U))VR(X’XR(T _J)) (548)
0
The eigenstates x of our linear-dilaton CEF'T are labelled by the center-of-mass momenta in
r and transverse directions p,, p’ , the Matsubara frequency k and the left (right) oscillator
numbers N (N).
The propagator of a state x(p,,p.,k,w, N, N) is then given by

2 -
Arr(x) = / T L1 5Lo01, (5.49)
|z|<1 |2

where the Virasoro generators are given by (4.6). In the propagator (5.49), the integral
over z projects the states on the mass-shell (4.9), (4.10).

The IR path integral (5.47) contains the 7, dependence that we seek for, inside the
vertex operator for the final state. It is contained in the center-of-mass position term in
the r-direction, see (5.36). Let us make it explicit by factoring out

Vi(Xp,00) = e PV (X, 00), (5.50)

where V' contains no dependence on rp. On the other hand, the sum over x in (5.47) contain
integrals over p, and p; and sums over k, w N and N. Noting also that the integral over z
in (5.49) projects onto the mass-shell states (4.9) and (4.10) one can directly perform the
integral over p, in (5.47) and find,

PI1g(Tim, o0 ZC e~ PH0rh=rm) (5.51)

where the constant C, does not depend on rp, and p} () denotes the solution of the mass-
shell condition (4.9):

2
Pt = —img <1 + \/1 + m*@) : (5.52)
my

2 - w2
2 _ 2 2
me= (N—l— N — 2) +pl + (27kT)* + <27TT0/> . (5.53)

Substituting (5.51) in (5.43) we find that the entire 7, dependence of the Polyakov
loop becomes,

Zc e~ Pr00Th (5.54)

where the states x have zero transverse momenta and C is some c-number whose value is
independent of 7. This result can be thought of a direct generalization of the field theory
analog in (5.33). The exponential term above is the analog of the wave-function ¥, and
the coefficient C, above is the analog of the expression inside the brackets in (5.33). The
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important difference is that here we have an infinite sum over all possible on-shell states
of the string.

The expression inside the square-root in (5.52) has the following behavior for the
various physical states. For any state other than the tachyon (N = N=k=w= 0) it is
larger than 1. For the tachyon it equals,

m2 1—-d
1 = . 5.55
+m(2) 25 —d ( )

Thus it is negative for any non-zero spatial dimension d — 1. For a “winding tachyon”
N =N =0, k> 0, its sign is determined by the value of the temperature T'. This latter
case will prove important in the evaluation of the correlation length in section 5.4.2. Here,
the important point is to realize that (5.54) is always dominated by the tachyonic ground
state in the limit » — r;, because all of the higher states result in bigger suppression in
the exponential.

For the tachyon on the other hand the square bracket in (5.52) is oscillatory, thus it
gives an imaginary contribution to the exponent in (5.54) and the modulus of (P[0]) is
determined by the first term in (5.52),

lim [(P[0])| oc e” ™0, (5.56)
7p—00
We can now translate the variable from rj, to the reduced temperature t using (D.13) near

the transition region,
1

e T — ¢ (5.57)

Consequently, we obtain the scaling of magnetization as,
|M| o |[P[C]] o tr. (5.58)
In particular, for the second order transition £ = 2 one obtains the mean-field scaling,
M| o t2. (5.59)

This provides a non-trivial check on the proposed duality. Although this is a stringy
computation in principle, we observe that the scaling exponent is determined by the lowest
lying fluctuation of the string that always correspond to the tachyon in a linear-dilaton
CFT in arbitrary dimension. As this is a gravity mode, it is quite reasonable to expect
mean-field scaling by the arguments in section 5.1. The computation above confirms this
expectation non-trivially.

It can also be shown that all of the arguments that we made throughout the derivation
readily extends to the other linear-dilaton CFTs, including the fermionic ones. This is
because there always exists a tachyon in the spectrum for which the square-root in (5.52)
becomes imaginary, whereas it becomes real for all of the other states in the physical
spectrum. This result can easily be understood intuitively: in the transition region T~ T,
where the linear dilaton CFT governs the scaling behavior, the existence of the tachyon
signals instability, hence phase transition, and it is this tachyonic state which dominates and
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Figure 4. The classical string saddles that contribute the spin-spin two point function in the
ordered phase of the ferromagnet. (a) The disconnected diagram. Strings are falling on the horizon.
Its value is proportional to the square of the magnetization expectation value [M|2. (b) Connected
string diagram. (c¢) A bulk-mode exchanged between two disconnected strings.

determines the scaling law of observables. In section (5.4.2) we provide another example
of this phenomenon.

There are various possible modifications of the mean-field result. First of all, it would
be interesting to see whether going beyond the semi-classical approximation would modify
the critical exponent. For this one has to sum over all of the string states instead of
focusing only on the dominant tachyonic contribution. It will be very interesting to obtain
corrections to mean-field scaling as a result of this computation. We hope to investigate
this issue in the future.

Second type of possible modification involves the 1/N corrections. In the calculation
above we assumed that the boundary value of the dilaton can be tuned strictly to zero, so
that we can ignore gravitational interactions. One expects that the 1/N corrections modify
the mean-field scaling as,

| M| oc t2TONT2), (5.60)

5.4 The two-point function

As explained in section 5.2, the spin-spin correlation function is represented by an F-string
solution on the gravity side, (5.10) that wraps the Euclidean-time circle and is connected
to two separate points on the boundary that we take as  and 0. As in (5.3.1), we first
compute this quantity classically as a warm-up exercise. We then generalize to the realistic
case where one has to consider the full path integral. The classical computation was first
carried out in the case of AdS black-holes in [35, 36] (see also [37]).

5.4.1 Warm-up: classical computation

We will perform the computation in the black-hole phase (that corresponds to the super-

fluid phase in the XY-model). The computation in the TG phase is very similar and as we

are essentially interested in how the correlator scales near T, the two results will yield very

similar results. Although all of the NS-NS fields G, B, and ® couple to the F-string, we

show that the G-coupling yield the dominant term in appendix D.2. Thus one can replace

the F-string action with the Nambu-Goto action in this section, unless specified otherwise.
There are three string embeddings that contribute [37], see figure 4:
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1. Disconnected diagram. This consists of two straight strings that connect to the
boundary at points 1 = L = |z| and 1 = 0 and hang from the boundary to the
horizon. The result is twice the NG action in (5.16), thus it is finite as long as T' > T...
As T — T, it diverges as in (5.20), that corresponds to the fact that the magnetization
vanishes smoothly as 7' — T,.. Thus the disconnected contribution yields,

(Ti(z) - 1(0))ass = (|P))? = |M|? = finite, T >T,. (5.61)

We are not interested in the actual value of the disconnected piece, it depends on
the normalization of the Polyakov loop. As mentioned before this piece is absent
in the TG phase. As it is disconnected, this piece is actually O(g;?) enhanced
with respected to the interesting connected contributions [37] that should be handled

separately.

2. Connected diagram. This is a differentiable world-sheet whose end-points are
connected to the boundary at points  and 0. To compute its on-shell action we fix
the gauge 7 = x1, 0 = xg where x; is the coordinate on the boundary on which the
end-points of the string L and 0 lie. The result is (see appendix D.2):

SYG = gl 5.62
NG 2 €2T / 4A5(7‘f) f) bl ( . )
4As(7")f (r)

where 7y < 73, is the turning point of the string that corresponds to dr/dx; = 0 and
€ is a cut-off near the boundary.?> A, denotes the scale factor of the metric in the

string-frame, see (5.17).
The length between the end-points of the string L is given by,
1

Tf Tf
L:2/ quz/ dr ) . (5.63)
6 6 \/f(r)\/ A1) g

s p(r )

Egs. (5.62) and (5.63) parametrically define the function S§¢%(L). One can easily
show that L is monotonically increasing in 7y. When the distance L reaches a certain
value that corresponds to 7 = rj, the connected string solution falls into the horizon,
thus ceases to exist. Beyond this point this diagram gets replaced by the “exchange

diagram” that we discuss below.

We are eventually interested in the scaling of the spin-spin correlation function near
T.. Therefore let us focus on the limit r; > ry > 1. In this limit 7" is very close to
T and at the same time L is large. One can easily compute the function S{ in this

limit (see appendix D.2) and finds,

1

Scon L. .. =
— mr + ) mr 27T£§Tc )

(T — T,) (5.64)

35For the sake of the discussion here, we do not need to renormalize the action by subtracting counter-
terms. This can be done in a standard way, if desired.
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where mp(t) defines an effective mass term, that stays finite at all 7" and whose value
in the limit ¢ — 0 is shown above. The ellipsis denote contributions that are sub-
leading in L. Thus, we can identify the first contribution to the spin-spin correlator:

<T?L(1‘) : Tﬁ(o»con ~e T Lo (5.65)

Comparing with (C.17), one indeed finds qualitative agreement where m}l gives a
finite contribution to the spin-spin correlation length &, that stays finite even at T..
On the other hand, we expect ¢ to diverge at T.. To see how this divergence arises

one has to perform the full path integral computation that we turn in section 5.4.2.

3. Exchange diagram. When the curvature on the string world-sheet becomes strong,
one should also take into account the fluctuations of the string, that are no-longer
negligible. It was first observed in [37] that this contribution yields a crucial correction
to the Polyakov correlator, that actually resolved a puzzle that was encountered
in 35, 36]: As the connected contribution above ceases to exist beyond r¢ = 4, one
may naively think that the connected part of the correlator (P*(L)P(0)) vanishes
beyond a certain value of L. This is in contradiction with a generic QFT as the
connected piece of a generic correlator should be a convex function which smoothly
decreases with increasing L.

The missing contribution, in fact, comes from the world-sheet fluctuations that be-
come crucial in the regions where the world-sheet curvature R becomes large. In
appendix D.2 we show that R indeed becomes large near the horizon, hence an-
other type of connected diagram that arise from world-sheet fluctuations become
more dominant at 7y = rj,. This diagram can be calculated in the limit L becomes
large. In this limit, the contribution is given by the diagram that consists of two
disconnected world-sheets connected by the exchange of gravity modes. In the large
L limit, the exchange is dominated by the gravity mode with lowest mass. Thus, in
this limit exp —Sn¢ is given by the propagator of the lowest mass gravity mode in

d — 1 dimensions:3%

efmmin L

€N~ T s (5.66)

where my;, is the lowest mass bulk mode.

Now, it is crucial to figure out which gravity modes contribute to which parts of
the correlator. As explained in [37], in the gauge theory, only the C'7-even modes
couple to the real part of P[C], and C7-odd modes to the imaginary part. Here
7 denotes reflections in Euclidean time. The analogous statement in gravity is that
only the CT* bulk modes are exchanged in the part of S that corresponds to
(Re PRe P) and the C'T~ bulk modes are exchanged in the part that corresponds

to (Im PIm P). Using the identification (5.13) and (5.14), we find that,
<m||(x) : mll(o»eﬂcc ~ e Mt L/Ld—?;’ (5-67)
<T?LJ_(.%’) : ml(o»emc ~e M L/Ld_37 (568)

36The exchange mode propagates in d — 1 dimensions because the propagator is fixed at a certain value
of r and it’s compactified on the time-circle.
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where L = |z|, the m4 are the lowest masses of the bulk modes in the C7* channels
and the result is valid in the limit L > 1.

The NS-NS modes in the C7*+ channel with their J¢7 designations are, Gpy (07),
GET (21F), @ (07F), Bij 177, Gy (0F). One should solve the fluctuation egs. on
the BH background in order to figure out the lowest mass one.

This is done in appendix E, where we showed that all of the masses that correspond
to gravitational fluctuations are bounded from below and non-zero, i.e. there is a
mass-gap in the C7 " channel that is given by mg = v/Vao/2, equation (E.6). Hence,
in the large distance limit L > 1 the exchange diagram gives the contribution,

—Mo L+

Ld-3 '’
On the other hand, the NS-NS modes in the C'7 ~ channel with their J¢7 designations

read, Gy (177), By (17F) and B,g 0~ ". Here, the crucial observation is that, as
explained in section 2.2, the zero-mode of the latter is nothing other than the field

(&

() () - 172 (0))exe ~ L>1. (5.69)

in (2.4) that was identified with the Goldstone mode! Thus the lowest lying mass in
the C7T~ channel is the zero mode of the B, field and it is zero: m_ = 0. Thus we
find no attenuation term in the corresponding part of the spin correlation function:

- . e~m-(1) L 1
<mi(x) . mL(0)>e:vc ~ 1d-3 = [,d—3" (570)
where the result is valid for large L = |z|, and at any temperature 7" > T, which

corresponds to the ordered phase in the corresponding spin-system (we recall that
the temperature on the gravity side and the spin-model side are inversely related to
each other).

Combining (5.61), (5.65), (5.69) and (5.70) we arrive at the total result for the spin
correlation function (in the large L limit):

—mg L

Ld*3

e C3

(mi(z) - m(0)) ~ M? 4 ¢ e ™ Lt 4 ) + ras (5.71)

where ¢; are some constants.

Comparison with the mean-field spin-model result (C.17) shows perfect qualita-
tive agreement for temperatures T > T, (which corresponds to the low T regime of
the super-fluid).

However, we also observe that the classical computation fails to reproduce a very crucial
feature of the spin-model at T.. Namely, the longitudinal component of the two-point
function should in fact have a vanishing exponent as 7' — T:

e~ ™ (t) L+--

<T?L||(.%’) . Tﬁ||(0)> with m”(t) ~t’, as t — 0. (5.72)

d—3 ’
This corresponds to the fact that the longitudinal correlation length also diverges at T..
On the other hand, in our classical string computation we found an exponent m| bound
from below as m) — min(m,, mr) where mg and mr are given by (E.6) and (5.64). We
will argue below that the full path integral computation of the two-point function yields
the desired result.
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5.4.2 Semi-classical computation

Now, we look at the more generic situation when the assumption ¢/fs > 1 fails — as
expected in non-critical string theory — and the string path integral that corresponds to
the two-point function (P*(z)P(0)) = (m(x)-m(0)) is given by the full string path integral.
As in section 5.3.2 we shall calculate this quantity in the semi-classical approximation where
we focus on the dominant contribution of only the lowest lying string states at levels N =0
and N = 1.

One can again classify the string paths according to the three classes as in figure 4.
The contribution of disconnected paths will be just as in section 5.3.2. In the TG phase
they vanish because the area of the string paths are infinite and in the BH phase they yield
the square of the one-point function found in section 5.3.2. In addition one also have to
consider the disconnected paths corrected by bulk-exchange diagrams as in figure 4. We
shall consider the contribution of these latter diagrams in the end of this section. First we
focus on the connected string paths, see figure 5.

The connected path integral of the string is given by summing over all paths the string
can travel between the space-time points (r,z1,Z,) = (0,0,0) and (r,z1,7,) = (0,z,0).
Here £, denote the coordinates transverse to r and x. We denote these points as [j;, and
Iyt respectively. As displayed in figure 5 for the connected classical saddle, in the limit
L > 1 these paths can naturally be divided into three parts, see figure 5:

1. The paths between the space-time points Iy, = (0,0,0) and I;.
2. The paths between the points I; and I.
3. The paths between the points /¢ and Iy = (0, z, 0).

This division of path integrals into separate regions in space-time is a non-trivial op-
eration that is described at length in section 5.3.2. Here we will not go through the same
derivation again but only highlight the computation.

Just as in section 5.3.2 we write formally divide the full path integral by inserting
complete set of states at I; and I as,

<P*(x)P(0)>COTm ~ /dIZd[f Z f(Xa\Ijiali)AIR(X7Ii7[f)f*(X7 \Ilfalf)7 (573)
XEH L

where U; and W denote the initial and final string-wave functions and the sum is over the
physical string states in the Fock-space of the string. The function F(x, ¥;, I;) denotes the
overlap of the string state W, at the point [, and the state y at the point [;. Similarly
F(x, V¢, If) denotes the overlap of the string state W at the point /o, and the state x at
the point ;. The approximation in (5.73) is due to the assumption that the propagation in
the intermediate paths between I; and Iy are governed by the IR CFT as in section 5.3.2.
The properties of this IR CFT are specified in section 4.2.

