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1 Introduction

Fluid dynamics is an effective description of near-equilibrium systems. Properties of a
fluid system are always slowly varying compared to some intrinsic length scale, for exam-
ple a mean free path. This length scale is determined by the details of the underlying
microscopic theory. The fundamental variables of fluid dynamics are local velocities u*(z),
temperature 7'(x), and all the other conserved charges or their chemical potentials p®(z).
The conservation equations for the stress tensor T and the other conserved currents J
govern the time evolution of fluid dynamics.

The stress tensor and the conserved currents are related to the fluid variables
{ut, T, p*} via constitutive relations. Since fluid systems are always slowly varying it
is appropriate to organize the constitutive relations in terms of a derivative expansion of
the fluid variables. At every order in the derivative expansion, the independent terms of
the constitutive relation are constructed out of the independent derivatives of the fluid
variables. The independent terms in the constitutive relation are multiplied by coefficients
which are functions of temperature and chemical potentials. These coefficients are called
transport coefficients. In this paper we will study the transport coefficients that occur in
the parity odd sector, at second order in the derivative expansion. These are terms con-
structed out of various derivatives in the fluid variables which are odd under parity. We
will consider relativistic fluid systems with one additional conserved current.

It is usually difficult to compute transport coefficients from the microscopic theory
and they are generically determined from experiments. However parity odd transport



coefficients which occur at the first order in the derivative expansion have been related
to quantum anomalies of the microscopic theory [1-8].! Our goal is to see if a similar
phenomenon occurs at the second order in the derivative expansion of the constitutive
relations. One motivation to consider second order fluid dynamics is that first order fluid
dynamics is known to have problems with causality and numerical stability. Transport
coefficients which occur at second order provide important constraints for spectral densi-
ties through sum rules [10]. Parity odd transport coefficients at second order affect the
dispersion relation of chiral modes [11].2 This phenomenon has important experimental
consequences like the spatial separation of particles of different chirality. In the relativistic
context this phenomenon was first observed holographically [12] and then understood due
to the presence of a parity odd transport coefficient at second order by [13].

Parity odd transport coefficients at second order has been studied earlier in [13] for
conformal fluids. They used the principle that parity odd terms which are even under time-
reversal invariance should not contribute to local entropy production. With this principle
they could constrain these transport coefficients and determine some of them. We will use
the method developed in [14, 15] to determine and constrain the parity odd transport coef-
ficients. We consider non-conformal fluids in 3+ 1 dimensions which admits one anomalous
charge current. This method is based on the requirement that the fluid equations have to be
consistent with the existence of an equilibrium partition function. Therefore the approach
first relies on the physical requirement of the existence of equilibrium. More precisely:

e In a time independent background, that is a space-time metric with a time like
Killing vector and background gauge fields independent of the time direction, any
fluid equation will admit a time independent solution.

The second assumption is:

e The stress tensor and the charge current evaluated on this time independent solu-
tion can be obtained from the partition function by varying it with respect to the
background metric and the gauge field.

This method is implemented as follows.

1. We first classify all the parity odd transport coefficients till the second order in the
derivative expansion of the stress tensor and the charge current using symmetries.

2. We then evaluate the stress tensor and the charge current on the equilibrium fluid
configuration to the second order in the derivative expansion.

3. The equilibrium partition function is written to the second order in derivative expan-
sion taking all the parity odd terms into consideration. This is also done based on

symmetries.

1See [9] for a recent review with a complete list of references.
2We thank Yashodhan Hatwalne for bringing this reference to our attention.



4. This stress tensor and the charge current obtained from the equilibrium partition
function is required to agree with that obtained from the stress tensor evaluated on
the equilibrium fluid configuration.

From the description of the method it is clear that only transport coefficients which
do not vanish in the equilibrium fluid configuration will be constrained or determined. We
will see that in total there are 27 parity odd transport coefficients. Out of these 12 do not
vanish in the equilibrium fluid configuration. Among the 12, we determine 7 which we label
as ®;,i=1,---6 and As. and show that they are related to the anomaly. The rest of the
5 are constrained by 3 relations. These relations also involve the anomaly. The results are
summarized in (1.9) and (1.10). We will then derive Kubo formulae for two of the transport
coefficients @1, ®o and show that it agrees with the equilibrium partition function method.
The remaining transport coefficients seem to be related to three point functions.

The organization of the paper is as follows. In the rest of the introduction we summarize
our main results. In section 2 we implement the method of [14] to relate the transport
coefficients which do not vanish in equilibrium to the anomalies. In section 3 we use the
Kubo formalism to derive two of the transport coefficients. In section 4 we study the
effects of the second order transport coefficients on linearized dispersion relations. We
also verify the relation between the transport coefficient ®; and the anomaly coefficient
obtained using the holographic evaluation of this transport coefficient for the case of N' =
4 Yang-Mills. Using holography we also show that for the conformal case of NV = 4
Yang-Mills the transport coefficient ®15 vanishes. In appendix A we discuss some of the
details involving the classification of the parity odd data at second order in derivatives.
In appendix B we show the consistency of the velocity profile used to derive the Kubo

formulae for transport coefficients.

1.1 Summary of the results

As we mentioned earlier, the aim of this note is to constrain the parity odd second order
transport coefficients of an anomalous charged fluid in the presence of background electric
and magnetic fields. To define the transport coefficients unambiguously we first must have
an unambiguous definition of fluid variables, that is the velocities, the temperature and
the chemical potentials. {u*, T, u}. We will work in Landau frame which is defined by the
following two conditions for the charged fluid.

Jtuy, = —q, T w, = —Eu”. (1.1)

Let us now consider the expansion of the charge current J# and the stress tensor T#” in
terms of the number of space time derivatives. This is given by

R H we — HY SRR
J —J(O)—i-J(l)—f— ) T —T(O)-FT(I)—F ; (1.2)

where the subscript (i) refer to the number of space-time derivatives. The terms J(‘;) and
T (‘Z;' for ¢ # 0 are all perpendicular to the velocity u*. The equations of motion for the fluid
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Table 1. Data at 1st order in derivative.

in the presence of external electromagnetic field are given by the following conservation laws
VT = FOJ, 4 Ve Fos R, (1.3)

c ) Cm )
Vil = =€ FapFos + R R

= CE,B' + 2P Rl SRy
Here E,, = F,,u”, B" = %e““o‘ﬁu,,falg and C'is the gauge anomaly coefficient and ¢, is the
coefficient of the mixed gauge-gravitational anomaly. Note that the terms proportional to
the mixed anomaly are fourth order in derivatives, therefore they do not affect the analysis
of the equations of motion to 2nd order in derivatives. However the gravitational anomaly
does enter the discussion of the equilibrium partition function at the first order in the
derivative expansion [16].

We will now state the known results for the form of the stress tensor and the current up
to first order in the derivative expansion. For ¢ = 0, the part with no space-time derivative
the stress tensor and current is completely determined by thermodynamics. At first order
in derivative expansion, that is ¢ = 1, the form of the current and stress tensor is explicitly
known [1, 14]. This form is consistent with all physical requirements in the presence of
anomaly as well as an external electromagnetic field [1, 14]. The final result for the stress
tensor and the charge current to first order in derivatives is given by

[T(O)}uy = (E + P)Up,uy + PG[LV?

