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coincidence of the U-duality group in D = 6 with the T-duality group in D = 5, we
propose an exact formula for the DSR? couplings in type II string theory compactified on
T, in terms of a genus-two modular integral plus a suitable Eisenstein series. The same
modular integral computes the two-loop correction to DSR* in 5 dimensions, but here
provides the non-perturbative completion of the known perturbative terms in D = 6. This
proposal hinges on a systematic re-analysis of the weak coupling and large radius of the
DSR? in all dimensions D > 3, which fills in some gaps and resolves some inconsistencies

in earlier studies.
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1 Introduction

Initiated by the seminal work of Green and Gutperle [1], the analysis of higher derivative

corrections to the low energy effective action of flat type II string vacua with maximal

supersymmetry has been an invaluable source of insight into the non-perturbative structure

of string theory. In dimension D = 10 — d, the moduli space of scalars in these vacua is

locally a symmetric space G/K, where G is a split real group of type F4;1 and K is

its maximal subgroup [2].

Globally, there is by now overwhelming evidence that vacua

related by the action of an arithmetic discrete subgroup G(Z) — known as the U-duality



group — are physically equivalent, as anticipated in [3]. This U-duality group unifies the
T-duality group SO(d, d, Z) associated to the d- dimensional internal torus with the global
diffeomorphism group SL(d + 1,7Z) manifest in the M-theory description [4] (see table 1
and [5] for a review). Requiring that the low-energy effective action is invariant under G(Z)
puts strong constraints both on the possible perturbative and non-perturbative corrections.

For the leading terms in the low energy expansion, supersymmetry further constrains
the possible dependence on the moduli [6-11], to the extent that they can sometimes be
completely determined, to all orders in the string coupling, in terms of suitable auto-
morphic functions on G/K. This approach has led to the complete determination of the
four-graviton R* and D*R* couplings in the low-energy effective action of type II strings
compactified on a d-dimensional torus down to any dimension D > 3 [8, 12-19]. Inde(sgi,

the functions of the moduli multiplying these interactions, denoted conventionally by 5(0 0)
d)
1

and 5(( 0)» are identified as suitable Langlands-Eisenstein series for the U-duality group (or
residues thereof, depending on the normalization convention). As required by supersym-
metry, these automorphic forms are eigenmodes of the Laplace operator on G/K, up to
certain harmonic anomalies [8],

3d+1)2—-d)\ o@

(85 = GG iy = o, (1)
5(d+2)(3—d d

(AEd+1 - ((8_)(d))> ETy = 40¢(2) a3+ TE00) daa (1.2)

The anomalous terms on the r.h.s. arise in dimensions where ultraviolet divergences in
supergravity set in [20]. Moreover, the asymptotic expansion of the Eisenstein series at
weak coupling regime reproduces the known perturbative corrections [21-23], along with an
infinite series of non-perturbative contributions coming from Euclidean D-branes wrapping
cycles of the internal manifold, preserving the expected number of supersymmetries [17,

19]. In the limit where the radius of one circle in 7¢ becomes infinite, 5((3 )0) and E((f )0)
1)

relate to their higher-dimensional counterparts 8((&8)1), 8((;{8) as required by unitarity,
whereas, in the limit where the M-theory torus 7%t! decompactifies, they can be matched
to perturbative computations in eleven-dimensional supergravity [24-30].

While the next term in the low-energy expansion, DSR?, is still protected by super-
symmetry, the exact determination of the function 5((57)1) multiplying it has been possible
so far only in dimension D > 8, and in quite an implicit way [8, 18, 20, 27, 31, 32]. Part
of the difficulty lies in the fact that it receives rather complicated two-loop and three-loop

corrections, which have been computed only recently [33-35]. A second difficulty is that,
(d)
(0.1
of the Laplacian, rather it must satisfy the Poisson equation [8, 27]

6(4—d)(d+4)\ L@ (@ \?
(AEd+1 - 8 _d (0,1) =~ (5(0,0)>

unlike the R* and D*R* cases, supersymmetry does not require £ ) to be an eigenmode

(1.3)
5 6
— Bi s — B Elgy 0a5 — B1ELY) dus
where the right-hand side involves the square of the R* coupling, plus anomalous terms
when ultraviolet logarithmic divergences appear in supergravity. We shall later on deter-



D|d| G=Es K dim(G/K) | &y | €1y | E0
100 SL(2) U(1) 2 3 1 12
9 | 1| Rt xSL(2) U(1) 3 s 30 2
8 | 2| SL(3) x SL(2) | SU(2) x U(1) 7 0 2 12
713 SL(5) SO(5) 14 -2 0 2
6 |4 SO(5,5) SO(5) x SO(5) 25 2|1 0
515 E¢6) USp(8) 42 -18 | -2 | —18
416 Er() SU(8) 70 —42 | —60 | —60
317 Egs) SO(16) 128 —120 | —180 | —198

Table 1. U-duality group in type IIB string theory compactified on 7¢. The last three columns
tabulate the ‘eigenvalues’ of the R*, D*R* and DSR* couplings under the Laplacian on the moduli
space G/K. The boldface highlights degenerate or zero eigenvalues, which are correlated with the
onset of infrared divergences, manifested by an anomalous term on the r.h.s. of the Laplace equation.

mine the numerical coefficients fp to be!

95 85

?a 54:_%

Bs = —40¢(3), fs=— (1.4)

Due to the occurrence of the square of the Eisenstein series 5((5’)0) on the r.h.s. of (1.3),
the DSR* coupling cannot be a (residue of) Langlands-Eisenstein series, but must instead
involve a new kind of automorphic object, which does not seem to have been discussed in
the mathematics literature.

The main goal of the present work is to determine the exact DSR* couplings in di-
mension D = 6, by making profit of the fortunate coincidence that the U-duality group in
D =6, SO(5,5,7Z), is also the T-duality group in D = 5. Namely, we claim that the exact
DSR* couplings in type II string theory compactified on T* is given by

@ ~S0(5,5)

8
(CR /]_. dp2 s 5.2 (82) + @E[OOOM]A ; (1.5)
2

where the first term involves an integral over the fundamental domain of the Siegel upper-
half plane of degree 2 of the product of I's 5 2, the genus 2 Siegel-Narain partition function
of the unique even-self dual lattice of signature (5,5), times ¢(12), the Kawazumi-Zhang
invariant of genus 2 Riemann surfaces [37, 38]. The first term is nothing else but the
two-loop contribution to the DSR* couplings in D = 5 [33, 34]. The second term E[So%g’l?ll
is an ordinary Langlands-Eisenstein series in the spinor representation of SO(5,5). As we

shall explain, the Ansatz (1.5) satisfies the Poisson equation (1.3) by construction and

!The value of ag (see (2.20)) and B¢ were announced in [34], and are confirmed by the independent
analysis of [36].



reproduces the expected tree-level, one-loop, two-loop and three-loop contributions. It
predicts the Euclidean D-brane instanton contributions in principle, although we shall not
attempt to extract them in this work. The exact DSR* couplings in dimension D = 7 can
be obtained by degenerating SO(5,5) into SL(5).

While the weak coupling expansion of the Eisenstein series in (1.5) can be obtained
straightforwardly from Langlands’ constant term formula, the analogous expansion of the
genus 2 modular integral in (1.5) is challenging, as it depends on the asymptotics of the
Kawazumi-Zhang invariant, and will be considered elsewhere [39]. Our strategy in this
paper will be instead to obtain it from the large radius expansion of the two-loop contribu-
tion to the DSR* couplings in D = 5, which follows from general constraints on the circle
decompactification limit of DSR* couplings [18, 19]. For this purpose, we shall reanalyze
systematically the weak coupling and large radius limits of R4, D*R* and D*R* couplings
in all dimensions D > 3, filling in some gaps and correcting various inconsistencies in the
literature. We hope that the results in this work can serve as a jumping board to determine
the exact DOR* couplings in dimension D < 6 or other exact couplings in string theory.

The outline of this work is as follows. In section 2 we review the structure of the
R, DYR* and DSR* couplings in string perturbation theory, the differential equations
which constrain them, and their behavior under circle decompactification. In particular,
we determine the anomalous terms appearing on the r.h.s. of the differential equations for
special values of the dimension, and the coefficients of the logarithmic terms which appear
in the weak coupling and large radius limit. In section 3, we show that the proposal (1.5)
for the exact DSR?* amplitude in D = 6 passes all available consistency checks, includ-
ing differential equation, weak coupling and large radius expansion. In appendix A, we
collect definitions and useful properties of Langlands-Eisenstein series for SL(d), SO(d, d)
and exceptional groups. In appendix B, we provide explicit weak coupling and large ra-
dius expansions of R*, D*R* and DSR* couplings in all dimensions D > 3. The boot-
strap computation fixing the anomalous coefficients and the constant terms of the relevant
Langlands-Eisenstein series and DSR? couplings can be found in Mathematica worksheets
submitted to arXiv along with this article.