The propagation of the string in the paths 1st and 3rd class depend on the full CFT,
hence we cannot calculate. However, in the limit r, — oo (T" — T.) and for large values
of L, the dependence of the two-point function on L is determined by the paths in the
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Figure 5. Quantum mechanical calculation of the spin-spin correlator. The string paths are divided
into three separate paths by insertion of complete set of string states at I; and I¢. For large L and
rp, intermediate paths are governed by the IR CFT.

2nd class where the propagation takes place in the region where the IR CFT can safely
be approximated by the linear-dilaton CFT of section 4.2. Let us therefore concentrate on
the evaluation of this part of the path integral.

As discussed in section 5.4.1, one has to consider the two parts of the correla-
tor separately:

(P*(2)P(0))conn = (ReP(2)ReP(0))eonn + (ImP(x)ImP(0))conn. (5.74)

Only the CT+ (C7 ™) string states contribute in the real (imaginary) parts. First of all,
we are interested in determining the scaling of the longitudinal correlation length £(¢) near
T.. For this purpose we focus on the real part in what follows and return to the imaginary
part in the end.

Thermal gas phase. The propagation of closed string state y from a point 2 = 0 to37
x = L in the linear-dilaton CFT is given by

Arr(x,0,L) o / dp, e P=(IL / dQZzL(J(X)*leX*l, (5.75)
|z|<1 |Z|2
where p,(x) denotes the momentum of the state y in the x direction. The exponential
factor in (5.75) arise from the center-of mass part of the vertex operator insertions at
r =0 and z = L, see section 5.3.2.
The integral over z restricts to the mass-shell states (4.9) and (4.10) on which the
momentum p, becomes,

* (2 Y 2 2 - 2 w 7\
Po==i| <N + N — 2) +p + pi + 2imop, + 27kT)* + <27TTO/) , (5.76)

3TWe drop the subscript in x; for notational convenience.

,43,



where p| now denotes the momenta transverse to the x-direction in the spatial dimensions.
As mentioned before the boundary condition for the closed string restricts only to the states
with winding number w = 1. This cannot change along the propagation in the limit g; — 0,
unless the string paths fall onto the horizon, that does not happen for the connected string
diagram. We therefore focus on the case w = 1. One should of course satisfy the level-
matching condition (4.10), N — N + k = 0.

In order to read off the scaling of the correlation length from the real part of the
propagator then one has to consider the contribution of all C7+ states that has winding
w = 1. The propagation amplitude of a state x in this region is given by

Arr(x,0,L) /dprdd_QpLe_ipz(X)L. (5.77)

The momenta p, and p; in (5.76) are to be integrated over after substituting (5.75)
in (5.73). This can easily be seen to produce a factor of L3, The correlation length
then can be obtained by state Xmin for which the expression —ip in (5.76) for p, =p; =0
is minimum.

§(t)71 = Py (Xmin) (5.78)

p1=pr=0

Consequently, in the thermal gas (disordered) phase the correlation length is given by

it (2 w2 (o))

The minimum C7 state is clearly given by the tachyon N = N = 0. Level matching then

4 1 \? 2
g;é‘ = <_O/ + (27TTO/> ) : (5'80)

For an arbitrary temperature this is a positive number. However we observe that it vanishes

(5.79)

min

sets k = 0 and one obtains

precisely at the temperature when the winding tachyon mode®® becomes massless:

1Y = 47;3. (5.81)
For critical strings in flat space-time, this special radius was shown to correspond to
the Hagedorn temperature of the string. Furthermore [17] argued that upon turning on
an infinitesimal g; this point becomes a first order phase transition in the string parti-
tion function.
Here, similar arguments combined with our finding section 3 that the linear-dilaton
with mild subleading corrections has a continuous transition would imply that, in the
case of a linear-dilaton background rather than the flat space, the same point indicates

38This is a misnomer as the “winding tachyon” is actually massive for an arbitrary temperature above
Hagedorn.
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a continuous transition into formation of black-holes. In the limit of vanishing g, this
argument thus determines the phase transition temperature as,

. =Th= " . (5.82)
gs—0

From (5.80) it is also clear that one obtains mean-field scaling for the correlation length,

Eralt) — Q@yﬂ—é, as t — 0, (5.83)

in the bosonic linear-dilaton CFT. (We recall the definition ¢ = (T — T.)/T.)
In case of the fermionic CFT a similar calculation in the NS-NS sector yields a
limiting temperature that we again propose to coincide with the continuous Hawking-

Page transition:
1

gm0 2V2ml

with similar mean-field scaling of the correlation function. On can consider variants of

T =T, (5.84)

the CFT by applying non-standard boundary conditions on the r-direction, but the result
does not change. As long as there exists a winding tachyon one obtains mean-field scaling
provided that one identifies the transition temperature with the Hagedorn temperature.

Our result for the real part of the connected contribution is then summarized as,

L
e éra®)

(ReP(x)ReP(0))rg [d-3

(5.85)
where the correlation length near 7T, is given by (5.83).

Now, we consider the imaginary part in (5.74). The only difference is that now we
have to sum over the intermediate states with C'7~ quantum numbers and with winding
w = 1. The lowest lying such state is given by the NS-NS two-form fluctuations in the
N = N =1 level. For the w = 1 state, level matching again requires k = 0. It becomes
clear that this contribution is subdominant with respect to (5.85) in the large L limit:

L
e o)

(ImP(z)ImP(0))rg [d—3

(5.86)
where &(t) asymptotes to a constant at the transition &y(t) — 2n7T.¢2. Using the value of
T. obtained in (5.82) this constant is,

l
So(t) — 25, as t — 0. (5.87)
Recalling that the disconnected diagrams in the thermal gas phase vanish because they
correspond to paths with infinite area, our final result then is,

_ L
e Sra@®)

(P (@)P(O))ra oc 4 g

o (5.88)
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with correlation length near T is given by (5.83). The ellipsis denote contributions from
higher mass states in the spectrum such as (5.85).

As an aside we also observe that the classical computation of the previous section gave
“almost” the right answer except that it missed the tachyonic contribution. One can check
this by observing that the contribution from the 1st level mass states is precisely the same
as the classical result (5.65), (5.64). We already calculated this in (5.86) for the B-field,
and one has the same result for the other states at the same level, namely the dilaton and
the graviton fluctuations.

Black-hole phase. Let us now consider the Euclidean black-hole. Here as well, the
winding will be protected along the propagation of the closed string as long as the string
does not fall on the horizon. This is indeed the case for the connected paths. The calculation
of the connected paths is very similar to the thermal gas case above, with one important
difference: here T' > T, and a naive application of (5.79) would give rise to an imaginary
correlation length. There is another important difference though: the BH becomes linear-
dilaton strictly in the limit 7, — oo and for any temperature less than T, we expect
additional contributions to the mass spectra.

From the space-time point of view there is a finite horizon for finite r, and the compu-
tation of the mass spectrum — as fluctuations in space-time follow from applying normal-
izable boundary condition at the horizon. This generally gives rise to a discrete spectrum
and one expects a correction to the mass spectra which is supposed to vanish only in the
strict r, — oo limit, due to the presence of the horizon. The only invariant quantity
that would be a candidate for such a correction term then is the black-hole mass mpy.
Consequently we expect that the mass spectra be shifted positively by a term proportional
to mpg near r, < 0o. On the other hand it is easy to see that the ADM mass of the
black-hole [28] is proportional to the string-frame Ricci scalar that was computed in [15]
and it was found that,

Mm%y o< Rg oc e"Pnl72 ot (5.89)

where the last relation follows from (D.12). Consequently, the relation (5.80) should be
modified in the limit r;, — oo in Euclidean black-hole as,

4 1 \? >
¢ — (— + ( ) + Cbht> , as t — 07" (5.90)

o 2T
where ¢, > 0 is some constant that we cannot determine unfortunately.?® Thus we find,
s — Vep, — 82, as t— 0", (5.91)
It should be checked that ¢, > 8 for consistency of the picture we present here. However

we do not have any means to check this at present.

390ne can try to obtain an effective action for the winding tachyon on the Euclidean black-hole and
determine its spectrum by applying normalizability both in the UV and near horizon. However, there will
still be undetermined coefficients in the effective action and the constant would not be determined. The
only way to determine it is to construct the small BH as a marginal deformation of the linear-dilaton CF'T
and obtain the exact spectrum.
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The result (5.91) summarizes the dominant contribution in the large L limit to the
connected string paths. As the tachyon is a C7 T state (5.91) yields the leading term in
the real part of the connected two-point function:

_ L
e ¢BH()

(ReP(x)ReP(0))conn X 1d-3 >

(5.92)
with (5.91).

How about the imaginary part? Just as in the thermal gas case above the leading
connected contribution to the imaginary part is given by the w = 1 NS-NS two-form with
the same answer (5.85):

e EOL(t)

(ImP (@) ImP(O))conn x4 4 -

(5.93)

with & behaving as (5.87) in the limit ¢ — 0.

Another crucial difference between the black-hole and the thermal-gas is that, for a
finite horizon (any rp, other than strict r, = oco) there are disconnected string paths and
similarly exchange diagrams of the sort we described in section 5.4.1. The two disconnected
string paths that fall into the horizon as in figure 4 give square of the one-point function
that we already calculated in section 5.3.2:

(P(x)P(0))ass o [M?, (5.94)

where [M]| is given by (5.58) in the limit ¢ — 0. This contribution is order O(g;2) [37] and
it should be treated separately.

There are also exchange diagram contributions of the form figure 4. These are of the
same order in g5 expansion as the connected diagrams and their contribution is simply
given by the sum over all possible bulk modes that can couple to the disconnected string
paths between the boundary and the horizon, see figure 4. As the disconnected string paths
do fall on the horizon, the string with a winding w = 1 boundary condition at » = 0 can
unwind at r, even when gs — 0. Therefore the winding number is not conserved in the
exchange diagrams in the black-hole phase and we should include the contribution from
the non-winding w = 0 states. Contribution of the exchange-diagram in figure 4 is then
given by the propagator of a bulk-mode with a d — 1 dimensional mass mi:

(P(x)* P(0))eem, oc L3 VETHT2TmiL (5.95)

The dominant contribution is always given by the £ = 0 modes, hence we consider the case
k = 0 in what follows. Again we divide this into the real and imaginary parts which receive
contributions from the C7+ and C7~ bulk states respectively.

We first focus on the imaginary part. The lowest mass C7 ~contribution is the fluctu-
ations of the B-field that are massless from the d — 1 dimensional point of view: m; = 0.
We refer to appendix E for a derivation. Consequently we obtain

1

(ImP(x)ImP(0))exe X I,(d=3)

o (5.96)
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This is the transverse part of the spin-spin two point function in the superfluid (ordered)
phase and the fluctuation of the B-field in this phase is identified with the Goldstone
mode. There is no analogous term in the thermal gas (disordered) phase because the
disconnected string paths that the exchange mode couple to, have infinite area and this
contribution vanishes.

Now we consider the real part. The lowest mass C'7 * bulk mode is the tachyon and we
have to compute its mass m | in the d — 1 dimensional point of view. This is a dangerous
mode because contribution of a negative mass state to the two-point function implies non-
unitarity in the dual spin-system. The analysis of the bulk spectrum can easily be turned
into a Strum-Liouville eigenvalue problem, see appendix E. In this appendix we show that,
in the interesting cases of two and three spatial dimensions, the tachyonic mode can be
avoided only when k = 2. Quite conveniently the case k = 2 corresponds to a second order
transition — the most interesting case! We conclude that consistency of the entire analysis
can only be established for second order phase transitions in 2D or 3D (spatial).

Let us focus on this interesting case and denote the minimum value of the d — 1
dimensional tachyon spectrum as mg. Then, the dominant contribution to the real part of
the (5.95) is

(ReP(x)ReP(0))ege x L (@3 e Mol (5.97)

Comparison of (5.92) and (5.97) shows that the former dominates in the large L limit and

near the transition ¢ ~ 0. One then finds for the final result,
(ReP(z)ReP(0)) pr o L~ @3 e=€anl 4 ... (5.98)

with mean-field scaling of the correlation length (5.91). In the imaginary part, the com-
parison of (5.93) and (5.96) shows that the latter dominates for large L and the final
result is

(ImP(x)ImP(0))pr + - (5.99)

1
[,(d—=3)
One should add to these two, the disconnected contribution (5.94). Comparison with the
spin-model result (C.19), using the identifications (5.13) and (5.14) shows perfect agree-
ment:In the limit of weak gravitational interactions gs — 0, we obtained exvactly the same
correlator with the XY model, with mean-field scaling exponents n =0, f =v = 1/2. How
the mean-field scaling can be altered will be discussed in section 7.

5.5 D-strings and vortices

In the original picture of [38, 39] and their subsequent generalizations, the relevant field
theory on the boundary is SU(NN) gauge theory and the Wilson loop in question traces
the path of an “electrically charged” fundamental field in the theory, i.e. the “electric
quarks”. The motivation to relate the Wilson loops with the open strings is obvious in
the D-brane picture, where the fundamental strings couple to electrically charged fields
on the D-brane. Similar considerations also suggest that the Wilson loop that traces a
“magnetically charged” particle, i.e. the 't Hooft loop [41], should be related to the D1
branes [13]. Indeed, this picture is very suggestive and the various computations in the
context of QCD-like holographic models confirm the field theoretic expectations [42].
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In the LGT-spin model equivalence, the Polyakov loops are mapped onto the spin
operators on the spin-model side. Similarly, it is very suggestive to relate the vortices,
with the 't Hooft loops that are dual to the D1 branes on the gravity side. Thus we
propose that the D1 brane configurations are the right tools to probe the vortex dynamics
in spin-models.

In this section we perform some basic checks with the D-strings and show that indeed
one obtains the expected qualitative behavior of the correlation functions. We reviewed
the expected spin-model result in the case of two-dimensions at the end of appendix C. We
denote the operator that creates a vortex that is localized at point z by v(z) and similarly
the anti-vortex by v(x). The proposal is the following chain of dualities:

(v(x)) < (tr P effA‘)) — e7D1 (5.100)

where the second object is the 't Hooft-Polyakov loop in the dual gauge theory and Sp;
denotes the on-shell value of the dual D-string configuration.

5.5.1 One-point function

Both in this section and in the next we consider the classical calculation of the D-strings.
A semi-classical calculation in the sense of section 5.3.2 and 5.4.2 is saved for future work.

First of all, we note that the vortex charge in the spin-model should be dual to the
D-brane charge on the string theory side. As mentioned at the end of section C, the total
charge of vortices in a configuration in 2D should vanish. The equivalent statement on the
gravity side would be that the total number of D1s and D1s which wrap the sub-manifold
spanned by 7, t coordinates should be equal in D = 4. This is indeed the case in D = 4
as the D1s are charged, and the gauge-field that couple them in the flat transverse space
has a log-divergence. This means that when one considers an ensemble of D1 and D1s,
the configurations with non-equal numbers of the two species have vanishing Boltzman
weights in the partition function. This provides the first basic check in favor of associating
the vortices in the spin-model by the D-strings. Note that the argument applies equally-well
when the target space is TG or BH geometry. Thus we obtain,

(v(@))re = (0(2))rc = (v(2)) g = (0(®))py =0,  for d—1=2. (5.101)

In higher dimensions the argument above does not apply and one can have configura-
tions with non-trivial charge.?® Therefore, in higher-dimensions the expectation value is
determined by evaluation of the on-shell D-string action.

The boundary condition for a single D-string is just as in the case of F-strings, above: it
ends on the boundary at point x and wraps around the time-circle. The action is given by,

Spr1=-T1 /dQUeq) (det[hap + bab]); , (5.102)
where T} is the D-string tension and we defined,

hab = gfwaaXuabe, bab = BWBGX“&,X”. (5.103)

4°The dual analogous objects to higher dimensional vortices (vortex lines, planes, monopoles etc) in
higher dimensions are the Dp branes with p = d — 2.
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Here g;,, is the string-frame metric (5.17) in the case of the BH phase. In the TG phase
the metric is given by the replacement f — 1 and A — Ag in (5.17).4!