[Telww = = 200" = COPM, (1.4)
Ty = 0 |
Jh = AVHE + & 1M + Eg B,

(1)

Here E is the energy density, P the pressure and ¢, the charge density and G, is the
background metric. The variables ©, o, V# [* and B* are all on-shell independent
terms which are first order in derivatives. These are defined in table 1. The variables
1, ¢, A, & and &p refer to the first order transport coefficients. Throughout this paper,
the symbol A,y on any tensor A,, denotes the projected, traceless, symmetric part of
the tensor.

Aas +Aga PP A Gaﬁ>

Ayuy = PIP) < 5 3 (1.5)
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Table 2. Parity odd data at 2nd order in derivatives.

and P*¥ is the projector

PY = utu” + G, (1.6)
The variable v is related to the chemical potential by
1
= —. 1.7
y=1 (1.7)

Let us now proceed to the stress tensor and the charge current at second order in
derivatives which we denote as [T| (2)] uv and J(“Q). Purely from symmetry considerations, the
number of independent transport coefficients upto second order is equal to total number of
possible scalars which appear in the trace of the stress tensor, together with the number of
possible vectors which appear in the current and the possible symmetric traceless tensors
which appear in the traceless part of the stress tensor. But not all of them are independent,
they can be related using the equations of motion given in (1.3). In table 2 we have listed
all the parity odd and on-shell independent scalars, vectors and tensors containing two
space-time derivatives. Some of the details that went into this classification is discussed in
appendix A.

From the table it can be seen that at second order in derivatives there are 27 parity
odd transport coefficients which appear in the current and the stress tensor. Therefore the
most general parity odd contributions at second order in the stress tensor and current can
be parametrized as follows.

)

12
[Tl = Y i 7 + P
=1

6
Z Xi Si
i1

9
wo_ P
Ty = Z;Al Vi



Where Tl(fl,) S; and V(‘;) are defined in table 2. Our goal is to constrain the transport
coefficients ®;, y; and A; , using the existence of an equilibrium partition function. It can
be shown among these 27 terms only 12 can be non-zero in a time independent equilibrium
fluid configuration. These are the first 4 in the list of scalars Sy --- Sy, the first 2 in the
list of vectors Vé‘l),]/é) and the first 6 in the list of tensors T,Sly) . "T,SGV). Therefore the
analysis using the equilibrium partition function can be used to constrain the 12 transport
coeflicients multiplying these non-vanishing terms. These are x1---x4 and A1, As and

®q - - ®g. The final result of this analysis is the following.

b b
Py =1nb1,  P2= 21 by, ‘1>3=?7<al>’ ‘1’4:2”<82)v

ov ov 19
Az——%’
o33 )
T°R, [X4 —¢ <E;Z% - b;)] + Ry [X2 —C (2}2) =0, o
s ()] - §(2 ) -

where

T3 2013 T2 Cv?
bl_E+P< 3 _4021/)7 b2_ <_CQ>7

opP opP
OE ), 9q ) g

Note that C' is the gauge anomaly coefficient and Cs is related to the coefficient of the
mixed gauge-gravitational anomaly [16] by?

Cy = 8m%cp,. (1.11)

Therefore we see that the coefficients ®1,--- $g and Ay are determined in terms of the
anomaly, the shear viscosity 7, the charge diffusivity A and the thermodynamic functions
E, P, T, v. The rest A1, x1,--- x4 are constrained by 3 relations which involve the anomaly
and the bulk viscosity (.

2 Anomalous transport from equilibrium partition function

In subsection 2.1 we will briefly outline the general procedure we use to relate parity
odd transport at the second order in derivatives to the anomaly. This method has been

3The relation (1.11) is derived in [16] using properties of the partition function on cones. Tt is an equation
that relates coefficients at different orders in derivative expansion. In our analysis we shall simply assume
their result. We will subsequently see that this identification is also consistent with the analysis of [9] which
studies the effect of gravitational anomalies on hydrodynamics.



described and analyzed in detail by [14] and [15]. It relies on the analysis of the equilibrium
partition function. Thus we will be able to constrain only those transport coefficients which
do not vanish in the equilibrium configuration. This section also will serve to introduce the
notation and conventions used in the paper. In subsection 2.2 we implement this method
and derive the relations given in (1.9) and (1.10).

2.1 The equilibrium partition function method

We are interested in a fluid flow on a static background metric and a static external
electromagnetic field. The most general static metric and gauge field can be written in the
following form.

ds®> = G dxtds” = —e%7(dt + a;dz’)? + gijd:l:idxj,

2.1
Gauge Field : A, dx", 21)

o, a; , gij, Ao and A, are all slowly varying functions of the spatial co-ordinates (Z). Our
notations are as follows:

e Greek indices run from 1 to 4.
e Latin indices run from 1 to 3.

e All Greek indices are lowered or raised by the 4 dimensional metric G, unless ex-
plicitly mentioned.

e All Latin indices are lowered or raised by the 3 dimensional metric g;; unless explicitly

mentioned.

e V, is covariant derivative with respect to the metric G, and V; is the covariant
derivative with respect to the metric g;;.

e For any tensor A, the notation A, denotes the traceless symmetric part of the
tensor, projected in direction perpendicular to the fluid velocity.

Aaﬁ + Aﬁa PFYGA,YQ
3 g Ce)

Ayw) = P F] (
where P, = u,u, + G, is referred to as the projector.

Our basic assumption is that in such a background any fluid equation will admit a
time independent solution. The stress tensor and the current, evaluated on this time
independent solution, can be generated by varying the partition function of the system
with respect to the background metric and gauge field. If Z is the partition function at
temperature 7Ty then the stress tensor and the current evaluated on the equilibrium are



given by the following formulae.

Too Tpe2? [52 T2 52
00 [equilibrium — — \/j % = \7 —
. Ty YA T VA
T s — A
OleQulhbrlum m [&zz A :| [(5@1 06AZ:| 5
» 21T Z 2T 0z
T |equitibrium = — _0 g [59] gy [@Zm} ; (2.2)

Tgeza 6Z e’
J0|equilibrium = m = % e

J ’equilibrium = | T = SA |

where

T= Toe °, v=—, A;=A; — Apa,.

The strategy we will adopt to constrain the parity odd coefficients which occur at the

second order is the following:

1.

Write down the most general partition function upto a given order in derivative
expansion and consistent with all the symmetries. It will be a function of a;, o and
A; and their derivatives.

Vary the partition function Z, to obtain the most general possible expression for

T'Lw|equi1ibrium and J“‘equilibrium-

Parametrize the most general possible fluid stress tensor and current up to some
given order in derivative expansion using symmetries. This will give the maximum
number of independent transport coefficients possible constrained only by symmetry.
We have stated the results of this analysis already in equations (1.4) and (1.8).

Evaluate the most general fluid stress tensor and current on the equilibrium solution.
The final outcome will contain some of the unknown transport coefficients.

Equate the final outcome of the previous step with the stress tensor and current we
have already obtained by varying the partition function.