2 Revisiting the D??R? couplings in various dimensions

In this section, we perform a systematic re-analysis of the perturbative expansion and
large radius limit of the R4, D*R* and D®R* couplings in all dimensions D > 3, closing
some gaps in the literature (a brief review was included in [34], but was restricted to
D > 6). Following [21], we denote by 5((:1)7”) with (m,n) = (0,0),(1,0), (0, 1) the coefficients
multiplying R*, D*R* and DSR? in the local part of the 1-PI action in Einstein frame.
The notation refers to the fact that these interactions correspond to term proportional
to (s% + 2 + u?)™(s? + 13 + u?)"tgtgR* in the low energy expansion of the four-graviton
scattering amplitude, where tgtgR* is the standard contraction of four Riemann tensors
which arises at tree level [40, 41]. The 1-PI action also contains non-local terms due to the
exchange of massless states, which can mix with the local part for particular values of the

space-time dimension. Since the Einstein frame metric is invariant under U-duality, the



(d)

couplings 5(m n) must be automorphic functions of the moduli in G/K. We shall focus on
their expansion at weak coupling and at large radius. The M-theory limit is also interesting
but unnecessary for our purposes.

2.1 Weak coupling limit

In the weak coupling limit, the scalar moduli space decomposes into

SO(d, d) - _d2—
G/ " 50(d) x SO(d) ’ (2.1)

where the first factor corresponds to the string coupling gp, the second to the constant
metric and two-form pg = G + B on the torus 7%, and the last factor to the Ramond
potentials when D > 4, as well as dual of the Neveu-Schwarz fields when D > 4. The
D-dimensional string coupling gp is related to ten-dimensional type IIB string coupling g,
via 1/g2 = Vy/(1%9%), where V, is the volume of the torus, and is invariant under T-duality.

In string perturbation theory, the four-graviton scattering amplitude is an infinite sum

of genus h amplitudes, weighted by th 2

, invariant under T-duality at each loop order.
After expanding at low energy, and transforming from the string frame to the Einstein

frame, the weak coupling expansions of the four-graviton couplings are of the form

ED = DI (g ) + g Zg;“hség’g (pa) + O(e7/om)  (2.2)

(0,0)
S(d) . g(d) non.an. 2d+4 = —2492h E(d h) %) —27/gp
(1,0) = €(1,0) (9ps pa) + 95~ Z 9p (1oy (Pa) +O(e ) (2.3)
h=0
2d+8 o0

EWD = EDT™ (g pa) + 915 Zg‘”ghsd”)(pd)w( “2mlay (2.4

(d;h)

where E( )(pd) denotes the h-loop contribution and the last term denotes non-
perturbatlve D-brane instanton corrections (along with NS-brane instantons when D < 4)
. The first term E((:i):; "% i a non-analytic term in the string coupling gp, which may
arise in the process of transforming from string frame to Einstein frame in the particular
dimensions where the non-local and local part of the 1-PI effective action mix [20]. Each of
these terms are separately invariant under T-duality. From a mathematical viewpoint, the

(d)
(m,n)
with respect to the maximal parabolic subgroup P;, obtained by deleting the simple root

expansions (2.2)—(2.4) correspond to the constant term of the automorphic forms &
a1 associated to the ‘string multiplet’.

2.1.1 Perturbative contributions

As far as the perturbative contributions are concerned, it is by now firmly established that
they vanish but for the first few loop orders, namely

(dh>1) _ o(dh>2)  o(dh>3)
Eoy ) =T =g =0. (2.5)



The tree-level contributions are known since [40, 41], and are independent of the
torus moduli,

2
gy =2@), &LV =¢), &gy = EEIER (2.6)

The one-loop contributions are given by modular integrals over the fundamental domain
JF1 of the Poincaré upper-half plane,

5((55)) (pa) = /f dprTa.a(pa;T) (2.7)
1

5((501))( a) = 2m /f dpa Taan(pa;7) EX(2,7) (2.8)
1

Eon ) = 5 | dmTaan(pas7) BB (3,7) +((3)) (2.9)
1

where I'g 41 is the partition function of the Narain lattice at genus 1, and

(Im7)*
ler + d|?s

E*(s,7) = %W—sr(s)gms) 3
(e,d)=1

(2.10)

is the non-holomorphic Eisenstein series of SL(2, Z), in the normalization of [42]. In defining
these divergent integrals we use the renormalization prescription of [42, 43], and normalize
the integration measure dyy, as in [34].

At two-loop, the corrections to R* couplings vanish, but the corrections to D*R*
and D%R?* are given by modular integrals over the fundamental domain F, of the Siegel
upper-half plane of degree 2, which parametrizes genus 2 Riemann surfaces, [22, 33],

T
e pa) = 5 / dpia Tq,a.2(pa; ) (2.11)
2 Jx,
555112; (pa) =7 . dp2Ta,az2(pa; ) p(Q) (2.12)
2

where I'g 42 denotes the partition function of the Narain lattice at genus 2, and ¢(€2) is
the Kawazumi-Zhang invariant introduced in [37, 38].

Finally, at three-loop the corrections to R* and D*R* couplings vanish, but the cor-
rection to DR?* is given by a modular integral over the fundamental domain F3 of the
Siegel upper-half plane of degree 3, parametrizing genus 3 Riemann surfaces, [34, 35]:

d, 5
5((03))(1011) 16/ dpsTaa,3 (2.13)

where I'g 4 3 denotes the partition function of the Narain lattice at genus 3. The normal-
ization here has been fixed by requiring for d = 0 the correct value 4¢(6)/27 demanded by
S-duality [32].

In all cases but the two-loop DSR?* amplitude, the modular integrals appearing above
can be expressed in terms of residues of Langlands-Eisenstein series for the T-duality



group SO(d,d,Z) [8, 15, 42, 44]. Using the conventions for Eisenstein series spelled out in
appendix A, we have

1 _a_(d SO(d,d

Elgo) =27 (2 - 1) E[wd(fl])’%_l (d #2) (2.14)
1 2 5 4 d\ ,so(d,d

€ =z T <1 + 2) E[mi—lﬁgﬂ (d#4) (2.15)
@1 _ ¢3) o) 4 5 4 (d SO(d,d)

o) = 3 €00y T e 2 5 T2 E[10d71]7%+2 (d #6) (2.16)
d, 2 [ ~S0(d,d ~S0(d,d

£ = 3 (Bl + Epesioy) (d < 4) (2.17)
d,3 2 [ 280(d,d ~S0(d,d

If the Eisenstein series has a pole at the stated value of the parameter s, these equations
continue to hold after subtracting the pole, i.e. by replacing £ — E. In the last two
equations, one should instead replace E = E and drop the second Eisenstein series when
s does not correspond to a pole, i.e. for d > 5 and d > 7, respectively.

2.1.2 Non-analytic contributions

As far as the non-analytic terms are concerned, they occur in cases where the non-local

and local parts of the action can mix. In practice, this can happen when the eigenvalue of

Eéd) vanishes, or when it becomes degenerate with that of a coupling £ (d),
m,n) (m/,n

derivatives. Looking at table 1, we see that this occurs in dimension D = 8 for R* terms,
D = 7,6 for D*R* and D = 6,5,4 for DSR?*, along with D = 8 due to the presence of

) with fewer

[5((3)0)]2 on the r.h.s. of the equation (1.3). Thus, we expect
(d),non—an. _47T
5(070) —? log gs 5d,2
non—an. 167T2
géﬁ)(j)o an. _ o log g7 da,3 + 5((6{)0) log g6 04,4 o10)
) .
(d),non—an. __ 4i 2 21 ™ (2),an
€ = < o log” gs + 9 (2 +&0.0) ) loggg) 04,2
+ ag log o a1 + a5 E(0 ) 108 05 a5 + au £y ) 108 94 Gug

The coefficients ap are unknown at this stage, but we shall determine them later on to be

ag = 5((3), a5:@, a4:§. (2.20)
9 s

The numerical coefficients in the first three lines have been fixed from the known exact
results, although they could be kept as free parameters and fixed in the same way as
the coefficients ap. The coefficient ag was erroneous in [20], which caused an apparent
discrepancy with the 3-loop supergravity computation of [45], but the value 5¢(3) obtained
herein resolves this discrepancy, as already announced in [34]. It would be interesting to
similarly check the coefficients a5 and a4 against supergravity computations. In (2.19), we
have also omitted possible constant terms, which can be absorbed in the definition of gp,

or equivalently into a different splitting of the 1PI action into local and non-local parts.