It is straightforward to find the on-shell action that corresponds to a single D-string
hanging from the boundary to some point r¢: from (5.102), (5.103) and (5.17):

2T rf
Sp1 = — Tl / dre_é\/e‘“‘s + b2, (5.104)
€

where b is the constant value of the B-field on the r-t subspace:*?

b = B,y = const. (5.105)

We compute the on-shell action separately on the TG and the BH geometries for d —1 > 2
in appendix D.3. In the BH case string hangs down to the horizon ry = rj,, whereas in the
TG case 7y = oco. The result is that the on-shell action is finite both on the TG and one
the BH geometry.

(v(@)re #0, (v(x))pg # 0, for d—1>2. (5.106)

This is unlike the F-string case which diverges on the TG geometry, and yields (m) = 0.

43 would be

The reason for finiteness here is clear in (5.104): the only potential divergence
in the TG case where the upper limit of the integration is ry = co. The factor A; — 0 in
that limit, however the action is still finite because exponential suppression provided by the
exp(—®) term in the action (5.102); note that ® grows linearly near the singularity, (3.16).

This provides a second non-trivial check on the proposal. It matches the dual statement
in the XY model is that the vortices play no role in determining the phase of the system

for higher than two-spatial dimensions. We will thus consider the case of d — 1 = 2 below.

5.5.2 Two-point function

As the one-point function vanishes, the first non-trivial object is the two-point function
(9(z)v(0)) in d — 1 = 2. This is dual to a connected D1 — D1 configuration, completely
analogous to the F-string case described in section 5.4. The boundary conditions are exactly
the same as in that case. Here too, we confine our interest in the classical computation in
order to see whether the association of D-strings with vortices of the spin-systems pass the
basic qualitative tests.

The computation is non-trivial and it is presented in appendix D.3. The result is
as follows:

1. The thermal gas. We denote the difference between the end-points of the D1 — D1
configuration as L = |z|. As in section 5.4, one can consider three contributions:

41The D-string also couples to the gauge field on it. In fact the only gauge-invariant combination (under
“big” transformations A, — A, + ay) is of the form bas + far Where fqp is the pull-back of the gauge-field
strength on the D-brane. One can make the gauge choice A, = 0. This choice does not affect the discussion
below.

42 As mentioned before we take the B-field to be either pure gauge or constant. Here we entertain the
second possibility.

43The standard UV divergence ¢ — 0 can easily be cured by adding counter-terms as in appendix D.2.
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1) The disconnected D-string contribution. This is given by a disconnected
D1 brane and a D1 brane hanging from the boundary and extends up to the
|2

singularity at 7 = co. This contribution is dual to |[(v)|* and vanishes in d—1 = 2,

for the reason described above. It is finite for d — 1 > 2.

2) The connected D-string contribution. In appendix D.3, we show that there
is a maximum value L.y that is independent of T' and above which, there exists
no connected D-string solution. Therefore this configuration is replaced by the
exchange diagram directly analogous to the diagram described in section 5.4.

3) The exchange diagram. For L > L,y this is the only non-trivial contribu-
tion. It is given by a D1 and a D1 connected by exchange of bulk modes that
couple to the D1s. For large L it is proportional to the propagator of the lowest
mass bulk mode exp(—mp(7T')L). As in section 5.4, this mass is bounded from
below, mp(T) > 0 for all T' < T, as there are no massless modes.

We learn that the total result on the TG geometry for large L is,
(B(z)v(0))rg ~e ™l L>1, d-1=2, (5.107)

where mp should be determined by a study of fluctuations around the TG geometry.
On the spin-model side this means that there is a finite correlation length between
vortices and anti-vortices in the high-T phase. This is in accord with the expectation
that one obtains a plasma of vortices and anti-vortices in the high T phase of the 2D
XY-model.

2. The black-hole. The computation on the BH geometry is completely analogous to
the TG case above: 1) The disconnected configuration vanishes in d — 1 = 2 and is
non-zero for higher dimensions. 2) There exists a Ly,ax(7") above which the connected
D-string configuration does not exist. This time, however L.y is a function of T.
One can show (see appendix D.3) that L.y is finite for any 7. Thus if we are
interested in the qualitative result for large L, then it is again determined by the
exchange diagram. The exchange diagram in the BH case differs than the TG case
above, in that, there exists a massless bulk excitation that couples to the D-string.
It is given by the zero mode of the B-field as in section 5.4. Thus one finds,

(0(x)w(0)) gy ~ePM8E) [ >1 d—1=2, (5.108)
which gives a power-law with a T-dependent power. In order to determine the power,
one should calculate the O(log L) terms in the exchange diagram. We postpone this

computation to future work, and content ourselves with the qualitative result (5.108).

All in all, comparison of (5.107) and (5.108) with (C.30) provides a non-trivial check
on the proposal.
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5.6 Vanishing of the second sound

As reviewed in the end of appendix C, the speed of sound that is associated with the phase
fluctuations v should vanish linearly in the mean-field approximation as 7" — T, in the
ordered phase. The effective action for this Goldstone mode can directly be obtained from
the gravity action (3.1) because it maps onto the B-field on the gravity side. We recall
that in the large N limit, the Landau action is given by the on-shell gravity action (5.3).
Therefore to obtain the effective action of the Goldstone mode we should consider quadratic
fluctuations of the B-field around the on-shell value. We recall that the in the BH phase
the phase of the mean-field acquires an expectation value given by

W= /M B (5.109)

where M is the submanifold of the blackhole spanned by the (r, zy) coordinates. Goldstone
mode corresponds to x-dependendent fluctuations ¢ — ¢ + dip(z). It is crucial that this
fluctuation cannot be gauged away by a gauge transformation of the B-field of the form

BrO — Bro + ({97»50 — 8057». (5.110)

The shift in 1) corresponds to a “big” gauge transformation, it is a topological symmetry
in the problem [13].%4

A technical but important point is to regulate the divergence of the on-shell action
near boundary by subtracting a counter-term action. One can obtain this counter-term
action by the standard methods of holographic renomalization [43] but an easier way —
that is equivalent for our purposes here — is to subtract the on-shell thermal gas action.
Consequently the Landau functional in the large N limit will be given by

Fr < AA = Ay — Arg (5.111)

This is valid only in the black-hole phase i.e. T' > T, which corresponds to the low T
superfluid phase of the spin system. The energy of the Goldstone mode should be computed
in reference to Fr, that corresponds to the ground state energy of the spin-model:

FL(¢ 4 60¢) — FL(¥) = 0p F(¢) oc AA(Y + 6¢) — AA(Y). (5.112)

Thus, we substitute
By = Byo + 0¢(z), By = pure gauge. (5.113)

in (3.1) and obtain,
5 Fr(¥) oc Adg + Cy(rn) / A1 2004009, (5.114)

where g denotes the BH metric (3.6) and gy denotes the TG metric (3.5) and AAy is the
difference between the parts of the on-shell values of the action that do not depend on B.
For a second order transition this piece vanishes at criticality as

AAy ~ t2. (5.115)

44T am grateful to Sean Hartnoll for a discussion on the various issues in this section.
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The coefficient Cy, in (5.114) on the other hand contains the desired information on the
sound speed (and the energy of the Goldstone mode). It is given by

Cy(rn) = /O dry/ge” a1 2 gh g g — /O dr/goe” 4120 g grr g0, (5.116)

On the spin model side, this is proportional to the kinetic term ci V- Véd® 1z, hence
the speed of sound for the Goldstone mode is given by the coefficient Cy(rp). One finds,

2 Th 8 oy(d-5)A 8 ot(d-5)A
cy < Cy(rn) = / dre” a-1 - / dre” a-17° 0 (5.117)
0 0
First of all, we observe that the energy of the Goldstone mode
Ey o Cy / A" 20;60;61), (5.118)

is finite for any rp,. This is a crucial requirement to be able to associate the fluctuations of
the B-field with the Goldstone mode.

Secondly, we find that ci indeed vanishes as t — 0 (r, — o) because the BH back-
ground (A, ®) asymptotes to the TG background (Ag, Pp) in the limit 7, — oo where the
BH mass vanishes. This is a nice check already because it also confirms that clzp vanishes
only in a continuous transition which requires that the saddle solutions coalesce in the
transition region.

A more non-trivial check however is to see whether the scaling exponent for the van-
ishing rate is indeed the one expected from the mean-field scaling, i.e. whether C?p ~ t or
not. We recall that*® mean-field scaling is expected whenever an operator in the dual field
theory is related to the fluctuations of the bulk action on the gravity side, in the limit
of weak gravitational interactions gs — 0. Using the asymptotics of the BH background
functions in (3.16) and (3.17) we find that the contributions from A and ® in the exponent
conspire nicely to produce

o0
cfb x / dreVVeorn o g=VVeorn rp > 1. (5.119)
Th

Finally, use of (D.13) yields, as t — 0,
2 .
9 tr, case 1,
X -l (5.120)
e=2(8) , case ii.

The case of a second order transition corresponds to k = 2 in case i, see equation (3.27)
and we indeed find the expected mean-field behavior:

¢, ~t, as t—0. (5.121)

We note that the precise form of the kinetic term for the B-field in (3.1) is crucial in
reproducing the desired behavior. This form stems from the non-critical string action in

45Gee section 5.1 for a discussion on this issue.
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d+1 dimensions after a Weyl transformation to the Einstein frame. As the physical results
should be independent of the frame, one can of course produce the same result directly in
the string frame.

In fact, the calculation is more transparent in the string frame. The asymptotics as
rp, — 00 are given by the linear-dilaton background, where the string-frame metric becomes
flat [15]

4
Gswp = €471 Gy — 6,uu- (5.122)

On the other hand the gravity in the string frame is given by
A ox /ddﬂx\/gem(dB)Q. (5.123)

As the metric becomes flat, the scaling of C%p is entirely determined by the factor e 2% above:

cpoce @y (5.124)
where @, is the value of the dilaton on the horizon. Use of (D.12) now produces the same
result as in (5.120).

It is also easier to investigate possible o/ corrections in the string frame. Higher
derivative corrections to the B-field can be schematically represented as

o
Aso< Y Chim / e 22(dB)*RW (d®)?™, (5.125)
k,l,m=0
where ¢y, are some unknown constants — that are supposed to be determined by the

world-sheet sigma model — and R represents higher curvature invariants, e.g. R© =1
and RV = R, R® ~ R? + Rango‘m‘s etc. Sum over non-trivial cross contractions
between dB, R and d® terms are also implied to be included in this schematic expression.

The linear-dilaton solution in the asymptotic region is o’ exact, therefore the form of
the background functions ® and g, are not subject to o’ corrections in the far IR. All
of the curvature invariants in the string frame vanish as shown in [15]. On the other hand
only the term k = 1 above can contribute to the quadratic term in dv) because the leading
order piece in B is constant, see equation (5.113). Therefore one finds,

o0
FPA = em / e 22 (doy)? (dd)*™. (5.126)
m=0
Finally, we note that all of the dilaton invariants also go over to a constant in the linear-

dilaton background, hence one still obtains (5.117) with a renormalized overall coefficient.
We conclude that we do not expect the o corrections change the linear scaling in (5.121).

6 A proposal for gravity-spin model correspondence in the general case

Here, we would like to return the discussion of section 2 and promote the gravity-spin
model duality that we advocated in the case of U(1) models to the general case.
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We are interested in employing gravitational techniques to learn about the dynamics
of the spin model around the transition. We want to map the spin model to a lattice
gauge theory, which than will be related to a gravitational background in the continuum
limit. Unlike the derivation of the spin-model from the LGT as reviewed in appendix A,
the opposite map from the spin model to the gauge theory is non-trivial. There are two
sources of complication:

1. Non-uniqueness. The map may be non-unique. Clearly, there may be many gauge
theories that share the same center symmetry. First of all, this may be due to the
fact that the center symmetry of different gauge groups may be the same. As an
extreme example, the centers of SU(2), Sp(N) with arbitrary N, SO(N) with odd
N and E(7) are all isomorphic to Zs. Thus for example, the critical phenomena (if
exists) in any of these theories should be described by the universality class of the
Ising model in d dimensions. Secondly, the deformation of the pure gauge theory by
addition of any adjoint matter leaves the center symmetry intact. Thus, generally,
the equivalence maps a spin model with symmetry C to a set of LGTs with various
gauge groups G and matter M:

SMe — {LGT|G, M|}, (6.1)
where Center|G] =C.

2. Non-existence. Another source of complication has to do with non-existence of
such a map in the continuum limit. In fact, it is not easy to find continuous critical
phenomena in gauge theories. As an example, among the pure Yang-Mills theories
with gauge group SU(N), only in the case of N = 2, and possibly the case of N = co
(see the discussion at the end of 2) exhibit continuous confinement-deconfinement

transition. All the rest is believed to have first order transitions.

Therefore, given the map (6.1), the critical phenomena in the continuum limit of
r.h.s. may be non-existent. Define the subspace (G*, M*) of the gauge groups
and adjoint matter (G, M) that appear in (6.1), such that in the continuum limit
LGT|G*,M*] — GT|G*, M*] the criticality prevails. Then, we can extend the
map (6.1) to the continuum limit:

SM¢e — {LGT|G, M|} — {GT|G", M*]}, (6.2)
where again Center|G*| = C.

We conclude that, the map (6.2) may or may not exists, and even if exists, it may not
be unique. We observe, however that the non-uniqueness is a positive fact, in the sense that,
it provides us with a greater space of gauge theories to scan in search for continuous critical
phenomena. Indeed, it may be possible to find critical phenomena either by changing the
gauge group G (while keeping the center C' intact) or by changing the (adjoint) matter
content M.

Now, the last step of the procedure is to employ the gauge-gravity correspondence
to map the r.h.s. of (6.2) onto a gravitational background GR[G, M]. Suppose that the
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gauge-gravity correspondence holds for the subspace (G**, M**) of the pairs (G*, M*) that
appear in (6.2). Then, we can extend the map as,

SMe — {LGT[G, M]} — {GT[G*, M*]} — {GR|G*™, M**]}, (6.3)

where again Center[G**] = C. The last map is the highly non-trivial gauge-gravity corre-
spondence that is assumed to hold for arbitrary N, (not necessarily in the large N limit).
By the standard lore of the gauge-gravity correspondence, the center symmetry C should
correspond to a bulk gauge symmetry C on the gravity side. For continuous C, this can be
a continuous isometry of the gravitational background. In the case C is discrete it may be
a continuous isometry broken down to a discrete subgroup C by stringy effects.

Some comments are in order:

1. Top-bottom approach. From the above procedure it is clear that one arrives at an
operational definition of the gravity-spin model correspondence. Take a spin-model
SMec that exhibits continuous criticality. Then one should scan through all of the
LGTs {LGT|G, M]} with various adjoint matter M and gauge group G, such that
the critical phenomena persists in the continuum limit. This step, in principle can be
done with Monte-Carlo simulation techniques. The outcome of this step would be the
space of gauge theories {GT[G*, M*]} in (6.3). The next step is to construct D-brane
configurations that correspond to these gauge theories. In general this would only
be possible for a subspace of theories (G**, M**). The next step then, is to take the
decoupling limit of the D-brane configurations to find the gravitational backgrounds
{GR[|G**, M**|} that appear at the end of (6.3). The final step is to look for the black-
hole solutions and study the Hawking-Page transition at finite temperature. One can
then compute observables of the spin model around criticality, such as the scaling
of the correlation functions of order parameters, critical exponents, the transition
temperature T, etc. by holographic techniques. This operational definition of the
duality corresponds to the so-called top-bottom approach in the gauge-gravity duality,
that is unfortunately unpractical.

2. Bottom-up approach. Instead, one may adopt a “phenomenological” approach
and search for continuous critical phenomena directly on the gravity side. This is
the approach that we take in this paper. The symmetries, the (bulk) matter content
and various dynamical phenomena (such as spontaneous symmetry breaking) on the
gravity side should then hint at what kind of spin model that the gravity theory
describes. Of course, one should check by computations on the gravity side that the
theory indeed fulfill the basic expectations of the spin model. As a last comment the
bottom-up approach is not necessarily doomed by lack of predictive power. As we
argued in section 4, there exists a notion of universality exactly around the transition
region for models that are based on Einstein-dilaton gravity.

