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1 Introduction

Flux compactifications of string theory [1-3] lead to gauged supergravities [4], providing an
efficient mechanism of moduli stabilization and spontaneous supersymmetry breaking. An
intriguing puzzle is that gauged supergravity contains more gaugings than those that can
be reached through geometric compactifications of the different string effective actions or
string supergravities. The presence of additional (non-geometric) gaugings suggests that
some features of string compactifications have not yet been properly taken into account.
The missing gaugings could be obtained by invoking U-duality arguments at the level
of the dimensionally reduced effective actions [5]-[8]. This approach corresponds to the
dotted (blue) path in figure 1. Although efficient in generating the full set of gaugings,
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Figure 1. From string supergravity to four dimensional ' = 4 gauged supergravity.

this procedure presents the disadvantage of leaving many of them unexplained in terms
of a higher dimensional origin. For instance, enforcing T-duality invariance requires the
introduction of non-geometric fluxes. This can be seen by comparing the effective four
dimensional superpotentials arising in orientifold compactifications of type IIA and IIB
ten dimensional supergravity actions, where a broader class of internal spaces is needed to
have a geometric interpretation.

The concepts of Generalized Complex Geometry [9]-[11], non-geometry [12, 13] and
double geometry [14]-[20] were proposed as suitable frameworks to deal with this situation
(see also [21, 22] for extensions to M-theory). By treating the symmetries of the NSNS
antisymmetric tensor field and diffeomorphisms on an equal footing, some of the properties
of T-duality are naturally incorporated. Inspired by this approach, a way to obtain the
usual contribution of the locally geometric Q-flux [23] to the four-dimensional effective
action, from a ten dimensional one, was recently proposed in [24].

On the other hand, there have also been attempts to promote U-duality to a symmetry
at the level of the higher dimensional supergravity. For T-duality this was successfully
achieved by Double Field Theory (DFT), originally formulated in [25]-[28] and extended
in [29]-[39]. This attempt is represented in the figure with the dashed (red) arrow. The
idea, which we review in section 2, was to introduce additional coordinates to the standard
space-time embedding of closed strings in toroidal backgrounds, dual to winding. In DFT
the fields depend on both sets of coordinates and this gives rise to a 2D-dimensional theory
formulated on a double space. The stringy nature of the theory is manifested in the fact
that DFT is T-duality invariant, so it promotes a string duality to a symmetry.

In this work we follow the path indicated by the two solid (green) arrows in figure 1.
First, by performing a generalized Scherk-Schwarz dimensional reduction [40] on a twisted
double torus we obtain the effective action of DFT. This procedure allows to identify the
new degrees of freedom present in DFT as the origin of the missing (non-geometric) gaug-



ings. The computation, for an arbitrary number of dimensions, is performed in section 3.
The reduced theory is a generalization of that found in [41]. Interestingly enough, it in-
cludes geometric fluxes as well as the locally (but not globally) geometric fluxes (@ and
the locally non-geometric fluxes R. Besides, it inherits a remnant gauge symmetry from
DFT based on the C-bracket, and a (would be) global O(d, d) invariance which is broken
by the fluxes.

In section 4 we show that the four dimensional effective action with six internal di-
mensions is dual to the bosonic electric sector of gauged N/ = 4 supergravity, as formulated
in [42]. This corresponds to the second solid (green) arrow. In order to recover the full
set of gaugings, we show how to generalize the Scherk-Schwarz reduction to include the
fundamental fluxes ;5. Additionally, we enhance the O(D, D) symmetry of DFT to
O(D,D + N) by adding N generalized vector fields along the lines of [43] and [30].

Section 5 is devoted to the analysis of the string (non)geometric backgrounds and the
fluxes they give rise to. We show that the internal space can be thought of as a twisted
double torus. Alternative interpretations of our results from the point of view of superstring
compactifications are discussed. In particular we show that the resulting effective theory
can be seen either as a bosonic sector of heterotic string compactification, extended by
T-duality [5, 8], or as a bosonic sector of a Type IIB orientifold compactification [7, 44].

Finally, the conclusions in section 6 contain a summary of our results. We include
an appendix illustrating how single-flux string backgrounds are encoded in the twisted
double torus.

2 Review of double field theory

D-dimensional closed strings on toroidal backgrounds carry both momentum and winding,
the former being dual to space-time coordinates. Double Field Theory was constructed out
of the idea of assigning dual coordinates also to winding. While in string supergravities in D
dimensions fields depend only on space-time coordinates, DF'T incorporates a dependence
also on the coordinates dual to winding. For this reason, it is a theory defined in a doubled
space with coordinates X M (XF, X ). The most remarkable feature of this theory is
that it is invariant under T-dualities, and more generally under the full O(D, D) group
associated to the isometries of the doubled torus. In this way, DFT is a field theory that
takes “stringy” features into account by promoting a string duality to a symmetry.

In this section we present a brief review of the generalized metric formulation of DF'T,
mainly to exhibit the results that we will use throughout the paper. The notation basically
coincides with the standard conventions, but we put a hat on all fields and indices to
facilitate the reading of the forthcoming sections.

The building block of the theory is the generalized 2D x 2D metric
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constructed out of the D-dimensional metric g (X hoX ;) and the D-dimensional 2-form
field B%;,(X hX ;). This generalized metric is an element of O(D, D), so it preserves the
metric of the group that we take of the following form

B 0 1p
(n), v

In addition, the model also contains an O(D, D) invariant dilaton

e = \/|gle™*. (2.3)

The background independent formulation of DFT is defined by an action that can be

written in a compact form (up to total derivatives) in terms of a generalized Ricci scalar as
SprT = / dPXdPX e R(H,d), (2.4)
where R is defined by
R(H,d) = 41N 9,0,d — 0,0 KN — 4RMNG L do g d + 40, 7N 0o d
+ ;ﬂMNaMﬂmaNﬂm - ;ﬂMNaMﬂmakﬂm . (2.5)
When the coordinates dual to winding are frozen, i.e. O3 e = 0, this action reduces to the

standard NS-NS bosonic sector of the D-dimensional string supergravities. The theory is
constrained by a world-sheet level-matching condition that can be written as

0,0M e =0, (2.6)

and the construction of the action (2.4) requires the so called “strong constraint” stating
that all fields and their products (represented by e above) must be annihilated by the
differential operator (2.6). The strong constraint implies that locally there is always an
O(D, D) transformation that rotates into a frame in which fields depend only on half of
the coordinates.

Regarding symmetries, the action is manifestly invariant under global O(D, D) trans-
formations acting as

ﬂMN—}UAMﬂABUBN’ d — (i, UGO(D,D) (27)
In addition it has the following gauge symmetry
~ P A 1 AN
M M
5éd =&V 0pd— 281\25 )
557%1\21(/ _ éPaPﬂMN n (6M§p _ pr) ﬂPN n (6N§p _ p$N> ﬂMﬁ‘ (2.8)

This transformation rule is an O(D, D) covariant extension of the standard Lie derivative
that governs infinitesimal diffeomorphisms. Generalized Lie derivatives acting on vectors
can be constructed as

LAy =05 Ay + (08N =N Ay, (2.9)



such that the transformation rules (2.8) read 557%]\;[]\7 = ﬁéﬂMN' The gauge transforma-
tions then close under the so-called C-bracket, defined as

Lo £2,] Ay = —Lig, go i (2.10)
where .
[6,6] " =2ifogel - hoé, . (211)
For further insight on DFT we refer to the original works [25]-[28] and to their many
extensions [29]-[39].

3 Scherk-Schwarz dimensional reduction

In this section we perform the twisted dimensional reduction of DFT and compute the
effective action. The starting point for the compactification procedure is the generalized
2D-dimensional double space on which DF'T is defined. We identify n of its coordinates with
space-time coordinates and other n with their duals. The first step is to compactify this
double space-time on a double torus of vanishing dual radius, so that the usual space-time
is naturally decompactified. We are therefore effectively left with a (n + 2d)—dimensional
space (D = n 4+ d) that we compactify on a twisted T%¢ torus to obtain the n-dimensional
effective theory of DFT.