2.1.3 Differential equations at fixed loop order

Given the weak coupling expansions (2.2)—(2.4), it is straightforward to translate the dif-
ferential equations (1.1)—(1.3) into Laplace or Poisson equations for the perturbative con-
tributions 5((;22). The anomalous terms on the r.h.s. of the resulting equations depend on
the a priori unknown coefficients ap and SBp in (1.3) and (2.19) (as well as the ‘known’
coefficients in (1.1), (1.2) and (2.19), which we could keep as free parameters at this stage).
For convenience, we shall display the result only for the relevant values stated in (1.4)
and (2.20), which we will derive later on.
Decomposing the Laplacian Ag,, , in terms of the SO(d, d,R) subgroup,

8§—d d>—d+4

ARy = 3 05 + 1 9p + Aso(da) + (2.21)
and using
d>—-d+4 8-d
Ag,,,(Floggp) =loggp Ag,,  F + ( 1 +— gD8gD> F (2.22)

(d;h)

we find the following differential equations for the perturbative terms E(m n)’
e The perturbative corrections to R* couplings satisfy

)

Aso(d,d) 5((8

)

0)
0)
(Asoqa +d(d —2)/2) &) = 4m a2 (2.23)

e The perturbative corrections to D*R?* couplings satisfy
0,0
Aso(d,d) 5((1 0)) =0
d,1
(Aso@a + (d+2)(d —4)/2) ) = 12¢(3) das

(Asoqa +d(d —3)) EX5) = 24C(2) bu3 + 4E(5 o b (2.24)

1,0)

e The perturbative corrections to DSR?* couplings satisfy
d0) (d,0) 2
(ASO(d,d) - 6) 5(0,1) - (5(0,0)>
25
(Asowa — (d+4)(6 —d)/2) EG) = —2gd0 gt 2 5C(3) a2+ ZC(5)d0s

d2) (d,1) Tad1) T
(Asoga) — ([d+2)(5 - d)) £ = - (5(0,0)> = < 300 18> Sas

70
+§§(3)5d,5 + ?5((%))%6
25 15
(Aso(a) — 3d(4 — d)/2) £57) = 20¢(3) daa + 55(({;’;3))5&5 5((16 o 0a6
(2.25)



@1 | o(d])  o(@2) | o(dl)  o(d2) o(d3)
Dd| & | a0 a0 | Con o1 o)
1 9 25 9
o1l L | g 2|z 12 ¢
8 |2 0 4 2 12 12 6
3 5 21 9
73] -2 | 3 o | % 10
6 |4 —4 0 —4 8 6 0
15 7 9 15
505 - -1 _—10]| 9 o -L
4 16| —12 —8 —18 0 —8 —18
35 27 11 63
37| % | @ g | 1 gy @
9 18| —24 | —20 —40 | —12 —30 —48
63 55 39 135
1 lo| -8 | -85 _5g | 3 44 _1¥

Table 2. Eigenvalues of the perturbative contributions under the T-duality invariant Laplacian
Agso(d,q)- The degeneracies between different eigenvalues, or their vanishing, are highlighted in
boldface, and correlated with the appearance of anomalous terms on the r.h.s. of the Laplace or
Poisson equation.

The ‘eigenvalues’ appearing on the lL.h.s. of these equations are tabulated in table 2. Ex-
cept for the two-loop correction to DSR?*, these equations can all be checked against the
Eisenstein series representation of the corresponding amplitude. The equations satisfied
by the two-loop modular integrals (2.11), (2.12) will be checked elsewhere [39].

2.2 Circle decompactification limit

We now turn to the limit in which the radius of one circle in T%, say r4, becomes very large
in units of the D + 1-dimensional Planck scale [pyq. This limit is particularly important,
as it allows to recursively determine the constant parts of the D*R* couplings in any
dimension from their value in ten-dimensional type IIB theory (or conversely, determine

all of them from their value in D = 3). As explained in [8], in this limit the coupling 5((:3 n)

((ZL_,:)) (up to a power of r4/lpy1 determined
(d-1)

by dimensional analysis), plus a combination of couplings 5(m,7n,) with fewer derivatives,

reduces to its higher-dimensional counterpart £

g — (1 . -5(d‘1>+ e\
©0 " \Ipt (0,0) T Ip+1

T (2.26)

10 _
gd  _ ( Td >8— 5(d_1)+bd < Td )d ’ 5(d_1)+6d ( d >d+1 + (2.27)
(1,0) lD+1 ] (1,0) lD—i—l (0,0) lD+1
12 1 d—7 d+3
d rqa \ 54 | H(d-1) Td (d—1) Td
5(071) N <ZD+1> _5(0’1) t+ed (ZD+1> 5(1’0) *Ja (ZD+1>
y 3 (@-1) 2d—6
T <ZD+1> Eoo) "+ e <lD+1) " (2.28)




From a mathematical viewpoint, these expansions correspond to the constant term of
(d)

(m,n)
tained by deleting the simple root agy1 associated to the ‘particle multiplet’. From a

physics point of view, the additional terms beyond 5((;[;711)) combine with an infinite series

the automorphic forms & with respect to the maximal parabolic subgroup Py;1, ob-

of higher-derivative corrections and a non-local term in dimension D to reproduce the
necessary non-local term in dimension D + 1 due to massless thresholds. In particular,
the terms proportional to ag, cg, fg are the first terms £ = 0,2,3 in an infinite series of
local interactions
d—3 T 2 \kp4
A=r Zﬁg (2k +d — 2) (r?s)FRY, (2:29)
k>0

which can be resummed into

o _1-4_g d—2
d—3 T2 F(k + T) 2 \k p4
A=r E E T2k =2 (mres)" R

k>0 m=1
mrd=3 - (‘Ukﬂl_g_k 24\
sin[5(d — 2)] kZOmzjl k! I‘(4%d — k) m2k+d—2( ) (2.30)
9_d o0 2 =3
= T - Z <m2 —s) R
rsin[f(d=2)]T2—=5) ;=\ 7

where we used I'()['(1 —z) = 7/ sin mz. The sum over m in the last line can be interpreted
as the sum over massive thresholds due to Kaluza-Klein states. The missing term m = 0 in

(2=d)/2R4 in the non-local action

the sum is provided by the one-loop massless threshold s
in dimension D. At large r, we can approximate the sum by an integral, and recover the

non-local term s®~9/2R% in dimension D + 1. This fixes, for generic d,

g = ArCH(d—2), cq=8TCA)C(d+2), fu= 2%”(*(6) Cld+4) . (231)

Similarly, the terms proportional to b; and ey are part of an infinite series of terms which
reproduces the subleading massless threshold in D + 1 dimensions generated from the
product of a tree-level and R* interactions, while the term proportional to e4 enters in an
infinite series which sums up to the massless threshold in D+ 1 dimensions generated from
the product of a tree-level and D*R* interactions. This fixes, for generic d,

by = 20 (d—4), eq= %C*(d —6), py= %”g*(d —9). (2.32)

The term proportional to ¢4 should similarly be part of an infinite series which sums up to
the two-loop supergravity threshold in dimension D + 1. Its value (as well as the value of
pq) is fixed from the differential equation (1.3) to be

_1672[¢*(d — 2))?

= 2.33
= "d+n6—d (2:33)
Using the decompactification limit of the Laplacian,
8—d d? —17d + 12
A A — ) ————— 10, 2.34
Ed+1 - Ed + 2(9 _ d) (T‘da d) + 2(9 _ d) rda d ( 3 )
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it is straightforward to check that the differential equations (1.1)—(1.3) hold in generic
dimension d, provided they hold in dimension d — 1.

For particular values of d, the coefficients ay . . . ¢4 become singular, at the same time as
powers of (r4/lp+1) become equal in (2.26)—(2.27). This signals the presence of logarithmic
terms, whose coefficient is a priori unknown. Using

2
Ag,. (Flogrg) = (logrq) Ag,,, F + S Z aOr —|—d2(;7_d;)12 F, (2.35)
we see that the anomalous terms on the r.h.s. of (1.1)—(1.3) in dimension d are related
to the anomalous terms in the same equations in dimension d — 1 and to the coefficients
of these logarithms. In appendix B, we provide the detailed decompactification limits,
including the logarithmic terms, in any dimension D > 3.

2.2.1 Interplay of weak coupling and decompactification limits

(d;h)

It is also useful to analyze the limit of each term 5( n) in the perturbative expansions (2.2)-
(2.4) in the limit where the radius of one circle of Td becomes large in string units. This
allows to relate the log gp terms in the weak coupling expansion to the logr;/lpi1 terms
in the large radius limit. For this purpose, we need to express the D-dimensional coupling
gp and the Planck length in D + 1 dimensions in terms of the D + 1-dimensional coupling
gp+1 and string length [,

gp = gpr1(ls/ra)? . Ipar =lsgpsy V. (2.36)

Clearly, all tree level coefficients are independent of R = r4/ls. Using (2.26)-(2.28)
and (2.2)—(2.4), one finds that the one-loop corrections to R*, D*R* and D*R* couplings
behave as

(d1) _ p o(d-11) d—2
5(0 0) —RE(O 0) + aqgR

—4m log Rdg2 + 4mR log Rdg 3

L =RE Y +20(3) baRI™ + cq R

— 4¢(3) log Réyq + 4¢(3) R log R (2.37)

g((o 1)) Rg(((()il1 4 ¢(5) eqRT + fo R 4 2¢(3) paR?