3. The “large-N” limit. The meaning of the “number of colors” and the large-N
limit becomes clear in this approach. On the gravity side, it corresponds to the
small G limit where one arrives at a classical string theory in which the interactions
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between the bulk fields can be ignored. On the spin-model side in the case C = Zn
for N > 4 the corresponding gauge group can only be SU(N). Then the limit
N — oo corresponds to the limit where the Zy invariant spin-model becomes U(1)-
invariant. In this case— “number of colors” correspond to the number of spin states
that the spin vector § on a lattice site can attain. Of course the large-color limit exists
only in theories with gauge groups SU(N), Sp(N), SO(N) (with possible additions
of U(1) factors). In the other cases, one cannot study the spin-model in a large-
N approximation.

4. Discrete C. One may then think that it is never possible to study a spin model
with discrete symmetry, by a gravitational theory in the small G limit. This is not
necessarily the case. As an illustration, consider the Ising model in d-dimensions.
The symmetry group is Zs and one of the gauge groups that has this, as a center
symmetry is Sp(/V) with arbitrary N. Thus the center remains Z, also in the large-N
limit! Therefore one can make the following proposal for a gravity dual of the Ising
model: Consider a D-brane set up that is dual to YM theory with Sp(N) gauge
group with additional adjoint matter content M chosen such that the theory exhibits
continuous critical phenomena. Then consider the background that is dual to this
configuration. Then the black-hole solution near the Hawking-Page transition should
fall into the same universality class as the Ising model. By this procedure, it may
then be possible to analytically calculate the critical exponents of an Ising model in
any dimension d.

7 Discussion

7.1 Summary

This paper has two related purposes. The first one is to advocate a particular approach
to holography in condensed matter systems. We proposed to establish the link between
certain spin systems and gravity through the better understood case of gauge-gravity cor-
respondence and the IR equivalence between gauge theories and spin-models. The latter is
expected to hold only around criticality (in the continuum limit). Therefore a gravity-spin
model duality is expected to hold only near the phase transition region. In particular one
should not rely on the gravitational description in the UV of the spin-system.

On the other hand, precisely around the critical region, where the spin-system is
strongly correlated, the dual gravity description is expected to simplify as the higher-
derivative corrections become smaller. We showed that this expectation indeed holds in a
specific gravity model based on non-critical string theory.

This example also hints at a kind of universality in the dual gravity theory which only
arises in the transition region: we found that regardless of the details of the gravity theory,
the physics around criticality is governed by a linear-dilaton CFT. Moreover focusing on
the lowest states in the CFT at levels N = 0 and N = 1 imply mean-field scaling —
in the semi-classical approximation where only the lowest lying states are kept in string
propagation — regardless of the matter content of the CFT.
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We emphasize that the approach formulated in the previous section in principle allows
for a top-bottom constructions in AdS/CMT. What more can be learned from gravity
around the critical region is described in section 5.1.

A second purpose of the paper was to construct a model of holographic superfluidity
based on continuous Hawking-Page transitions in gravity. A duality between gravity and
spin-models of the type described above provides motivation for this model but it could
have been constructed with no reference to such arguments. Indeed all one needs from
the phenomenological perspective is a gravitational model 1) with some mechanism of
spontaneous breaking of global U(1) symmetry in a continuous transition and 2) a bulk
field that is charged under this U(1) which would serve as a dual of the order parameter.
In the model that we studied here the U(1) is the topological shift symmetry of the NS-NS
two-form field that breaks down at a continuous Hawking-Page transition and the fields
that are charged under this U(1) are the winding modes of the string around the time-
circle. Viewed from this perspective, one wonders if a gravity model can be obtained in a
more direct fashion by truncating the string down to the bulk dynamics of gravity, dilaton
an Abelian gauge field and the winding modes. In this approach one expects to study an
effective action of the sort,

S ~ /e2<I> <R+ ;(6@)2 + V(@) + ;\DTP — ;m%m?) (7.1)

where T' (T*) is the winding tachyon with w = +1 (w = —1) and mass —m?2. and it
is minimally coupled to a U(1) gauge field through D = 9 — iA. The gauge field may
arise either from reduction of the B-field on the time-circle or gauging the aforementioned
topological shift symmetry of the B-field. In this effective theory, the Goldstone mode in
the superfluid phase is given by the phase of the T field. The system would be in the
ordered phase when (the particular mode that corresponds to the order parameter in the
fluctuations of) T' becomes normalizable above a certain T..

Such models have the same flavor as the ones in [4, 5| and more recently in [44].
One immediate future direction is to understand holographic implications of a model such
as (7.1).

Another immediate future work concerns going beyond the mean-field scaling at crit-
icality. We showed that the lowest mass sector of the linear-dilaton CF'T gives rise to
mean-field scaling. We named such a restriction to the lowest lying modes in the tree-
level string path integrals as the “semi-classical” approximation. Then, the question is
what happens beyond the semi-classical approximation? Can one produce exponents be-
yond mean-field scaling in this manner? Can one obtain universal exponents of the 3D
XY-model by summing up contributions of all string states?

Further future directions are listed below.

7.2 Outlook
e Embedding in string theory

Clearly, it is of great interest to look for examples of the proposed correspondence in
a consistent truncation of critical string theory. The very recent papers [45, 46] may
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be relevant for this enterprize.*0 Another relevant work is [47, 48] where it was shown

that linear-dilaton type geometry universally arises from non-conformal branes.

Explicitly put, one should find a consistent truncation of string theory which possess
small slack-hole solutions that exhibit continuous Hawking-Page transitions. We
observe that the asymptotic form of the scalar potential in (3.15) and (3.18) is sum
of exponentials that quite generically appears in consistent truncations of IIB and
ITA critical string theory. We shall leave this investigation for future work.

e An explicit D-brane set-up?

Even if one finds examples of continuous Hawking-Page transitions in string theory,
this would not necessarily give control over the microscopic condensed matter system
that we want to describe. On the other hand, the prescription proposed in section 6
in principle goes beyond this and allows for a top-bottom approach.

Therefore, one should search for examples of gauge theories with gauge group GG and
adjoint matter such that the theory exhibits criticality at some finite T.. There are
indeed examples of this. In [14], the authors studied SU(N) with adjoint matter
on S2, in the large N limit and showed that for certain choices of the matter, the
theory exhibits a second order deconfinement transition at finite temperature, at
weak coupling. This happens when the coefficient of the quartic term in the effective
action for the Polyakov loop is negative. Whether this transition prevails in the limit
when the radius of the sphere becomes large (the case relevant here), or whether it is
continuously connected to a transition at strong coupling is unclear, but it is probable.

e Discrete center

We note that, the proposal advocated in this paper can also be applied to spin-models
with discrete symmetry groups in principle. In most of the paper we focused on the
SU(N) LGT in the large N limit. Going beyond the large N limit seems to be a
difficult enterprize at the moment, however one may consider other gauge groups
such as SO(N) and Sp(N) with adjoint matter, in the large N limit. The latter is
particularly interesting, because it has the center Z5 for arbitrary N, hence also in
the large N limit. It is very tempting to employ the ideas developed in this paper to
this particular case to arrive at a gravitational description of the 3D Ising model.

e Other critical exponents
One can also study critical behavior in other quantities. One such quantity is the
susceptibility:

d|M
x = lim | ‘h,\,t—v

. 2
neo  dh , ast=0 (72)

Here h denotes and external magnetic field and the expectation value M = (8) is
taken in the ensemble with an external magnetic field present, i.e. the Hamiltonian
of the spin model replaced by H — H+h- )", 5.

40We thank Yaron Oz for mentioning possible relevance of these works.

,59,



How to generate such an external magnetic field in the gravity picture? Omne hint
is that the external magnetic field should break the U(1)p invariance explicitly by
analogy with the dual spin-model. This may happen through a Chern-Simons type
coupling in the gravity action [ d™lzBy A Hy_y where Bs is the NS-NS two form
and H is an appropriate RR form. The role of the magnetic field would be played by
a constant H-form on the d-1 dimensional space part. It would be very interesting
to investigate this issue in the future and eventually compute the critical exponent ~
in (7.2) by gravitational methods.

The UV geometry

We observed that most of the interesting scaling behavior in the observables of the
spin-model depend on the IR geometry on the gravity side. We did not have to spec-
ify the UV geometry so far, but we tacitly assumed that it becomes asymptotically
AdS, for consistency in holographic applications. From a practical point of view, the
UV geometry will be important if one desires to obtain the full form of the n-point
functions, not just the scaling with ¢. In [15] we indeed constructed analytic kink
solutions that fulfill this promise. These solutions interpolate between an asymptot-
ically AdS geometry (with constant dilaton) in the UV towards an asymptotically
linear-dilaton geometry in the IR. It will be very interesting to study correlation

functions holographically obtained from these backgrounds.

The specification of the IR geometry follows from physical requirements of the spin-
model near the transition region 7.. On the other hand, the black-hole with tem-
perature T' is argued to correspond to the super-fluid phase with temperature 1/7.
Then, one can ask whether we can also produce the expected behavior of the super-
fluids at very low temperatures, by specifying the high T regime of the black-hole
that corresponds to the UV geometry: One basic feature of the two-fluid model for
super-fluidity is that the (normal) speed of sound, that is associated with fluctuations
in the magnetization vanish as 7' — 0. This is certainly not a behavior expected from
an asymptotically AdS geometry in the UV which would correspond to a conformal
fluid with ¢2 = 1/3. We conclude that the kink solution that flows from AdS to
linear-dilaton [15] would not do the job here. One possible way to proceed may be
to consider the non-conformal brane solutions [47, 48] which on one hand allow for a
holographic computation of observables, and on the other, there is a chance to find
backgrounds with ¢2 — 0 in the UV.

Do we really expect to find a background as a solution to two-derivative Einstein-
dilaton theory, that would produce the desired behavior in the entire range T' € (0, 7,)
of the super-fluid? The answer is most probably negative. Let us suppose for a
moment that such a background exists as a solution to the full d + 1 dimensional
non-critical string theory. As we showed in [15], the curvature invariants in the IR
vanish in the string frame, therefore a two-derivative approximation is expected to
work in near the transition 7"~ T, On the other hand, the invariants away from the
transition region are determined by the intrinsic string scale £5. This means that
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in a two-derivative approximation one deals with a background with ¢/¢; ~ 1. To
conclude: we indeed expect non-trivial o corrections in the UV region and the two-
derivative approximation presented here is expected to give reliable results only near

the transition region.

e The two fluid model of super-fluidity

We only performed the computation of the speed of sound for the Goldstone mode.
It would be also very interesting to look at the dissipation coefficients associated with
these fluctuations. In the two-fluid model of super-fluidity, one deals with a coupled
system of pressure and entropy waves of the two-component superfluid, cf. [49] for
a recent review. The pressure waves are dual to metric and dilaton fluctuations,
whereas the entropy waves are associated with fluctuations of the B-field. It would be
very interesting to work out this coupled system of fluctuations in order to determine

the associated dissipative fluid dynamics.?”

e Spin models with non-Abelian symmetry groups

One fundamental restriction of the approach in section 6 is that the spin symmetry
cannot be non-Abelian as it follows from the center symmetry of the corresponding
lattice gauge theory. On the other hand a very important model for superconductors
involves the O(3) model.*® Whether one can overcome this restriction in our set-up
is an interesting question. In phenomenological models such as [50], one can achieve
this simply by considering black-holes with non-abelian charges.

In our perspective, one idea is to consider the enhanced symmetries of string theory
at special radii [16]. When the sting is compactified on the time-circle one obtains
U(1)g x U(1)p symmetry at an arbitrary radius. The second one is spontaneously
broken in the BH phase. At special a radius T = Ty = (2mfs)~! (in bosonic NCST)
however one obtains an enhanced symmetry SU(2);, x SU(2)g. If this radius corre-
sponds to the transition temperature T, then one may be able to obtain a model with
the desired behaviour within our set-up.
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A Simplest example of the LGT-spin equivalence
Let us review how the LGT-spin equivalence works in the simplest case of the U(1) lattice
gauge theory in d dimensions. Through this example we will illustrate that the temperature

47Tt seems that one needs to turn on a Chern-Simons term of the form f BANHRkgr where Hrpg is a d-1-form
turned on the spatial directions in order to achieve such a mixing.
48Gee [30] for a recent proposal for a holographic description of this model.
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of the spin model is inversely related to the temperature of the (lattice) gauge theory which
also holds in the most general case.
In the Hamiltonian formalism, the lattice theory is defined by:

Z E2(r 2@92 Z (vir]+ vir)). (A.1)

rn)

Here, ¢ is the coupling constant, a is the lattice spacing. The first sum is over the links
(r,n) on a d-dimensional square lattice (r denotes the lattice site, 7 denotes the direction
of the link that originates from this site) and E denote the electric fields residing on these
links. The first sum above yields the electric energy. The second one is over the elementary
plaquets I'. The Vs denote the Wilson lines on these plaquets. This gives the magnetic
energy. The partition function of gauge invariant states at temperature 7; is given by,

Zior (1) = Tr' e~ H/T1 (A.2)

where the prime reminds us that we have to impose the Gauss’ law on the states in
the ensemble. Consequently, the sum above is over the gauge invariant states |¢)) which
should satisfy,

Hlyp) =Elp),  T.lp) =0. (A.3)

Here, the second equation imposes the Gauss’ condition on the states; the operator I, is
the lattice analog of V - E on each lattice site r :

r, = Z E(r, 7). (A.4)

In the strong coupling limit, one can drop the magnetic energy term in (A.1).
Now, the sum is only over the electric link variables and the prime can be removed by
a suitable Lagrange multiplier a: (at strong—coupling): [10, 11]

Ziat(T}) /WHda HZexp( g B + o ()—a(r+ﬁ)]E(r,ﬁ)>.

links E
(A.5)
The integral over « imposes the Gauss’ law. Using the Poisson summation formula,

Z pCEP ol Z o de (a+27rm)2, (A.6)
E m
the sum over the E can be performed:
aT;
Zat(T, / H do(r H Z exp < 21 [a(r) —a(r+n) + 27Tmr]2> . (A.7)
- links myr

This is the Villain approximation to the Heisenberg model for ferromagnetism in d-
dimensions. It is in the same universality class with the Heisenberg model [11]. In particu-
lar, for d = 2 this becomes the famous XY model in 2 dimensions, where the BKT scaling
was first observed [24, 25].
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The salient feature of the Heisenberg model is that it exhibits order in the low T phase
(that corresponds to the, high T deconfined phase of the Abelian LGT),

(el (F) 10y o 7 as, R — oo, (A.8)

and disorder in the high T phase (that corresponds to the low T, confined phase of
the LGT),
(i () 10y o p=R/E as R — oo, (A.9)

where £ defines the correlation length. Some comments are in order:

e The computation can be generalized to the non-Abelian case [10, 11].

e The computation is performed in the strong coupling limit where one can ignore the
magnetic energy in (A.1). This constraint can easily be loosened and the equivalence
prevails also if one considers the magnetic piece [10, 11].

e One can generalize to add adjoint matter, as the center symmetry remains intact
under addition of adjoints.

B Relation between non-critical strings and the linear-dilaton theory

It is long known that the two theories are intimately connected [33]. The connection is
made precise in a beautiful work by Chamseddine [31] which we would like to review here.

For simplicity we consider bosonic matter. Then the non-crirtical string theory in
d — 1 spatial dimensions with flat Euclidean target-space metric can be defined by the
world-sheet action

Ay = ) / d?oVhp(R+ A) + (M) + u/ Eovh+ / d?oVhh™9, X 8, X",
o Ju M Ao Jyy

(B.1)
where we ignored coupling to B-field for simplicity. Here ¢ is a scalar field introduced
in [31] in order to ameliorate evaluation of higher genera diagrams. Its presence was also
motivated on physical grounds [31]. The matter index runs from ¢ = 1 to i = d — 1.
The manifold M can be with arbitrary genus x(M) = 2(1 — g), and the constant \ is
determined by the asymptotic value of the dilaton. The constant A is a free parameter
and p and is subject to renormalization. It was argued in [31] that the ¢ coupling in the
action apparently overcomes the difficulties, “the c=1 problem” encountered in the study of
non-critical strings. The path integral over the world-sheet metric can be performed in the
conformal gauge hy, = e hap and results in the Liouville action for the field o7, producing
additional world-sheet terms pe®s and Ae?Z. Then the effective renormalized action after
gauge-fixing involves the matter part as in (B.1), the renormalized gravity action, the ghost
part that arise from the reparametrization fixing and the induced Liouville action:

1 A 1 . .
Ayps = / d*oVho(R + Ajop, + Ae*t) + / PoVhh®P9, X 9, X" + Ax (M)
2 M 4770/ M
1 1 1- .
+ / d2oV hbg, Ve + / d*ovVh [a < habaaaLabaL—{—aLR) + ,ueQUL} .(B.2)
2 M ™ )M 2
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Here a is a constant that vanishes only in the critical case (e.g. a = (25 — d)/12 for
the bosonic case). The world-sheet terms pes and Ae?s can be shown to correspond to
conformal primaries, hence one can treat them as marginal deformations of the theory
with p = A = 0. The full theory can be shown to be free of conformal anomaly and has a
well-defined OPE among the fields X*(z), ¢(z) and o (2).

