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1 Introduction

Dual superconformal symmetry [1, 2] has played an important role in understanding
the structure of planar four-dimensional N' = 4 super-Yang-Mills (sYM) theory at both
strong [3-6] and weak coupling [7-10]. In particular, the closure of the original and dual
superconformal symmetries forms an infinite-dimensional Yangian symmetry [11], which
has been extremely useful in determining the planar amplitudes of four-dimensional ' = 4
sYM [12-18].

Because the realization of this symmetry relies heavily on four-dimensional twistor
variables [19-21], it is not immediately apparent how the symmetry behaves away from
four dimensions. This is an important question because the loop amplitudes are infrared
divergent and require regularization in four dimensions, and the dimensional regulator
breaks the symmetry [2, 9, 10, 22-24]. Generically, any regularization scheme will result in
either altering the dimensionality or the massless condition of the external momenta, both
of which are essential to the definition of twistors. While one can modify the dual symmetry
generators to account for massive regulators [25-27], thus making the symmetry exact, it
is a priori not apparent that such a symmetry should exist without explicit calculation of
the loop amplitudes, although it is expected to exist.

To clarify these issues, six-dimensional four-point sYM multiloop amplitudes were
recently set up [28] using the six-dimensional spinor helicity formalism and on-shell super-
space of refs. [29, 30]. If one restricts the external momenta to a four-dimensional subspace,



these should correspond to four-dimensional A" = 4 sYM amplitudes with loop momenta
continued to six dimensions. Interestingly, four-dimensional dual conformal symmetry can
be used to restrict the form of the multiloop planar integrand, and at four points, this
integrand can be straightforwardly extended to six dimensions. Furthermore, the four-
dimensional dual conformal boost generator can be extended to incorporate a massive
regulator [12], which can be interpreted as extra-dimensional momenta.

In ref. [28] it was conjectured that the six-dimensional maximal sYM n-point tree am-
plitude, when stripped of the momentum and supermomentum delta functions, transforms
covariantly under dual conformal inversion. More precisely, the delta-function-independent
part of the amplitude inverts with the same inversion weight on all external lines. The delta
functions then introduce extra inversion weight due to the mismatch of mass dimensions
of the momentum and supermomentum delta functions. This conjecture was checked ex-
plicitly against the simple four-point tree amplitude.

In this paper, we will show that the conjecture holds for all n > 4-point tree amplitudes.
We will establish the proof by induction; assuming that the (n — 1)-point amplitude inverts
covariantly, via BCFW recursion relations [31, 32], the n-point amplitude will invert in
the same way. This proof follows a similar line given for the four-dimensional N’ =4 sYM
theory in ref. [33]. In addition, while this paper was in preparation, a tree-level proof of
dual conformal symmetry of ten-dimensional sYM was given in ref. [34].

At loop level, while it is expected that the six-dimensional loop integration measure
spoils any dual conformal properties present at tree level, we can recover good behavior by
restricting our attention to the integrand. Using the tree-level result, we will demonstrate
that the multiloop planar integrands invert in the same fashion as in four dimensions;
they are covariant with equal weight on all external lines, and with extra weight for the
dual loop variables. We proceed by combining the tree-level result with the generalized
unitarity method [35-38] to show that all planar cuts, after restoring the cut propagators,
invert uniformly, and thus the planar multiloop integrand inverts in the same way.

By restricting the loop integration to a four-dimensional subspace, the six-dimensional
maximal sYM amplitudes can be interpreted as four-dimensional massively regulated
N =4 sYM amplitudes. Furthermore, the four-dimensional loop integration measure in-
verts with the precise weight to cancel the extra weight of dual loop variables in the
integrand. Because ultraviolet divergences are absent in four dimensions, and the massive
regulator does not break the six-dimensional dual conformal symmetry, one concludes that
the regulated N’ = 4 amplitude will obey the exact symmetry. Assuming cut constructabil-
ity of the loop amplitudes, which is expected for maximally supersymmetric Yang-Mills,
this demonstrates that the dual conformal symmetry is an exact symmetry of the planar
amplitude of massively regulated N' = 4 theory.

This paper is organized as follows: in section 2, we give a brief review of the six-
dimensional spinor helicity formalism, which provides a convenient set of on-shell variables
for the representation of amplitudes. In section 3, we introduce constraint equations which
define dual coordinates in terms of the original on-shell coordinates. The dual conformal
symmetry is then defined on these dual coordinates. Through the constraint equations, we
are also able to define how the on-shell variables transform under dual conformal inversion.



In section 4, we prove the covariance of the tree-level amplitudes via induction using BCFW
recursion. In section 5, we use the generalized unitarity method [35-38] and the tree-level
covariance to extend the result to loop level.