Throughout the paper we use many different indices. The original formulation of
DFT in 2D-dimensions is based on the usual D “string” coordinates and the remaining
D correspond to the dual space. After dimensionally reducing in a 2d-dimensional space,
the effective action is an n = D — d dimensional theory (provided the coordinates dual to
space-time are taken to vanish). Of course, at the end of the day our main interest is in
D =10, d = 6 and n = 3 + 1, but since most computations can be performed without
explicitly specifying the dimensions, we keep the results as general as possible. We use the
following notation:

Curved and tangent indices are respectively

M,N,O,P,---€{0,1,2,...,2D -1}, A/B,C,D,---€{0,1,2,...,2D — 1}, (3.1)
for the full 2D space;
[/Jﬂ;aéaﬁ’&’”'6{0,152"">D_1}’ ’I’;’L,ﬁ,é,ﬁ,(i,"'6{0,1,2,...,D—1}, (32)

N

for the D-dimensional “stringy” coordinates;
M,N,O,P,---€{1,2,...,2d}, A B,C,D,---€{1,2,...,2d}, (3.3)
for 2d-dimensional internal and dual coordinates (which we denote by YM);
w,v,p,o,---€{0,1,...,n—1}, m,n,p,q,---€{0,1,...,n—1}, (3.4)

for spacetime and

Oé,ﬁ,’}/,(;,"'E{l,2,...,d}, a,b,c,d,---€{1,2,...,d}, (35)



for the d-dimensional internal indices (with the corresponding coordinates denoted as y®).
Dual coordinates are §, and we usually write Y4 = (74, y).

As we have seen, the degrees of freedom in DFT are represented by an invariant dilaton
d defined in (2.3) and a generalized 2D x 2D metric (2.1), namely
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This metric can be constructed out of a vielbein with triangular! form, i.e.
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which is related to (3.6) through

-1
~ AT s . n 0
H=ETHE, = : 3.8
0 U ( 0 n) (3.8)
where n = diag(— + -+ +).

We have defined the D-dimensional fields that parameterize the generalized metric,
namely the Kalb-Ramond field B and the D-bein é associated to the metric

Gap = €™ oy = (éTﬁé)ﬂﬁ : (3.9)

These can then be written as usual in terms of the compactified degrees of freedom as

X G + hys AV A AV b B By —Bs,
- . Bu= | . 3.10
i < hoz'y-APYV ha,@ a Bau baﬁ ( )

From the n-dimensional point of view, the D-dimensional metric decomposes into an
n-dimensional metric g,,,, d vectors A%, and d(d + 1)/2 real scalars h,p. The B-field also
decomposes into an n-dimensional 2-form By, d vectors By, (which we will further relate
to éw and B, in equation (3.18)) and d(d — 1)/2 real scalars byg.

Having set the structure of the (compactified) fields, we proceed with the Scherk-
Schwarz twist. The global symmetry of the action that we intend to twist is the O(D, D)
invariance defined in (2.7). We perform a U € O(D, D) transformation of the fields,
and propose as an ansatz that the fields only depend on space-time coordinates = while
the dependence on the internal coordinates Y enters through the group element of the
transformation, U(Y). Since d is O(D, D) invariant, it is natural to propose for it a trivial
ansatz d(z,Y) = d(x). Instead, inspired by (2.7), for the generalized metric we propose
the following decomposition:

Hoy (2, Y) = U4 (V) Hg () UP g (V) (3.11)
which in terms of the vielbein reads
EA (2, Y) = €4 () UP (V) . (3.12)

"'We refer to the appendix for a discussion on the generality of considering the triangular gauge.



In triangular gauge (3.7), equation (3.12) can be rewritten as

((él)ﬁm) —<é1>%<m>ém<m>) ).

0 "y (z)

(3.13)
Parameterizing the twist in terms of a diffeomorphism é(Y) and B-transformations B (Y),
namely

B¥) = ((é—%(m —<é—1>ﬁg<v>éﬁam> | (314)

T(Y) B(z) é(Y) + B(Y). (3.15)

Following the organizing principle of [40], we impose that fields with only tangent space-
time indices are independent of the internal coordinates and this implies the following block

_ 10 - 0o —wT
() (e, o0

where e(Y) and B(Y) are d x d matrices and W (Y) is a d X n matrix. By explicitly writing

decomposition

the dependence on the internal coordinates for the fields of the effective n-dimensional
theory, we have

g(x,Y) :g(.%'), B(.%’,Y) - B(x)7
A(z,Y) = e (Y)A(z), B(x,Y) = eI (Y)B(z) + W(Y),
h(z,Y) = el (Y)h(z)e(Y), b(z,Y) = el (Y)b(x)e + B(Y).  (3.17)

Note that W involves space-time indices, so the ansatz produces a twist in space-time
explicitly breaking Lorentz invariance. Therefore, from now on we take W = 0.

Due to the length of the computation, we show how to obtain the effective action in
two steps. In the first one, we plug the ansatz (3.11) into the action of DFT (2.4). As usual,
to have simple gauge transformation properties, the reduced degrees of freedom require the
following redefinitions in terms of the original higher dimensional fields

u

v 1 o
B;w = B,ul/ - 9 <-/4a,uBau - AauBa,u) + Aa,u-Abl/baba
Bay = Bay — bapAb, . (3.18)



After some algebra, and using (2.6), we obtain?

Sar = [ olg()le ) {49 (2) 0,0,(0) ~ 0,0l (3.19)
+ 4 8Mg“”(x)(9yd(x) — 0,0y g"" ()
+ g [ @0, B @) — 4wy, 1P )] 0 ()

FCAB ﬂBﬁ(x) 'HAM(.’E)aM?:[CD(x)
1

1
2
1
4 12

— FCDA FDCB'):[AB(w) — FEAC FFBD']:fAB(DU) 'HCD(DU) 'F(Ep(m)} .
The dilaton ®(x) is given by e 2*(®) = |det é(z)| VV; e=20(@) | where V stands for the
volume of the dual space-time and we have defined the invariant internal volume V; =
[dY det U = [ dY. The field d(x) on the other hand is defined by e~24®) =\ /|g(z)[e~2%(®).

The information on the twist in (3.19) becomes manifest only through the appearance
of fluxes Fapc, which are given by

Fapc = 3Ipa(U M0 YN 0mUP N, (3.20)

where U}, := U A, They carry O(d,d) indices which are raised and lowered with the

O(d, d) invariant metric
e (3.21)
1 0

and, being completely antisymmetric, they belong to the 2d(2d—1)(2d—2)/3! representation
of O(d, d). Notice that, since U € O(d,d), then (U~H)M 4 = U4M. All the information on
the twist U(Y) in (3.14) is now encrypted in the fluxes, which must be constant in order
for the effective theory to be gauge invariant. Their presence explicitly breaks O(d,d)
invariance and gauges a subgroup of it, as we shall see.