+ (- oo r+ c)) daa+ (oG RIER - FCO)R) das
— ;C(E)) log Rd46 + 5<7T(5)RlogR5d,7

where the terms proportional to ag, by, etc are to be omitted in the dimensions where they
are singular, and replaced by the explicit logarithmic terms displayed on the subsequent
line. These large radius expansions can be checked from the Eisenstein series representa-
tions (2.14)—(2.16), or just as well from the modular integral representation (2.7)-(2.9),
using e.g. the techniques in [42].
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Similarly, the two-loop corrections to D*R* and DSR* behave as

(d2)_ 2 (d 1,2) d—3 (dll)

A 2
_ TIOgR(sm n (332 ~ 2R5(<33)>> log R 044 + 21 log RE ) a5

( 2) _p2 (d 1,2) d—5 (d 1,1) d—1 (d—lyl) 2d—4

4mr? 2 37m?
+ {?)(logR)2 — —logR+ <—RlogR+ R) 5(%3)) + } 042

3 36 216 (2.38)
47‘(‘2 2 ( 1) 1 57T2R2 7'1'R2 (2,1)
10 2 (5,1)
_ §§(3) log Rdg5 + <3R ¢(3) — %RS(LO) ~ i > log Rdq6

5
+ ~Rlog RE() da

The large radius expansion of S((i’g)) can be checked using the Eisenstein series represen-
tation (2.17). The expansions can also be checked directly using the genus 2 modular
integral representations (2.11)—(2.12), although for the latter detailed information about
the asymptotics of the Kawazumi-Zhang invariant is required [39)].

Finally, the three-loop DSR* correction behaves as

(d3) _p3 o(d—1,3) d—4 o(d-1,2) 10
5(0 1) =R g( 1) + dR g( 0) - §C(3) IOgRédA
10 (4,1) 5306, D 524(52)

+ <3((3)R fRE(O O)) log Rdg5 + <3R Eoo) ~ ;R o) ) log Rdag

+ 5((1 o B¥log Rdy 7 (2.39)
as can be checked using the Eisenstein series representation (2.13).

2.3 Bootstrap

In the previous subsections, we have assumed specific values for the coefficients of the
logarithms appearing in the weak coupling and large radius expansions, and consequently
for the anomalous terms in the partial differential equations. We now comment on how
these values have been obtained. For what concerns the large radius, fixed loop order
behavior, we have already mentioned that the coefficients of the logarithms could be fixed
from the Eisenstein series representations (2.14)-(2.18), except for the DR* two-loop
correction, which cannot be represented as an Eisenstein series. Also, the coefficients of the
non-analytic terms in (2.19) are a priori unknown, although they could in principle be fixed
by a supergravity computation. By requiring the consistency of the weak coupling and large
radius expansions, it turns out that all coefficients are fixed uniquely to the values stated
above. We refer the interested reader to the Mathematica worksheet d6ér4bootstrap.nb
submitted along with this article on arXiv for details.
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2.4 Dimensional regularization: a puzzle

While we have followed the bootstrap strategy to fix the coeflicients of the logarithms, one

could also try to use dimensional regularization to determine these coefficients. For this

purpose, let us denote by 5(( ) n) the R*, D*R* and DSR* couplings in generic dimension?

D = 10 — d, and assume that they satisfy the differential equations (1.1)—(1.3) with no

anomalous terms (but still with the quadratic source term in (1.3)). Similarly, we assume
that the genus h contributions 8((31’}2) are expected to satisfy (2.23)—(2.25) with no anoma-

lous terms. We expect g((fn) n) to have a pole at values of d where the non-local and local

actions mix. Defining the finite coupling 5((:3 n) by subtracting the pole, the differential

equation for 5((53 n) will pick up an anomalous term proportional to the residue at the pole.
For example, the anomalous term on the r.h.s. of the differential equation (1.1) for the R*

coupling in D = 8 follows if 537)()) has a simple pole at d = 2,

Eigy = —% + &y + O(d —2) (2.40)
such that
<AEd+1 e ?812(3)_ d)> Elny =0 (2.41)
The singularity of 5(( )) at d = 2 can be further assigned to a simple pole in the one-loop
contribution,
g =~ el 0 -2, (2.42)

producing the correct anomalous term on the r.h.s. in the second line of (2.23). Taking
into account the poles in the coefficient a4 appearing in (2.26) for d = 2 and d = 3,

47 47

—_ ~— 24
d—92 W~ "3 (2.43)

aq ~ —

we recover the log R terms in the second line of (2.37) with the correct coefficient, as well

as the logr terms in (B.19) and (B.33).

&(d)

Similarly the anomalous terms in (1.2) seem to imply that &€ has poles at d = 3

(1,0)
and d = 4,
g AT ew (2.44)
0 = ~3a 3 o T :
. g
(d) 2000 o (2.45)

(1L0) = 7854 —4 ' C(1LO)

The pole at d = 3 originates from simple pole in the two-loop contribution, consistently
with the anomalous term in the second line of (2.24). It is also consistent with (2.27)

2Dimensional regularization is tricky to implement in string theory, but the anomalous terms are expected
to be determined in supergravity supplemented with suitable counterterms.
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and (B.36), upon noting that bs = m/3. The pole at d = 4 is on the other hand puzzling:
indeed the anomalous terms in the differential equations (2.24) seem to require

5(471)
sy 43) sd2) _ 400
5(170)_ d—4+"" 10) = 5d—4+"' (2.46)

in disagreement with (2.45). Moreover, using by ~ —2/(d — 4), the decompactification
limit (2.27) seems to require a coefficient —2 in (2.45), rather than —56/85, while the
coefficients of ri/ ?logry and Tg/ *logry in (B.44) differ from the ones predicted by (2.27).

As for the DSR* couplings, the differential equations (1.3) seem to imply that g

has poles at d = 2,4,5,6,

(0,1)

@

@ AP 2r oo Tt ) 10¢(3) )
S0 T3@—2 " 3 d—2 o0 = 3g—4) Eon T o
(%) (6) :
55800 | a6) 8 e e

however the coefficients of the pole in d = 5 and d = 6 are in conflict with the fixed order
differential equations and decompactification limits. We leave it as an open problem to
resolve these discrepancies, and adopt the results of the bootstrap method, which have
been checked thoroughly.

3 Non-perturbative D%R? couplings in D =6 and D =7

In Type II string theory compactified on 7%, the T-duality symmetry SO(4, 4, 7Z) and the
diffeomorphism group SL(5, Z) of the M-theory T° torus combine into the U-duality group
SO(5,5,Z). The U-duality invariant quadratic form in the fundamental representation is

given by
I3 V:
M? = %(ml + C B ) grs(m? + C7Enp) + Z%HIQURJ . (3.1)
M

where g7 is the metric on T°, C1/ = l/KLMCppar is the 3-form, Vs = +/det g7s, and
Ipr is the 11-d Planck scale. This quadratic form provides (up to an overall factor of
/12 =Vs/ 19,), the square of the tension of a string made out of M2-branes wrapping the

IJKLMp - Decomposing T° = T4 x S1

1-cycle m! and M5-branes wrapping the 4-cycle €
and reducing M-theory along the circle S' with radius rs, one arrives at type IIA string
theory with ry = gsls,l‘})’u = gslz’. In the weak coupling limit g, — 0, the lattice I's 5 of

string charges decomposes into I'y 4 x I'y 1, with (for cl/ = 0)

1 2 N A7 o 1 Vs Vi
M? = g2(m*)? + S (ns)? + =migim! + —nign’!, — = —2 = ) 3.2
96( ) gg ( s) Vi Gij l§ ig gg T%l}g’\/l g§l§ ( )

so the effective radius along I'1 1 is 1/gs. Upon dualizing the charge n; into nk we see

that (m?, n¥) transform as a spinor of SO(4, 4).
The same arithmetic group SO(5,5,7Z) also arises as the T-duality group of string
theory compactified on T°. In that case, the degeneration I's5 — I'44 x I'1 1 arises upon
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decompactifiying a circle. In this case, the mass formula for the winding and momentum
states (in string units) decomposes into
12 1 2
M2 = 5 (mP)? + = mym® + 2 ngy™ng + -2 (ns)? . (3.3)
TE [z [z

Now, (m®,n,) transform as a vector of SO(4,4). The two mass formulae provided we
identify r5/ls = 1/g6 and -y, with the image of g;; under triality, such that the spinor
(m?,n'7*) is mapped to the vector (m®,n,). This opens the possibility that an automorphic
form for SO(5,5,Z) might represent both a perturbative contribution in type II string
theory on T° at fixed loop order, or a non-perturbatively exact coupling in type II string
theory on T4,

The first example of this arises for R* couplings. Indeed, the non-perturbative R*
coupling in D = 6 is equal to the Eisenstein series

S0(55) QC(3) SO(4,4)
E[100001,3/2 T8 g E[IOOO] 1 (3.4)

This is also equal to the one-loop contribution to the R* coupling in D = 5, which decom-
poses in the large radius limit as

SO(5,5) SO(4,4)
Ef1000013/2 = 26(3) v+ 2r; Ei1000] 1 (3.5)

This is indeed related to the weak coupling limit under (r5/ls) = 1/g¢ and SO(4,4) triality,

O(4,4)
[1000],1

Let us apply the same idea to the D®R* coupling in D = 6. The two-loop contribution
to the DSR? coupling in D = 5 satisfies

since E happens to be invariant under triality [46].