2 Review of spinor helicity in six dimensions

The six-dimensional spinor helicity formalism laid out in refs. [29, 30] provides a convenient
set of variables to represent six-dimensional massless theories. For a discussion of the
spinor helicity formalism in general dimensions see ref. [39]. This formalism has been
successfully applied to computations of loop amplitudes of the six-dimensional V' = (1,1)
sYM theory [28, 40].!

The on-shell degrees of freedom of each external particle are described by the variables

()\;Aa75\iAa777ia,ﬁ?> ; (2.1)
subject to the constraint
1 .
MayB — zeABCDAiCd @ (2.2)

The indices used here and throughout this paper represent various transformation proper-
ties, summarized in the following:

SU*(4) Lorentz group labels: A, B,C,---=1,2,3,4
SU(2)xSU(2) little group labels:  a,b,¢,---=1,2 and a, bé, oo =1,2.
SO(5,1) vector labels:  u,v,p,---=0,1,2,...5
Particle/region labels: 4, j, k,r,s,1;. (2.3)

The bosonic variables ()\f‘“, 5\2 Aa) are related to the momentum via
pAB = \Ave 2BV piaB = Niaa €N, (2.4)

where the matrices ¢, and €@ are the SU(2) little group metric, and the lowering and
raising of the spinor variables are defined as

Ao = €Al o = edbj\b, (2.5)
with €19 = —1, €!2 = 1. One can see that eq. (2.4) solves the massless condition
p? x eapcppiBpfP =0. (2.6)
We represent the contraction between chiral and anti-chiral spinors as
M = ). (2.7)

'Besides (super) Yang-Mills amplitudes, these variables have also been used to analyze the N' = (2,0)
theory in ref. [41, 42].



The fermionic variables 7;4, 7 carry the information of the on-shell states of the max-
imal sYM theory. More explicitly, the on-shell states correspond to the coefficients of the

Nias ﬁf expansion of the scalar superfield,
(0. 7) = ¢+ X0+ ¢ () + XaT" + g% anafl” + va(n)*7*
+¢" (1) + ¥ na () + 6" (0)* () (2:8)
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where ()% = Je®nyn, and (7)? = %eabﬁi’ﬁa. Similar to the relationship between the spinor

variables and the momenta p;, one can solve the on-shell condition for supermomenta

qis QZ as
= 2 Gia = NiAafls . (2.9)
For n > 4, the superamplitude can be written as a function of (p;, ¢;, ),
A, = &° (Zm) 5t (Z Qi> &t <Z Qi) In(Dis @i, @) (2.10)
1€€ 1€€ 1€€

where here and throughout this paper, we use £ to indicate the set of external legs, and

the fermionic delta function is defined as

# (D) = fenens (D) (S) (£0) (D). e

1€ 1€ 1€ €€ 1€
and similarly for the antichiral Ga.
Due to the special kinematics of the three-point amplitude, one introduces additional
SU(2) variables which are related to the usual spinor variables as [29]
<ia|i + 1&] = u?&zﬂd , <’L'a|’L' — 1@] = —u?&i,ld . (212)
One also defines the pseudoinverse of u as

UjqWip — UihWia = €qab - (2.13)

With these new variables, it can be shown that the three-point superamplitude is

given by
3 3
Agree(l, 2, 3) = —’i(llﬂ.lg + uoug + U3111)< Z WZ>(f111~12 + uoug + ﬁ3ﬁ1)< Z V~Vz> R (214)
i=1 i=1
where u; and w; are defined in terms of the u{ and w{ as
W= uiTie, W= Uially Wi = Wi, Wi = Wiall; - (2.15)



3 Dual conformal symmetry

Dual conformal symmetry is a symmetry of the superamplitude that is made manifest by

introducing dual (or region) variables subject to the following constraints [2]:

(z; — x;)8 = )\ﬁ‘;})\ﬁ-j}a, (i —xj)aB = S‘{ij}AdS‘?ij}B7
(0; —0,)" = )\’{L‘i‘;}n{ij}a, (0i — 0j)a = Aijyaalifijy » (3.1)

where each leg is labeled by the indices {ij} of the two adjacent regions, the order of which
indicates the direction of momentum flow along the leg (for example, pf{tij} = —p‘{‘ji}). For
tree amplitudes, this notation is redundant since j can always be chosen as 7 + 1. However
this prescription does not generalize to loop level, and thus we use a more general notation
in anticipation of the multiloop discussion in section 5. We will go back and forth between
using indices (7, j,...) to label regions and to label legs; the meaning of the indices should
be clear from the context. The superamplitude is viewed as a distribution on the full space
(z,6,0,\,\,n,7), with delta function support on the constraint equations (3.1). The cyclic
nature of the region variables then automatically enforces momentum and supermomentum
conservation, and the first two equations in (3.1) also imply eq. (2.2).

