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We propose a new discrete version of nonlinear oscillator with damping dynamical system
governed by a general maximal monotone operator. We show the weak convergence of solutions
and their weighted averages to a zero of a maximal monotone operator A. We also prove some
strong convergence theorems with additional assumptions on A. This iterative scheme gives
also an extension of the proximal point algorithm for the approximation of a zero of a maximal
monotone operator. These results extend previous results by Brézis and Lions (1978), Lions (1978)
as well as Djafari Rouhani and H. Khatibzadeh (2008).

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm | - |. We denote weak
convergence in H by — and strong convergence by —. Let A be a nonempty subset of
H x H which we will refer to as a (nonlinear) possibly multivalued operator in H. A is called
monotone (resp. strongly monotone) if (1, —y1, x2—x1) > 0 (resp. (y2—y1, x2—x1) > alx; —x)?
for some a > 0) for all [x;,y;] € A,i=1,2. Ais maximal monotone if A is monotone and I + A
is surjective, where I is the identity operator on H.

Nonlinear oscillator with damping dynamical system,

u" () +yu'(t) + Au(t) 30,
(1.1)
u(0) =ug, u'(0) =u,

where A is a maximal monotone operator and y > 0, has been investigated by many
authors specially for asymptotic behavior. We refer the reader to [1-6] and references in there.
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Following discrete version of (1.1),
st = (I + Xy A) ™ (i + (i = 1)) (1.2)

is called inertial proximal method and has been studied in [3]. This iterative algorithm gives
a method for approximation of a zero of a maximal monotone operator. In this paper, we
propose another discrete version of (1.1) and study asymptotic behavior of its solutions. By
using approximations

_u(t+h)-ut-h)

u'(t) T +o(h),
(1.3)
" u(t+h) -2u(t) +u(t-h
wipy = D2 U)o,
for (1.1), we get
Upsl — 2Up + Upq Up+1 — Up—1
o +v7 on, + Aty 3 0. (1.4)
By letting = y/2, Ans1 = b2/ (1 + phy,) and a,, = (Bh, — 1)/ (Bh, + 1), we get
Up+1 = ])Lml((l - [xn)un + anun—l)/ n>0,
(1.5)

u,1=0, uy=x€eH,

where a, (resp. \,,) is nonnegative (resp. positive) sequence and J, = (I + )LA)_l. This discrete
version gives also an algorithm for approximation of a zero of maximal monotone operator
A. This algorithm extends proximal point algorithm which was introduced by Martinet in [7]
with A, = A and a,, = 0 and then generalized by Rockafellar [8]. We investigate asymptotic
behavior of solutions of (1.5) as discrete version of (1.1) which also extend previous results
of [9-11] on proximal point algorithm.

Let w, = (37, &) (ZF., Akux). Under suitable assumptions, we investigate weak
and strong convergence of w, and u, to an element of A~1(0) if and only if {u,} is bounded.
Therefore, A™'(0) # ¢ if and only if {u,} is bounded provided 3;% A, = +oo. Our results
extend previous results in [2, 3, 5].

Throughout the paper, we denote Auy1 = ((1 — ay)uy + ayity—1 — Uns1)/ Aus1, and we
assume the following assumptions on the sequence {a,, }:

0<a,<1, {a,}is nonincreasing and a, — 0 as n — +co. (1.6)
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2. Main Results

In this section, we establish convergence of the sequence {u,} or its weighted average to an
element of A™(0). First we recall the following elementary lemma without proof.

Lemma 2.1. Suppose that {a,} is a nonnegative sequence and {1} is a positive sequence such that

w5 Ay =400, Ifay /Ay — 0asn — +oo, then Y5 i/ Dp_1 e — 0asn — +oo.

We start with a weak ergodic theorem which extends a theorem of Lions [11] (see also
[12] page 139 Theorem 3.1 as well as [10] Theorem 2.1).

Theorem 2.2. Assume that u, is a solution to (1.5) and {a,} satisfies (1.6). If 3,5 Ak = +oo and
ay/ Ay — 0, thenw, — p € A71(0) asn — oo if and only if u, is bounded.

Proof. Suppose that w, — p € A71(0) by (1.5); we get

[ttni1 = | < | Jae (1 = an) ity + apiin1) —p| < (1 — an) |ty — p| + an|ttn1 — p|. (2.1)

This implies that

|tni1 — p| < max{|us - p|, |uo - p|}- (2.2)

7

Then {u,} is bounded and this proves necessity. Now, we prove sufficiency. By monotonicity
of A, we have

(Aun+1/ um+1) + (Aum+1/ un+l) S (Aum+1/ um+1) + (Aun+1/ un+1) (23)

for all m,n > 0. Multiplying both sides of the above inequality by \,,+11,+1 and using (1.5),
we deduce

(1 = an) (Un = Unst, Mns1 Uma1) + A (Un-1 — Uns1, A1 Umae1)
+ (1= ) (U = Uit Mt Uns1) + Qo (U1 = Umat, Ans1 Una1)
(2.4)