Next, we move to the second step where we write the action (3.19) in terms of the
physical degrees of freedom (i.e. in definite representations of Lorentz and O(d, d) groups).
With this aim it appears convenient to specify the relation between the hatted generalized
metric and the physical fields. Namely

ﬂAB(x) — HAB _|_AAﬂg;u/ABV’

R ) = A%,

ﬂAu(x) = HABABV + AApgpM < uv + ABABI/) 5
) = g,

7:[“”(1') - _gMP ( ov T+ ABABV> >

~

1
Houw(2) = g + A HABAP, + ( o T A ABH> g (BU,, + 21410’9,43”) (3.22)

2Since the twist matrix is not necessarily globally well defined, gauge invariance of the original action (2.4)

requires the additional constraint da (U _I)M 4 = 0, which we assume from now on.



where the physical degrees of freedom are encoded as:

e Scalars are arranged in the O(d, d) covariant scalar matrix

hab _ hacbcb
= ) 3.23
Har (bachcb hab - bachcdbdb> (3:29)

There are d(d+1)/2+ d(d — 1)/2 real scalars in total, each coming from the internal
components of the D-dimensional metric and B-field, respectively. In addition there
is also the dilaton ®.

e Vectors are formed by the d + d vectorial degrees of freedom coming from the metric
and B-field, respectively (see (3.10) and (3.18)). They are arranged in a fundamental
representation of O(d,d) as

B,
Ar, = (—AZ,) : (3.24)

e Tensors are given by the m-dimensional 2-form field B,, and the n-dimensional

metric gy,

After some algebra, the effective action can be finally written in a standard form as
(see the set of equations (3.22))

1
Seft = / d"z\/|g(z)]e 22@ {R + 4000, —  HapFHFP ), (3.25)
1 1
_ 129uugpag)\Tgup>\gVUT + 8DMHABDMHAB
1 1

Here R is the n-dimensional Ricci scalar, and we have defined the field strengths as

Fhu = 0,A%, —0,A", — FApc AP, AY,
gWA = 36[HBP>\} — FABcAA“ABpAC)\ + 36[“AAPA)\]A, (3.26)

and a covariant derivative for scalars as
D, Hap = 0, Hap — FC apAP JHep — FORp AP /Hac . (3.27)

The effective theory (3.25) has remnant symmetries that are inherited from the global
symmetry (2.7) and the gauge invariance (2.8) of its parent DFT. Concerning the former,
although the effective theory is written in a manifestly covariant O(d,d) form, the fluxes
explicitly break O(d, d) invariance, which is only recovered if they are treated as spurionic
fields. With respect to gauge invariance, given a 2D-dimensional gauge parameter éM , the
gauge transformations (2.8) can be twisted as

&) = (0" e, (328)



and, when evaluated on the C-bracket (2.11), the following effective algebra is induced

[O¢, 06, ) = 0y, 41 = —FApc €5¢F, (3.29)

where the structure constants are given by the fluxes (3.20). In terms of the gauge param-
eter £4(z) the fields transform as

deguv () = 0,
ded(xz) =0,
GeByul@) = = (A4,0,60 = A4,0,64)
Se At () = 0,64 (2) — F4pc €5(2)AY,,
ScHap(z) = —Fac? €9 (x)Hpp(z) — Fe? €€ (x)Hap(z) . (3.30)

The twists define the infinitesimal generators of this symmetry group, namely
Ea=UNH,T¢p, (3.31)
which satisfy the following C-algebra
(€4, EBlc = FPap Ep. (3.32)

The Jacobiator associated to the C-bracket does not automatically vanish, so it is not a
priori evident whether the fluxes satisfy Jacobi identities or not. To answer this question we
note that the C-bracket differs from the D-bracket (which, although non skew-symmetric,
does satisfy Jacobi) by a total derivative [28]

1
A, BIf = 4, B + %4V By). (3.33)
When particularly evaluated on the twists U(Y), the last term vanishes
oft ((Uﬁl)MAIMN(Ufl)NB) = 6RIAB =0, (3.34)

restoring anti-symmetry and leading to a vanishing Jacobiator. We thus conclude that the
fluxes must be constrained by the usual Jacobi identities

FCLpFP 0 =0. (3.35)

4 The effective action of DFT and gauged N = 4 supergravity

Setting n = 4 and d = 6, the effective action of DF'T derived in the previous section reduces
to a four dimensional gauge theory with an O(6,6) global invariance. Interestingly enough,
0(6,6) is the symmetry group of four dimensional gauged N = 4 supergravity. Therefore,
even if the starting DFT does not include supersymmetry, we could expect a connection
with the bosonic sector of gauged supergravity. Indeed, in this section we show that the
effective action of DFT reproduces the electric bosonic sector of four dimensional gauged
N = 4 supergravity.

We begin by reviewing this theory in the formulation of Schon and Weidner [42] and
then establish the precise correspondence. The notation used in [42] differs from ours, and
the relation between both conventions is specified in table 1 and in equation (4.13) below.

,10,



4.1 Review of gauged N = 4 supergravity

The 4-dimensional ungauged N = 4 supergravity has a global symmetry G = SL(2) x
0(6,6 + N), whose maximal compact subgroup K = U(1) x O(6) x O(6 + N) is realized
on-shell as a gauge symmetry of the theory. The part of its field content that will be
relevant for our discussion is arranged in a gravity multiplet and 6 + N vector multiplets
involving the following fields:

e The gravity multiplet contains the metric g,,, six vectors B,,, (m = 1,...,6) and
one complex scalar T parameterizing the coset SU(2)/ U(1). It is useful to define the

1 [|7]? Rer
M.os—
aB Imr (RGT 1 )

with SL(2) indices «,f = £. In addition, it contains four gravitinos 1% and four

K invariant matrix

spin-1/2 fermions 9* (i = 1,...,4). The fermions are singlets under GG and rotate
among each other through SU(4) ~ O(6) € K.

e Bach vector multiplet contains one vector Ay, (a labels the vector multiplet), six real
scalars and four spin-1/2 gauginos A,. Again, the index i = 1,...,4 is a gauge index
rotated by O(6) € K, and the vector multiplets are rotated among each other by
O(6+ N) € K. All the 6 x (6 + N) real scalars parameterize the coset

0(6,6 + N)

A
Vi~ € O(6) x O(6+ N)’

(4.1)

with M an O(6,6 + N) index and A splits into (m,a) with m an O(6) index and a
an O(6 + N) index. This vielbein is an element of O(6,6 + N) so it satisfies

NMMN = —VMmVNm + VMaVNa s NN = dlag( —————— s +... +) . (42)
As for 7, one can construct a K-invariant scalar matrix

Myy = V4V + YTy (4.3)

Finally, the 6 vectors of the gravity multiplet together with the 6 + N vectors of the vector
multiplets combine to form the electric vector field in the fundamental of O(6,6 + )

B
A M+ — [T 4.4
= (%) .

In the description of [42], the ungauged theory contains the metric g,,, electric vector
fields A, M+ and scalars 7 and My as free fields in the Lagrangian, while the dual
magnetic vectors A, M= and two-form gauge fields B%N and Bﬁf are only introduced
on-shell. The gauging of the global group is parameterized by the embedding tensors in
the following representations of G

famnp € (2,220), Cam € (2,12). (4.5)

— 11 —



When these gaugings are turned on, some of the fields that were absent off-shell in the
ungauged theory are now present.
The bosonic Lagrangian is a sum of three terms Lyos = Lkin + Lpot + Liop given by

1 1 1
¢ 'Lin = ) R+ 16DﬂMMND“MMN + 8DﬂMaﬁD“Maﬁ

—ilm(T)MMNH,%WW“ + ;Re(T) N VP HTHIE
L = _fz {f+MNPf+QRSM++ [;MMQMNRMPS n <§77MQ _ MMQ> nNRnP5‘:|
+ 3§f§fM++MMN} +.,
e Liop = —‘ge’“’p)‘ {§+M77NPA1347A1],V+A§+ - ;qlf+MNRf+PQ RA%AFA,I?*A?_

1 _ _
—45+MBIV+ <28,,A§4 —gf orM A9t AR )} +.n (4.6)

where the dots involve terms containing magnetic gaugings f_a/np and £_ ;. The covariant
derivatives are defined by

DyMeog = 0, Mag + AN E arrMpy, — gANE nresMpy— + ...,
D, Myn = 8,Myrn + 2gAfj+@+P(MQMN)Q +..., (4.7)
the field strength by
; g
Hﬁ{ﬁzza[HAﬂf*—gﬁNPMA[NuaAf}*Jr2§fB;j+... ; (4.8)

and also the following combinations of gaugings were defined

R 3
O4MNP = f+MNP — 4 NTIPIM 5 f+mne = fyunp — Equnpn — 2§+N77MP- (4.9)

Finally, we mention that the gaugings must satisfy the following consistency quadratic
constraints

e =0, (4.10)
fferpMN =0, (4.11)
3f+R[MNf+PQR] + 28 mfrnpg =0, (4.12)

4.2 Comparison with the effective action of DFT

Having reviewed the on-shell formulation of N = 4 gauged supergravity, let us proceed to
compare it with (3.25) in the particular case n = 4,d = 6. First we note that since the
effective action of DFT has no SL(2) symmetry mixing electric with magnetic sectors, we
can only hope to reproduce one of these sectors, which we take to be the electric one. Since
the vectors in the effective action of DFT arise only from the metric and B-field, we must
set N = 0. We then show how to relax this restriction and finally, by gauging the rescaling
symmetry, we propose a way to obtain the gaugings £, ;.
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Effective DFT action Gauged N = 4 sugra

Fapc gf+mNP
Han Myn
e 2% 2Im(7)
A M+
Al Ay

Table 1. Correspondence between our conventions and those in [42].