(5,2) _ 112 70
ASO(5,5)5(0,1) =— {5(070)] + §C(3) : (3.6)

On the other hand, the exact DSR* coupling in D = 6 satisfies

AsosEon = — €] C L a0¢(3) (3.7)
We can therefore decompose
£y =Eon +F (3.8)
where 50
Asos,5)F = gC(?)) - (3.9)

The behavior of 5((5) 12 in the decompactification limit r5 — oo,

NI

2 3 )
_ 3¢(3)%§+C(3)r§5(4’” +r3 € T 5Eito) - —g( Ylogrs +...  (3.10)

™
ow;
S

is interpreted as a weak coupling expansion

5.2) 6, 2C _480(4,4)  _95(42) 2 ~S0(4,4
5((01 :*C< )2 66"'L 4E[10(§0}) 625((01))+27E[00é1];+ ¢(3)loggs+... (3.11)
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5(4,2)

where 5( 1 denotes the image of £

(0,1)
E[Si(gég]’i) (but not E[So(géi‘]g) was invariant under triality.

Comparing with the desired result (B.45),

(4,2)

under triality, and we have again used the fact that

(4) 20 4+ 4[2¢(3) so4) 8 s50(44) _9(4,2)
3¢ 07+ 95 [ 5 Prioools + 739 Pno0os | T 96 "€l

(3.12)
2 [~SO(4,4 S0(4.4

to7 {E[()Oél],?s) T E[001(o] 3)} +5¢(3) log gs + - .-
(5,2)

we see that 5(0 1 correctly reproduces the tree-level term, part of the one-loop and three-
loop terms, and the two-loop term, under the condition that

(4,2) _ 5(4,2)
5( = 5(01) (3.13)

(4,2)
(0,1)
of SO(4,4) is invariant under triality. The remainder F must then produce

Indeed, one can check that the constant term of £ with respect to the Borel subgroup

8 g ESOUD £S0(4,4)
7 =139% Elioooa T E[oom] 3 T C( )log g6 + ... )
8 SO(4,4) ~S0(4,4) ’
~189 5E[0001],4 + 27E[0010] 37 *C( )logrs + ...
Thus F is proportional to the Eisenstein series
5S0(5.5) _ 4 pSO(4,4) 7 ~s0(4,4) 315
Eioooo1],4 = "5 Ejo001],4 + 3 Ejooro}3 ~ ?C(?’) log s (3.15)

Altogether, we have therefore obtained the exact DSR?* coupling in type II string theory
compactified on T4,
() _ 8 £80(55)
5(0’1) =7 / dps I's 5.2 o) + @E[OOOOI]A . (3.16)
F2

It would be very interesting to extract the instanton effects in the weak coupling limit, but
this will require detailed knowledge of the asymptotics ¢(€2).

To obtain the corresponding result in D = 7, we should take the limit r4/l7 — oo, and
extract the term of order (r4/l7)® in (B.46). In this limit, the SO(5,5,Z) duality group is
broken to SL(5,Z). the Eisenstein series decomposes into

8 - 16 ra\'0 5 ra\° 5¢(3) » 5 r
g Eronts = 15568 (31) + ams oo (72) + 252 B — 3¢ g 72

(3.17)
reproducing part of the terms in (B.46). As for the genus 2 modular integral, viewing
SO(5,5,7Z) as the T-duality group in D = 5, we have to study the limit when the volume
Vs /12 is scaled to infinity, and extract the term of order (r4/l7)? = (V3/12)%/°. The torus
decompactification limit can be analyzed by applying the orbit method on the genus 2
Narain partition function I's 5 2, following [44]. The zero and rank one orbits reproduce the
O(r}) and O(r}) terms in (B.46), while the rank 2 orbits contributes to the O(rj}) term.
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For the rank 2 orbits, the winding numbers can be set to zero at the cost of extending the
integration domain from F» to the ‘generalized strip’ GL(2,Z)\(P2 x [-1/2,1/2[3), where
the first factor corresponds to the imaginary part 2o of the period matrix, valued in the
space of positive definite 2 X 2 matrices Pa, while the second factor corresponds to the real
part €; whose entries are restricted to the interval [—1/2,1/2[. The integral over ; then
projects the Kawazumi-Zhang invariant to its supergravity limit, given by [34]

™

6

pr(2) = (3.18)

5L1LsL
<L1+L2+L3— Stk ),

LiLy+ LoL3 + L1Ls3

where 0 < Lz < L1 < Ly parametrize € in the fundamental domain of GL(2,Z)\Ps,

Li+Ls L3
Oy = . 3.19
? ( Ly Lo+ L3> (3.19)

Thus, we arrive at

5(3) B A d3Q,
©on -~ 3

5T _SL(5)
%E[oomm/g

exp(—mgi; M, [Q5 '] MB) o1 () +
GL2,Z)\P, [22]? %a: e 7

(3.20)

where g;; is the 5 x 5 unit-determinant positive definite matrix parametrizing the moduli
space SL(5)/SO(5) in D = 7, and the sum runs over 5 x 2 rank two integer matrices M (the
dual momenta). This can be rewritten as an integral over R* x JFj, using the same change
of variables as in [26, 27]. It would be interesting to analyze the D-instanton effects, and
make contact with the proposal in [8, 31] in D = 8 by a further circle decompactification.
In the other direction, it is a challenge to generalize the proposal (3.16) in dimension D < 6,
where the U-duality group becomes exceptional.
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A A compendium on Langlands-Eisenstein series
In this section we briefly review the definitions and main properties of Langlands-Eisenstein

series associated to maximal parabolic subgroups, following [18, 47], and collect useful facts
about Eisenstein series for SL(d), SO(d, d), and for the exceptional groups Fg, E7, Es.
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A.1 Generalities on Langlands-Eisenstein series

The general Langlands-FEisenstein series for a finite simply laced Lie group G with arith-
metic subgroup G(Z) in split real form is defined by

5G()\; g) = Z e AP, H(79)) (A.1)
YEB(Z)\G(Z)

where A is a vector in weight space, B(Z) is the intersection of the Borel subgroup B
with G(Z), p is the Weyl vector (the sum of all fundamental weights, or half the sum
of all positive roots), and H(g) = (logty,...logt,) is the logarithm of the Abelian part
in the Iwasawa decomposition G = KAN. The sum is absolutely convergent when the
real part of A has sufficiently large positive inner product with all simple roots, and it
can be meromorphically continued to all A. The meromorphic continuation satisfies the
functional equation

E9(Nig) = M(w,\) €
for any w in the Weyl group W of G. Here, M (w,

M(w,\) = H

aEAL waEA_

w-A;g) (A.2)

—( %) (A.3)

“(
A) is the reflection coefficient
¢
1+ (N a)’

where A, is the set of positive roots, A_ = —Ay, and (*(s) = 7~%/2I'(s/2)((s) is the
completed Riemann zeta function, invariant under s — 1 — s. The Weyl reflection w with
respect to the root a; acts by A — A — (X, a)a;. Using a; = Cj;\; where \; are the
fundamental weights and Cj; is the Cartan matrix, the action in weight basis and root
basis is given by, respectively,

wj - sz)\ — Z Ty — ij_] 7,7 Zyzaz — Z ykck] ZJ) (A4)

The reflection coefficients satisfy the cocycle identity
M(w1~w2,/\) =M<w1,w2-/\)M<w2,A) . (A5)

An important characteristic of any automorphic form under G is its constant term with
respect to the Borel subgroup B, i.e. its average under the action of the nilpotent subgroup
N of B = AN, generated by positive roots. For £7()\; g) it is given by Langlands’ formula,

/ E%N;gn)dn = Z M (w, ) el N+eH(9) (A.6)
(Z)\N(R) wew

This formula is consistent with the functional equation, thanks to (A.5).
The Langlands-Eisenstein series (A.9) satisfies the Laplace equation

1
AgEC(Ng) =5 (LX) = () €9 (N g) (A7)
Acting on monomials in the ¢;’s, the Laplace-Beltrami operator reduces to

1 I
Ag = 51" OV 1:0,,ti0,t™° — S {p. p) (A.8)
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where t# = [[\_, t; and C¥ is the inverse of the Cartan matrix. Thus all constant terms
are eigenmodes with the same eigenvalue. More generally, Eisenstein series are eigenmodes
of all invariant differential operators, with eigenvalue determined by the infinitesimal char-
acter .