To obtain the four-dimensional massive amplitudes, we break the six-dimensional
spinors up into four-dimensional representations. Explicit details can be found in
refs. [28, 39]. Here we just note that the dual variables should also be broken into

four-dimensional pieces and the fifth and sixth dimensional components. With pg;;, =

(Diijys Myijys Myijy ) we have:

Tr; — .f'j = ]5{@]} s n; — nj = m{m} s ﬁz‘ — ﬁj = TNTL{ZJ} s (3.2)
where we use a check mark over a variable to indicate the components in the four-
2 m2

{ii} i}

The dual conformal boost generator can be expressed as a composition of dual confor-

dimensional subspace. The physical mass squared is then m

mal inversions and translations,
Kt=1P,1T, (3.3)

so we begin our discussion with the dual conformal inversion operator I. The inversion is
defined on the Clifford algebra as

I[(0")aB] = (6,)°4, 16" = (0,)pa, (3.4)
and on the region variables as

)= @D ="4,  168=G@ sl 1) = @)l (35)

From the inversion of x#, we also see that

I[(wi — 2] = (27 ac(wi — )P (z; )5



and integration measures invert as
ISz = (22)5dSz; I[d*0;] = («2)%d";, I[d*0;) = (22)%d*6; . (3.7)

With these definitions in hand, we can deduce the inversion properties of all of the other
variables by requiring the invariance of the constraint equations (3.1) and the definitions
of the u and w variables in egs. (2.12) and (2.13). We leave the proofs of these properties
to appendix B and collect the results here:

TiABADY,  wjapADY 22
P‘{z]}a] = 2{2]} = 9 {2]} ’ I[T/{ij}a] = 22 (77{”} + ( T )AB HAA{Z]})
\/gcZ a3 \/xz a3 xj
. ;43 A x4B 5\“2 . x? R
I\ iy aal = s _ 0 Taks Iligin] = — 22 (n{zg}a (E aiA)‘{z‘j}Ba> ;
\/ 2,2 \/m2x2 x;
i j ]
ﬁui
I[uia] = ) 5 wia = B\/ i— 1w
\/551‘—1
il = Tiig) = By a7y (3.8)

where [ is an unfixed parameter that is irrelevant in our calculations.

Given these inversion rules, one can immediately deduce via eq. (3.3) how each variable
transforms under the dual conformal boost generator K*. Alternatively, one can deduce
the same information by requiring that the dual conformal boost generator respects all of
the constraints in eq. (3.1). If we were to use the usual dual conformal boost generator in
x space,

KF = Z (2t — 7 n) (93-” , (3.9)

7 (3
the L.h.s. of the definition of the x; in eq. (3.1) would be nonzero under boosts, while the
r.h.s. would vanish. To correct this, we must add derivatives with respect to A and A to
K*#. These new derivatives in turn would not be compatible with the definition of 6;, so
we must also add 6 and 7 derivatives. Requiring that all of the constraints in eq. (3.1) are
consistent with K* then yields

5 N, 0
Kt = Z [(Qx”x- —ziqgt )(%JZ +9A(U“)AB~’UBC AB }

0 -
Hi o 3
96 +0;4(c") "x BC@H,C

) 19}
+ Z [)\{Jk‘} ")ap(z; + wk)BC ca — 05+ ak)A(U“)AB)‘j{Bjk}a
2 2 oxCe, Oijk}a

) ) )
FAGRyaa(6) P (25 + 1) B — (0 + 0r) (G )AB)‘{]k}Ba~a },

c
3>\{]k}ca k)

(3.10)
where ¢ runs over all regions, and {jk} runs over all legs. The bosonic part of this generator

was given in ref. [28]. One can explicitly check that the infinitesimal transformations
generated by this dual conformal boost generator match with those generated by eq. (3.3).



4 Dual conformal properties of tree-level amplitudes

In this section, we show that the tree-level amplitudes of six-dimensional maximal sYM
exhibit dual conformal covariance. In ref. [28], the four-point tree-level amplitude was
shown to be covariant under dual conformal inversion,

I[A) = (1) (af232525) AT . (4.1)

Note that the extra factor (x2)? relative to the four-dimensional result comes from the
mismatch of the degrees of the momentum and supermomentum delta functions in six
dimensions. In six dimensions, the momentum conservation delta function is of degree six
instead of degree four as in four dimensions. Since the fermionic delta function is still of
degree eight, there will be a mismatch in inversion weights of degree two in (z3). After
separating out the delta functions from the rest of the amplitude,

woe (D))o (i) e

€€ el €€

it was conjectured that the function f,,, for n > 4, transforms as

I[fn] = <Hmz2> fn (4.3)
€€

under dual conformal inversion. We prove this by induction, utilizing the BCFW recursion
relations [31, 32]; assuming that all f,, transform as in eq. (4.3) for 4 < m < n, each term
in the BCFW recursive construction of f,, will respect eq. (4.3), and hence so will f,,. For
the three-point amplitude, due to special kinematics, it is possible to consider the external
momenta in a four-dimensional subspace. It is then conceivable that the four-dimensional
dual conformal properties carry over to higher dimensions via covariance. However, closer
inspection is warranted, because the polarization vectors of the gluons could point outside of
the subspace. Furthermore, the six-dimensional three-point amplitude is not proportional
to the supermomentum delta function, and hence f3 cannot be defined.