< )tm+1(1 = ay) (Un = Ups1, Uns1) + L1 O (Un—1 = Uns1, Uns1)

+ Xt (= am) (Um = Ut Uma1) + A1 O (Wit — U, U1 -
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Summing both sides of this inequality from m = 0 to m = k — 1, we get

k-1 k-1
(1-ay) <un — Un+1, Z)Lm+1um+1> +ay <un1 — Un+1, Z)Lm+1um+1>

m=0 m=0
k-1 k-1
< An+1|un+1lzam|um—l = Up| + Z (U1 — U, Ans1Uns1)
m=0 m=0
k-1 k-1
+ <Z)Lm+l> (1 - an) (un — Up+1, un+1) + <Z)Lm+l> ay (un—l — Up+1, un+1)
m=0 m=0

k-1

+An+1z<(1 = E ) A 3 (Gl = ) 25)

k-1
= )‘n+1|un+1lzam|um—1 - uml + (ux — uo, )Ln+1un+1)
m=0
k-1 k-1
+ <Z)Lm+1> (1= ap) (Un = Uns1, Ups) + < )Lm+1> (U1 — Ups1, Uns1)
m=0 m=0
) k-1
. )tn+1z< il = 3l P ) + da 35 (Gl = ).
m=0

Divide both sides of the above inequality by ¥ 1,1 and suppose that k = njand w,, = p
as j — +oo. By assumptions on {a,}, {1,} and Lemma 2.1, we have

(1= ay) (Un — Uni1, p) + n(Un1 — Uni, p) < (1= ap) (Un — Una1, Uni1) + A (Un-1 — Upa1, Uni1)-

(2.6)
This implies that
((1 = ap)up + Aplty_1 = Ups1, U1 —p) 2 0. (2.7)
From (1.6), we get
|uner = p| + an|un = p| < [un = p| + [t - pl. (2.8)

By (1.6) and boundedness of {u,}, we get lim, _, . |u, — p| exists. If w,, — g, we obtain
again lim,_, .|ty — q| exists. Therefore, lim, .o, (1/2)(Jy, — p|* = |un — g|*), and hence
limy, 1o (1, p — q) exists. This follows that lim,_, . (w,,p — q) exists. It implies that



Advances in Difference Equations 5

(gp-9q9) = (p,p—9q) and hencep = gand w, — p € H asn — +oo. Now we prove
p € A71(0). Suppose that [x, y] € A. By monotonicity of A and Assumption (1.6), we get

n-1 _ln—l
<x - <§)Li+1> Zo)tmum,y)

n-1 n-1
= < )Li+1> Xiv1 (X = w1, y)
i=0 i=0
n-1 “1n
> < )Li+1> Xist (X = i1, Allisg)
i=0 i=0
(2.9)
n-1 “Tna
= < )ti+1> (x = uiv1, (1 = ai)u; + @i — Uia)
i=0 i=0
n-1 Tn1
= < -)li+1> <—(1 — i) (Uiv1 = X, Ui = X) = @i (Uis1 — X, Uiy = X) + [Uis1 — x|2>
i=0 i=0
n-1 7171—1 1 ’ 2 1 By y
> <i_0-)ti+1> 2, <§<|ui+1 —x|” = |u; — x| > + E(ai|ui — x| = aiafui - x| >>
Letting n — +oo, we get: (x — p,y) > 0. By maximality of A, we get p € A™1(0). O

Remark 2.3. Since range of J,, is D(A) (the domain of A), as a trivial consequence of
Theorem 2.2, we have that If D(A) is bounded then A~1(0) # ¢.

In the following, we prove a weak convergence theorem. Since the necessity is obvious,
we omit the proof of necessity in the next theorems.

Theorem 2.4. Let u, be a solution to (1.5) and A,, > Ao > 0. If {a,,} satisfies (1.6), then u,, — p €
AY0) asn — +oo ifand only if {u,} is bounded.

Proof. Since assumption on {1, } implies that 3% A, = +oo, from (1.5) and (2.7), we get
)‘i+1|Aun+1|2 = |un+l —p+ A1 Aty |2 - |un+l - P|2 = 2Xun (Aum—l/ Up+1 — P)
< (U= ) (1 = p) + @ (s = p) | = |t = p|
(2.10)

< (1= ) [un = p|* + aufnr = p|” = |1t = p|°

< ape|ttn1 = p| = aulitn = p|* + [ten = p|” = [ttne1 = p|"

(The last inequality follows from Assumption (1.6)). Summing both sides of this inequality
from n = 1 to m and letting m — +oo, since {a,} satisfies (1.6), we have

+oo
DA Ay < +oo. (2.11)

n=1
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By assumption on {\,}, we have |[Au,|] — 0asn — +oo. Assume Uy, — qasj — +oo,
by the monotonicity of A, we have (Au,, — Aty Um — un].) > 0. Letting j — +oo, we get
(Autyy, Uy — q) > 0. Similar to the proof of Theorem 2.2, lim,,, , o |14, — g| exists. This implies
thatu, = g=pe€ A™(0) asn — +oo. O

In two following, theorems we show strong convergence of {u,} under suitable
assumptions on operator A and the sequence {\,}.