Note that the O(6,6) metrics employed in (3.21) and (4.2) differ, the relation between
them being
1

RTwWR=7, R=
) w(

Therefore, all the comparisons made in this section are only valid up to a rotation by this

1 -1
L ) € S0(12). (4.13)

matrix. We implicitly assume this fact.

4.2.1 The O(6,6) sector

The fluxes in (3.20) belong to the 220 of O(6,6). It is then natural to identify them with
the electric gaugings and we must then turn off all the magnetic fluxes f_p/nvp and £_py.
There is no other source of deformations so far, so we must also set 4 = 0 (the inclusion
of the full set of electric gaugings is discussed in the forthcoming subsections).

To perform the comparison, the effective action of DFT (3.25) must first be taken to
the Einstein frame. The transformation g,, — e?® Juv gives

1 1 1
Seft = /d4x\/|g(:c)| {2R+ 16 DiHap DI HAD = e P HAp FAVFD (4.14)

1, _
- 8M(I)a,uq) - 24.9“ gpag)\’re 4<I>gup)\gl/o7'

1 1
62<1>8 FCpa FPopHAB _ 2% o FE o FFgpHAB HCD HEF} ‘

Then one should make the identifications in table 1 and this guarantees that both
actions and also their respective constraints coincide. The following subtleties must be

taken into account when performing the comparison:

1. Due to quadratic constraints (4.12), when f_pnp = -y = &4 = 0, the topological
terms vanish Lo, = 0. To see this, note that

fermnfipg =0 & firmnfipg" =0. (4.15)

2. The term ¢?fiynpfTMNE in Lyor can be explicitly written in terms of the twist,
by using (3.20), as
1
3FABCFABC = O UANOM (U™ 4
1 _ 1 _
=, (OMUAN) (UHN 4 - 2UAN (MU HN4)  (4.16)
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and therefore it vanishes due to the level matching condition. This in turn implies that
the effective action (4.14) is in fact a truncation of an N' = 8 theory to N’ = 4 [44, 45],
so only a subset of gauged N' = 4 supergravities can be reached through Scherk-
Schwarz compactification from DFT.

3. To make the equivalence evident, the two-form B, must be dualized in the effective
action of DFT to give an equivalent theory in terms of a scalar field A = 2Re(7).
Introducing A as a Lagrange multiplier to enforce e”***0,0,,B,, = 0, one defines the
following action for B,,,

d*x _ .y L,
Sp=—[ o, V9 (€74 G pGH P+ 27 P 0y (Guup+ Fapc Ay AJ AS —30, A Ay, -
Here G, must be eliminated through its equation of motion
GHP = etPeTHrPy ) (4.17)

which replaced in Sp gives
d'z 49 o ouv A 4B 4C A
Sp = — 924 \/ge [6({90)\8 A — 2Xe?HPO, (_FABCA“AV Ap + 3({9[!“41, AP}A)] .

The first term contributes to the kinetic term for the gravity scalars, and the second

one coincides with the last term in Ly, upon use of quadratic constraints.

4.2.2 Including vectors

We showed above that the effective action of DF'T matches the bosonic electric sector of
gauged N = 4 supergravity when the number of vector multiplets is six, i.e. N = 0, and
&+ = 0. Here we show how to relax the first restriction.

To increase the number of electric vector fields, we are inspired by the extension of DF'T
to the abelian heterotic string performed in [30], where the 2D coordinates X hoX gy L=
0,...,D — 1 are extended by N extra coordinates 2%, i = 1,..., N and, correspondingly,
the generalized metric 1 is enlarged to a (2D 4+ N) x (2D + N) matrix that naturally
incorporates N additional vector fields V;

We will use the following O(D, D + N) metric

T Th Th, 0 1p 0
7" Ty Ty 0 0 1y

We formally keep the action and the form of the gauge transformations but with respect
to the enlarged generalized metric H 17 introduced in [30], namely

) Ghv _ gﬂﬁ@ﬁﬁ _ gﬂﬁf/jﬁ
Huyn = —Cpad"™" Gpp + Cpad" oo + VipVio Vip +5p9" Vi | (4.19)
—Vipg™” Vio + 509" Vie i + Vipg™ Vis
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where the indices of the gauge group i, 7,... are raised and lowered with 4;; and

1.~

¢ = Bas + QV,;ZVZ'& : (4.20)
. R o A . B -
The generalized vielbein producing H ;¢ = £° yM45E B 5 s
. (@7 —(e71)7aés, —(éfl)&ﬁv&j
EP = 0 ey 0 : (4.21)
0 Vio 0ij

The compactification procedure closely follows [41]. The metric and B fields in terms
of the compactified degrees of freedom take the form (3.10), where now

By = B, — ; (A% Bay — AL Bay) — babAZAfj — ;V (A;Vj — Agv;‘) ,

o 1. .. .
Bay = Bay — bac Ay, — 2VGZVJ ; (4.22)
and the vector fields are
V=V, -V A, . (4.23)
Generalizing the procedure of the previous section, we define the reduced gauge mul-
tiplet as
Bap
A _
~V
and the reduced generalized metric as
hab _ hadcdb _ had V’yj
Hap = | caah® hap — caah®cep + VIV) Vi + cgah®VeE | (4.25)

—VIRM Vi g eghdeVE 8y + ViV

where cup = bgp + %V;Vb’
The global symmetry to be twisted is now O(D, D+ N) and we extend the ansatz (3.11)
for the generalized metric as

Hy (2, 2) = UA 1 (Z) Hp(x) UP (Z), (4.26)
where Z = (Y,z) and U € O(D, D + N). In terms of the vielbein, it reads
£ (2,2) = €45 (2) UP 1 (2) (4.27)

which can be rewritten in matricial form as

(éil)T(xvz) _(éil)T(xvz)é('%Z) _(éil)T('%Z)VT(x?Z)
0 é(x,7) 0
0 V(z,Z) 1
(e H(x) =) (@)é(x) —(e )T (x)V T (x) A
= 0 é(z) 0 x U(Z). (4.28)
0 V(x) 1



Parameterizing the twist in terms of diffeomorphisms €, B and V transformations, namely
(éfl)T _ (éfl)T & — (éfl)Tf/T
e 0 , (4.29)
0 1% 1
the ansatz gives the following D-dimensional gauge fields

V(z,Z) = V(Z) + e(Z)V (x). (4.30)

Now everything goes on exactly as before. The reduced effective action has the same

form of the previous section, namely (3.25), with the obvious extension in the values taken
by the indices and the inclusion of N extra vector fields Vui in the definition (4.24).

4.2.3 Rescaling symmetry gaugings

In this section we propose a way to obtain the gaugings £, 57 in the (2, 12) representations
of SL(2) x O(6,6). For simplicity here we restrict to the N = 0 case, but the results can
be extended if heterotic vector multiplets are introduced as in the previous subsection and
their rescaling taken into account. To facilitate the presentation, in this subsection we turn
off the gaugings in the (2,220).