Given that the function f,, inverts as eq. (4.3), acting with the dual conformal boost
generator then gives

K [fa] = (Z 2x§‘> fo- (4.4)
1€
The above results can be rewritten for the massive amplitudes. In four-dimensional
notation, the conformal inversion acts as
I ="" In)=-" I =-" (4.5)

x2’ x2’ x

2 2 2

where 2% = &2 —n? — 2. The massive amplitude then transforms under the dual conformal

boost generators as

Ku[fn] = <Z 21‘5) fn7 Kn[fn] = <Z 2ni> fn7 Kﬁ[fn] = <Z 27~Li> fn (4'6)

€€ el €€



The generator K* is closely related to the dual generator for the massively regulated
amplitude [25-27]. The bosonic dual variable part is

. 0 0 0 0
KF = 23t ; i — 7 4.7
Z[””( av+"ani+"am> ml@uﬁm]’ (4.7
while the bosonic part of the fifth and sixth components of K* is
0 0 0 0
K" = 2n. = 2
;[n,< ay+n13m+n,6n>+ma }

q _ (., 0 0 0 5 0
K —2[271@(:6@-8@”—{—71@8 —i—nlam)—l—xlanj (4.8)

7
Since the massive formulation is obtained straightforwardly from the six-dimensional for-
malism, from now on we will work with manifest six-dimensional covariance.
4.1 The BCFW shift in dual coordinates.
Taking the BCFW shift to be on legs 1 and n, we have

pi(z) =p1 + 2, q(2) =q + zs, qi(2) = q1 + 28,
Pn(2) = pp — 21, qn(2) = qn — 25, Gn(2) = Gn — 25 . (4.9)

The precise forms of r, s and § are given in refs. [29, 30]. For our purposes, it is sufficient
to note that this implies a shift in only the dual coordinates z1, 6; and 65,

p1(2) = 21(2) — 22, a1(z) = 01(2) — 02, q
pn(z):xn_xl(z)’ dn (Z):H _91( ) 0 (Z):én_él(z)a (4 10)
where
x1(2) =1 + 21, 01(z) =01 + zs, 01(z) = 0, + 25. (4.11)

Thus each BCFW term can be defined in a dual graph with just one shifted dual coordinate.
We will denote the legs with shifted momentum by placing hats over the leg labels, while
a hat over x and @ is used for shifted regions.

There are two types of BCFW diagrams, characterized by the presence or absence of
a three-point subamplitude. We must consider each case separately, due to the fact that
we cannot pull out an overall supermomentum conservation delta function from the three-
point amplitude, and thus the three-point amplitude does not have the straightforward

inversion of eq. (4.3).

4.2 BCFW diagrams without three-point subamplitudes

We first consider the case where there is no three-point subamplitude, as in figure 1. The



Figure 1. A BCFW diagram without three-point subamplitudes.

amplitudes on the left and right can be written as

Ap, = o (Zm) 5 (Z qz) 5 (qu) fr(i,- .4, P),

icL icL icL
Ap = & (Zm) &t <Z Qi> & (Z fiz') fRO=Pj+1,- ). (4.12)
i€R icR i€R

Each term in the BCFW recursion can then be written as
5 (zpi) g (qu) 5 (z q) ), (a13)
1€ €€ 1€
where j}(Lj ) is the contribution to fn from the BCFW diagram labeled by j,
. 7 5 B
() = P2 / d*npd*ip 6* (Z qi> 5t <Z qi> frfr. (4.14)
i€l €L

From the induction step, the functions f;, and fr invert as

I[fi] = (@23 27) fr,

I[fr] = (2312027 R (4.15)

The propagator in fr(bj ) has a simple inversion, given by

2.2

1 1 L1541

4] ], o
1jt1 1j+1

so the only remaining piece of fr(L] ) is the fermionic integral. Since the fermionic delta
function is of degree eight, the fermionic integral can be completely localized by the delta
functions, and the np,nps in fr, fr will be replaced by the solution of the delta functions.
The replacement does not affect the inversion properties of f1, fr because it simply amounts
to the use of supermomentum conservation. The integral has been shown previously [28]

to give

/dQUPdZﬁP 5 (Z %) st <Z @i) = <671 - 9j+1>A5\ﬁAa5\aﬁB <6A’1 - 9j+1)B

1€l el
x (51 - éjH)CA]%‘“Aga <51 - éjH)D . (4.17)



Figure 2. A BCFW diagram with a three-point subamplitude.