This will express the transport coefficients which appear in the stress tensor and
the current evaluated in equilibrium, in terms of the coefficients appearing in the
partition function.

Eliminating the coefficients which appear in the partition function results in the
desired relations among the transport coefficients.

One might wonder that to execute the fourth step, the equilibrium solution for the

velocity, temperature and the other fluid variables needs to be independently found. But

as it has been explained in [14] using this method one can perturbatively determine both

the solution and the transport coefficients in terms of the free functions appearing in the

partition function.



2.2 Partition function analysis: parity-odd sector at second order

In this subsection we shall apply the general procedure described in 2.1 to the particular
case of the parity-odd sector of the charged fluid at second order in derivative expansion.
The first contribution to the parity-odd sector comes at first order in derivative expansion.
This has been analyzed in detail in section 3 of [14]. We will not repeat the first order
computation here but we will extensively use their result.

Stress tensor and current from the partition function. Since the transport coeffi-
cients we are interested in belong to the parity-odd sector, we will restrict our attention to
only the parity odd part of the partition function. The partition function Z) at second
order in derivatives is a gauge invariant scalar functional of the background metric and
gauge-fields.* Hence we need to list all possible parity odd scalars that can be constructed
from the metric functions and gauge fields that contain two space-derivatives. Note that
since all the functions are time independent no time derivatives occur. There are four
such scalars:

. Eijkaiﬂfjk,

—_

2. Eijkainjk,
3. €9k, v Fyy,
4. €99, T Fyy,
where v = %()), T= Toe ?, A; = A; — Apa; and fjk = aj(lk — akaj, ij = 8jAk — 8kA]
Therefore naively, the parity odd second order partition function at two derivative
order can have 4 free parameters, but two of them can be related by total derivatives.
Ignoring the total derivative terms the most general second order partition function can be
written as

Z(Q) = /\/a [Ml(T, 17) Eijkaiﬁij +TOM2(T, 17) Eijkaiﬁfjk} .
Varying this partition function with respect to the metric and the gauge fields and

using (2.2) we get the following second order correction to the stress tensor and
charge current.

OM g oM. i
[H(2)]00 = To2 [<6T1> e”k&Dij +Tp ( 8T2> GZ]kaiﬂfjk] )

Z. (OMs  OMY\

(N = 27T (8T2 - V@Tl> 75 (0;T)(0k0),

@) = o, (2.3)
[y = % Kij‘?) €90, T Fyy, + Ty (ij‘?) 6ijkainjk] ;

e =2 (O3 ) @ 1) 0,

4Though the system is anomalous, all the effects of anomaly i.e. the anomalous transformation property
of the partition function under the gauge transformation is accounted by the first order part Z(;y. Therefore
in Z(2) we need to consider only gauge invariant scalars.



It is important to note the third equation in (2.3). The fact that the spatial components of
the equilibrium stress tensor vanish at second order will serve as an important constraint
in determining the transport coefficients.

Stress tensor from fluid dynamics. We have to evaluate the fluid dynamical stress
tensor on the equilibrium, that is a time independent solution in the given static background
metric and gauge field. This equilibrium solution for the velocity field, temperature or
chemical potential in terms of the background metric and gauge field can also be expanded
in terms of derivatives. We shall use the following notation.

utleg = ut + 5u€1) + (5u‘(‘2) +--

T‘eq =T + (5T(1) + 5T(2) + e (2.4)

Vleg =V +0vqy + 0o+,
where 511@), 0T(;) and dv(;) are ith corrections to the zeroth order equilibrium solution
containing i derivatives on the background data. Now we have to substitute (2.4) in fluid
stress tensor and current given in (1.4)) and extract the part that will be parity odd and
which involve exactly two derivatives on the background data. This is the part which have
to be equated with (2.3).

From the analysis done in [14] we know that®

' =e9{1,0,0,0}, T=Tpe " v=="

[5’&(1)}0 = 0, (ST(l) = 0, 51/(1) = 0,

[5U(1)}0 = —a; [5U(1)]ia (2.5)

. b\ - _
Buy]' = (;) I' + by B,

[Ouey]i = gij[0uq)),

where

Z_Z = %fijkf]ka
Bi=1 (Eiij‘k + Aoeijkf‘k) = leiij‘k —Tol'
5 3 J 3 J 9 J ’ (2.6)
T 2Cv
T2 Cv?
by = ——Cy ).
2T E+P ( 2 2>

Here C' is the anomaly coefficient and C is related to the mixed anomaly® in (1.3) by

Cy = 8%cp,. (2.7)

®Note that equation (2.5) is valid only if we choose Landau frame. This is the place where the choice of
a fluid frame enters our analysis. We are going to use these equations in all our subsequent calculation.
5The relation (2.7) was derived in [16]. Here we simply use it.

,10,



If we also expand F, P and ¢ in terms of a derivative expansion as
Eleg = E+0Eq)+0E@)+- -+, Pleg=P+0P1)+6Poy+--, qleg = q+0q0)+0q)+- -,

then from (2.5) it follows that

(5E(1) = (Sp(l) = (5(](1) =0. (2.8)
Using the fact that (u,u* = —1) to all order in derivative expansion we find that
[du(g)]o o [5u(1)}i[5u(1)]i = Parity even ~ 0 (For our purpose). (2.9)

Also using the Landau gauge condition on the second order stress tensor and current one
can show that in equilibrium

[Ti2)loo = [Tz = [J2))o = 0. (2.10)

Note that [T{)]o0, [T(2)h, [J(2)]o are the components of the stress tensor and the charge
current which are second order in derivatives obtained from the equation (1.8). While
[0, [P, [jP]g refer to the components of the stress tensor and the charge current
obtained from the equilibrium partition function using (2.3).
Using (2.5), (2.8), (2.9) and (2.10) we get the following form for the second order stress
tensor and current evaluated in equilibrium.

@] = 5 E 2yt + 6(—2n000) + 6(—COPy),

M) = (B + P)aglouc)’ +6(~200h) + 6(~COR]), (2.11)

[1P]o = bq(2)t0 + 6(AVD) + 8(&lo) + 6(£8B0),

where 0(—2n0,,), 6(COP,,) and 6(AV),) are the two derivative corrections of (—2n0,,),
(COP,,) and (AV,,) when evaluated on 5u‘(‘1), 0Ty and Ov(y).

Now if Q,(}l,) is a tensor which is first order in the derivative expansion satisfying the
following two conditions

Ql(},j)u“ =0 at all orders and QLIV)](WI*’D) =0, (2.12)
then one can show in general that”

3Qt = o[y =0. (2.13)
Similarly if Q,(}) is a vector which is first order in the derivative expansion satisfying

Q!(})u“ =0 at all orders and Q(1)|(ﬁu7iﬁ) =0, (2.14)

then it follows that®
sQ =o. (2.15)

0 =6 [w Q)] = w0Qk) + 6w Qe 7.0y | = € 70Q4Y.
50 = 0[u QL] = @3QL" + our QL | ae 1.m)] = e 76QL.

— 11 —



This argument allows us to conclude that
5(~20000) = 6(COPoo) = 8(~2nah) = S(COP]) = 5(AV) = 0.