In [46], a rescaling symmetry of the NS-NS sector of the heterotic theory was twisted,
and it was shown that this gives rise to the gaugings £, with m = 1,... 6. This symmetry
acts by rescaling the metric and B-field, and by shifting the dilaton, and it is explicitly
broken in DFT due to the dependence on the dual coordinates. However, at a formal level

DFT is invariant under a global symmetry given by

P RSN . el 0
d—d+y, HMN S OYHION,, O:(O e_y) , (4.31)
whenever the following relation holds
OF 1,05 — 10, (4.32)
i.e., when either
" e=0 (-) (4.33)
or
Om =0 (+). (4.34)

While the former (4.33) corresponds to the case analyzed in [46], the later is only possible
due to the doubling of the coordinates, and symmetry arguments suggest that they should
give rise to the £ gaugings. Here we use the covariant notation (4.31), but one should
keep in mind that the extension of the symmetry is only possible if covariance is broken
through either (4.33) or (4.34).

The compactification procedure is equivalent to the one before. One transforms the
fields and makes the transformations carry the internal dependence

d(z,Y) = d(x) £7(Y),  HN(@,Y) - OM ,(V)H 2(2)0% 5 (Y). (4.35)
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The + depends on whether (4.33) or (4.34) is chosen.

The comparison of the effective action with gauged N = 4 supergravity is not straight-
forward, and one must use the dualizations of [46]. Instead of dualizing the B-field into
the axion of [42], one must integrate the Aﬁ/f ~ fields out and use the local gauge invariance
under (axionic) rescaling shifts to gauge away the axion Im7 = 0. This yields the following
equivalent formulation of gauged N = 4 supergravity when only £, gaugings are turned on

1 1
e 1L = SR+ 16DﬂMMND“MMN — D,¢D" ¢ (4.36)

1 3
=€ M N TR — T2, 00 4 e L

where
1
Du¢ = ,u¢ - 2£+MA;J\L4+a
DyMyn = 9,Myn — gAL T4 Mnp + 9A Mpypet?,

(
(
M N
Qywp = OB, | — Exnr Ay, "B~ 2A[H+3 Al (4.
(

Ho T =20, AM §+NAN+AM+ + £MB++.

The identifications are those of the previous section plus B;Zj‘ « By, and the gaugings

are originated from the following derivatives

£ Ony(Y). (4.41)
Equations (4.33)—(4.34) imply that the constraints ¢¥¢,y = 0 are automatically
satisfied.

5 (Non)geometric string backgrounds

In this section we show that the generalized Scherk-Schwarz mechanism can be interpreted
as a reduction on a twisted double torus. The string backgrounds associated to different

twists are analyzed and their connection to standard (dual) fluxes is discussed.

5.1 Reduction on a twisted double torus

The dependence of the generalized metric and its vielbein on the internal coordinates Y™
was introduced in (3.11) as

Hurn (2,Y) = U4 (Y) Hap(z) UPN(Y). (5.1)

In the limit in which the scalar matrix approaches the identity Hap(x) — d4p, the gener-
alized metric takes the form

Hun (2, Y) — Hyn(Y) = U (Y) 645 UBN(Y). (5.2)

Sketched in this form, it is natural to identify the twist matrix U(Y) with a vielbein for
the metric H(Y). In fact, this metric is invariant under O(d) x O(d) transformations
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that preserve the identity and act on the twist from the left, and it transforms under
O(d,d) acting on the twists from the right. Therefore, the twists U(Y) can be interpreted
as generalized internal vielbeins, associated to the internal geometry on which we are
compactifying. Any non-trivial scalar matrix Hap(z) can later be interpreted as scalar
fluctuations deforming the background described by H(Y).

It is useful to introduce the 1-forms

= U4, (Y)ayM . (5.3)

When the double space is untwisted, these 1-forms are simply the differentials dY#, which
are globally well defined and covariantly constant with respect to the standard derivative
d. The Scherk-Schwarz twisted torus [40] has instead globally well defined 1-forms, I'* =
U, dy®, which are covariantly constant with respect to a derivative that includes a constant
non-vanishing Levi-Civita connection w®,. This becomes manifest through the Maurer-
Cartan equation

dl® + £, TP AT = 0. (5.4)

Interestingly, f%. := —w®) can be defined through the Lie bracket that in turn defines
the gauge symmetry of the effective action, and in fact, the connection is precisely given by
the fluxes. The Scherk-Schwarz twisted torus can be conceived as the manifold of a group,
the components of f being its structure constants. Such group is the gauge group of the
effective action, where the parameters f appear as gaugings.

We have seen already that many of these features are preserved in our scenario. For
instance, the standard Lie bracket is replaced by the C-bracket which determines the gauge
invariance of the effective action. However, it is not a priori clear what is the relation
between the fluxes F')4pc and the connection and torsion of the double twisted torus.

The proper formalism to deal with in the context of double field theory was developed
in [38], generalizing the frame-like geometrical formalism introduced by Siegel [47, 48]. It
is useful to recall the following definition of the 2-form torsion

TV, W) = VyW* = Vi Ve — [V, W]*, (5.5)

where V, W are two vector fields, V denotes the covariant derivative and [, ] the Lie bracket.
This can alternatively be written in the more convenient form

T(V,W) = [LY W — LyW]*, (5.6)

where Ly is the Lie derivative of vector fields and the upper index V means one must
change the partial derivative by the covariant one.

So, we define the generalized torsion in the context of double field theory as in (5.5),
where the label a is replaced by A and the standard Lie bracket is replaced by the C-
bracket [38] (see [49] for a discussion of torsion in the context of Generalized Geometry).
Using the Lie derivative (2.9) and the covariant derivative

VuVA =0y VA +wipy Ve, (5.7)
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where w? g represents the generalized spin connection, and imposing the metricity condition
(which implies wap = —wp4) one gets
Tapc = wacB + wpac +wopa — (Leyc) 4 = =3 wiape) + Faso - (5.8)

Different connections define different torsions. In the torsionless case, the connection
and the fluxes are related through

Fapc = 3 waBc) - (5.9)
Notice that the antisymmetry of Fapc in all the indices implies
FA,5 =0, (5.10)

which generalizes the equation f®,3 = 0, ensuring the invariance of the measure under the
killing isometries of geometric backgrounds with f fluxes.

5.2 Generalized fluxes and superstring compactifications

The low-energy effective theories arising in standard compactifications of string theory on
manifolds with reduced structure or orbifolds are gauged supergravities in which only a
subset of gaugings can be obtained. Those gaugings whose origin from a 10-dimensional
supergravity has not been identified are dubbed non-geometric. From a stringy perspective,
the main motivation for introducing these fluxes is duality. Interestingly, being invariant
under T-duality transformations, DFT provides a higher dimensional framework in which
all fluxes related to the antisymmetric field strength H-flux through T-duality appear on
an equal footing.

We have shown in section 4 that the compactified theory can be identified with the
bosonic electric sector of N = 4 gauged supergravity with broken global symmetry group
G = SL(2,R) x O(6,6 + N). From a stringy perspective, the N = 4 supergravity theory
could arise, for instance, from the compactification of D = 10 heterotic string [41], but
also from compactifications of Type II either on toroidal orientifolds [7, 50] or on SU(2)-
structure manifolds [51]. The global group G has different interpretations in each case
(see [8] for details).

In the heterotic case, SL(2,R) corresponds to fractional linear transformations of the
heterotic axio-dilaton field 77 = A + ie™2¢ (where \ is the dualized 2-form Kalb-Ramond
field) whereas O(6,6) (let us set N = 0 for the moment) is the group that contains T-duality
transformations, as introduced in the context of Generalized Geometry.