Note that we do not write f7, and fr in the integral because they are independent of np, fp
after the replacement. To see how this expression inverts, we use egs. (3.5) and (3.8) on
each factor, such as

. A 1 S - <
1 [(‘91 - 9j+1> )‘ﬁAa] - <913(x1 )pazi C)‘A — 07 (@ jJ}I)BAforCl)\ﬁC>
\/xQxJ—i—l

— L (B-ea) e, (418)

~2,.2
\/x1$j+1

Doing the same for the other factors, we find

[evswr(ese)

i€l i€l

1 -

- (Az 2 ) /dQUszﬁP 54 <Z %) (Z %) 4 19
J+l i€L i€L

Combining equations (4.15), (4.16) and (4.19), we arrive at the desired result
1[19] = (Hgﬂ) 9. (4.20)
€€
4.3 BCFW diagrams with a three-point subamplitude

To make a statement about the inversion weight of the entire n-point amplitude, we must
also consider the BCFW terms which contain a three-point subamplitude, as shown in
figure 2. It was shown in ref. [28] that the contribution of such a diagram is given as,

_ ?
[ e Ay Ao

B (Zm) ’ (Z qi) <Z q’) uy —uy) (12 — 1) Plg fa1, (4.21)

€€ €€ €€

where f,_1 has been rewritten completely in terms of external leg variables by using the
substitutions g5 = —¢qj — ¢2 etc. Hence,

2= — (w2 = wg) (2 — )y foct (1.22)

,10,



The inversion of P? and f,_; here are straightforward, and we are left with the remaining
factors involving u and u. We consider the inversion of (u2 — ui) in detail. After applying
eq. (3.8), we get

2
X _
I [112 - ui] = _\/i\%;g ﬂu2a (775 + (562 1)A39é4>‘§a)

~2

T . ~

+\/ 2o Bui, <?7§ + (73 1)A39f‘>\’§“) : (4.23)
ToT3

We can combine the 6-dependent terms in the above equation as

o
Ve

Uy T2ap 0PN+ ug, Fiap Hfl)\?“)

B - pA _ §Ay)\Ba

- ~9 9 2U1a($1+$2)AB( 2 1) i
2\/x1x2x3

= /\f 5 o ug, (T1 + DUQ)ABX{‘
2\/.%'11'21'3

- 4\//.%'\21'%1'3

w((EAE) e
5'32$3 5”15'33

where in the second line we have used ZT1 45 )\]i‘% = T9AB )\]i‘% and uia)\?a = u2a)\§a. Putting

by Ba
AT N

(1 — x2) AB (ZT1+x2)a AB U3

this back into eq. (4.23), we arrive at
o3
I [(UQ — ui)] = B ~9 9 (UQ — ui) . (425)
rixs

The inversion of the antichiral factor (fiy — @1;) behaves in the same way, except that
appears in the denominator. Thus, putting everything together, we have

2

1/12] = (A) (a32) (a3 - a2) £ = ([T ) 12 (4.26)
T3 icE

This completes the proof of eq. (4.3). In the next section, we turn our attention to planar

multiloop amplitudes.

5 Loop amplitudes through unitarity cuts

In this section, we will demonstrate to all loop orders that the L-loop planar integrand is
covariant under inversion in the following way:

(1) (1)

— 11 —



where the integrand is defined with respect to the amplitude as

AL = 60 (ZPi) 5t (Z%) 5t <Z q> / <i1£[1d6:cli>2,€. (5.2)

€€ €€ €€

Because we are focusing on the integrand itself, there are extra loop region weights (Cﬂi)4.
This is the same result as in four dimensions, although in six dimensions the loop inte-
gration measure inverts with weight (Cﬂi)_ﬁ, which does not exactly cancel the weight of
the integrand. Therefore, the amplitude after integration will not be covariant unless the
integral is restricted to four dimensions, which, as we have discussed, is the case when
interpreting the extra two dimensions as a massive regulator [25-27].

Our approach to eq. (5.1) is to study the inversion properties of unitarity cuts of the
amplitude. In the unitarity method, we are required to perform state sums across the cut
propagators, which is achieved by integrating the Grassmann variables 1,7, of the cut
lines. Since the tree amplitudes contributing to the cuts have definite inversion properties,
we only need to understand how the 7,7, integration modifies the inversion weight.