The valuable observation of [31] is to interpret (linear combinations of) ® and the
Liouville-field o7, as two new additional dimensions of the target-space. The resulting
theory is described by the new action (for the case p = A = 0),

1 . . . 1

As = / oVh v, X' R+ / 2oV hhb 9, X1 9, X" 1, + / 2oV b Ve,
T Juas dwa Jur 2 Jur

(B.3)

where p runs from 0 to d and 7, is the flat Minkowski space metric. The additional
dimensions Xy and X9 is given in terms of oy, and ¢ of the non-critical string as,

6o/ 25 —d 6o/
X0 — x4 — 2\/ \/ B4
\/25—d¢’ 6o’ 70V 25 a® (B-4)
and the coefficient v, in (B.3) satisfies the condition
25 —d
v, = o bosonic; vy, = o/ fermionic, (B.5)

where we also show the condition in the fermionic case for reference.This is nothing else
but the linear-dilaton theory that arises in the IR limit of our geometry. Therefore the
non-critical string theory in d — 1 spatial dimensions is equivalent to a d + 1 dimensional
linear-dilaton theory.

The main advantage of mapping the linear-dilaton theory to the non-critical string
theory is that the latter provides a well-defined CFT. The spectrum as well as the arbi-
trary genus path integrals can be evaluated [31]. Another great advantage is that one can
generalize this construction to include fermions on the world-sheet and N = 1 world-sheet
super-symmetry. This opens the Pandora’s box and a rich variety of linear-dilaton theories
can be constructed with various possible GSO projections, twisted or shifted boundaries

for the bosons with various combinations of NS or R fermions including the heterotic case.

C Some background in statistical mechanics

In this section we review some standard background in statistical mechanics that we need
in the following section.

We take the XY model as our example although the approach can be very general.
Consider the spin-model that is described by the Hamiltonian,

H:—ngz“gj+“‘ (C.1)
(i)

where J is the interaction strength which is positive for a ferromagnet and negative for
an anti-ferromagnet, § is the spin vector that rotates on a plane and (ij) denotes nearest
neighbor pairs on the lattice. The dimensionality of the system only shows up in the
number of nearest neighbors of a lattice cite.
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C.1 Landau action

The Landau action can be defined from the partition function in a formal way, with no resort
to any approximation, see for example [51]. One first introduces a continuous spin density,

§(x) = Z Sz — x;)s;. (C.2)
i
Than one defines the local magnetization as in the following formal identity
1= /Dﬁié[ﬁi(:ﬂ) — 3(z)], (C.3)
inserts the r.h.s. of this identity in the partition function
Z="Tr [/ Dmdm(z) — §(x)]e P (C4)
and finally performs the sum over the spin degrees of freedom §;. This yields,
Zp = /Dmeﬁ Frm] (C.5)

that defines the Landau action Fy,. This is formal but exact. Of course, the last step of sum-
ming over the spin degrees of freedom is practically impossible in most of the spin systems.

C.2 Landau approximation

This corresponds to keeping the most dominant contribution myz, in (C.5):

Zp, ~ e PPLImL) (C.6)
The most dominant contribution m;y, is determined by minimizing Fj. Furthermore, near
an order-disorder phase transition the total magnetization

M = 1 /dd_lx m(z), (C.7)
Va1

should go to zero. Then the O(2) symmetry of the XY model dictates the following general
form of the Landau action:

Fp = / dla (a0<T>|am<x>|2+a1<T>|m<w>|2+§a2<T>|m<x>|4+---) (C.8)

where the ellipsis stand for higher (even) powers in m.

Basic quantities to be computed, which determine the phase diagram of the spin sys-
tem involve the functions ag(T), a1(T), ... *° For example the point a1 (7,.) = 0, az(T.) # 0
corresponds to a second order transition. The point a;(7.) = ag(T,) = 0 corresponds to
a tri-critical point, etc. A further simplification occurs in the case of positive J (ferro-
magnet), when the ground state of the system should avoid fluctuations in local magne-
tization mi(z) because they increase the energy of the system, hence one can ignore the
kinetic term in (C.8) and one can set (i (z)) = M. This means that the ground state has
isotropic magnetization.

4In a more complicated system, for example with a chemical potential, these functions depend on addi-
tional variables.
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C.3 Mean-field approximation

Mean-field approximation is a standard method to compute the Landau action (C.8). One
expands around a mean-field §; = M + 05; where §; denotes fluctuations around the mean
value M. One substitutes this in the Hamiltonian (C.1). Ignoring the terms of second and
higher order in ds corresponds to the mean-field approximation. One can clearly compute
the partition function, hence the Landau action Fj, analytically within this approximation.

One immediately obtains,
. ™ .
Z=Tre % =% = ¥ / ¢ 5 11T cos0) (C.9)
i J-

where NNV is the total number of sites on the lattice and z is the number of nearest neighbors.
Evaluating the integrals one obtains the following Landau action:

(C.10)

. 22J|M
FME — _NTlog(2r) + NzJ|M|* — N log [Jo ( : T' |>

The first term corresponds to the entropy and can be ignored for our purposes here, as it
is identical on both phases. The rest corresponds to the energy of the system. Expanding
energy near T, where M is small, one obtains,

MF 712 2%
Fi'" =|M|*NJ |z — T + - (C.11)
At the second-order transition the mass term should vanish. Thus one obtains the mean-
field value of the transition temperature:

TME = 2 J. (C.12)
For a square lattice in d — 1 spatial dimensions z = 2(d — 1).

In the context of Landau approximation,®® the further mean-field approzimation means
that the Landau coefficients admit a Taylor series expansion near T.. For example

Oél,MF(T) =a(T—Te)+ -+ (C.13)

and the basic data to determine involve the quantities T, and «. in this case. This linear
dependence is explicit in (C.11).

Clearly, the mean-field approximation is crude and one can compute the aforemen-
tioned observables to a greater accuracy by the renormalization group methods or Monte-
Carlo simulations. We shall see below, how the gravitational techniques can go beyond the
mean-field approximation.

*0What we mean by the Landau approximation is summarized by eqs. (C.6) and (C.8) without further
specification of the Landau coefficients a1 (T"), aa(T) etc.
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C.4 Gaussian fluctuations

Fluctuations around the mean value M yield crucial information on the spin-model, in
particular the spin-spin correlation function and the associated critical exponents near 7.
To compute them, one substitutes®!

m(z) = M + 3(x), (C.14)

in (C.8) and expand to second order, ignoring higher order terms in the mean-
field approximation.
One introduces the correlation length as the natural length scale,

T) = \/aiOT), (C.15)

in (C.8).2 The calculation of the spin-spin correlation function in the ordered phase
(T < T,) within this approximation is standard, see for example [51].

The only crucial point is that, in the case of spontaneous symmetry breaking, as in
the XY-model, one has to decompose the correlation function in parts longitudinal and
transverse to the direction of magnetization M. Let us denote the components of m by
m;. Introducing the unit vector along the direction of magnetization in the system,

M.
vV = _,Z . (016)
| M|
Then one finds,
- T e L/&T) T 1
(m(x) mj(0)> = ‘M’%)ﬂ)j + Ary  LA-3 viv; + Ay L3 (035 — Ui?)j), (C.17)
where the result only depends on the radial distance L = |Z] by rotational symmetry.

Here the first term comes from the disconnected part of the correlator, and it is present
only in the ordered phase. The second and third terms are the pieces longitudinal and
transverse to the magnetization respectively. The longitudinal piece arise from massive
fluctuations in the Mexican hat potential where the typical mass of the fluctuations is
given by m; = ¢~'. This attenuation term is missing in the transverse correlator because
the fluctuations correspond to the massless Goldstone mode.

The result (C.17) is valid in the mean-field approximation where we only treat Gaussian
fluctuations. This approximation will break down if the system is strongly correlated.
Generally in condensed matter systems, strong correlations arise around a phase transition.
Therefore we expect that the gravity dual becomes a good description in the transition
region. The notion of strong fluctuations is quantified by the Ginzburg criterion:

4rry?

IS (C.18)

042Tc’

51'We drop the ¢ in front of § from here on, for notational convenience.

52G¢trictly speaking this corresponds to the correlation length for 7' < T.. In the low-T regime it differs
by a factor of 1Sgrt2. However, we are mainly interested in the scaling of £ near 7. and the scaling is the
same in the mean-field approximation, from below and above.
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where ap and g are the Landau coefficients in (C.8). For fluctuations of § we see that the
mean-field approximation unavoidably breaks down near the transition where £ becomes
very large.??

Beyond the mean-field approximation, one has to take into account non-trivial self-
energy corrections to the correlator that generically result in the anomalous exponent 7.
Therefore the generic form of the correlator is similar to (C.17) but with the additional
anomalous dimension, in addition to the engineering dimension in the correlator:

T e—L/&T) T 1

— AT 20000 2y -
(mi(x) m;(0)) = |M|v;v; + dry LA=3+n vvj + Ay L34

(5ij — UZ'U]‘), (C.lg)
The mean-field approximation corresponds to n = 0.

Equation (C.19) gives the correlator in the ordered phase that is dual to the black-hole
solution in gravity. Above the transition (M ) vanishes and there is no Goldstone mode.
Hence, the correlator is given by the second piece of (C.19). This is dual to the thermal
graviton gas phase of gravity.

In a second order phase transition, the correlation length diverges as T' — T, as

E(t) ~ 7, (C.20)

where v defines a critical exponent. In the mean-field approximation v = 1/2.

Another important point concerns the scaling of M near the transition. It vanishes in
a continuous transition, as it is the order parameter. As explained above one can ignore
the kinetic term in (C.8) in the ground state of a ferromagnetic system. Vanishing of M
near T, is characterized by the critical exponent 3:>*

M ~ 7. (C.21)
In the Landau theory the expectation value M is determined from (C.8) as,

| (T))]

(i) = N1 = [0 L

(C.22)

As ay and «g stays constant at 1., we see from (C.15) that, in the mean-field approximation
the scaling of M and & are inversely related,

Mo &'t (C.23)

Therefore, it suffices to determine how M scales in order to obtain the scaling of & in the
mean-field approrimation.

®0ne can be more careful by considering the amplitude and phase fluctuations of & separately. In the
former case the coefficients ap and s stay constant at T. and from (C.18) one finds that strong correlations
are indeed unavoidable in the transition region where £ diverges. In the latter case also the constant ag
vanishes near the transition, see below. In the mean-field scaling cg ~ t and £ ~ t~ 2. Therefore one finds
that, only for uninteresting dimensions d > 9 the mean-field approximation is expected to be good for the
phase fluctuations.

®Not to be confused with the perimeter of the time-circle 8 = 1/T. We use the same notation for these
quantities and which one is meant should be clear from the context.
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Futhermore, in the mean-field theory the coefficient «(7") in (C.8) is assumed to
be linear in ¢ near 7., (C.13). Comparison with (C.22) and (C.23) then shows that in
this approximation:

1
Pur =vur = . (C.24)

C.5 Vanishing of the second sound

We note that, the vanishing of M as T — T, from below implies vanishing of the sound
velocity associated with the phase fluctuations. To see this we represent the fluctuations
§(z) in (C.14) as,

i(z) — <|M| v p(:c)) eV Hidv(@) (C.25)

Substituting this in (C.8), one obtains the kinetic term for the phase fluctuations,

7L~ [ e (5T @) + ) (C.26)
Therefore, the speed of sound associated with the phase fluctuations vanish near 7T,
cy ~ 12 t—0, (C.27)

and the rate it vanishes is determined by the critical exponent associated with the magne-
tization (C.21).

In the derivation above, we used the Landau approximation and only kept the leading
terms in fluctuations. Therefore, within this picture the magnetization critical exponent
should be the mean-field one, (C.24). This means that in this picture one obtains,

Cyp ™~ t, t — 0. (C.QS)

An important check for the proposed gravity-spin model correspondence here is to derive
the same scaling law on the gravity side. This is done in section 5.6.

C.6 BKT theory

Finally, we consider the XY-model in two spatial dimensions. As well-known, in less than
three dimensions, long-range order is destroyed by the IR divergences in fluctuations of
the order parameter [52-54], i.e. there are no Goldstone bosons. However Berezinskii,
Kosterlitz and Thouless [24, 25] observed that the 2D XY-model still serves as a good
model for superfluidity. The main observation is that, although there is no long-range
order in the standard sense, there exists a topological order below a certain 7., where the
vortex- anti vortex pairs condense. Above T, the system is the “deconfined” phase where
the vortex anti-vortex pairs are liberated and one has a plasma of vortices. All of this
is of course very similar to what happens in QCD, with the replacement of quarks with
“magnetic” quarks.

Vortices are charged objects. One assigns vortex charge @), = 1 for the vortices and
anti-vortices respectively. The total vortex charge in a configuration should vanish in two-
dimensions because the gauge field has an IR divergence and the energy of an unbalanced
configuration would diverge, hence its Boltzman factor in the ensemble vanishes.
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What do we expect from the behavior of vortex correlation functions above and below
T.? Let us denote the operator that creates a vortex, localized at point x by v(x) and the
operator that creates an anti-vortex by v(x). For the reason described above, one cannot
have any non-trivial expectation value neither below nor above the transition, as it would
break the vortex charge:*

(v(@))re = (v(@))rc = (v(z))Br = (V(2))BH = 0. (C.29)

The phase of the system can be probed by the two-point function of the vortex-anti-vortex
pair, however. One finds that the two-point function is exponential in the high T phase,
hence there exists a correlation length, whereas it has power-law in the low T phase:

(0(x)v(0))rg ~ e HED . (H(x)w(0)) gy ~ LPT). (C.30)

where L = |z| > 1 and p is some power.

In systems with more than two spatial dimensions, one can still consider vortex con-
figurations, however they would not have as significant effects on the phase of the system
as in 2D. The relative objects in higher dimensions would be the vortex-lines, planes etc,

that are analogous to monopole configurations in gauge theories.

D Fundamental string action

Here we fill in the details of the computations in section 5. The F-string action involves

two terms:?®
Snva = Sa + Ss (D.1)
where
1 Uf a 14
56 = o p / dodr Vhh™9, X" 8, X" G, (D.2)
S (eJ0)
1 (o
So =, / dodr \/det hgy R® ®(X(0)), (D.3)
T Joo

where /, is the string length, 7, is some turning point of the string embedding that will
be specified in the following, R® is the Ricci scalar that corresponds to the world-sheet
metric hgp, and G, is the BH metric in the string frame:

2
d—1

The on-shell value of the action depends on the boundary conditions of the string. In this

dsy = 40 (f7 (r)dr® + daj_y +dag (), As(r) = A(r) + o(r), (D4)
paper we consider three separate cases:

1. The Polyakov loop,
2. The Polyakov correlator (The Wilson loop),

3. The ’t Hooft loop.

®The TG (BH) phase of gravity is dual to the high (low) T phase of the XY-model, whence we denote
the vortex correlators accordingly.
56The role of a non-trivial B-field is already discussed in the test and we shall ignore it here.
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D.1 The Polyakov loop

First of all, we fix the world-sheet diffeo-moprhism invariance as
g = 1‘0’ T = 7“, (D5)

where xq is the Euclidean time.