Similarly §(&l,) and 6({pB,) are the two derivative corrections of (&l,) and ({gB,,) when
evaluated on 5u’é), 0Ty and 6v(q). But [, and B, are already parity odd. Therefore
§(&ly) and §(EpB,,) are going to be parity even and hence we can set them to zero for our
purpose. Putting all this together we have the following result for the components of the
stress tensor and the current at the second order in derivative expansion

[11®]gg = §Ezyud = e* 0 E ),

M@} = (B + P)to[du()]' = —e”(E + P)[du(y)]’, (2.16)

@)y = —€70q(2).

Inverting (2.16) and using (2.3) we can determine the second order piece of the equilibrium
solution for velocity, temperature and chemical potential in terms of background data.
Now the components [II?]% and [j®)]* will give rise to the constraints on the transport
coefficients.

M@ = §PygT — 21 607 — ¢ 6097 + [Ty,

() = goue)]’ + A SV + [Jz)]'-

(2.17)
¥

We have to use (2.16) to determine 0P and [du )]’

The transport coefficients are determined by demanding that (2.17) is satisfied. For
convenience let us further split the first equation in (2.17) in two parts, the trace part which
is obtained by contracting the equation with g;; and a traceless part which is obtained by
subtracting the trace part of the equation from the first equation of (2.17).° These are
given by

Trace part :
1 y y
6Py — (6O + §<—2’75‘7” + [T(2)]7) g5 = 0.

(2.18)
Traceless part :

. ij . i

In (2.18) we have used (2.3) to set [[I?)]¥ to zero. Therefore the r.h.s. of (2.18) vanishes.

Transport in the traceless part of the stress tensor. In this subsection we shall
analyze the second equation of (2.18).

Traceless part :
. ij iy ij (2.19)
— 2 (5011 _ -ng((gglmglm)) + <[T(2)]U _ gg([T(Q)]lmglm)> = 0.

We now go through the following steps:

9Note that here trace is taken with the 3 dimensional metric.

— 12 —



We first evaluate the second order contribution from ¢%.

We then write down the most general form for [7|)] () from usual symmetry analysis
and on shell independence. In general it will contain many unknown transport trans-
port coefficients to begin with. But if we restrict our attention to only the parity odd
ones, the total number of terms is 18 ( ®;, (i = 1, -+, 12) multiplying 12 independent
traceless symmetric tensors and x, (i = 1,--- ,6) multiplying 6 independent scalars,
see (1.8)). All these 18 terms have been listed in table 2.

One can see that all the 6 y;s are not going to appear in the combination that we
are going to evaluate in (2.19).

So we have to evaluate the rest of the 12 terms (multiplying ®;s on the equilibrium
time-independent solution.

For this it is sufficient to substitute only the zeroth order equilibrium solution, since
each of these terms already contain two derivatives.

As mentioned in section 1.1, it turns out that 6 of these twelve terms evaluate to zero
in equilibrium. So there are only 6 transport coefficients which can be constrained
by this equilibrium analysis. These 6 terms are the following.

Tlsly) = vwll,), 7—;512/) = vaw, TIS?;) = (3<MV)ZV>, (2.20)
) = (0uv)B,y, %) =(0,T),), ) =(9,T)B.,

2% I It I
where ¥ = e“"aﬁuyaauB and B* = e“”o‘ﬁu,,(?a/lg. Let us now rewrite the traceless

part of the second order fluid stress tensor with these six terms, this is given by

6
[Tio))h = Z ®,[r V)" 4+ trace part + terms that vanish in equilibrium. (2.21)
a=1
From (2.19) we see that each of these six ®,’s has to be such that, they cancel the

contribution of do,,, when all of them are evaluated in equilibrium.

Evaluating the spatial components of these six terms on the zeroth order equilibrium
solution given in (2.5) we obtain

o . Iim ml) e

[rO]i = i) = gilgim [Vl;vl _ g;(vklk)] + 0(9%), (2.22)
L . B, mB m _

(] = ipi) = gil gim [vl—;vl _ %(VkBk)] + 0(9?),

[ma)zm LA ggn<vkyzk>] +0(0"),

(le)Bm + (lej)Bl B 9l7m
2 3

2 3

<Bkvku5] L0,

<z"“w>} Lo,

(9T) B+ (TuTIBL_ g BT + 00°)
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where ' = —%eijkfjk and B' = LeF(Fj, + Ao f;x). To evaluate equation (2.22) we
have extensively used section 2 of [14].

e The spatial components of the shear tensor gives the following contribution to [IT(2)]%
— 21 60
— 9 {pm piv { Vulduly + Volduwl, — Valdua)]® }

2 3

L (PIMSPY 4 PY5PI) (W) }

il i vl[éu ]m + vm[éu ]l m m
=2 [g Lgim { W 5 L. %kauu)]k - 7913 (akU)[5U(1)]k}
Su' g% (Do) + [dug)) g™ (D
| dug (Oro) gum} 9" kf’)]j (2.23)

where
P =u'ut + G =G, PSP = GI'u” [dug))".

The last term in the last line of (2.23) results from this expansion of the projectors.
Substituting (2.5) in (2.23) we obtain the following

. by 3 1 /by . dby 3
_ iy 2l (D)1dg 2nij o = [ 2L (3)75 vz (4)74j
2ndo 217[2[7 1Y + ba[T'] +2<6y>[T ] +<8y>[7' ]

L b 0\ g, (b2 Ob2)\ (o)
+2<T+8T>[T]+ Tt a7 [T

Next we have to substitute (2.23) and (2.24) in (2.19). Now to satisfy (2.19) the coefficient
of each independent expression should vanish. From examining (2.23) and (2.24) it seems

(2.24)

that demanding every independent term to vanish results in more equations than the
unknowns which are the transport coefficients. However from the structure of the equations
in (2.19) it is clear that the equation admits the following unique solution for the transport

coefficients
0b ob
q)l:T]bl, (I)QZQT]bQ, (1)3:17 71 s (1)4:27] 72 N
ov ov (2.25)
o [ o] Tk O |
ST T T ar | C=E T T ar |
where X 5 ) )
T 2Cv T Cv
bl_E—l—P( 3 —4021/>, b2—E+P<2—CQ>, (2.26)

and E, P,T is the energy density, pressure and temperature respectively. v = % refers to
the chemical potential, and 7 is the shear viscosity. C' is the gauge anomaly coefficient,
while C is related to the mixed anomaly by (1.11). The transport coefficient ®; gives rise

to chiral dispersion relations in the shear mode [13].
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Transport in the trace of the stress tensor and current. We will now constrain the
transport coefficients that occur in the trace part of the stress tensor and the current using
the equilibrium partition function. We will first rewrite the relevant part of the current
and the trace part of the stress tensor up to 2nd order in derivative expansion. Using (2.3)
and (2.17) we obtain the following equation for the trace part of the stress tensor and
current at second order.