To make statements about inversion properties, it is more natural to express everything
in terms of dual variables than in terms of n and A. We therefore trade the supersum 7
integrals for 6 integrals. Suppose a cut not containing any three-point subamplitudes has
an internal line between regions ¢ and j. The supersum across this line is expressed as an
integral with measure d2n{ij}d2ﬁ{ij}. The transformation to dual coordinates is achieved
by inserting 1 into the cut in a particular way, given by

L 2 2~ ree ree gtree ree

{is}

= /H P d*iggy x H54 (Z %) & <Z @k) Ja
{ij} « kEa kea

= /H d2n{ij}d2ﬁ{ij} X Hd46kd46~k X Hfa
{ij} k a

< ] ¢ (6?,f1 i~ )\{Aﬁ”s}n{rs}a> & <57~B — 0.5 — X{rs}Bdﬁ?y«g}) , (53)

{rs}

where the product over {ij} runs over all internal cut lines, the product over k runs over
all regions, the product over {rs} runs over all lines, and the product over «a runs over
the tree subamplitudes. The first two lines of this equality are the definition of the cut,
where we have ignored the momentum conservation delta functions on the subamplitudes,
because they combine straightforwardly into an overall momentum conservation when cut
conditions are relaxed and loop integrals are replaced. Because the integrand in the third
and fourth lines has a shift symmetry in the @ variables, the measure ] d*6 is understood
to include only (F'—1) of the regions, where F' = n+ L is the total number of regions in the
graph. An explicit example for the two-loop four-point amplitude is given schematically
in figure 3. It does not matter how we fix the symmetry in the measure; our choice will

- 12 —



d'19d"1‘9‘“., . f0d’ . (constraints)
(constraints)f:‘- """""

(2)

Figure 3. A cut of the two-loop four-point amplitude. (a) In the usual expression of the cut, this
diagram is dressed with a tree-level amplitude for each blob and a state sum over each internal line.
(b) As discussed in the text, for planar cuts this is equivalent to dressing the diagram with an f
function for each blob, introducing the dual variable constraints for every line, and integrating over
the dual 0 variables of every region. Finally, a state sum over each internal line is performed. One
can check that the dressing of (b) contains 8 x 8 = 64 fermionic delta functions and 5 x 8 = 40
integrations over 6 (because one of the six regions is fixed by the shift symmetry), leaving 24
unintegrated fermionic delta functions, which are exactly the supermomentum conservation of the
subamplitudes in dressing (a).

only affect the overall supermomentum delta function, which does not contribute to the
conjectured transformation eq. (5.1). We therefore leave this detail implicit.

To see the equality of eq. (5.3), note that we can pull the subamplitude supermomentum
delta functions out of the € delta functions in the fourth line, leaving behind (P — V') delta
functions to be used for localizing the 0 integrals, where P is the number of lines in the
graph, and V' is the number of subamplitudes. Because there are (F'— 1) of the 6 integrals,
the leftover delta functions saturate the integral when F'—1 = P — V| which is indeed the
case for planar graphs.

We can now use the 6 delta functions to eliminate all explicit n dependence from each
fa, so that the entire 1 dependence of the cut appears in the form

A A Aa
/ d*nyij 0" (92‘ =0 — A{z’j}"h‘j}a) : (5.4)

This performs the chiral half of the supersum across the line between regions ¢ and j. The
antichiral half of the supersum is completely analogous, so we leave it out. The integration
over 7)7;;1 thus contributes

0ij - wij - 05 = (0 — 0;)" (s — ) an(6: = 0;)" . (5.5)
2 2)—1‘

We demonstrated in section 4.2 that this factor inverts with weight (z7x;

Returning to the cut in eq. (5.3), the result of doing the 7 integrals is

A cut /Hd40kd4ék < [T 42 % T10ss - s - 053) (05 - i - 6i5)
k a {ij}
X H 54 (9;4 - QSA - )\?ras}n{rs}a> 54 (57»,4 — éSA — x{rs}Adﬁ?rs}) , (5.6)
{rs}
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where now {rs} only runs over the external lines. An overall supermomentum delta function
pulls out, leaving (n — 1) delta functions of each chirality, which completely saturate the
0 integrations over the external regions (this also takes care of the shift symmetry detail).
We are finally left with

- (5n) o (50) (59)
cut i€E icE icE
X/<Hd49kd45k> 116 - i - 0)Bij - i - 0i3) | [] forr (B.7)
k, (e}

{ii}

.AL

where the product over k£ now runs only over the internal regions, and we have replaced
the overall momentum conservation.

We are now in a position to formulate a set of diagrammatic rules for inverting the cut,
after restoring the cut propagators. Because each piece of the second line of eq. (5.7) inverts
covariantly, the cut inverts to itself multiplied by an overall prefactor (not considering the
inversion of the overall delta functions). To calculate the prefactor for a given cut, we have
the following rules:

e For every loop region k, the 6, f), measure contributes a factor (:Uz)‘l.