We consider two separate geometries that the string is embedded: a) the thermal gas
solution with topology S! x By where By is a d-dimensional ball and b) the black-hole with
topology D? x By_; where D? is a 2 dimensional disk.

The boundary of By is S9! but we are interested in the flat limit where S9! — R41,
Therefore, in both cases the boundary of space-time becomes S' x R4~!. The string ends
on a curve C' on the boundary where C' = S' x P, P being a point x on R%"! that we
can take as the origin with no loss of generality. In case a, the only string solution with C'
as the boundary is the semi-infinite cylinder S' x R where R is isomorphic to the radial
coordinate r and P is the point that corresponds to the endpoint of the line R at r = 0.
In case b, the only string solution that ends on C' is isomorphic to D?, hence it wraps the
entire D? part of the bulk geometry.

Clearly, the action (D.2) diverges in case a because oy = ry = o0o. Therefore (D.1)
will diverge unless there is some cancellation between (D.2) and (D.3). In the following
we show that (D.3) is finite in all of the cases under consideration. Therefore the result in
case a is that the Polyakov-loop vanishes.

Now, consider the case b, i.e. the black-hole geometry. As explained above, the string
wraps a D?. Then, the radius of D? is given by rj,. Clearly, both (D.2) and (D.3) are finite
hence contribute to the energy for an arbitrary but finite r,. However, we are interested
in the limit 7" — T i.e. 1, — oo and we ask how do (D.2) and (D.3) scale with 7.

Let us first consider the scaling of Sg with rp, in the limit r, — oco. The world-sheet
metric h in the gauge (D.5) is given by,

dsfvS = 245 (dw%f + dr2/f) (D.6)
One finds,
VhR® = 24 ' —2 f Al - f", (D.7)

where prime denotes d/dr. Using egs. (3.16) and (D.8) one finds that,

— / .
T case i,

(D.8)

r=% case ii,

As(r) {
where k' = KV, /2 and « are positive constants. Thus we find that, even though ® diverges
linearly as r — oo, the integrand in S¢ vanishes in this limit. Therefore the contribution
of Sg is finite in the case b, also in the limit r;, — oo.

Now we consider the scaling of Sg with r,. The metric in the string frame is given
by (D.4). From (D.2) one immediately finds that,

T rn) [™ aa,m)
s(T) . D.
Sa = op2 /E e dr (D.9)
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where € is the UV cut-off that should be removed by a proper counter-term action, but it
will be irrelevant for the scaling of the Sg with 7.

In passing we note the trivial result on the TG solution. This corresponds to (D.9)
where 7, replaced with co and A replaced with A . As A, o goes to zero in the limit r —
oo (D.9) is divergent and the magnetization that corresponds to exponential of —S vanishes.

245(rn)y,  whence it

In the limit 7, — oo in case of the BH, one has Sg o lim,, €
diverges linearly, whereas Sp remains finite as we showed above. Thus, using the fact that

A(rp) — 0 (D.8), one finds,

T (rn)

P[C] o e NG o exp <— 02
™ S

Th> ) Th — 00 (D.10)
The next task is to express 7, in terms of the normalized temperature ¢t (3.20). We know
how ®; can be expressed in t from (3.21). Thus if suffices to find 7 in ®j in large @y,
limit. This is given by (3.16):
|4
lim @) = Vo Th. (D.11)

q)h—>OO 2

Now, (3.21) yields,

1 .
— "~ log(t/C), case i,
oy = | ~r108/0) . (D.12)
(é) o case ii,
Therefore (D.11) gives,
2 .
- log(t/C), case i,
Th = Q\/Vw: _ . (D.13)
SV (&) =, case ii.

Substitution of (D.13) in (D.10), use of the fact that 7' — T, in the limit r;, — oo fi-
nally yields

4
Casei: e ONG o tr Va t—0 (D.14)

Case ii : e™ING e‘fs(é)ia, t—0, (D.15)

In the arguments above, we ignored the issue of renormalizing the UV divergence in the
action (D.9). The renormalization can be done by subtracting the self-energy of the single
quark that corresponds to a single disconnected string solution that hangs from € to ry.
This renormalization is considered in detail at the end of appendix D.2 below. The counter-
term action is the same (up to a factor of 2) as there. The same conclusion reached there
— that ignoring the renormalization does not affect the leading term in L in the large L
limit — is also valid here.

D.2 The Polyakov loop correlator

We compute the on-shell string action that corresponds to the Polyakov-loop correlator
here. We will consider the BH geometry, and the same problem on the TG geometry can
be obtained from our result below, see below eq. (D.29).
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The fundamental string action is
1 a S - _Ql v
SF1= 5o / drdov/h [(h bys, + e bBW) Du X1, X +e§<1>(X)R<2>] . (D.16)

where £ is the induced metric, g;, is the target-space metric of the BH geometry in the
string-frame

ds? = ?4s() (f*l(r)dr2 +dz? |+ dac%f(r)) , As(r) = A(r) +

s

Lo o), (D7)

and R® is the world-sheet Ricci scalar. The string that corresponds to the to Polyakov-
loop correlator (P*(z)P(0)) is a connected string solution with end-points = and 0 on the
boundary. With no loss of generality, we take these points to lie on the same axis that
we call 1. The string that connects these points extends towards the deep-interior of the
d 4 1 dimensional target-space in the r-direction. Thus, a good choice of the gauge-fixing
is given by o = xo, 7 = x1 where ¢ is the Euclidean time coordinate with perimeter 1/7".
The string should also wind-around the time-circle. As we look for a solution that only
depends on 7, the 7-integral factors out and yields a multiplicative factor of 1/T".

First of all, the B-coupling cannot arise here because it yields an imaginary contribu-
tion, whereas the Polyakov-loop correlator is manifestly real. Thus we can drop the second
term in (D.16). Secondly, one can show that the contribution of the dilaton-coupling is
sub-dominant with respect to the first term in (D.16). One can see this as follows. Let
us assume that indeed the dilaton-coupling is sub-dominant. Then, the induced metric is
solely determined by the first term in (D.16)

hap = 0. X", X" g5, (D.18)

Given this one can compute the Ricci scalar:
3 /
VhR® = (f+2%) "2 [ — Zf 2+ a2 A Z + ZA" + 2723 2ALF + f7)
+2f(Z' ' + 223 A + Z(ALf + f”)] (D.19)

where we defined,

2\ e4As(r) f (r
Z(r):<ddr1> :\/f(r)\/e‘lis(rf)ﬁr;)_l‘ (D.20)

In this paper, we are interested in how the Polyakov-loop correlator scales near T, and for
large L. The latter is given by,

Tf Tf
L= 2/ dry = 2/ Z7 Y (rdr, (D.21)
€ €
where € is some cut-off near the boundary.’” The limit 7' — 7T, and L large corresponds to

TR > TE > 1. (D.22)

5TWe will comment on how to remove the cut-off by appropriate renormalization in the end of this
appendix. However, as we are interested in the limit 7y — oo in this paper, the ¢ dependence can be kept,
it will not contribute to the results.
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In the limit 7, > 1 one can show that the blackness function can be replaced by f ~ 1
everywhere except r = rj, where it vanishes (see [28] for a derivation, that immediately
carries over here). At the same time for r¢ > 1 the scale-factor Ag(ry) — 0. Then, using
the sub-leading terms in A(r) (D.8), one finds,

Z ~ eV VoolA T (Case 1); 7 ~ /2 (Case ii), (D.23)

The constants x and « are defined in (3.18) and (3.19).

In the limit 7y — oo the dilaton ®(ry) diverges as in (3.16), therefore one may worry
that the last term in (D.16) contributes significantly. On the other hand, we see from (D.8)
that the A’ factors (and similarly A”)factors in (D.19) are suppressed exponentially (case
i) and with power-law (case ii) in the region r > 1:

r=9, case ii,

—kVVoo 7/2 :
Al(r) ~ { € » Case L, (D.24)

and the Z factors in (D.19) are suppressed as (D.23). Using the latter in (D.21) we find,
in the region L > 1:

I ~ efiVVeo/4 1y (Case i); L~ r;o‘/QH (Case ii), (D.25)

Thus, we conclude that, in the regime 7, — oo, and ry > 1, the dilaton contribution to
the string action (the last term in (D.16)) scales as

L~ case i,
Se ~ 2—a/2 (D.26)

Li+a/2 | cage ii,

in the region L > 1.
Below, we show that — with the assumption that one can drop the dilaton contribution
in (D.16) — the string action scales linearly in L:

Seox L, L>1, (D.27)

where by S we denote the on-shell contribution of the first term in (D.16) with the
assumption that the last term can be dropped. Thus, we can safely conclude that, our
assumption in the beginning of this discussion, namely that the dilaton-coupling in (D.19)
does not contribute to the string-solution in the limit (D.22) is valid in case i, and also in
case ii, unless a < 1.8 In the case of @ = 1 our assumption above is violated as both
Sa and Sy and one should solve the full action in (D.16). In the case o < 1 the metric
term S¢ is sub-dominant to S¢ and one can turn the aforementioned argument in favor
of Sg, i.e. one can assume that S¢ is the leading contribution in the limit L > 1. These
cases provide interesting examples that the ®-coupling becomes crucial in determining
the behavior of the Polyakov loop correlator (similarly the quark-antiquark potential in
holography), however they are not of direct interest to us in this work.

58 The case of BKT scaling corresponds to o = 2 and it is in the safe region.
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Thus, we can drop the last two terms in (D.16) and the solution for h,, is given
by (D.18). The on-shell action then becomes a Nambu-Goto action. Given the target-space
geometry (D.17) finding the on-shell NG action is a standard exercise (see for example [55]):

S ! / T el (D.28)
= T . °
F1 202 T . M) )
1= ( 43 () f(r) >

Then the action as a function of L is given by the parametric solution of (D.21) and (D.28).

We are interested in the limit (D.22) where we can replace f = 1 throughout the entire
range of 7, up to ry and up to the value of ry slightly smaller than rj, (in the limit r, — oo,
T — T.. Comparing (D.21) and (D.28) and using the fact that A; — 0 in the numerator
of (D.28) we conclude, (assuming « > 1 in case ii)

1

S
P 2102 T,

L, as L — oo. (D.29)
The on-shell action of the same type of connected string solution in the TG geometry is
given by replacing the metric functions above by f =1, A, — AY and ® — ®¢. The same
arguments above then directly carry over to this case.

Finally, let us discuss the renormalization of the action (D.28): We regulated the
action by inserting a cut-off at » = € close to the boundary. As one removes the regulator,
€ — 0, the on-shell action diverges, due to infinite area of the space-time metric near the
boundary.?® One should remove the regulator by adding a counter-term action designed
to cancel the divergences. In the case of Polyakov-loop correlator in AdS, this is done by
subtracting the self-energie that corresponds to two disconnected strings hanging from e
to 7, [35, 36]:

1
Seen= g | (D.30)

Clearly, subtraction of Sy, from Sp; in (D.28) removes the divergence at e = 0. However,
as criticized in [37], this makes the counter-term action temperature dependent. More-
over, (D.30) is divergent in the limit r, — oo, that is the limit that we are interested in.
Instead, here we propose to regulate the action by subtracting the self-energy of two quarks
of the Polyakov-loop correlator as in [55]:

T
Sren = 27T€1§ T/E ! 24y (D.31)
Clearly this removes the UV divergence in (D.28) in the limit ¢ — 0 and yields a finite
result for finite L. It is also apparent from (D.31) that it diverges in the limit L — oo but
this divergence is physical. The only point that we have to worry about is that, it does not
diverge faster than (D.29). This is required for the consistency of our discussion above,
where we ignored explicitly regulating the action.

®No where in the paper, we explicitly specified the form of the metric near the boundary, however we
assume that it is asymptotically AdS.
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Let us now determine precisely how it scales with L in this limit. The region L > 1
corresponds to 7y > 1. As Ay — 0 in the integrand in this region, (D.31) scales linearly
in r¢. One can convert r¢ to L by using (D.25). We consider case i first. In this case
one finds,

g 1 4
-~
ren T 9ml2 T ky/Vis,

From (3.28) one finally obtains,

log L, L>1. (D.32)

Si—>8

ren 7y log L, L>1 (D.33)

As it scales like log(L) our arguments above by neglecting the counter-term action in the
large L region is thus justified. However, we note that this term does contribute the final
result in the spin-spin correlator as it affects the sub-dominant terms that are denoted
by ellipsis in (5.71). For example, in the mean-field approximation (5.26) for a second-
order phase transition x = 2 one finds that the coefficient in (D.33) is precisely 1. In
order to determine the exact power of the sub-leading terms in (5.71), one should take this
contribution into account in addition to possible other log L terms that may arise from
the expansion of the leading piece (D.28) and possible quantum fluctuations of the string.
In the case ii, a similar calculation shows that

i~ Li-ar2, (D.34)

TeEN

As this is always sub-dominant to the linear behavior in (D.29) for a > 0, our discussion
above by neglecting the counter-term action above is again justified.

The same calculation should be done for dilaton-coupling in (D.16). Of course the
counter-term action has the same physical origin. It comes from the dilaton-coupling in
the string solution that corresponds to two quarks in the Polyakov-loop correlator. This is
given by the dilaton-contribution for two disconnected strings hanging from e to 7:

1

T onT /:f(zAls(V")f'(V") +2f(r)A{(r) + f"(r)) @(r)dr. (D.35)

Sren,<I> =
This is obtained by calculating the world-sheet Ricci scalar R?) in (D.16) for the dis-
connected string solution. We ask whether this cancels out the UV divergence in the
dilaton-term in (D.18) in the limit ¢ — 0. The integrand of the latter is given by ®(r)
times (D.19). Near r ~ 0 the function Z in (D.20) diverges, thus only the terms pro-
portional to Z3 in the square brackets in (D.19) survive. This is precisely the form that
one has in (D.35), thus one indeed see that the counter-term given in (D.35) does the
job. As it scales exactly the same way in L as (D.26), we see that, also the renormalized
dilaton-coupling is subdominant to the area term Sg, hence our arguments by neglecting
the renormalization above are still justified.

D.3 The ‘t Hooft loop

Here we detail the computation of the 't Hooft-Polyakov loop correlator which we propose
to correspond to the vortex-anti vortex pair (#(x)v(0)). This is represented by a D1 — D1
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brane pair ending on the boundary at points = and 0, and wrapping the time circle. Thus
we want to compute the r.h.s. of

(5(z)v(0)) oc e=9P1, (D.36)
with
Sp1 =T} / dodre=® (det[hay + bap))? , (D.37)
where T7 is the D-string tension and we defined,
hab = Gy, 0a X" 0p X", bay = B0 X' 0, X" (D.38)
Here g,,,, is the string-frame metric

2
d—1
in the BH phase. In the TG phase the metric is given by the replacement f — 1 and
A — Ap in (5.17).

We choose the gauge, 0 = zo and 7 = x1. Here x1 is one of the spatial directions of
the spin-model on which the points = and 0 lie. From (D.38) and (D.39) one finds,

dr\? 1 dr
_ 2AS . p— 2AS . = — =
hoo =€ f, h11 =e (1 + <d$1> f> N blO = 601 b <d$1> (D.40)

hio = ho1 = boo = b11 =0, (D.41)

ds? = 240 (F71(r)dr? + dal_ ) + dadf(r)), Ag(r) = A(r) + ®(r), (D.39)

where b is a constant given by the (r,z9) component of the B-field b = B,¢. From (D.37)
we find the action for the D1 — D1 pair,

) Ty dr \?
Spr=—, . / dre”® e \/ f+ < ' > (1+0%et4). (D.42)
1 €

dwl

The action only contains derivatives of r explicitly, thus the corresponding Hamilto-
nian should be a constant of motion. Let us define the following functions for nota-
tional simplicity:

JEZ — 64AS—2<I>f’ §~]2 — 64As—2<1>(1 + b2€_4AS). (D43)
Then the Lagrangian in (D.42) is
L= \/f2 + 7232, (D.44)
The canonical momentum that corresponds to r» and the Hamiltonian is given by,
dr ~2. 2
pr= = g ,H:prv'“—ﬁz—fﬁ. (D.45)
r \/ f2 4 7252

We are interested in the connected D1 - D1 pair. This is given by a curve on the (z1,7)
plane that ends on the points®(z, €) and (0, €) and has a turning-point at r, at which 7 = 0.