1 3 g
Trace part : 0 =0P, — (0O + g(—27750” + [T2)]") gij
6
Z XiSi]
1 . (2.27)
Z XiSi

oP oP
—(60 + (6E> 5E(2) -+ <8(])E 5q(2)

Current : [J(g)]i S NG Q[(SU(Q)V
9

> AV

k=1 eq

Both in (2.27) and (2.28) we have used (1.8) to write the fluid stress tensor and the
current in terms of the transport coefficients. Also in (2.27) to evaluate the combination
(=2n60" + [T(2)]")gi; we have used (2.24) and (2.25). One can see that the transport
coefficients ®;s drop out.

Using (2.16) and (2.3) we evaluate 6E», dgo and [Ju(s)]’, this results in

__—2077(2) _ o2 OM, o3 a]\42_ oM, A
0Fy = e 1) =2T <8T > (B@ v)—2T <8T i (l aZV),

oM OMy _OMi\ . -
gy = e 5P =2 ( 8T1> (B'o;T) — 2T ( 8T2 —D 8T1> (1'0,T), (2.29)

i e ? ; 217 OMy  _OMLYN g s
Pupl’ =~ <E+ P> = - <E+P> ( 57 7 6T1> OO,

Now we have to compute §© and §(AV?).

— 6Py — (0O +

€q

(2.28)

=T (aé\f) (0, T)(Okw) — O[AV'] — qldugz)]"

00 =

<

T
uldumy)* = Vi[oun)" — <k> [Ou]”

T
oby  2by _ by i -
= — - = T)+ = | == —2b7T ) (I'0; 2.30
(5 T)<zaz>+ (5 b2>(lan) (2.30)
862 b2\ i 862 .
To derive (2.30) we have used the following identities
Vil = <8TT> ', V;B'=-TI'0;i. (2.31)
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Similarly 6V is given by the following expression

S{AV'} = AG™" Fou” = Aé¥¥[Suy)); B = A (2) ¢*1; By, (2.32)

where F,,, = 0, A, — 0, A,.
Now we have to evaluate the 6 scalars (S;, ¢ = 1,---,6) and the ith component of
the 9 vectors (V(ik), kE=1,---,9) on the equilibrium solution. We need the equilibrium

solution only at zeroth order since all of them already contain two derivatives. Explicit
expressions for all these terms are listed in table 2.

As mentioned in section 1.1, only 6 terms, 4 scalars and 2 vectors are non-vanishing on
the zeroth order equilibrium solution. Thus the relevant parts of the second order current
and trace of the stress tensor are given by

[T(Q)]aﬁhmce part = pes x1(1"0,v) + x2(B*0,v) + x3(1M0,T) + xa(B*0,T)], (2.33)

Ty = Da[e P, (0av)(95T)] + Aol *Pu, Balg].
We then evaluate all these six terms on the zeroth order equilibrium solution.
(19,) = F0rm),
(BHOuv) = (B'op),
("0,T) = (li@iTz, (2.34)
(B*0,T) = (B'o/T),
€%y (Do) (05T) = e7(0;7)(D4T),

e“’a'gu,,Ballg = e”klek.

Substituting (2.34) in (2.33) we express the Lh.s. of (2.33) in terms of the background
data and the two arbitrary functions M; and Ms of the second order parity odd partition
function. Now using (2.27) and (2.3) we can express the 5 transport coeffcients appearing
in (2.33) in terms of M; and Ms. Since one cannot generate a term of the form eijkljBk from
the partition function, the 6th transport coefficients As will be completely determined by
the correction of the first order current. This is similar to the way the transport coefficients
®,;’s, which appear in the traceless part of the stress tensor were determined. The end result
of this step is

Ab
Ay = — 217
oM,  OM, 1 9by _
— 3 oMy oMM 106
X1 = 2RlT[ o aT}H(za b2T>’
—o [ OM ob
— o, 72 (21 >
Yo = —2R, T (6T> < )
3= —2RyT %_% s %_Lbl (2.35)
B 2 oT 2 T )

n (B (9 b

B oM, 2¢T% \ (OM> _OM,
A1_2T<8T>+<E+P><8T ”aT>’
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where

oP oP
() (),
OF q 0q ) g
T3 2003 T2 Cv?
bl_E+P< 3 —402V>, b2_E+P<2_CQ>

Eliminating M; and M, from these expressions we get three relations among the remaining
5 second order transport coefficients.

_Ab
2—_77
TR, [x:z,—g(gl;{—z;”ﬂ - R, [m—é(abl—%ﬁ) ~0,
TR, [X4<<zz; B b;)] B, {XZ <8b2> o (2.36)
()] S )

3 Kubo formula for the transport coefficients ®,, ®,

In this section we derive the relations obtained for the transport coefficients ®; and ®9
given in (2.25) using the Kubo formula. We consider the following equilibrium background
for the metric, gauge field and the velocity

9\ = diag(—1,1,1,1), A, = (975,0,0,0), " =(1,0,0,0). (3.1)

The chemical potential #(?) and the temperature Ty are constants and do not depend on
space-time. Since the energy E(©) and the pressure P(®) can be thought of as functions of
the temperature and the chemical potential, they are also constants in space-time. Now
consider the following non-zero metric perturbations about this background

59153: - htl’v 5gtz - htz7 6gyx - hyxa 5gyz - hyz- (32)
The gauge field perturbations are given by
AL = (0,a4,0,a,). (3.3)

The fluid velocity is close to the rest frame and its perturbations are given by
duy, = (0,v%,0,v%). (3.4)

All perturbations are assumed to have dependence only in the time ¢ and y-direction.
In appendix B we will show that the background and the perturbations considered in
equations (3.1) to (3.4) consistently solve the linearized fluid equations without the need for
turning on any other perturbations. A simple reason that these perturbations consistently
solve the linearized fluid equations is that they are all in the spin-2 shear sector and
therefore they decouple from the rest.

To derive Kubo formulae for transport coefficients, we consider the constitutive rela-
tions for the stress tensor and the charge current as one point functions in the presence
of external sources. We then obtain two point functions for the currents by differentiating
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with respect to the metric and the gauge field perturbations. Working this out to the linear
order in perturbations will result in Kubo formulae for the transport coefficients ®1, ®5.

To proceed we will require the the Christoffel symbols to the linear order in perturba-
tions. The non-vanishing elements at the linear order are given by

rl, = *% (Oyhiy — Othys) , e, = *% (Oyhtz — Othzy) , (3.5)
tht = Oth, fy = % (ayhtx + 8thy:c) ) ngcy = ayhxyv

T2 — Oyhao, @:;@%+@@m I = 0,hey,
F%=;Wm—%%x %:%@QFQMJ

Evaluating the inverse metric to the linear order we obtain
e T L T L N T (3.6)
The covariant components of the velocity are given by
wy = (—1,0" + hay,0,0° + ). (3.7)

We now evaluate various components of the stress tensor to the linear order in the
perturbations. From the list of terms that contribute at 2nd order in derivatives given
in table 2 we see that in the background we have chosen all the scalars &; vanish. The
reason for this is for the background all the thermodynamic functions are independent of
space-time. We now examine the traceless part of the stress tensor. Note that the contri-
butions from T,SZV) for i = 3,4,5,6,7,8,9,10, 11 vanish since the thermodynamic functions
are independent of space-time. What remains to be evaluated are the contributions from
T,(f) for : = 1,2 and ¢ = 12. Let us first examine the tx and the ty component of the stress

tensor. To the second order in derivatives and to the linear order in the perturbation this

is given by
T = (E© + POy + pOpy,, (3:8)
Ttz — (E(O) + P(O))’Uz + P(O)htm
T = 0.