However, if we consider Type IIB compactifications, SL(2,R) is the S-duality group
that, in particular, acts on the IIB axio-dilaton field 783 = Cp + ie™2? (where Cj is the
RR 0-form) as modular transformations. T-duality transformations are more involved here
and imply the action of elements of both subgroups in Gg = SL(2,R) x O(6,6)5.

The completion of T-duality transformations to the full O(6,6) group was part of the
original motivation for writing down the DFT action (2.4) and, therefore, the identification
with a heterotic compactification is naturally suggested. In particular, if the 2-form field

A

By in (3.6) is the Kalb-Ramond field of the heterotic string, we see from (4.17) that
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T = A +ie2? would indeed be the heterotic axio-dilaton field. In what follows we will
pursue this interpretation, but we will comment at the end of this section that a Type IIB
orientifold interpretation is seemingly possible.

We now address the issue of the 2d-dimensional origin of the fluxes. Starting from
their definition (3.20):

Fapo =3 Ipa (U YN p(U) cionU"p, (5.11)

we parameterize the internal 2d-bein in the most general form (see appendix A)

e T —(e—1WT el et
. << 7+ B0) e B> . (BQT (1+BﬁB)e1>  5a2)

One can then define the relation between the tensor F4pc and the standard set of NS-NS
string fluxes of [5]. Defining for simplicity a = a + d, we set

Fy; o o=wf, F =Qu, Fi® =R (5.13)

abé —

Huye, F
The different fluxes take the following form in terms of this parameterization
Hae = 3{0°1(148B)e™ T, (¢ " Bl (e B)gy =0 (Be ™) jale ™ Blrale (14 BB)],
—0a[(1+ pB)e " [T (1 + BA)], (e T B).
+0a(Be™ )y ule T (14 BO) (14 BT}
why = ~0°(BeTV [T (1 + BA) (e TB)gy — 0°(e7) (e T B)pale T (1 + BA)),"
~0a(BeTY e T (14 BA)| (T B) gy +0a(eT), e (14+ BB, [e T (1+ BB)] ;0
+ et {00101+ BB)e (T B,
+ 0,1+ BB)e Fple T (14 BB)L, " - 0°(Be )yple ™" (14 BB), "}
— (8 {0 (Be aple T (1 + B,
+ 0al(1+ BB)e ] (7T B)gy — 07 (Be ap(e By b
Qe = °1(1 + BB)e el el — 8% (Be )0l (ep)D (5.15)
= 0al(1 + BB)ey(ef) " e 4 Da(Be™ )ra(eB) ™ (eB)D
~(e7T B)aa {0 (BTNt + 0, (8T )1 (eB)1 — 07 (eT) e ()}
He (1 + BAL {05 (), (8 + u(seT el — 7(cT) Jee!], |,
Rebe — 360, cyet, {_85 glergns 4 ple mﬂ} 7 (5.16)

1
]” (5.14)

Cc

where underlined indices must not be antisymmetrized.
It is interesting to analyze the dependence of the fluxes in different limits of interest:

e Setting # = 0 and taking B, e to depend only on base coordinates, the H-flux takes
the geometric form

Hape = 3(e™") (e ") (e el Byy) - (5.17)
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Gauge transformations for B — B + dA are given by O(d,d) B-type transformations
acting from the right

(eHT —(e 1B (eHT —(eHTBY\ (1 —dA
0 e oo e 0 1

(e HT —e=1(B +dA)
0 e ’

and it can be seen from (5.17) that they leave the gaugings invariant.

e Setting B = [ = 0 and taking e to depend only on base coordinates, the w-flux takes
the simple form

Whe = 2(e7 )Y (e71)

q Oy e

i (5.18)
Or also, by letting B depend on dual coordinates and setting e = 1 and § = 0, one
gets

wp. = 0By . (5.19)
e Setting e =1, B =0 and 3 depending only on base coordinates, the Q-flux reads
Qe = 0.5". (5.20)
Also setting 8 = B = 0 and making e depend on dual coordinates only, one gets

ng = Qe[aaeb] 7(90‘(6_1)v

c*

(5.21)

Notice that, from the first and third terms in (5.15) and keeping only ordinary deriva-
tives, we obtain Q% = 7?3 H,.+ ... reproducing the expression found in [11] (see
also [24]).

e The R-flux can be obtained by setting e = 1, B = 0 and taking 3 to depend only on
dual coordinates, so that

R = 3plagbel (5.22)

An interesting observation from eq. (5.16) is that any configuration defined by (3(y)
leads to a non-vanishing R-flux. Since locally S-transformations can be gauged away,

one could hope to construct locally geometric backgrounds associated to the R-flux.

The O(d,d) covariance is responsible for the symmetry among (5.17), (5.18), (5.19)
and (5.20), (5.21), (5.22), respectively.

Including extra vector fields as in subsection 4.2.2, one can explicitly write the fluxes

carrying indices M = 2d+ N. It is interesting to see that setting B = 0, 3 = 0 one recovers

the electromagnetic fluxes. Indeed, one finds

Fan = Faarnas = 2(e7)%(e™) 0V 5. (5.23)

a

— 21 —



Having made contact with string fluxes, we now define the subgroup of O(d, d) trans-

formations whose elements correspond to T-dualities, namely
(To)™ = 0N — N nr0 — V8 0r vd + SV TS0 0 + S 0s aa (5.24)

where the index « denotes the direction in which the T-duality is performed. As expected,

these elements satisfy the following properties
[TOH Tﬁ] =0, (Ta)NP(Ta)PM = 5NM- (5-25)

The T-duality operators (5.24) lead to the Buscher rules introduced in [52]. We have seen
in (2.7) how the generalized metric transforms under these symmetries. Equivalently, one

can define a unified tensor £ = g+ B [53], which transforms as

U= (: Z) , E =(aE+b)(cE+d)". (5.26)

Taking the O(d, d) transformation to be a T-duality defined in (5.24) in the y® direction,
one obtains the following transformations for F

1 E E EsoE
E,, = B, = P ls=— 0 El =Eg — T 5.27
0= g PR g, Fe=Tp, Pm=EnT g o B2
which decomposed into symmetric and anti-symmetric parts lead to the well-known Buscher
rules
1 B — BugB
I I af r_ . JapGay afBPay
Boy — B
Bly=—"% Bl =By, — J#Ten T Pasder (5.28)
gaa gCl{O[
Defined like this, the standard T-duality chain [5] holds
Hape <2 wp, o @ob Te, gabe, (5.29)

and when the Jacobi identities (3.35) are written in terms of the fluxes (5.13), the following
results of [5] are exactly recovered

Hefapweq = 0, (5.30)

W) + Hyea Qe = 0, (5.31)

Qify) — 4wy QU + Hepag R = 0, (5.32)
Qe + e — o, 539

Qlab piele _ ¢ (5.34)
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This set of equations closes under T-duality transformations (5.24), as expected from the
fact that (3.35) is O(d,d) covariant. Note that defining & = —Z, and €% = —X* the
T-covariant algebra of [5] is also recovered

(Za, Zy) = Hape X+ wiopZe (5.35)
[Za, Xb] = Wl X+ Q2. (5.36)
[Xa, Xb] = QX 4 Rz, (5.37)

Interestingly enough, also the extra gauge vectors fit in this description. This can be
seen by using the Jacobi identity (3.35) with generic fluxes including indices i = 1... N for
vectors. Indeed, by keeping (for simplicity) only w$,, Hgap and ]:éb fluxes we obtain

wipwga = 0, (5.38)
“wFoa =0, (5.39)
He[abwid} = _}-[Zab]:éd] ) (5.40)

which are the Jacobi identities derived from the heterotic algebra found in [41], after
adjusting some normalization factors.