0¢ is the boundary cut-off. We shall keep it explicit here, and it can be removed by renormalizing the
D-string action by adding counterterms as in section D.2.
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We assume that the curve is symmetric around the turning point which corresponds to the
point (z/2,7f) on the (x1,7) plane. As the Hamiltonian is conserved and independent of
x1 it can be computed at ry. Changing variable to r one has, H = —f(rf). Then the
Lagrangian is given by £ = fQ(T) / f (r) and one obtains from this, the first-order e.o.m
that determines the shape of the curve:

dwy) ! for) 1 I
(dr ) ig(r) f(rf)\/f2(7°) f2(rp). (D.46)

One chooses the plus sign for z; € (0,2/2) and the minus sign for x; € (x/2,x). Substi-

tuting this in the Lagrangian (D.44) one obtains the on-shell action,

Ty ~

SD1 = — 2 / dr g(r) . (D.47)

TlT € 1_ f'Q(rf)
F2(r)

The distance L = |x| between the end-points on the boundary is given by,

¢ o gr)fry) 1
L= dri =2 dr” . , D.48
/0 ' / f2(r) \/1_ff<rf> P
f2(r)

where we used (D.45). The on-shell D-string action, hence the vortex-anti-vortex correlator
in (D.36) is given by the parametric solution of (D.47) and (D.48) in favor of Spy(L).

In fact, this solution will only be valid for particular values of L less than some L.y
both for the BH and the TG background. The reason is that, the connected D-string solution
ceases to exist beyond this value. To see this we note, first of all, that the integrand
in (D.48) is positive definite, hence L increases with increasing ry. Then, in case of the
BH, when ry = rj, at which the D1 and the D1 falls into the horizon. This corresponds
to the maximum value of L for the connected D-string solution. At the technical level,
one can see this by observing that the integrand in (D.48) vanishes for ry = ry,, hence L is
bounded by the value Lyax = L(ry). Beyond this point, the r.h.s. of (D.36) is dominated
by the exchange diagram as explained in section 5.5.

Let’s now consider the TG solution. The distance L is again given by (D.48) but this
time the metric functions are given by A = Ag and f = 1. One also has, ® = ®q:

N ) 0 90
fg(r) 1_ fg(rf)
()

I - 2/” g0 folry) 1 2= 020 52 A28 (] | 20— 4A0).

(D.49)
In order to see that (D.49) is bounded from above in the entire range 7y = € to ry = oo,
one divides the range into two parts (e,r1) and (r1,7),®t where r; is large enough so that
we can assume that in the second range the background functions are approximately given
by their asymptotic forms:

P(r) ~ Dy 1, A(r) = —Ax 1. (D.50)

6'This argument is first given in [42]. We warn the reader that there are typo errors in that reference.
Here we prefer to present the argument independently.
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Let us denote the two contributions in (D.49) from the ranges (e,71) and (r1,7f) as L1 and
Lo respectively. One first shows that L; is bounded from above:

Ly = /7’1 d?"qo(r) ! = Q'fjo(rf) /r1 drqo(r) 1
e folr) \/fg(r) o Jolr) e fo(r) \/f”g(r) _ Ry

f5ry) fo(r)  f5(ry)
< 2{0(”)/ P N ) (D.51)
folri) Je Jolr) [igey ¢ folri)
fg(r1)
62

In the second line we used the fact that fg(r) is a monotonically decreasing function.
Therefore the only possible divergence in L can come from Lg:

Tr G 9 (2B (rp—r1)
Lo = 2/ d?“gf)(r) i 1 ~ Vi / dy ’ (D.52)
o Jolr) [ Rey P Jo ev —1
fary)

where we used that, by assumption the background functions are given by the asymptotic
forms (D.50) in this range of . We see that this is bounded from above. In the limit
ry — oo one finds,

1 2
lim LQ(T‘f) ~ 7T\/ +o .

7§00 D

(D.53)

In fact, with little more effort, one can show that the r.h.s. of (D.53) is the upper bound on
Lo. Thus L is bounded from above and there is a maximum value L.« that is reached at
some point 7y = rpax. It is clear from the calculation above that this point is independent
of temperature in the TG phase. Beyond this point, the connected D-string solution ceases
to exist and the vortex correlator is determined by the exchange diagram, cf. section 5.5.

As a last comment, we observe that the calculation above could be applied directly to
the BH case, just by replacing the functions fo and gg by f and g. The crucial point about
the monotonicity of the function f is guaranteed just like in the footnote below, given
that f is also monotonically decreasing. Thus, also in the BH geometry, one has a point
L .. (rn) above which the connected diagram does not exist. It is an interesting question,
whether this point is before or beyond the horizon. Namely, one can ask the question
whether L! . () < L(rp) or not. If so, then the connected D-string solution would cease
to exist even before it falls into the horizon! The answer will be determined by the precise
background functions of the holographic model, however, this point does not change our

arguments in section 5.5 that only depends of existence of some Ly ax.

62This is clear from the definition (D.49). The exponent is 4Ao(r) + 2P (r)/3 where Ay is the Einstein
frame scale factor. By assumption, Ao is a monotonically decreasing and ®¢ is a monotonically increasing
function. We also know that the combination 44;,(r) = 4A40(r)+8Po(r)/3 is monotonically decreasing and
having an asymptotic minimum at r = co. Thus 4A(r) 4+ 2@ (r)/3 should be monotonically decreasing,
with no minimum.
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E Spectrum of bulk fluctuations

E.1 Graviton and dilaton

We first consider the spectrum of the dilaton and the graviton fluctuations. We shall carry
out the calculation with Minkowski signature for convenience. The results can easily be
translated in Euclidean time by analytic continuation. There are two independent modes
with spin-0 and spin-2. The first one is given by a mixture of the isotropic fluctuations of
the metric components hi; = hga = -+ = h4_1 4-1 and the dilaton fluctuations d®. We
denote this mode as hg. The second one is is just the transverse traceless shear fluctuations
that will be denoted by ho. The equations of motion for these modes on a generic BH
background (3.6), are obtained by decomposing hg2(r,z) = e*ipi"”i““’xoho,g(r). They can

be found for example in [15, 56]. In the Einstein frame one obtains®?
! X! w2 o |]7|2 f/ X!

o (@—na+ ! g h — =0 E.1

0T o(( ) +f+X>+ 0( 12 fX) ) (E.1)
/ 2 _ |52

5 + h ((d —~ DA + ?) + ha <“’ fQ\zﬂ > =0, (E.2)

where the function X is given by X (r) = 2/((d — 1)/d) ® /A’ and it asymptotes to a
constant X — —1/ V/d in the IR region 7 — co. The analogous fluctuation equations on
the thermal gas background us given by setting f = 1 in these equations.

From (E.1) and (E.2) we see that the spin-0 and spin-2 modes become degenerate in
this far IR region, hence it suffices to consider only the latter. As argued before and shown
in [28] in the limit r, — oo the function f approaches to 1 and A approaches to the scale
factor of the TG solution (3.5) A — Agy. Therefore, in this regime of interest we want
to solve,

5+ hby(d — 1) Aj + hy (w* — [pf*) = 0. (E.3)
One can easily transform this equation to a Schrodinger form by hy = hg exp(—(d—1)A/2):

- - - d—1
— WYy + Vs (r)hy = (w* — [p]?)ha, Vg = ) Af +

(d—1)* , 2

4 Ay (E.4)
The asymptotics of the function A (3.17) imply that the Schrodinger potential asymptotes
to a constant in the far IR:
Voo

VVoo
VS—>mg+(’)(e*“ 2 r>7 mg: Y

(E.5)
and for the form of the subleading corrections we refer to [15].

On the black-hole background the fluctuation equation (E.2) is solved by imposing
normalizability near the boundary and incoming boundary condition (or normalizibility in
the Euclidean signature) at the horizon. Consider first the case |p] = 0. Then one gets a
discrete spectrum of w? on the BH. As 7, is taken to oo, i.e. near the phase transition region

2 vanish. Otherwise

83Strictly speaking these equations are correct only when either of |p]? = p'p® or w
there may be some more complicated mixing terms. We will keep this combination and in the end of the

computation we will be interested either of these two cases.
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T — T, the spectrum becomes nearly continuous with the lowest lying state determined
by the asymptotic constant in (E.5). Consequently, at finite but large 75, the spectrum of
states are of the form,

VVeo

wo = Mmop = 9 )

wr=mo+ 0O (e_“\/goo 7"’1) , ete. (E.6)

The constant my is the same as the one that appears in the derivative of the dilaton (4.4).
This is not a coincidence but required for the consistency of the theory. What we learned
is that, the gravitational fluctuations on the linear-dilaton background is always gapped
with a gap factor myg, i.e.

w? > m2, for N=N =1. (E.7)

In the actual calculation of the two-point function in section 5.4.1 and 5.4.2 we need
the Euclidean spectrum with compact time. One finds that the exchange diagram is of the
form exp(—mL) where m is always bounded as in (E.7) from below.

E.2 B-field

We consider the fluctuations around B,y = const that we denote as . The spectrum
of fluctuations are obtained from the equation of motion for the B-field d * dB = 0. We
decompose d(r, z9) = e_ipi$i+i“x05\1’(r). On simply obtains w? = 0, hence the spectrum
of fluctuations from the point of view of d — 1 dimensions are also massless. This means
that in the exchange diagrams of section (5.4.1) and (5.4.2), the contribution from the
lowest C7~ modes is massless, in accord with existence of the Goldstone mode in the
superfluid phase.

E.3 Tachyon

The tachyon action is [16] (in the string frame),

4
Ap ~ / Vgse 2 <ggwaﬂTayT — €2T2> , (E.8)
where the metric and the dilaton reads,
ds? = A7) (f_l(r)dr2 +dx? |+ dng(r)) , ® = mor, (E.9)

and my is defined in (4.4). We shall carry out the calculation on the black-hole, and the
thermal gas result will be obtained simply by setting f = 1.

We fluctuate T = (T') + T(r)e~#'#'+920 in the action. We note that these fluctuations
do not mix with the dilaton fluctuations for (I) = 0 which is indeed what we assume
throughout the paper: the only non-trivial profiles in the background are the metric and
the dilaton. It is straightforward to obtain the fluctuation equation from (E.8) and (E.9).
As we are interested in the spectrum of w we set p* = 0:

! 4 62AS w2
"+ (d—1)A;—2mo+‘HT’Jr<£g f +f2>T:0. (E.10)
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This can be transformed into a Schodinger form by the change of variable T' = exp(—(d —
1)A/2 + mor — } log f)T with the result,

- - W d—1 d—1 AR NS A CAN
vt = YT - A" Al _ _ .
V=l V= S*( 2 m°+2f> +2<f f2> e f
(E.11)

Let us first consider the simpler case of the thermal gas background that is obtained
from (E.11) by setting f = 1:

-1 -1 2y
:d2 A;'+<d2 A;—m0> - (E.12)

S

Vr

TG

In the TG phase in the IR A; vanishes as (D.8)
As(r) — age"mor (E.13)

with some positive coefficient a;. The Schrodinger potential then becomes,

4 1 8
Vr — m% _ P +a; e~ rmor (2 (d — 1)(/-6 + 2)/‘6771% — £2> + O(e*2mor). (E14)
TG s s

For a moment let us consider the pure linear-dilaton geometry. In this case the exponential
correction term in (E.14) is absent a; = 0, and one obtains the exact answer as,

1-d .
4 5 bosonic
2 60
Vol =16 5 =9 124 fomion (E.15)
LD s 4 g Cermionic

where we used the no-anomaly condition (4.5). The tachyon in the fermionic case comes
from the ground state of the NS fermions and has the mass m2 = —2/¢2. We re-derived
the well-known result that the “tachyon” in dimensions 2 or less is actually a stable mode
(recalling that our total number of dimensions is d+1). This is of course a consistency check.

Coming back the issue of the spectrum, the result (E.14) indicates that the fluctuations
in the deep interior of the thermal gas geometry, in the vicinity of the phase transition
T — T.%* are tachyonic. Luckily we do not need this lowest mode in the calculation of the
two-point function in section 5.4.2 because the entire propagation is governed by modes
with winding mode w = 1 which are non-tachyonic.

However, we needed this mode in the calculation of the two-point function in the black-
hole phase, cf. section 5.4.2. Now let us inspect the spectrum of tachyon fluctuations on
the black-hole. This is determined by the equation (E.10). The blackness function near
the horizon behaves as

f—AnT(rp — 1), r— . (E.16)

Then the fluctuation equation becomes the standard form,

~2
_ w
T _ T/(V”h ) Ly (rp — T)QT ~ 0, r =T, (E.17)

64This is the only regime the world-sheet CFT becomes linear dilaton.
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where @ = w/4nT. This can be solved by changing the variable as r, — r = exp(—u) and
the solution near the horizon becomes,

T — Tyet T _e v, (E.18)

The incoming one corresponds to 7. = 0. To inspect the issue of the tachyon, we can
change to the Euclidean metric by w — —iw and the incoming solution of the Minkowskian
BH corresponds to the normalizable solution of the Euclidean one. This means that the
Euclidean spectrum is always discrete and bounded from below. However we still have to
see whether there is a negative mode in the limit 7, — oo (T' — T}). We recall that in this
limit the BH geometry asymptotes to the TG geometry. In particular

flr)—1, for all v <. (E.19)

Then, for any r < r, the corresponding Schodinger potential is given by (E.14) which
becomes negative in the far r region for r < rp. Near rp, it becomes positive again and
finally it diverges as (r;, — )2 as r — 73,. Then existence of a negative discrete mode
crucially depends on whether the approach to the negative minimum that is given by (E.15)
is from above or below. This is determined by the sign of the coefficient of the exponential
term in (E.14). Recalling that a; > 0, we observe that the sign is always positive for the
interesting case of k = 2 which corresponds to a second order transition both ford—1 =2
and d — 1 = 3. For a third or higher order transition it is negative both for d — 1 = 2, 3.
We conclude that in the cases of interest, although there is a negative minimum in the
tachyon potential, the approach to this minimum is from above and the potential can
always be arranged (by choosing the form of the next-to-subleading terms in the dilaton
potential (3.15)) so that there is no negative discrete mode in the spectrum. The same
cannot be said for fluctuations on the thermal gas, as explained above.

It is a reasonable question to ask whether the tachyon of the linear-dilaton CFT (on
the thermal gas) can be extrapolated to the UV theory. To answer this question one has
to study the tachyon potential in the UV. This can only be done in an heuristic way. The
reason is that, in the UV we do not have an exact CFT description unlike in the IR and
the o corrections would renormalize the following discussion. Nevertheless, let us pretend
that there are no o/ corrections in order to see what possible behavior can arise. In this
paper we have not specified the UV geometry, but in fact we always tacitly assume that
the UV geometry is AdS. In [15] we found analytic kink solutions that flow from the UV
in the AdS and linear-dilaton in the IR. In the case of AdS the metric scale factor is
A — —logr/l+---. Then we obtain,

d—1 (d—1)2 872\ 1
~ — . E.2
Vr ( s Ty @) T 0 (E.20)

This will be bounded only when the term in the bracket is positive. In the case of d—1 =3
this gives the condition ¢2/¢2 < 15/32. As mentioned above, this result is supposed to
be corrected by o corrections. However it is reasonable to expect that there will always
be an upper bound on ¢/¢s by demanding that there is no d — 1 dimensional tachyon
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in the spectrum in the UV. On the other hand, the simplest way to achieve this is to
demand that there is no tachyon to start with i.e. the spectrum in the d + 1 dimensional
theory is non-tachyonic and the tachyon of the linear-dilaton theory only arises in the IR
effective theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity,
Int. J. Theor. Phys. 38 (1999) 1113 [Adv. Theor. Math. Phys. 2 (1998) 231]
[hep-th/9711200] [SPIRES].

[2] S.S. Gubser, L.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109] [SPIRES].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253
[hep-th/9802150] [SPIRES].

[4] S.S. Gubser, Breaking an Abelian gauge symmetry near a black hole horizon,
Phys. Rev. D 78 (2008) 065034 [arXiv:0801.2977] [SPIRES].