Note that o/®, o**, [r(]* and [r()]** for i = 1,2,12 do not contribute at the linear order.
The reason is that the term V,ug and V,lg is a first order term, therefore one has to
evaluate the projector for these components say P P?? at the zeroth order, which vanishes.

Lets examine the yx component of the stress tensor. We need to evaluate the contri-
butions from [r()]¥* for i = 1,2,12. These are given by'°

1

[T(l)]ya: _ ias(vz + hzt)a (3.9)
1

[r@p = 2o,
1

(PO = 50y(Dy0° + Duhye).

10Tn evaluating these contributions we take €°'?3 = —2
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We also need the contribution of the shear tensor to the linear order. This is given by
1
oY = §(ava + Othyy). (3.10)

Considering all these contributions along with the contribution to the stress tensor to the
zeroth order in derivative we obtain

79 = —POh,, — 000" + dihys) (3.11)
1 1
+§<1>1a§(vz + ) + 5<I>28§ULZ
D9

+78y(8yvz + 8thyz)'

The equations of motion for the x component of the stress tensor to the linear order in the
fields is given by

NT™ + Ophy T + 0, TV = 0. (3.12)
Here T is the zeroth order ¢t component of the stress tensor which is given by
T = EO), (3.13)

Fourier transforming these equations and taking the zero frequency limit or taking the
time independent situation we obtain the Ward identities for the one point function of the
stress tensor.

lim 7% (k) = 0. (3.14)

w—0
We can now differentiate these with respect to the background fields h.;, and a, and obtain

Kubo formulae for the transport coefficients ®; and ®o respectively. A similar procedure
for the yz component of the stress tensor yields the same result.
To proceed we first eliminate v* and v* using (3.8). This results in the following

equations
0,1 — POg,h
T __ 0 Y yllte
T = —POh,, —n < F@ 1 po (3.15)
Oy (5T + BV hy. L P2
2 E©) + p0) 2 VT
L2 021" — P2k,
2 E©) 4 p(

Here we have already used time-independence to drop the time derivatives. Fourier trans-
forming these equations we obtain

St (O)h
2y pl0) B kT 1k P\ hyy
v (k) = —POh,, n( O (3.16)

O (BT 4+ BOR D\ @y,

T2 EO) 1 pO) T s
i o (T = PO

2 E©) + p0)

= 0.
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The last equality in the above equation implements the Ward identity given in (3.14) and
k is the momentum in the y direction. Let us now focus on the expression for T%* a similar
analysis can be repeated for TY%. Differentiating the Ward identity for T%* with respect to
h.: and a, and setting the other backgrounds to zero we obtain the following two equations

/{72
50 4 PO (O1(T" (k)T (—k)) + ED) + @1o((T (k)T'* (—k)) — PO)
. 2n . -
=—thoo, po T (BT (k) (3.17)
D1 +P1o o iy e s . 2 o
FO 5 p@ " (LR (R)) + Rok” = —ik gy (T (R)I7 (k).

To obtain the first equation we have differentiated with respect to h;, and set all the other
backgrounds to zero. The second equation is obtained by differentiating the Ward identity
with respect to a, and setting the remaining backgrounds to zero. The equations in (3.17)
are sufficient to determine the transport coefficients @1, ®5. From [9] we have the following
results for the various two point functions.

lim (T%(k)T%(—k)) = ik (C(V<O>T<0>)3 - 202(T<0>)3u<0>> : (3.18)
k—0,w—0 3
lim (T (k)j*(—k)) = ik (C(MO)T(O))? - 02(T<0>)2> .
k—0,w—0 2

These results are given in equations (79)-(81) for a system with 3 chemical potentials and
equations (123)-(125) for a system with a single chemical potential of [9]. The definition
of the variables for the two point functions used is given in equation (47). This reference
also uses the normalization

-C 1 Cm 1 1

_ Cm _ _ _ - 1
8 3272 4 76872’ Co=gp (3.19)

for the gauge anomaly and we have rewritten the chemical potential ; in terms of the
variable v. From [17] we can read out the following correlators
lim (T%(k)T%(—k)) = PO, lim (T (k)j*(—k)) = 0. (3.20)
k—0,w—0 k—0,w—0
These correlators are mentioned below equation (2.16) of reference [17]. Substituting the

formulae for the two point functions given in (3.18) and (3.20) into the equations given
in (3.17) we obtain

0 C O 7(0)y3 (0)43,,(0)

Py = E(0>+p(0)<3(v T3 — 20, (T30 ) | (3.21)
_ 2n ¢ (0)(0)\2 (0)\2

®2 = 50 po (2(V )7 = G(T) )

These expressions agree with that derived using the equilibrium partition function method
which are given in (2.25).
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4 Chiral shear waves

In this section we examine the effects of the second order parity transport coefficients
on linearized dispersion relations about the equilibrium characterized by the following
background given in (3.1). Note that the temperature Tj and the chemical potential v(©) are
independent of space-time and therefore all other thermodynamic variables are constants
in space-time. We consider shear modes,!! for this we examine velocity perturbations of
the form

out = (0,v",0,v7). (4.1)

These perturbations depend only on time ¢ and the y-direction. We include all the terms
in the stress tensor to the 2nd order in derivatives given by

" = [Tio) )" + [T)" + [T(2)lpaa » (4.2)

where [T{oy]*” and [T{1)]*" are given in (1.4) and [T(y)]! 7, is given in (1.8). We now write
down the contribution to the stress tensor from these velocity fluctuations which are linear
order in the fluctuations. It can be seen that the only contributions from 2nd order which
arise are from the term involving ®; and ®15. Thus the stress tensor to the linear order in

velocity fluctuations is given by

0T = (E© 4 pO)ye, 5T = (E© 4+ POy, (4.3)
P P

o =+ S+ H2og
P P

STY? = —nayvz — ?1851)9& — 712851)96.

We now substitute these values in the equations of motion for the stress tensor given by

OST™ + 0, TV = 0, (4.4)
Q0T 4+ 9,TY* = 0.