For applications to BPS amplitudes in string theory, we are interested in the special
case A = 2s)\;, — p, where )\;, is a fundamental weight associated to a representation R.
In that case, (), ;) = —1 for all simple roots «; with i # i,, and the corresponding factor
in M(w, \) vanishes. The sum over B(Z)\G(Z) then reduces to a sum over P;, (Z)\G(Z),
where P;, is the maximal parabolic subgroup G obtained by deleting the simple root «;,
from the list of simple roots. We denote by Eg(s; g) the resulting ‘maximal parabolic Eisen-
stein series’, where R is the finite-dimensional representation associated to the fundamental
weight A;, :

ES(s;9) = Z e te.H(vg)) (A.9)
YEPR(Z)\G(Z)

The formula for the constant term with respect to the Borel subgroup reduces to

/ ES(sign)dn= 3 M(w,)elwN @) (A.10)
N(Z)\N (R) weW/Wr

where Wpg is the Weyl group of the Levi subgroup L;, of P;, , or equivalently the stabilizer
of \;, in W. The sum therefore runs over the Weyl orbit® of \;,. For s = 0, all terms
vanish except for w € Wpg, so that the constant term is equal to 1. In fact [18, Thm 2.7],

ES(0)=1. (A.11)

It is also of interest to extract the constant terms with respect to a maximal parabolic
subgroup P; (where i could be the same as i,). One way to do this is to scale t; = ucijt;
and collect the constant terms with respect to the Borel subgroup into powers of u times
constant terms of Langlands-Eisenstein series EG/,(S,; g') associated to the Levi subgroup

G’ of P; = G’ N;. The result can be written as a sum over double cosets?

/ E(ssgnydn= S M(w,\) NI g6 (. 3) 1y, )
Ni(Z)\Ni(R) WEW\W/Wr
(A.12)

where A, A1; denote the projection of A along and orthogonal to the fundamendal weight
Ai. Note that the Eisenstein series appearing on the r.h.s. are not necessarily associated to
maximal parabolic subgroups.

In order to simplify the functional equations and analytic structure, it is convenient to
consider the ‘completed’ Langlands-Eisenstein series

E9*(N\ig) = LYV E% (A g) (A.13)

3The elements of W/Wg are conveniently generated in LiE [48] using the command for r row
W_orbit(\;,) do print(W_word(r));print(","); od.

4The elements of Wi\W/Wg can be generated in LiE using double_cosets(L;, L;, ), where L; and L;,
are the list of simple roots in the parabolic subgroups P; and P;,.

~19 —



where

LE(\) = 11 C(1+ (N a)) (A.14)

a€EA L wr-aEA

where wy, is the longest element in the Weyl group. £5*(X; g) is then invariant under Weyl
reflections,

79N g) = Y ((w- V)i 9) - (A.15)
Similarly, for maximal parabolic Eisenstein series, we denote
€z (s) = L (s) ER (s) (A.16)
where
Lis)= I ca+ay (A17)

aEA L WR-AEA_

and wg is the longest element in the Weyl orbit of Ag. 5736;(8) has a functional equation
AR)

5% s :5*’/G/£—s, K,:L A.18

R() = Err () (AR, AR) (4-18)

(where R’ is equal to R or to its image under an outer automorphism). Moreover, unlike
5% (s), its meromorphic continuation in s has only a finite number of poles.
In the physics literature, yet another normalization is commonly used:’

Ef . =2((25)ER(s) . (A.19)

When Eg s has a pole at s = sy, we denote by Eg s, the regularized Eisenstein series,
where the pole has been subtracted before taking the limit s — sg. For s = 0, one has, in
view of (A.11),

Ef o =2¢(0)=—1. (A.20)

In the remainder of this section, we collect useful results about maximal parabolic
Eisenstein series for SL(d), SO(d,d), Eg, E7 and Eg. We label the simple roots using
the same numbering as in LiE [48]. Formulae for the constant terms can be found in the
Mathematica file EisensteinDefs.m available from arXiv.

A.2 G =SL(d), R = A*10972

For h < d, the representation of highest weight [0"~110%7"] is the totally antisymmetric
tensor with A indices. One has

hs(d — h)(2s — d) €SL(d)

SL(d
ASL(d)gAh[(lg)d—z}(s) = d Ah[10d—2](8) (A.21)
min(h,d—h)
L) = I ¢es+1-k), (A.22)
k=1
d
otz (s) = Exneiay (2 - s> (A.23)

®This is denoted by E% , in [8], except for G = SL(n),R = [010" %] where an additional factor of
¢(2s — 1) was inserted.
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For h = 1 the only poles of EG%IJEC%

and s = d/2, with residue

(s) are at s = 0 (originating from the normalizing factor)

1
Resszd/ggﬁ%@](s) =3 (A.24)
hence
/2 _1).d/2
SL@ T - SL(d) (d=1)7
Ress:d/2E[10d72LS = W7 ASL(d)E[10d72]’d/2 = W (A.25)

For d = 2, the regularized Eisenstein series EEI]“(IQ) = limg_y; <E[SII]“(S2) — S_%) is given by the
Kronecker limit formula,

~SL(2

E[lL(l ) = —mlog 7o|n(T)|* + cte (A.26)

where 7(7) is the Dedekind eta function.
For h = 2 the only poles of grSL)

[010d*3}(3) are at s = 0 (originating from the normalizing
factor) and s = d/2, with residue

1
Res,—g/a€ oy (8) = 5¢7(2) (A.27)
hence
SL@ 27)?
ReSS:d/QE[Olodf?,LS - 24F(d — 1)C(d — 1) ) (A28)
2SL(d) _ 2m)?
ASL(d)E[Olod—3],d/2 T 120(d— 2)C(d — 1) (A.29)

The decompactification limit SL(d) — SL(d — 1) is obtained by setting
tl = T‘d_l s t2§i§d—1 = T‘d_it;_l (A30)

The Laplacian decomposes as

1

m(ra,,)2 (A.31)

1
Asr(a) = Asr(a-1) — 57’@ +

The constant term of the Eisenstein series with respect to the maximal parabolic subgroup
Py are given, for h=1,2,d—2,d — 1, by

* —2s * — 1 —1)s
() o D (5 1) e 2y

5*SL(d) (8) 28 E*SL(d—l)(S) + r(d—l)(d—Qs) C*(23 —d+ 1)

[Od—zl} [Od_31] A
.32
g*SL(d) ( 2(d—2)s » 92 1 g*SL(dfl) 2(d—23)5*SL(d*1) 1 ( s )
[0104—3] S) - C ( S = ) [104-3] (S) +r [0104—4] s — 5

SL(d - —28) % SL(d— 1 s o*SL(d—
5[*001—21)0}(5) _yp(d=2)(d-2 )C (25 —d+2) S[T)d—(Sl] 1) <S _ 2) e S[T)d—glw}l)(s)
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A.3 G =8S0(d,d), R = A*[1091]

For h < d, the representation of highest weight [0"~1109~"+1] is the totally antisymmetric
tensor with h indices. One has

Aso(d, d>5ih[(1%j)1](8) hs(2s +h+1 - 2d) Ep ) GD, (5)

AR[104-1]
SO(d,d) [n/2]
Lynioin(s) = C@s+h+1-d) [] ¢ (25— k) Hl C*(4s + 20 + 2 — 2d — 2)
- i
g*S0(d.d) _ g5S0Wd) (4 h+1 A3
Ah[lodfl](s) — Ah[lodfl] - T — S ( . )
In particular, for 1 < h < 3,
L5 (5) =¢*(25)C* (25 +2 — ),
L5 | (5) =C*(25) C*(25 — 1) ¢*(25+3 — d) C* (45 + 4 — 2d) (A.34)

L/S\?[(l%jzl}(s) =(*(25) C*(25 — 1) C*(25 — 2) C*(25 + 4 — d) (* (45 + 6 — 2d)

For h = d, we define

d
%,580(d,d " *,50(d,d %,80(d,d
gAd[lo(dA)] (s) = H "(2s+1—k) 5[0:171(1} )(25) + g[odfz(lo] )(25) (A.35)
k=0
. SO(d,d) _ _

We do not attempt to define the series gAh[lodfl] for h > d. The cases d =1 and d = 2 are

exceptional,
£SO gy = ¢%(25) ¢*(2s + 1) (R?* + R™2%) (A.36)

(1]

0P (s) = (s T) E*(s5U) E€O<2’2><s>=QCEQS)E@;T)E(S;U). (A.37)

For d = 3, one has

E[Sl(géif) (t1, b2, t3) = E[So%i)s(b, t1,13) (A.38)
¥50(d,d)

The only poles of 5[10d_1] (s) are at s = 0, % , 2 ,d—1, with the first two originating

from the normalizing factor. The residues at s = and £ — 1 are proportional to the

2 9
minimal theta series. The residues at s =0 and s = d — 1 are constant,

1
Ress—d-1E 0 o) (8) = 5¢*(d = 1) (A.39)
hence
d—1 /%
sodd) _ T (d—1)
RS Bpoitys = 1ig— 1) ¢r(a) (A0
d—1 *
odday 27 H(d—1)¢*(d—1)
Aso(d, d)E[lod de1 = T(d—1) e (d) (A.41)

- 29 —



g*,SO(d,d)

Analysis of the constant terms shows that (s) has simple poles at

A2[10d71]

1d-3d-2d-14d 3
s=0,—=, ) ) ,=,d—2,d— (A.42)