[5] S.A. Hartnoll, C.P. Herzog and G.T. Horowitz, Building a holographic superconductor,
Phys. Rev. Lett. 101 (2008) 031601 [arXiv:0803.3295] [SPIRES].

[6] S.A. Hartnoll, Lectures on holographic methods for condensed matter physics,
Class. Quant. Grav. 26 (2009) 224002 [arXiv:0903.3246] [SPIRES].

[7] C.P. Herzog, Lectures on holographic superfluidity and superconductivity,
J. Phys. A 42 (2009) 343001 [arXiv:0904.1975] [SPIRES].

[8] J. McGreevy, Holographic duality with a view toward many-body physics,
Adv. High Energy Phys. 2010 (2010) 723105 [arXiv:0909.0518] [SPIRES].

[9] S. Sachdev, Quantum phase transitions, Cambridge University Press, Cambridge U.K. (1999).

[10] A.M. Polyakov, Thermal properties of gauge fields and quark liberation,
Phys. Lett. B 72 (1978) 477 [SPIRES].

[11] L. Susskind, Lattice models of quark confinement at high temperature,
Phys. Rev. D 20 (1979) 2610 [SPIRES].

[12] B. Svetitsky and L.G. Yaffe, Critical behavior at finite temperature confinement transitions,
Nucl. Phys. B 210 (1982) 423 [SPIRES].

[13] E. Witten, Anti-de Sitter space, thermal phase transition and confinement in gauge theories,
Adv. Theor. Math. Phys. 2 (1998) 505 [hep-th/9803131] [SPIRES].

[14] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, The
Hagedorn/deconfinement phase transition in weakly coupled large-N gauge theories, Adv.
Theor. Math. Phys. 8 (2004) 603 [hep-th/0310285] [SPIRES].

[15] U. Giirsoy, Continuous Hawking-page transitions in Einstein-scalar gravity,
arXiv:1007.0500 [SPIRES].

,84,


http://dx.doi.org/10.1023/A:1026654312961
http://arxiv.org/abs/hep-th/9711200
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9711200
http://dx.doi.org/10.1016/S0370-2693(98)00377-3
http://arxiv.org/abs/hep-th/9802109
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802109
http://arxiv.org/abs/hep-th/9802150
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9802150
http://dx.doi.org/10.1103/PhysRevD.78.065034
http://arxiv.org/abs/0801.2977
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.2977
http://dx.doi.org/10.1103/PhysRevLett.101.031601
http://arxiv.org/abs/0803.3295
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0803.3295
http://dx.doi.org/10.1088/0264-9381/26/22/224002
http://arxiv.org/abs/0903.3246
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.3246
http://dx.doi.org/10.1088/1751-8113/42/34/343001
http://arxiv.org/abs/0904.1975
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.1975
http://dx.doi.org/10.1155/2010/723105
http://arxiv.org/abs/0909.0518
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0909.0518
http://dx.doi.org/10.1016/0370-2693(78)90737-2
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B72,477
http://dx.doi.org/10.1103/PhysRevD.20.2610
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D20,2610
http://dx.doi.org/10.1016/0550-3213(82)90172-9
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B210,423
http://arxiv.org/abs/hep-th/9803131
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803131
http://arxiv.org/abs/hep-th/0310285
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0310285
http://arxiv.org/abs/1007.0500
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.0500

[16] J. Polchinski, String theory vol. I, Cambridge University Press, Cambridge U.K. (1998).

[17] J.J. Atick and E. Witten, The Hagedorn transition and the number of degrees of freedom of
string theory, Nucl. Phys. B 310 (1988) 291 [SPIRES].

[18] H. Pfeiffer and R. Oeckl, The dual of non-Abelian lattice gauge theory,
Nucl. Phys. Proc. Suppl. 106 (2002) 1010 [hep-1at/0110034] [SPIRES].

[19] R. Fiore, A. Papa and P. Provero, Spectrum of screening masses in the (3+1)D SU(2) pure
gauge theory near the critical temperature, Nucl. Phys. Proc. Suppl. 119 (2003) 490
[hep-1at/0208020] [SPIRES].

[20] O. Aharony and E. Witten, Anti-de Sitter space and the center of the gauge group,
JHEP 11 (1998) 018 [hep-th/9807205] [SPIRES].

[21] F.R. Brown and L.G. Yaffe, The coherent state variational algorithm: a numerical method
for solving large-N gauge theories, Nucl. Phys. B 271 (1986) 267 [SPIRES].

[22] T.A. Dickens, U.J. Lindqwister, W.R. Somsky, L.G. Yaffe, The coherent state variational
algorithm. 2. Implementation and testing., Nucl. Phys. B 309 (1988) 1 [SPIRES].

[23] R.D. Pisarski and M. Tytgat, Why the SU (infinity) deconfining phase transition might be of
second order, hep-ph/9702340 [SPIRES].

[24] J.M. Kosterlitz and D.J. Thouless, Ordering, metastability and phase transitions in
two-dimensional systems, J. Phys. C 6 (1973) 1181 [SPIRES].

[25] V.L. Berezinsky, Destruction of long range order in one-dimensional and two-dimensional
systems having a continuous symmetry group. 1. Classical systems, Sov. Phys. JETP 32
(1971) 493 [SPIRES].

[26] J.M. Kosterlitz, The critical properties of the two-dimensional xy model, J. Phys. C 7 (1974)
1046 [SPIRES].

[27] U. Giirsoy, E. Kiritsis, L. Mazzanti and F. Nitti, Deconfinement and gluon plasma dynamics
in improved holographic QCD, Phys. Rev. Lett. 101 (2008) 181601 [arXiv:0804.0899]
[SPIRES].

[28] U. Giirsoy, E. Kiritsis, L. Mazzanti and F. Nitti, Holography and thermodynamics of 5D
dilaton-gravity, JHEP 05 (2009) 033 [arXiv:0812.0792] [SPIRES].

[29] K. Jensen, A. Karch, D.T. Son and E.G. Thompson, Holographic
Berezinskii-Kosterlitz- Thouless transitions, Phys. Rev. Lett. 105 (2010) 041601
[arXiv:1002.3159] [SPIRES].

[30] N. Igbal, H. Liu, M. Mezei and Q. Si, Quantum phase transitions in holographic models of
magnetism and superconductors, Phys. Rev. D 82 (2010) 045002 [arXiv:1003.0010]
[SPIRES].

[31] A.H. Chamseddine, A study of noncritical strings in arbitrary dimensions,
Nucl. Phys. B 368 (1992) 98 [SPIRES].

[32] U. Giirsoy and E. Kiritsis, Exploring improved holographic theories for QCD: Part I,
JHEP 02 (2008) 032 [arXiv:0707.1324] [SPIRES].

[33] R.C. Myers, New dimensions for old strings, Phys. Lett. B 199 (1987) 371 [SPIRES].

[34] M. Headrick, Hedgehog black holes and the Polyakov loop at strong coupling,
Phys. Rev. D 77 (2008) 105017 [arXiv:0712.4155] [SPIRES].

,85,


http://dx.doi.org/10.1016/0550-3213(88)90151-4
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B310,291
http://dx.doi.org/10.1016/S0920-5632(01)01913-2
http://arxiv.org/abs/hep-lat/0110034
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-LAT/0110034
http://dx.doi.org/10.1016/S0920-5632(03)01592-5
http://arxiv.org/abs/hep-lat/0208020
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-LAT/0208020
http://dx.doi.org/10.1088/1126-6708/1998/11/018
http://arxiv.org/abs/hep-th/9807205
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9807205
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B271,267
http://dx.doi.org/10.1016/0550-3213(88)90234-9
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B309,1
http://arxiv.org/abs/hep-ph/9702340
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/9702340
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPCBA,C6,1181
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA,32,493
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JPCBA,7,1046
http://dx.doi.org/10.1103/PhysRevLett.101.181601
http://arxiv.org/abs/0804.0899
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0804.0899
http://dx.doi.org/10.1088/1126-6708/2009/05/033
http://arxiv.org/abs/0812.0792
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0812.0792
http://dx.doi.org/10.1103/PhysRevLett.105.041601
http://arxiv.org/abs/1002.3159
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1002.3159
http://dx.doi.org/10.1103/PhysRevD.82.045002
http://arxiv.org/abs/1003.0010
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1003.0010
http://dx.doi.org/10.1016/0550-3213(92)90199-L
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B368,98
http://dx.doi.org/10.1088/1126-6708/2008/02/032
http://arxiv.org/abs/0707.1324
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0707.1324
http://dx.doi.org/10.1016/0370-2693(87)90936-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B199,371
http://dx.doi.org/10.1103/PhysRevD.77.105017
http://arxiv.org/abs/0712.4155
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0712.4155

[35]

S.-J. Rey, S. Theisen and J.-T. Yee, Wilson-Polyakov loop at finite temperature in large-N
gauge theory and anti-de Sitter supergravity, Nucl. Phys. B 527 (1998) 171
[hep-th/9803135] [SPIRES].

A. Brandhuber, N. Itzhaki, J. Sonnenschein and S. Yankielowicz, Wilson loops in the large-N
limit at finite temperature, Phys. Lett. B 434 (1998) 36 [hep-th/9803137] [SPIRES].

D. Bak, A. Karch and L.G. Yaffe, Debye screening in strongly coupled N = 4 supersymmetric
Yang-Mills plasma, JHEP 08 (2007) 049 [arXiv:0705.0994] [SPIRES].

J.M. Maldacena, Wilson loops in large-N field theories, Phys. Rev. Lett. 80 (1998) 4859
[hep-th/9803002] [SPIRES].

S.-J. Rey and J.-T. Yee, Macroscopic strings as heavy quarks in large-N gauge theory and
anti-de Sitter supergravity, Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001] [SPIRES].

M.B. Green, J.H. Schwarz and E. Witten, Superstring theory vol.1, Cambridge University
Press, Cambridge U.K. (1987).

G.’t Hooft, On the phase transition towards permanent quark confinement,

Nucl. Phys. B 138 (1978) 1 [SPIRES].

U. Giirsoy, E. Kiritsis and F. Nitti, Fxploring improved holographic theories for QCD: Part
II, JHEP 02 (2008) 019 [arXiv:0707.1349] [SPIRES].

K. Skenderis, Lecture notes on holographic renormalization,
Class. Quant. Grav. 19 (2002) 5849 [hep-th/0209067] [SPIRES].

C. Charmousis, B. Gouteraux, B.S. Kim, E. Kiritsis and R. Meyer, Effective holographic
theories for low-temperature condensed matter systems, JHEP 11 (2010) 151
[arXiv:1005.4690] [SPIRES].

S. Bhattacharyya, S. Minwalla and K. Papadodimas, Small hairy black holes in AdSs x S°,
arXiv:1005.1287 [SPIRES].

P. Basu et al., Small hairy black holes in global AdS spacetime, JHEP 10 (2010) 045
[arXiv:1003.3232] [SPIRES].

I. Kanitscheider, K. Skenderis and M. Taylor, Precision holography for non-conformal branes,
JHEP 09 (2008) 094 [arXiv:0807.3324] [SPIRES].

I. Kanitscheider and K. Skenderis, Universal hydrodynamics of non-conformal branes,

JHEP 04 (2009) 062 [arXiv:0901.1487] [SPIRES].

D.T. Son, Hydrodynamics of relativistic systems with broken continuous symmetries, Int. J.
Mod. Phys. A 16S1C (2001) 1284 [hep-ph/0011246] [SPIRES].

S.S. Gubser and S.S. Pufu, The gravity dual of a p-wave superconductor,
JHEP 11 (2008) 033 [arXiv:0805.2960] [SPIRES)].

H.T.C. Stoof, K.B. Gubbels and D.B.M Dickersheid, Ultracold quantum fields, Springer
(2009).

N.D. Mermin and H. Wagner, Absence of ferromagnetism or antiferromagnetism in one-
dimensional or two-dimensional isotropic Heisenberg models, Phys. Rev. Lett. 17 (1966) 1133
[SPIRES].

P.C. Hohenberg, Existence of long-range order in one and two dimensions,
Phys. Rev. 158 (1967) 383 [SPIRES].

,86,


http://dx.doi.org/10.1016/S0550-3213(98)00471-4
http://arxiv.org/abs/hep-th/9803135
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803135
http://dx.doi.org/10.1016/S0370-2693(98)00730-8
http://arxiv.org/abs/hep-th/9803137
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803137
http://dx.doi.org/10.1088/1126-6708/2007/08/049
http://arxiv.org/abs/0705.0994
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0705.0994
http://dx.doi.org/10.1103/PhysRevLett.80.4859
http://arxiv.org/abs/hep-th/9803002
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803002
http://dx.doi.org/10.1007/s100520100799
http://arxiv.org/abs/hep-th/9803001
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803001
http://dx.doi.org/10.1016/0550-3213(78)90153-0
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B138,1
http://dx.doi.org/10.1088/1126-6708/2008/02/019
http://arxiv.org/abs/0707.1349
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0707.1349
http://dx.doi.org/10.1088/0264-9381/19/22/306
http://arxiv.org/abs/hep-th/0209067
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0209067
http://dx.doi.org/10.1007/JHEP11(2010)151
http://arxiv.org/abs/1005.4690
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.4690
http://arxiv.org/abs/1005.1287
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.1287
http://dx.doi.org/10.1007/JHEP10(2010)045
http://arxiv.org/abs/1003.3232
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1003.3232
http://dx.doi.org/10.1088/1126-6708/2008/09/094
http://arxiv.org/abs/0807.3324
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.3324
http://dx.doi.org/10.1088/1126-6708/2009/04/062
http://arxiv.org/abs/0901.1487
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.1487
http://arxiv.org/abs/hep-ph/0011246
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-PH/0011246
http://dx.doi.org/10.1088/1126-6708/2008/11/033
http://arxiv.org/abs/0805.2960
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.2960
http://dx.doi.org/10.1103/PhysRevLett.17.1133
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA,17,1133
http://dx.doi.org/10.1103/PhysRev.158.383
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,158,383

[54] S.R. Coleman, There are no Goldstone bosons in two-dimensions,

Commun. Math. Phys. 31 (1973) 259 [SPIRES].

[55] Y. Kinar, E. Schreiber and J. Sonnenschein, Q Q potential from strings in curved spacetime:
classical results, Nucl. Phys. B 566 (2000) 103 [hep-th/9811192] [SPIRES].

[56] U. Giirsoy, E. Kiritsis, G. Michalogiorgakis and F. Nitti, Thermal transport and drag force in
improved holographic QCD, JHEP 12 (2009) 056 [arXiv:0906.1890] [SPIRES].

,87,


http://dx.doi.org/10.1007/BF01646487
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA,31,259
http://dx.doi.org/10.1016/S0550-3213(99)00652-5
http://arxiv.org/abs/hep-th/9811192
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9811192
http://dx.doi.org/10.1088/1126-6708/2009/12/056
http://arxiv.org/abs/0906.1890
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0906.1890

	Introduction
	Gravity - spin model duality
	Correspondence between gauge theories and spin systems
	Holographic superfluidity
	Spontaneous breaking of U(1)(B), the Goldstone mode and the second speed of sound

	A model based on Einstein-scalar gravity
	The model
	Scaling of the free energy
	The large N limit and string perturbation theory
	Parameters of the model

	Non-critical string theory and the IR CFT
	Linear-dilaton in the deep interior
	The CFT in the IR

	Spin-model observables from strings
	What can we learn from the Gravity-Spin model duality?
	Identification of observables
	One-point function
	Warm-up: classical computation
	Semi-classical computation

	The two-point function
	Warm-up: classical computation
	Semi-classical computation

	D-strings and vortices
	One-point function
	Two-point function

	Vanishing of the second sound

	A proposal for gravity-spin model correspondence in the general case
	Discussion
	Summary
	Outlook

	Simplest example of the LGT-spin equivalence
	Relation between non-critical strings and the linear-dilaton theory
	Some background in statistical mechanics
	Landau action
	Landau approximation
	Mean-field approximation
	Gaussian fluctuations
	Vanishing of the second sound
	BKT theory

	Fundamental string action
	The Polyakov loop
	The Polyakov loop correlator
	The `t Hooft loop

	Spectrum of bulk fluctuations
	Graviton and dilaton
	B-field
	Tachyon