Theorem 2.5. Assume that (I + A)™" is compact and ¥} A2 = +oo. If ay, satisfies (1.6), then
U, — p€ A(0)asn — +ooifand only if {u,} is bounded.

Proof. By (2.11) and assumption on {\,}, we get liminf, ,,,|Au,| = 0and u, — pasn —
+co. Therefore, there exists a subsequence {Au,, } of { Au,} such that |[Au,,| — 0asj — +oo
and {u,; + Auy,} is bounded. The compacity of (I + A)™" implies that {un;} has a strongly
convergent subsequence (we denote again by {u,, }) to p. By the monotonicity of A, we have
(Au,, - Ay, Uy — un].) > 0. Letting j — +oo, we obtain (Auy,, u, —p) > 0. Now, the proof of
Theorem 2.2 shows that lim,, , |, — p|2 exists. This implies that u, — pasn — +oo. O

Theorem 2.6. Assume that A is strongly monotone operator and 3,5 A, = +oo. If {ay} satisfies
(1.6), then u, — p € A™1(0) asn — +oo if and only if {u,} is bounded.

Proof. By the proof of Theorem 2.2, w, — p € A™}(0) asn — +oo, and lim,, -, 1o, |1, — p|? exists.
Since A is strongly monotone, we have

(A1, a1 = p) > &|ttnsr — p|*- (2.12)

Multiplying both sides of (2.12) by 1,41 and summing from 7 = 1 to m, we have

m m
a> Aot [tner = p|* < 3 (1= @)ty + Qi1 = i1, i1 = p)

n=1 =

I
M= 7

[(1 — ) (thy = P, Uns1 = p) + A (Un-1 — P, Uns1 = p) — |thns1 — plz]

5
I
[

IN
N =
Mz

=
]
—_

[(1 - “n)|un _p|2 +“n|un—1 _P|2 - |u"+1 —P|2]

IA
N =
Mz

[[100 = pI* = Jttwr = p* + et 01 = p | = s = p .

n=1
(2.13)
(The last inequality follows from Assumption (1.6)). Letting m — +oco, we get:
N it |ttne1 = p|” < +oo. (2.14)

n=1

So, iminf, _, ;o|un — p|* = 0. This implies that u, — pasn — +oo. O
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In the following theorem, we assume that A = O, where ¢ is a proper, lower
semicontinuous and convex function and Argming # ¢.

Theorem 2.7. Let A = Oy, where  is a proper, lower semicontinuous, and convex function. Assuime
that A=1(0) is nonempty (i.e., ¢ has at least one minimum point) and 3% A, = +oo. If {a,,} satisfies
(1.6), then u, — p € A71(0) asn — +co.

Proof. Since A is subdifferential of ¢ and p € A7!(0), by Assumption (1.6), we have

1
@P(tn1) —(p) < o (1= ap)uy + Aplhy — Uni1, Une1 — P)
n+

< o (552 (= pP = ftne = pP) + 2l =P = it =P )

)Ln+1

< %(%('”n —P|2 - |un+1 _P|2> + %(“""ﬂun_l —P|2 - anlun —P|2>>‘

n+1
(2.15)

Multiplying both sides of the above inequality by \,.; and summing from n = 1 to m and
letting m — +oo, we get

Z)tnﬂ (‘P(un+l) - <P(P)) < +oo. (216)
n=1

By assumption on {1, }, we deduce
lim inf ¢ (un) = ¢ (p). (2.17)
By convexity of ¢, we have

(P(um—l) -(1- “n)(P(un) - an(l’(un—l)

< (P(un+1) - (P((l = ) Uy + 0y (Up-1))

(2.18)

<
)¥n+1

<0.

((1 - an)un + ApUn-1 — Up+l, Un+1 — (1 - an)un - anun—l)

Therefore,
P(tni1) < (1= an)p(uy) + anp(ty ). (2.19)
From (2.19), by Assumption (1.6), we get

Q(Ups1) + anp(n) < (1) + a1 (Up_1). (2.20)
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Again by (2.19), we get

p(un) < max{ep(uo), p(u1)} (2.21)
for all n > 1. By (2.20) and (2.21), we have that

Hm (1) + anp(un)) (2.22)
exists. From Assumptions (1.6), (2.17), and (2.21), we get

im p(ua) = ¢ (p). (2.23)

If uy; — g, then ¢(p) = liminf; ¢ (uy;) > ¢(q). This implies that g € A71(0). On the other
hand, for each p € A71(0) by (1.5), we get (2.7). The proof of Theorem 2.2 implies that there
exists limy, _, 1|1, — p|. Then the theorem is concluded by Opial’s Lemma (see [13]). O
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