27 2 2 2 72 2
and double poles whenever these values coincide (except for d = 3, s = % and s = 1).
The first four values arise from poles of the normalizing factor. Similarly, SZ;S[?O(f;‘?](s) has

simple poles at
1 . d-4d-3d-14d 5

s=0,-,1, —,d—3,d—=,d—2 (A.43)

2 2727 272 2’

and double poles whenever these values coincide. The first four values arise from poles of

the normalizing factor.
The circle decompactification SO(d,d) — SO(d — 1,d — 1) is obtained by defining

t1 =R, tocicao=Rt,_y, tg1 =RVt 5 tqo=RY?t, (A.44)
The Laplacian decomposes as
1
Aso(d,d) = Dso(d—1,a-1) + (1 — d)ROr + 5(333)2 (A.45)

The constant terms of the Eisenstein series with respect to the maximal parabolic subgroup
P, are given by

ENET D (s) = C*(28) C* (25 +2 — d) R* 4 C*(2s + 1 — d) (*(25 + 3 — 2d) R 272

*,S0(d—1,d—1) 1
+ RE[lod_Q} (s — )

2
\ ~1d- 1
5&28[?0(516?1(8) — R? sgf[?o(jf%vd 1) (S B 2)
+ g*(ZS - 1) C*(4S 44— Qd) R2s ga(?dof(gﬁil’dil)(g)

+(*(25 45— 2d) C*(4s + 3 — 2d) R¥3-2s gxSOld=Ld=1) <s - 1)

(104-2] 2
* * —Le— 1
Exiihe) » R ESO (- 3)

* s o%,50(d—1,d—1
+ (25 —2) R €500 (s)

+ C*(25 + T — 2d) RA4-279) g1 700 <s - ) (A.46)

The torus decompactification SO(d, d) — SL(d) is instead obtained by taking
ticicao =Vl tg =vEdD/CDy oy, = yU2 (A.47)

The Laplacian decomposes as

d(1 — d)

5 Vov+ g(vav)2 (A.48)

Aso(d,d) = Asra) +
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The constant terms of the Eisenstein series with respect to the maximal parabolic subgroup
P, are given by

£ 0) = VI @8 42— ) £ ()

_2s42 %,SL(d d
+VETa (*(25s+1—d) g[odfl(l}) (s +1-— 2)
E*,SO(d,d)

A2[10d—1](8) — Vis/d (*(25 —d+3) g*(43 —2d+ 4)5*,SL(d) }(S)

A2[10d72

—6—4s * ,SL(d 3-d
4 Y Ud=6-4s)/dx (95 _ g 4 1) ¢*(4s — 2d + 3) 5;2[55_)21} (s + 2)

*,SL(d)
[S_%)Odizg’s_%]

(s) — 1/6s/d C*(2s —d +4)(*(4s — 2d + 6)5:3%(()5)—2}(5)

+ VDA 05— d+2) €

*,80(d,d)
gA3[10d—1]

* d
+ VOU229/den (95 — 4 1) ¢*(4s — 2d + 3) €l <s +2- 2)
(2s+2d—6)/d o*,SL(d) (4d—10—2s)/d ¢*,SL(d)
v g[o,s—é,od%,s—gw] +V E[S—I,Od*3,s—g+2}
(A.49)

Notice that the terms on the last line in the equation for A = 2 and h = 3 are not maximal
parabolic Eisenstein series.

For the Eisenstein series attached to the spinor representations, one has

SO(d,d 1 SO(d,d
Aso@aépeny (8) = 5sd(s —d+1) £ (s) (A.50)
SO(d,d /el
L[Od_;”)(s) = [I ¢r2s +2 -2k, (A.51)
k=1
The functional relation exchanges the two spinors when d is odd,
*,50(d,d *,50(d,d
5[070!—1(1}7 )(s) = 5[011—1(1]’ )(d ) deven (A.52)
*,50(d,d *,50(d,d
ERD(s) = i (d =1 s) dodd (A.53)
The series 8[3591(3@)(3) has first order poles at s = 0,1,2,...,d — 1 (except at d—gl, if this
happens to be integer). The poles at s = 0,1,...,[d/2] — 1 originate from the normalizing
factor. It is important to note that gﬁ)’fﬂ(ﬁ’d)( ) — 5[’6’53(1%]0{)(8) is an entire function of s.

Eﬁ)(jg’ﬁ?s(ti) and E[Sogg’fg}’s(ti) are finite and coincide when s takes any integer or half-
integer value from s = 1 to s = %. They have first order poles at integer values in the

interval % <s<d-1.
For d = 2, the Grassmannian SO(2,2)/SO(2) x SO(2) decomposes into the product of
two Poincaré upper half planes, parametrized by complex moduli T' and U. We have

*,50(2, *,S *,50(2, *,S
5[10} (2 2)(8) _ 5[1} L(Q)(S; T), 5[01] (2 2)(5) _ 5[1] L(2)(8; U) ] (A‘54)
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For d = 4, triality relates the vector and spinor Eisenstein series at different points,

SO(4,4)
E [0001],s

SO(4,4) SO(4,4)

(f1,t2,t3,t4) = Eggyrs (11, t2, b, ts) = Epgoq ) (fa, 2,13, 11) (A.55)

For s = 1, triality further equates the vector and spinor Eisenstein series at the same point,

SO(4,4)
E [1000],1

SO(4,4)
(0010],1

SO(4,4)

(t1,t2,t3,ta) = E (t1,t2,t3,t1) = Ergo01],1 (t1,t2,13,14) (A.56)

The constant terms with respect to maximal parabolic subgroups P, and P; are

5*,SO(d,d)(S) e 5*,s0(d71,d71)(8)

[Od—ll] [0d—21]
+ R O T (s 1) (d odd)
%,50(d,d s ok %,S0(d—1,d—1
Eony Vs) = B¢ (25 + 2= d) €S TV (s)
+ RTI73¢% (25 +1 — d) 5£§g(ﬁ_l’d_l)(s -1) (d even) (A.57)
*,50(d,d k(k=1)+s(d—2k) x,SL(d k—1
g[od—l(l] )(8) - Z Vv d Lk(s) gAdfk([1)0d72] <S - 2)
kk:e?/'e.nd
*,S0(d,d k(k=1)+s(d—2k) *,SL(d k—1
g[od—2(10] )(S) — Z Vv d Lk‘(s) gAdfk([1)0d72] <S - 2)
Heoud”
where
[d/2] [d/2]
Li(s)= ] ¢t@s+2-20 J] ¢*(2s+20+1-2d) (A.58)
{=k+1 l=d—k+1
A5 Eg
5[*1’5)%00](5) (corresponding to one of the two irreducible representations of dimension 27)

has normalizing factor

L8 0000 () = C*(25) C*(25 = 3), (A.59)

and simple poles at s = 0,3/2,9/2,6. The constant term with respect to Ps yields the
decompactification limit

100000 10000 00010
[ I [ ] [ I 2 (A.60)
+ BR300 ¢ (25 — 8) ¢*(25 — 11),
while the constant term with respect to P; yields the weak coupling limit,
—85/3 % . —3-25 ,80(5,5),% 1
Elomnon)(8) = 9572 ¢ (25) (25 = 3) + 9, Elgogon,. (S_ 2)
Loty (A.61)
4(5—6) =S0(5,5),%
+ 95 oo (58— 2)
The functional equation is
*, E _ oxE
100000 (%) = 00001 (6 — 8) - (A.62)
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A.6 E;

5[*1’5)70000} (s) (corresponding to the irreducible representation of dimension 133) has normal-
izing factor
Lﬁgooooo}(s) = (*(25) (*(2s — 3) (*(2s — 5) (*(4s5 — 16) , (A.63)

is invariant under s — % — s, and has simple poles at s =0,3/2,5/2,4,9/2,6,7,17/2. The
constant term with respect to P; yields the decompactification limit

5[’;5)70000] (s) = R* (*(2s — 5) (*(4s — 16) 5[*1’(%%00](5)

17-2 *, B 5
+ R 5C*(2s — 11) (*(4s — 17) 8[0006001} (s - 2) (A.64)
6 ox,F 3
+ R 5[010%001 (3 - 2>
while the constant term with respect to P; yields the weak coupling limit

gl oo (s) = g1® X0 (5 —2)

[1000000] [010000]
+ 95 ¢ (25) ¢*(2s — 3) (*(2s — 5) (*(4s — 16)
+ g5 3¢ (25 — 6) ¢*(25 — 8) ¢*(25 — 10) ¢*(45 — 17) (A.65)
—25—1 % *,Dg 1
+ o 25-1¢ (4s — 16) 5[0’(%%01] <s — 2)
+95°7 18 (" (4s = 17) Egongn (5 — 3)
5[’6’(%70001] (s) (corresponding to the irreducible representation of dimension 56) has nor-
malizing factor
L{gz)ooo()l](s) = ("(2s)(*(25s —4) (*(25 = 8), (A.66)

is invariant under s — 9 — s, has simple poles at s = 0,2,4,5,7,9. The constant term with
respect to Py is

555)5001](3) — R% (*(25) C*(2s — 4) C*(2s — 8)

1
+ RTL % (25 — 8) 5[](?8(’)%01} <s - 2)