2
J. ~
comes from (0;; - xi; - 0;5)(0i5 - xij - i)

e Each internal leg {ij} contributes (z727)~!, where a factor of 7z} comes from the
-2

2
i
cut propagator, and a factor of (w?w?)

e Each tree-level subamplitude contributes [ [, x?, where 7 runs over all regions adjacent
to the tree.

Given a region i, it is straightforward to invert these rules to figure out what power of ﬂ:lz
2

appears in the prefactor. If i is an external region, x7 must appear to the power (p; — 0;),
where p; and o; are the number of tree-level subamplitudes and the number of internal
propagators, respectively, adjacent to region ¢. Each external region necessarily borders
one fewer of the internal propagators than the subamplitudes, so the external regions
each give 2. If, on the other hand, i is an internal region, then z? appears to the power
(pi—oi+4). All internal regions necessarily border the same number of internal propagators
as subamplitudes, so the internal regions each give (x?)‘l. Therefore, we have reached the

result that each planar cut with no three-point subamplitudes inverts with the prefactor

L
(H ) (H<xi>4) | 55
= =1

after the cut propagators have been restored, and not including the overall momentum
and supermomentum conservation. It is not difficult to extend this result to cuts involving
three-point subamplitudes. The supersum between a three-point subamplitude and another
subamplitude in a cut proceeds in the same way as sewing a three-point tree in BCFW.
The resulting merged subamplitudes then invert as in eq. (4.26).

— 14 —



Because all cuts invert in exactly the same way, and the correct amplitude must satisfy
all generalized unitarity cuts, we conclude that the L-loop integrand inverts as

L
)= (1) (Tt 2 59
i€ i=1
For a recent discussion of the transition from cuts to the amplitude, see ref. [43]. Note
that bubbles on external lines are not cut detectable, so they potentially violate eq. (5.9).
However, because this is the maximally supersymmetric theory, we do not expect these

contributions to appear [43].

If we restrict the loop integration measure in eq. (5.2) to a four-dimensional subspace,
as when interpreting the two extra dimensions as a massive regulator, the measure will
provide an extra inversion weight of Hi(azi_)_‘l, which exactly cancels the extra weight of
the integrand. The inversion then commutes with the integration, since the infrared singu-
larities have been regulated, and the amplitude obeys an exact dual conformal symmetry
to all loops, which we may write as

L L
I [/ <H d4xli>I£ = <H x?) / <H d4xli>I£ ,  (massively regulated N'=4).
i=1 i=1

icE
(5.10)
6 Conclusion

In this paper we demonstrated that the six-dimensional maximal sYM tree-level ampli-
tudes and multiloop integrands exhibit dual conformal covariance. While dual conformal
symmetry has been shown to exist for theories in D # 4 [44-46], it is noteworthy that
such a symmetry can be defined for theories which are not invariant under ordinary con-
formal symmetry [28, 34]. Also, because a massless on-shell particle in six dimensions is
equivalent to a massive particle in four dimensions, our six-dimensional result then natu-
rally gives the dual conformal properties of the massively regulated four-dimensional ' = 4
theory [25-27].

Covariance under dual conformal symmetry facilitated the construction of four-
dimensional N =4 sYM tree-level amplitudes by expressing the amplitudes in terms of
dual conformal invariant “R” functions [12]. Therefore, an obvious task is to formulate the
corresponding “R” covariants for the six-dimensional theory and construct the general n-
point tree amplitude. This would serve as an efficient way to compute massive amplitudes
in four dimensions.

One of the important new ingredients in utilizing the four-dimensional dual conformal
symmetry to determine amplitudes is the notion of momentum twistors [19]. These are
twistor variables whose incidence relations are defined in the dual momentum space instead
of the ordinary spacetime. Similarly, one can now hope to express six-dimensional ampli-
tudes in terms of momentum twistors defined in six dimensions. It would be interesting
to see if such a construction leads to alternative representations of planar maximal sYM
amplitudes.
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A Clifford algebra conventions
Here we follow the conventions of [29]. The Clifford algebra is given as,
m

ol 5 BC 4 % gt BC = 259 . (A1)

The explicit forms of the matrices 0,6 are given in [29]. They satisfy the following

identities:
ol poucD = —2€aBcp ,
'0*_;,LAB5_SD — —QEABCD,
~uAB A B
"o, cp = =2 (5[0 5D}> ,
tr(as,) = ot pa" B4 = 4. (A.2)

From the above, one can deduce,

1 . 1
ot = (M) P%ap =  (0*)paz?P,
4 4
1
2AB — L ABCD,
2
1
AB ABCD 2¢A
P rpE = 26 TOopTBE = 0%,
1
22 =2'z, = —86ABCD3:ABQJCD. (A.3)

Some useful formulee:
X[ab} = e X, X[ab} = _eachc
PP espra = (ROF0E + 050R 08 + 01006
680508 — 656068 — 0ROR %) (A.4)
B Proof of variable inversion formulae
In this appendix, we derive the inversion properties in eq. (3.8).