Substituting the expressions for the stress tensor from (4.3) into the above equations and
then taking the Fourier transform of these equations result in the following set of coupled
equations
k?’
(—iw(E©® + PO 4 nk2)o® — i (P14 Pi2)v” = 0, (4.5)

3
(—iw(E© 1+ PO & i2)* 4 z’%(@l + Bp)e” = 0,

From these equations we see that the two shear modes split depending on their chirality.
The dispersion relations for these modes are given by

P BT T 5
YT T'EO + P(O)k T 2(E©) 4+ p(0) (P1 + Pr2)k”. (4.6)

"'We have shown that none of the parity odd transport coefficients modify the sound or the charge
dissipation mode for the equilibrium characterized by (3.1).
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Thus in the basis we have used to list the second order transport coefficients both ®; as
well as ®19 contribute to the splitting of the shear modes. Earlier studies of the chiral
shear modes were restricted to the conformal transport at second order, therefore the
contribution of ®15 to the splitting was not noticed. Let us call the coefficient of k% as the
chiral dispersion coefficient and define

1
D= m@l + ®12). (4.7)
Using holography we now show that for the case N' = 4 Yang-Mills, ®15 = 0. We
will also check the relation of ®; to the anomaly coefficient derived in this paper using
the holographic result for this transport coefficient. The holographic dual of this system is
given by the Reisner Nordstrom black hole in AdS5. We will use the notations of [2]. The
five dimensional action we consider is given by

1 4K
S = 167G /\/—g5 (R—i— 12 — FABFAB — 3€LABCDALFABFCD> . (4.8)

The equations of motion of the above action are

1
Gap —6g94ap +2 <FAch + 4gABFCDFCD> = 0, (49)

VpFAP + ke PCPP FpoFpp = 0,

where G 4p is the five dimensional Einstein tensor. The Reisner-Nordstrom black brane
solution in Eddington Finkelstein coordinates is given by

ds® = —2u,datdr — 2V (r,m, qQuyu,detde” + rzplwdx“dx”, (4.10)
V3q
A = Wuudfljﬂ
and )
m o q
uydat = dv, V(ir,m,q) =1— o + e (4.11)

Let R be the radius of the outer horizon of the black hole. We then define the quantities
m
ﬁ7

The last equation results from the fact that R is the largest root of V(r) = 0. The
thermodynamic quantities of this black hole are given by

M= Q:%, Q=M —1. (4.12)

r=02-q)  u=2/3R (4.13)

where T is the Hawking temperature and () the charge density. The energy density, pressure
and the shear viscosity in terms of these variables are given by

M 4 M 4 3
MR plo - ME a = (4.14)

E©) — = = =
167Gs’ 167G, ' 167Gs  4n
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Before we proceed we first relate the anomaly coefficient C' to the Chern-Simons coefficient
k. The boundary current is given by

1

JH =
167TG5

V _g5FTu|7"—>007 (415)

where r is the radial direction. Here we are using the definition of the current which
is consistent with the Page charge using which the charge density of the black hole is
evaluated. There are other definitions of current as discussed in footnote 3 of [2]. The
bulk equations of motion for the gauge field results in the following conservation law for

the current.
K

167G5
We now have to identify the relation between the gauge field used in field theory and that

" = —

Ll P o (4.16)

of the bulk gauge field. Note that the chemical potential value is related to the horizon
value of the gauge field. Comparing the horizon value of the gauge field in (4.10) and (4.13)
we see that the relation between the bulk gauge field and the gauge field is given by

field _ 4 gbulk
AT = 4AT. (4.17)

The relation is important since we have already used this normalization to define the
thermodynamics of the boundary gauge theory. The gauge fields in the field theory must
be defined consistent with this thermodynamics. Substituting the relation (4.17) into the
conservation law (4.16) we obtain

K

po_
O 2567 G5

ield ield
ehvPo plicld plicld, (4.18)
Now all quantities are defined in the field theory. Comparing with the current conservation

law in (1.3) we obtain
K

T 327G

(4.19)

The transport coefficient % can be identified to the coefficient N7 in the notation of [2],
equation (4.37) see also [3, 18]. Reading out the holographic value of N7 from equation
(4.38) of [2] we have

P, 1 V3 3

= 2E5(M —1)2 R%k. 4.20
5 = 16nCs M\ )2 Rk (4.20)

Note that the action given in (4.8) captures the situation when the gravitational anomaly
is zero. Using the relations in (4.12), (4.13) and (4.14) it can be seen that ®; can be
written as

3
I /] K
ér_HM+P@4%GQ (4.21)

We can now compare it with the expression derived earlier for this paper for ®; for charge

fluid with an anomaly which is given by

3
(o) C.

=0 1 50 (4.22)
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Therefore we obtain
K

= 327G5

This is precisely the relation between the Chern-Simons coefficient and C' obtained directly

(4.23)

using equations of motion in (4.19). This serves as a check for the relation between the
transport coefficient @1 and the anomaly coefficient derived in this paper.

We will now use the holographic value of ®; given in (4.20) to evaluate its contribution
to the chiral dispersion coefficient for the Riesner-Nordstréom black hole

V3G 1

D= irer 2(E©) + P)

D1y, (4.24)

By the AdS/CFT correspondence the chiral dispersion relation corresponds to the quasi-
normal modes seen in the shear channel of the graviton fluctuations [19]. We therefore
compare this dispersion coefficient with that obtained in [12] by studying the quasi-normal
modes in the shear sector. They find that the dispersion coefficient is given by

SY (nSY\3
pavm _ B Q7)) (4.25)
8m?R3
By comparing the action and the background solution given in [12] to that given in (4.8)
and (4.10) we obtain the following relations between the variables of [12] and that used here

2
RV =T Q) =3¢ = 3Q°R" (4.26)

Substituting the above relations in (4.25) we see that

DONM _ V3Q%k
AM?2R2’

(4.27)

Since DYNM must be equal to D evaluated in (4.24) we see that we must have ®15 = 0 for
this system.

5 Conclusions

We have used the equilibrium partition function to obtain expressions for 7 parity odd
transport coefficients which occur at 2nd order for a non-conformal fluid with a single
conserved charge. These transport coefficients can be expressed in terms of the anomaly,
shear viscosity, bulk viscosity, charge diffusivity and thermodynamic functions. Out of
these 2 transport coefficients can also be derived using the Kubo formulae. These formulae
agree with that obtained by the partition function method. The equilibrium partition
function also gives 3 constraints for 5 other parity odd transport coefficients at this order.
The transport coefficient ®; affects chiral dispersion relations [13].

As we have mentioned earlier, parity odd coefficients have be examined earlier for con-
formal charge transport in [13]. There the principle used was that these coefficients should
not contribute to entropy production. In general the constraints obtained by examining the
zero entropy production condition will be more than that obtained from the equilibrium
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partition function. It will be interesting to carry out the analysis of [13] to non-conformal
fluids and compare with the results obtained in this paper.

Our analysis of these transport properties were motivated by the possibility of studying
them in holography. While this work was being done we received preprint [18] which
evaluates all 2nd order transport coefficients for a charged conformal fluid in the framework
of AdS/CFT. It is useful to compare the relations we have obtained for the parity odd
sector with the expressions of [18].

Finally it will be useful to develop Kubo like expressions for all the parity odd transport
coefficients. From the constitutive relations it seems that the remaining transport coeffi-
cients involves 3 point functions. Determining these relations will provide an alternate
method to obtain the transport coefficients from holography.

A Classification of parity odd data at 2nd order in derivatives

In this appendix we provide some details which led to the classification of the parity odd
data at second order in derivatives given in table 2. We consider the following basis of
vectors to construct the the second order terms:

e Parity odd vectors:
1
Vorticity : [¥ = e“mﬁuy@auﬁ» Magnetic field : B¥* = §eu”o‘5uy.7:a5. (A.1)

e Parity even vectors
ut, ouT, v, (A.2)
Er
Electric field : — V# = - = PHrO,.