5.3 Type I interpretation

As we mentioned at the beginning of this section, the effective DF'T four dimensional theory
can be equally well interpreted in terms of a Type IIB orientifold compactification. For
instance, if instead of the identifications (5.13) we had used

_ a _ . .a 2d+1 _
—Fab07 F ~5_wbca F( )~~

Fy b ab —

abé

(5.41)

ab

where now F. is the RR 3-form flux of Type IIB compactification with O9 planes, w, is
a geometric flux and for simplicity we turn off the non-geometric fluxes. In this case, the
Jacobi identities would read

wihywiy =0, (5.42)
wiFga =0, (5.43)
Fe[abwid} = —f[zabfczd} ; (544)

where the first equation is the usual constraint on geometric fluxes, the second equation
is the requirement of absence of Freed-Witten anomalies and the third one is a tadpole
cancelation equation [7] if vector fluxes are now interpreted as D9 magnetic fluxes.

The full set of Type IIB generalized fluxes can be identified (see for instance [7] in an
O3 notation). For bulk fluxes, they correspond to a definite SL(2,R) spin (say plus in the
notation of section 4) in the (2,220) representation of SL(2,R) x O(6,6) 3. The opposite
spin would correspond to S-dual fluxes.

From the point of view of the starting DFT, the original fields have now a different
interpretation. Namely, the Bﬁl} field entering the generalized metric H 1 in (2.1) is such
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that in the ten dimensional effective field theory it reproduces the two form RR field.
Namely, the DFT effective theory in ten space-time dimensions now reads

1
S0 = /dlom\/]g(x)\em(x) {R + 4 01®0,® — 12F2} ,
where F' is the RR 3-form field strength.

6 Conclusions

We have performed a generalized Scherk-Schwarz compactification of DFT and obtained
the dimensionally reduced effective action in arbitrary number of dimensions. The reduced
action has O(d,d) symmetry broken by the fluxes and a gauge symmetry, both inherited
from the global O(D, D) and gauge invariance of DFT, respectively. The structure con-
stants of the gauge group are defined by the C-bracket and we have given their explicit
definition in terms of the twists. We have shown that, although the C-bracket does not
generically satisfy the Jacobi identity, it leads to gaugings which verify such identity when
particularly evaluated in terms of the twists.

Specified to four space-time and six internal dimensions, the effective action repro-
duces the bosonic electric sector of gauged N’ = 4 supergravity. The comparison was made
with the formulation of [42], and the precise dualizations required to make the equivalence
explicit can be found in section 4. Furthermore, the global symmetry group of the effec-
tive action was enhanced to O(d,d + N), by considering, as a starting point, the abelian
heterotic extension of DFT formulated in [30]. In addition, the gauging of a generalization
of the rescaling symmetry considered in [46] was proposed as an origin for the ﬁ\([ fluxes.
Altogether, our results imply that all the electric gaugings of N' = 4 gauged supergravity
can be reached from DFT.

It is worth mentioning that throughout the paper a strong constraint, as discussed in
section 2, was assumed. This is needed for gauge invariance of the DFT original action.
Interestingly enough the Scherk-Schwarz like dimensional reduction to go from DFT ac-
tion (2.4) to the effective action (3.25) does not require further use of the strong constraint.?
This also applies, in particular, for Jacobi identities implying the “A = 4 quadratic con-
straints”, needed in gauged supergravities for the closure of the gauge transformations. A
similar observation was pointed out in [55] (see also [29]). It would then be interesting to
analyze in the future if this is an indication of some possible consistent relaxation of the
strong constraint of the starting DFT.

The generalized Scherk-Schwarz reduction can be interpreted as a compactification on
a twisted double torus, its vielbein being defined by the twist matrix. A precise definition
of torsion in terms of the connection allows to relate these geometric concepts with the
fluxes. Moreover, the standard NS-NS (non)-geometric fluxes (H,w, @, R) can be identified
with the gaugings of the effective action, and the string d-dimensional background can
be decoded from the double twisted 2d-torus. The fluxes obey the standard T-duality

In the & # 0 case, level matching is not enough and extra requirements, but still weaker than the
strong constraint, are needed.

— 24 —



chain and satisfy Jacobi identities reproducing the results of [5]. In this way, the higher
dimensional origin of the string fluxes can be traced to the new degrees of freedom of DFT.

Finally, we have presented a novel interpretation of DF'T in terms of Type IIB/0O9 ori-
entifolds. Identifying the Kalb-Ramond B-field with the RR 2-form C5, the 10-dimensional
action of the Type I string can be obtained from DFT when dual coordinates are turned
off. This requires a reinterpretation of the O(D, D) symmetry, which is no longer trivially
associated with (the heterotic) T-duality. Also in this case the gaugings can be identified
with fluxes, and some of the quadratic constraints can be interpreted in terms of tadpole

cancelation conditions and Freed-Witten anomalies.
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A Gauging away (-transformations

In this appendix we closely follow the results of [11]. The aim is to make the structure of the
vielbein explicit. The internal vielbein £4y7(z,Y) which contains the fluctuations around
UA3(Y) (the vielbein of the background) is an element of G/K, namely its planar index
rotates under gauge transformations K = O(d) x O(d) from the left, and its curved index
rotates under global G = O(d, d) transformations from the right. Any two configurations
that are connected by elements of K physically correspond to the same configuration. Given
that dim(G) = (2d — 1)d and dim(K) = d(d — 1)/2 + d(d — 1)/2, then dim(G/K) = d?, of
which d(d + 1)/2 degrees of freedom are parameterized by a metric field h(z,Y), and the
remaining d(d — 1)/2 are parameterized by an antisymmetric b(z, Y)-field. A possible and
convenient general parameterization of & is given by

= 1 [eq —eyp(b+h)
€= V2 <e+ —ei(b— h)) ’ (A1)

which, restricted to h™! = ele., leads to the usual form of the generalized metric

N B
Y) =ET€ = : A2
Mo, ¥)=£7¢ <b B! h—bh—1b> (4.2)

Given any element @ € K of the form

= [0 0
O = ( O* o_>’ (A.3)
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acting on &€ from the left leaves the generalized metric invariant, but rotates es. Notice
that the vielbein (A.1) is such that

7=E" <_1 0) £, (A.4)
01

so (A.1) is clearly not an element of O(d,d). However, it has the advantage that one
knows how O(d) x O(d) transformations act on it. To take it to an O(d, d) form preserving
the off-diagonal metric that we use in this paper, £ should be rotated by an S0 (2d)
transformation R,

1 1 1 ~
R= E=RE, T=ET1€ A5
\/2 (_1 1) 9 9 Y ( )

and this allows to determine the form of a generic O(d) x O(d) rotation in our case

. 1{0.+0_0_-0
O = ROR" = + . A6
2 (o—o+ 0++o> (A-6)

Note also that the form of the vielbein is now

c_ 1fer4+e. —(eqx+e )b+ (e —eyp)h , (A7)
2\e- —er  (ep —e_ )b+ (er +e_)h
and we can perform a K transformation with O1 acting on ey to set ey =e_ = (e71)7,

and take & to triangular form

e~ _(e-1\T e—\T B
()

We have then managed to write it as a product of diffeomorphisms and B-transformations.

€5 = (_1 ; 2) (A.9)

would take it away from the triangular gauge, to a form parameterizable as in (A.7), so it

Any [-transformation

can always be brought to triangular form through a K-rotation. It is worth emphasizing
that, although the K-transformation seems to restore the effect of the g-transformation,
the restoration is only structural, and in many cases it is performed at the expense of ending
with non-geometric backgrounds h and b. In this paper we have chosen the triangular gauge
to do the computations, but the results are finally written in a covariant way.

Note that the gaugings are not invariant under O(d) x O(d) transformations of the
vielbein, so even if it might seem that two physically equivalent vielbeins give rise to
different theories, the gaugings should be computed through different expressions.
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B A single flux example

Here we would like to consider simple backgrounds, on which we apply T-dualities and
track how the obtained (non)geometries are encoded in the double torus. For simplicity we
turn on a unique flux for which all the consistency equations are automatically satisfied.
We closely follow the procedure of [54], where it is analyzed how the different fluxes twist
the double torus through successive T-dualizations and how geometric and non-geometric
backgrounds are obtained after projecting the different twisted double tori to a base. Al-
though the definition of flux is different here than in [54], we show that the conclusions

remain unaltered.