2iaBALS) _ TiaBA(

{i}al = Jaat T fatal

J ©J
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Our starting point is the constraint equation (z; —x;)ap = X{ij}AaS\?ij}B . Contract-
ing both sides with AB¢ I provides an equation linear in A, but loses normalization
information. We then proceed with the inversion

0= I[(.%'Z - .%'j)AB)\j{Bi?}]

il)AC(xZ - x])CD( )DBI[)‘{U}] (Bl)

= (x]

This implies that (z; )DBI[)\f“}] is in the null space of (z; — z;)cp, so

DB Db
( i ) IP‘{@]}] ab)\{ij}
= [)\{@]}] = z‘ABMab)\ﬁ-?-}
= zjaABMap ALy (B.2)

where M, is a normalization matrix, which we partially fix by inverting the original

constraint equation

I[(zi — 2)*P] = INGHIIN ]
= (27 ac(wi — )P (27 ) pp = Biac Ma () ©jBp M N 1.
= (1’2 - xj)CD = —xZI']M bMac)\{Z]})\{l]}c
56

= MabMac = 2202 (B-3)
L&y

This is the only constraint on M. Without loss of generality, we choose My, =
eab(xeZ) 1/2.

o xf a A a
I[ngijya] = —\/xg <”{z’j}+( zi ) anb; ”\ﬁﬂ})

To invert 1, we begin with the constraint equation (0; — Hj)A = )\?g}n{ij}a . Inverting,
we have

11(6; = 6;)"] = TIN5 [ng3g3a)
= (z;")an 923—(%‘1)AB HJB = \/AB )‘{U}“ 74373l
(2]

T
= B )‘{2]}@ [U{Z]}a]' (B'4)

Vet

Multiplying the above equations by x; and x;, respectively, we get
A —1\A B x7 A
07 — (wixj ) B 07 = x; )‘{ij}al[n{ij}a] )
J

2
x4
(xjxi_l)AB QZB _ QJA = \/x; )‘?ij}al[n{ij}a] . (B.5)
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Adding these two equations gives

ﬂ:f + 22
’ Aéj}al[n{ij}a] - (B.6)

2,.2
\/acl-xj

(6; — 0,)" — (wix; ) 07 + (x5 ) g 6F =

We rewrite the Lh.s. as

(izj) 5 0F (w25 08

= Mijpalliy — 2 g
= =Aegala ~ et x_;?(ei 9 (xjxia)c;B "
- _”T’?;;? <>\?ij}a77?ij} + 07 = (zj27) "5 aiB)
- _%2;?”5? <”\f‘z‘j}a?ﬁw} + (@i — 2;)"P (27" Bo ‘92‘C>
= =T 5N i~ A ). B

where in the second line we used (z; — x;) ap(0; — 0;)% = 0, and in the third line we

used (v; — 27)AP(2; — 2j)pc = 0. We can now read off the solution.

o I = 2% | Idge] =
1a \/1.22+2 bl 1a 6\/3312;‘,2

Here, we begin with the definition (iq|i +1;] = w;at Contracting both sides with

i+1b"
ug and inverting, we have

(i%]i + 1Y]
\/$?$Z2+2

Since wu;, is the only vector annihilated by the matrix (i|i + 1], we conclude that

T [(iali + 1;]] = —T[uf] =0. (B.8)

] = astia, (B.9)

for some «;. Returning to the original equation defining u and @, we get a set of

constraints on ay,

a0 = —(x%x%)*lﬁ, Qrog = —(wfx?:,)’l/?,
a2d3 - —(.%'%1'%)71/2, 542043 = —(1’%.%'%)71/2,
oz = —(90336%)71/27 Qg = —(ngg)flp- (B.10)

The solution to these equations is

= P G (B.11)
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Op

_ 1 /.2 ~ 1 2 ~a
o [wig] = _5\/xi+2wg’ Iwia) = _ﬂ\/xi-i-ng
Because w is defined as the pseudoinverse of u via u;,w;, — Ujpwia = €4p, its inversion
is straightforward. The definition inverts as

e = Tuge) I wip) — Iugp) I [wia]

= (i rwa) - ). (B.12)

2
\/xi+2

This is again the definition of w as the psuedoinverse of u,

< Twiq] = —wy, (B.13)

3
2
\/xi+2
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