Among these vectors, the electric field V# vanishes on the equilibrium fluid configuration
given in (2.1). We also consider the shear tensor

Oy = V(). (A.3)

and the scalar
0 =V, ut. (A.4)
Note that both ¢, and the scalar © vanishes on the equilibrium configuration in (2.1).
We use these basic quantities we can construct the various parity odd terms that occur at
second order in derivatives given in table 2. These terms are independent and cannot be
related to each other by equations of motion to first order in derivatives.
Let us consider the scalars listed in table 2: one would have thought that scalars of
the form V,I* and V,B" should be listed. But it can be shown that these scalars can be
related to the ones listed in the table by calculations which lead to the following identities.

2qT 0, T

o myoo_ [ iz

T = (20 ) v 2 (%L, a5)
qT o, T

VB! = (E n P) VB, — (“T> B — TV, — duv) (A.6)

These identities can be verified by straight forward calculations.
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Let us now consider the vectors listed in table 2: note that the vectors V(’g) to V(‘g)
vanish on the equilibrium configuration (2.1). Again one would have naively expected to list
terms such as P4 (u.V)B®. We will show now using the equations of motion to the zeroth
order that this term is related to the vectors already listed in table 2. The manipulations
are as follows:

1
Pl (u.V)B® = §P5u9V9 [ea“ﬂu,,fw] ,

1 1
= ipoljfal/)\ﬂayfAﬁ + 56“V)"BUVUGV9]:,\B,

= —e“"’\ﬁal,u,\ugfgg — e“”AﬁuyuQVAfgg,
= GHV/\BCI,,U)\Eg — G“V/\ﬁu,,V)\Eg + E‘LW)‘BU,/(V)\UQ)}-Q@,
2BH*

v ov
— _ ekl Ve wR, — o= el 2T e
Te u,VoVg + 0o @[3 Z<58+q q>l]

T? 1
— (Eq+ P) A0, VD — ieuyAUuylABg,

2K ov ov

= _TeﬂyaﬁuyvaV[i + V# - Tﬁ +T (888 + q8q> V{;

qT? " Lo
+ <E - P> Vi + 5V (A7)

Here a, = (u.V)u,. In the r.h.s. of equation (A.7), all terms except the last one vanishes
at equilibrium. Therefore (u.V)B" does not vanish in equilibrium but it can be related to
all the other vectors listed in the table. A similar analysis can be done for the vector of
the form P4 (u.V)I®. We have

PH(u.V)I® = Re" P,V , Vs + <g§> woby, (VaT)Va (A.8)
OR sdv  qov 2
27 epvap pv 2, 172 H
+<6V>6 u,(Var)Vg+ o l”+<Tas+T8q 3) o,
where T
o q
R= B+ P (A.9)

From equation (A.8) it is clear that P4 (u.V)I® vanishes at equilibrium and that it is related
to the other vectors listed in table 2.

In fact using symmetries we can list out all the independent terms appearing at the
second order. We can show that out at two derivatives either involving only the fluid
variables or the velocity and derivative of the field strength, only one pseudo vector can
be constructed if we demand on-shell independence for all the terms. This makes it clear
that once we have chosen e*8 u, Vo V3, all other two derivative pseudo vectors of the form
mentioned earlier must be related to V(’fl) by equations of motion. From this argument it
is possible to observe that it is not necessary to list (u.V)B*, (u.V)I*, V" or V,B" as
independent data. A similar analysis can be performed for the Pseudo-tensor. This leads
to the the 12 tensors listed in 2.
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B Consistency of the fluid profiles at the linear order

In this section we show that the velocity perturbations and the background field configura-
tion considered in equations (3.1) to (3.4) consistently solve the linearized fluid equations
of motion without the need of the any other fluctuations. The perturbations depends only
on the time, ¢t and the spatial direction, y.

We will consider the perturbations to the linear order. We first write down all the compo-
nents of the stress tensor to 2nd order in derivatives and to linear order in the perturbations.
This are given by

T = BO), (B.1)
Tt = = (E© + POy + POy,
7% = (E® 4+ PO)Yyoy* 4 PO,
T% = 0,
T — P(O),
T = —POh,, — (00" + dihys)

1 2(,.2 1 2

+§<I>16y(v + hat) + 5(1)2811&2

1
—|—§(I)128y<8y1}z + 8thyz),

T =0,
T = pO)
TY? = —P(O)hyz — n(0yv® + Othyz)
1 ) 1
—§<I>16§(v + hy) — 5%&3%

1
—§<I>128y(8yv“; + Gthy),

7% = pO),

Now there are 4 equations of motion for the stress tensor. We will show that that the ¢
and y components are trivially satisfied. The x and z components of this equations can be
used to determine the velocity profiles. The ¢ component of the equations of motion of the
stress tensor is given by

0T + 0, TV + T, T" + Ty T" 4 T3, T 4+ T T% + T, T = 0. (B.2)

Note that we have used the fact that all Christofell symbols are first order in the fields. We
have also used the fact that the only dependence is through time ¢ and y. Now examining
the Christofell symbols given in (3.5) we see that there is no contribution to the equation
in (B.2) from any term involving the Christofell symbols. Also since T% = E(©) the first
term also vanishes. The second term in the equation vanishes because T% = 0. Thus this
equation is satisfied and imposes no constrains on the velocity configuration chosen. Now
let examine the y component of the equations of motion of the stress tensor. We have

T + 0,TY + Tt TV + T}T" + TY, T 4 1Y, TW + TY.T** = 0. (B.3)
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Again, examining each term one can see that this equation is also satisfied. Thus the ¢ and
y equations are satisfied. Thus v, and v, are determined by the z and z component of the
equations of motion

T 4 Ophy, T + 0,T%* =0, (B.4)
KT + Ophe, T + 0,TY* = 0.

To complete the analysis we show that the equations of motion of the charge current
are also trivially satisfied. The only non-zero values of the the vorticity to the linear order
is given by

" = 0yv,, I = —0yv,. (B.5)

Similarly the non-zero values of the magnetic field to the linear order
1 1
B* = §8yaz, B* = —iay(lx. (BG)

One can also see that for the background in (3.1) and fluctuations to the linear order the
electric field V# vanishes to the linear order in the fields. It can also be seen that to
the linear order in fields the vectors Vé‘i) with ¢ = 1,---9 all vanish. Now using all this
information, the currents to the linear order in fields and to second order in derivatives are

given by
']t = _q(O)a (B7)
J* = qOu® +&" + g BT,
JY =0,

J? = ¢Ov® + €17 + 5B,
Now the current conservation equation to this order reads

3t(\/§*]t) + ay(\/gjy) =0, (B.8)
and since /g does not change to the linear order, this equation is satisfied and does not
impose any further conditions on the velocities v* and vY. Here we have used that the only
dependence is through ¢ and y.

Thus the constant background with the linear velocity profiles v*,v¥ given in (3.1)
to (3.4) consistently solve the equations of motion. There are only 2 equations which
determine the velocity profiles v*, vY. A simple way of stating this is that we have turned
only the shear fluctuations which decouple from the rest of the modes.
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