B.1 H-flux

The starting point is a double three-torus T3 x T3 = (v, v?, 3, %, v, y%) with H-flux over
T3 in Type IIB. Although the base is 3-dimensional, we are assuming that this space can
be fibered over some other space to render a proper 6-dimensional string background. We
begin with a simple 7% with all radii equal to unity, described by U = 1g, and perform a
B-transformation to introduce Hio3 = 3N units of H-flux in 73, namely

ds? = (dy")? + (dy®)? + (dy®)?, B =6NyBdy' A dy?. (B.1)

This leads to the twist matrix

100 0 —Ny* Ny?
010 Ny> 0 —Nyt

001-Ny*> Nyt 0
Uy = vy (B.2)

000 1 0 0

000 O 1 0

000 O 0 1

that allows to define a generalized coframe I'* = U4 pdY "
M =dy', T?=dy?, T3=dy3, (B.3)

F4 — dy4 o Ny3dy2 + Ndey?)’
F5 — dy5 + Ny3dy1 o Nyldyg,
% = dy — Ny2dy' + Ny'dy?.

The identifications that make the one-forms (B.3) globally well defined are given by

Why°y®) = (W + 1,07 + Ny b = Ny?), vt =yt L,
Wyt y®) — P+ 1L,y = Ny* S+ Ny, P =P+
WPt y?) — (P + Lyt + Nyt y® — Ny, S =t 41 (B.4)

One can define three kahler moduli as
1 .

and check that under the monodromies y* — y* + 1 in (B.4) they shift as p; — p; + N.
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B.2 w-flux

Now we apply a T-duality in the direction 3> leading to a ITA background with flux w}, =
3N where

10 Ny> 0 —-Nybo

01 -Ny' Ny 0 0
00 1 0 0 0
U, — B.6
@ 00 0 1 0 0 (B.6)
00 0 0 1 0
00 0 —Ny? Ny 1
The one forms
I =dy', T?=dy?, T°=dy5, (B.7)
F4 _ dy4 _ NyﬁdyQ + NdeyG,
FS _ dy5 + Ny6dy1 _ NyldyG,
F3 _ dy3 _ NyZdyl + NyldyQ,
are now globally well behaved under the shifts
Wt y%) — W+ 1L,y  + NyO P - Ny, oyt -yt
WAyt v?) = (P + 1L,y = NS 3+ Ny, P =P+
Wyt y°) — WO+ Ly + Ny?y® — Ny, P =P+ 1. (B.8)

One can now read the new background from (B.6). After projecting to the base 3% = 0,
it is as expected a so-called twisted torus

ds* = (dy')* + (dy*)? + (dy® — Ny*dy' + Ny'dy*)*, B =0. (B.9)

This can also be obtained by applying a T-duality (5.28) to (B.1). Note that when insert-
ing (B.9) into (5.18), one obtains w}, = 2N. The fact that the flux is reduced by a unit of
N is a reflection of the projection to the base.

Acting with T-duality over (B.5), the IIB kahler moduli p; are maped into the complex
structure moduli 7; of the twisted torus in ITA. In particular, the real part Re(m) = —ys3/y2
shifts as 71 — 71 + N when y* — 3! + 1. Also, under the shift y' — y' +1, the S € O(2,2)
transformation needed to bring the metric to its original form is block diagonal and does
not mix the metric with the B-field, i.e.

0 1
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B.3 Q-flux

Now we apply a T-duality in the direction y? and obtain a background with flux Q?* = 3N
where

1 -NyS Ny>° 0 00
0 1 0 0 00
0 0 1 0 00
Up = , B.11
7o o 0 1 00 (B.11)
0 0 —Ny' Ny® 10
0 Nyt 0 —-Ny°01
with globally well defined one-forms on the double torus
It =ayt, To=dy’, TO=days, (B.12)
F4 _ dy4 _ Ny6dy5 + Ny5dy6,
I? = dy* + Ny°dy' — Ny'dy®,
F3 _ dy3 _ Ny5dy1 + NyldyS,
under the monodromies
Wy y?) = ( + 1,02+ NS y® = Ny®), oyt =yt
Wyt yh) = P+ L,y = N+ Ny, Pyt
Wyt v?) — (5 + Lyt + Ny = Ny, PP =P+ 1 (B.13)

The matrix (B.11) does not have the proper triangular form to read off the background.
To take it to such form, we perform an O(3) x O(3) rotation acting on the left, defined by

1 0 0
1 0 -
0= <O+ +0-0 O+> . Oa=10 v —alNyvy| ., (B.14)

- 2\0_ -0, 04 +0_
oo 0aNyy 7
with v = 1//1 4+ (Ny')2, leading to
1 —NyS Ny 0 0 0

0 1/y 0 —N2%ylysy 0 Nyly

1 _N2 1,6 _N 1
O U - 0 0 1/y y'y’y —Ny'v 0 (B.15)
0 0 0 1 0 0
0 0 0 Ny~ o 0
0 0 0 —Nyy 0 o

We then see that the background is locally described by

1
1+ (Ny!)

Ny1

d2:d12 _
T L+ (V)

22 312 _ 2 3
o ((dy™)” + (dy®)"), B = 2dy” Ndy”,  (B.16)

which can also be obtained by application of Buscher rules. Again, if the fluxes are com-
puted using this projected background, they are reduced by one unit of IV, i.e. Q%Q = N.
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Now we can compute the IIB kahler modulus and its shift under y' — y' +1 as

-1 1—>1—N

= ., : B.17
Nyl+i” pr m (B.17)

P1
and this is again a fiber of T} shifting the kahler modulus as we move in the direction
y!. Although this background is locally described in terms of a metric and a B-field, upon
going around a cycle y* — y' + 1, the metric and B-field mix through an S € O(2,2)
transformation OUg(y* +1)S = OUg(y'), defined by

10 0 0 0 0
07w 0 o 0 ~Ny(y )yt +1)
0 0 WD 0 Ny +1)y(y! 0
5 ) 1yt +D(y) , (B.18)
0 0 0 1 0 0
")
0 0 0 0 vgy%+1) 01
o0 0 2

where we have already projected to the base. The fact that under a cycle the metric and
B-field mix implies that this background is not globally well defined. However, as seen,
locally it is described by a metric and a B-field. Therefore, these backgrounds are said to
be locally geometric, but globally non-geometric.

B.4 R-flux

Finally, we apply the remaining T-duality in the direction y' to obtain a background with
flux R'3 = 3N where

1 0 0 000
0 1 0 000
0 0 1 000
Ur = B.19
R 0 —Nyb Ny® 100 (B-19)
Ny 0 —Ny*010
—Ny® Nyt 0 001
This defines the one-forms
M=dy*, To=dy>, T6=dy, (B.20)
Fl — dyl o Ny6dy5 + Ny5dy6,
F2 — dy2 + Ny6dy4 o Ny4dy6,
F3 — dy3 _ Ny5dy4 + Ny4dy5,
and the monodromies
WA y?) — W+ Ly + Ny - Ny, oyt oyt
vt y?) = P+ Ly = Ny P+ Nyt P oyt + 1
W%yt y?) — P+ 1L,y + Ny oy — Nyt P -t 1 (B.21)
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The matrix Ugr reduces to the identity when projected to the base, and must then
be associated to a trivial torus with vanishing B-field. This can be understood if we
take into account that in every step of the T-duality procedure we project out the new
dual coordinates, and this successively reduces the flux by units of N. Since we started
from a background with Hi23 = 3N and performed three T-dualities, we have ended after
three successive projections with a background having R'?3 = 0. In summary, T-dualities
incorporate dual fluxes into the game which we are forced to project out if we want to
make contact with some string background geometry. In this example, this can be done
for H, w and @ but not for R which then receives the name of locally non-geometric flux.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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