(A.67)
+ RO ¢4 (25 = 9) ooy (s - ;)
+ R3O=9) (25 — 9) ¢*(2s — 13) (*(25 — 17)
while the constant term with respect to P is
Eonooon)(5) = 917 C*(25 = 8) Efianon () + 95° 1 (25 = 9) Eogng (5 — 4) (A.68)

_ E
+05° g[*ooo%lo} (s —2)
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A7 Eg

*,Eg
€ [00000001]
malizing factor

(s) (corresponding to the irreducible representation of dimension 248) has nor-

L[Eogooooou(s) = (*(25) C*(2s — 5) C*(25 — 9) (*(4s — 28), (A.69)
is invariant under s — % — s, and has simple poles at 0, %, %, 7, %, 10,12, %. The constant

term with respect to Py yields the decompactification limit

5[*07(%%0001](3) — R (*(25) (*(25 — 5) (*(25 — 9) (*(4s — 28)

1
25+1 % *,E
+ R ¢ (45 — 28) E oo, <s — 2)

*,E
+R" Efoooooo] (5 —3) (A.70)

+ R21575) (% (45 — 29) 555300” (s —5)

+ R2(9729)¢*(25 — 19) ¢*(25 — 23) (*(25 — 28) (* (45 — 29)

while the constant term with respect to P, gives the weak coupling limit
*,E —20 ox,D 9
5[000%0001](3) — 93 5[0106000] (8 - 2)

+ 5% (25— 0) ¢ (45— 28) E00 0 (5

5—58 ~x * * 17
+ 935758 ¢*(25 — 9) C*(4s — 29) 5[1’(%6000] <5 — 2) (A.71)

—T7—25 /% 5
. 7725 (% (45 — 28) 5’6@600” (3 — 2)

— D
+ g25730 ¢* (45 — 29) 5[3005010} (s — 6)

8*7E8
[10000000]
normalizing factor

Lito00000 (8) = €(25) C*(25 — 3) (*(25 — 5) (*(25 — 6) (" (25 — 9) (" (4s — 16) (*(4s — 22),

(s) (corresponding to the irreducible representation of dimension 3875) has

(A.72)
is  invariant under s — ? - s, and has simple poles at
0, %, %, 3,4, g, 5, %, 6, %, 7, %, %, 9,10, % The constant term with respect to Py is

E E
& ao00000] (5) — R (*(25 — 6) (% (25 — 9) (*(4s — 22) € o00000; (5)
+ RY97CH (25 — 13) ¢*(25 — 16) C* (45 — 23) €300 (s — 3)
3
+ R¥HC (4s = 22) EGic000) (8 - 2> (A.73)
+ R30-25¢* (45 — 23) 5[*(;5;0000](8 —3)
5
+ R (*(25 = 11) Egotong <s - 2)
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while the constant term with respect to P; is

5[*1’5)%0000](8) — g3 (*(25) (*(25 — 3) (25 — 5) (*(25 — 6) (*(25 — 9)
x (*(4s — 16) (*(4s — 22) + g55 72 (* (25 — 13) ¢*(2s — 16)
X (*(2s — 17) C*(25 — 19) (*(25s — 22) ¢*(4s — 23) (* (45 — 29)

g5 T (28 = 9) (45 — 22) Efogg (5 — 2)

N 1
n 93—1—63 C*(2s — 6) C*(2s — 9) C*(4s — 16) (*(4s — 22) 8[0’5)6010] <s — 2)

+ g5 7000 (25 — 13) C*(25 — 16) ¢*(4s — 23) C* (45 — 29) Egonoon (5 — 5)

S— * * 9
+ 5" 1 (25 — 13) ¢ (45 — 23) Egrnonn) <s - 2)

— * * 7
+ g3 28 ¢*(25 — 9) ¢*(4s — 20) 8[*0’(%71000] (s — 2)

+ 933 (25 — 6) ¢*(25 — 9) ¢*(25 — 11)

. 17
X (25 = 13) C*(25 = 16) £ o00000) <2s - 2)
—18—2s o*,D 2s—41 o*,D
95" Effngnong (5= 3) + 93 LT oo (A.74)

Note that the last term is not a maximal parabolic Eisenstein series.

B Weak coupling and large radius expansions for D > 3

In this appendix we provide the weak coupling and large radius expansions of R*, D*R*
and DSR* couplings in all dimensions D > 3. These expansions agree by and large with
the results in [8, 17-19] when available, except for certain important numerical coeffi-
cients. For R* and D*R* couplings, we also recall the known expressions in terms of
Langlands-Eisenstein series of the U-duality group. Detailed computations can be found
in the Mathematica worksheet d6rdeisenstein.nb available on arXiv.

B.1 D=10,d=0

In ten-dimensional type IIB string theory, the moduli space SL(2,R)/U(1) is parame-
trized by the axiodilaton 7 = Cy + é, identified under SL(2,7Z) S-duality. In contrast,
ten-dimensional type ITA string theory has only one real modulus, the string coupling,
and trivial S-duality group. The perturbative contributions to R*, D*R?* and DSR* are
identical in type ITA and type IIB, as they do not receive contributions from odd-odd spin
structures. Type ITA has no D-instantons, accordingly these couplings do not receive any
non-perturbative corrections. The decompactification to D = 11 can be analyzed using

gls = Rllu gslg = li{]g\/[
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B.1.1 R*

The R* coupling in type IIB theory in 10 dimensions is given by [1]

(0) _ pSL(2)
00 = Bz - (B.1)
At weak coupling, this produces the expected tree-level and one-loop corrections, along

with an infinite series of D-instanton corrections,

- 2¢(3
g /2 5((87)0) = 9(2 ) +4¢(2) + n.p. (B.2)

In type IIA string theory, only the two perturbative terms are present. Under decompacti-
fication to 11 dimensions, the tree-level R* term is suppressed as 1/ R%l, while the one-loop
R* term scales as R/ l%/[, so corresponds to a one-loop correction in the 11-dimensional
local effective action.

B.1.2 D*R*?
The D*R* coupling in type IIB theory in 10 dimensions is given by [26]
(0) _ pSL(2)
€ao = Bss (B.3)

At weak coupling, this produces the expected tree-level, one-loop (vanishing) and two-loop
corrections [21, 22|, along with an infinite series of D-instanton corrections,

¢(5 4
gl/2 5((3)0) — ;2) L0+ §§(4)gz + n.p. (B.4)

In type IIA string theory, under decompactification to 11 dimensions, the tree-level D*R*
term is suppressed as l?w / R‘lll, while the two-loop D*R* term scales as R%l, corresponding
to the first term in an infinite series of terms which sum up to a non-local term in D = 11.
Thus, there is no D*R* term in the local action in D = 11, for the same reason that a
term RS cannot appear [49].

B.1.3 DSR4

The perturbative corrections to the DSR* coupling in type IIB theory in 10 dimensions
have been computed in [21, 23, 27, 33]. Based on an extensive analysis of loop amplitudes
in 11D supergravity [26, 29, 34], it is believed that there are no perturbative corrections
beyond 3-loop:

2¢%(3) 4 8 4
sy = X 4 2e@c) + 3@ + 2 cO)g + . (B.5)

A non-perturbative completion satisfying the Poisson equation (1.3) was proposed in [27],
and the resulting non-perturbative effects were analyzed in [32].

In type ITA string theory, only the four perturbative terms are present. Under decom-
pactification to 11 dimensions, the tree-level and one-loop DSR* terms are suppressed as
19,/ R3, and 1§,/ R3%,, respectively, while the two-loop term scales as [3,R11, corresponding
to a two-loop correction in the 11-dimensional local effective action [27]. The three loop
term scales as R}, corresponding again to the first term in an infinite series of terms which
sum up to a non-local term in D = 11.
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B.2 D=9,d=1

In type II string theory compactified on S!, the moduli space is R* x SL(2,R)/U(1),
identified under SL(2,Z) leaving the first factor inert. The first factor is parametrized by

(7)) =

where r is the radius of the type ITA circle, gg is the string coupling in D = 9, while 7 = (2 /r
1/4

is the radius of the type IIB circle and l19p = ls¢g™/* is the Planck length in ten-dimensional

type IIB. The second factor is parametrized by the type IIB axiodilaton

r/ls

99

T:C'0—|—§=Cl+i (B.7)

The decompactification to ten-dimensional type IIB corresponds to V — 0 keeping 7 finite.
The decompactification to ten-dimensional type IIA theory instead corresponds to V, 5 —
oo keeping 735 /V = 910/ fixed.

B.2.1 R*

The exact R* coupling is given by [12, 24]

Einy =V T By (r) +4¢(2) v (B.8)

The two contributions can be separated by considering different kinematics [13]. At weak
coupling, this Ansatz produces the expected tree-level and one-loop contributions, along
with an infinite series of D-instanton corrections,

—2/7 &(1) _2<()
99" €00

2) (lr + lr> +np. (B.9)

Decompactifying from D =9 to D = 10B, with r; = 7, one has, in agreement with (2.26),

0 ry \%/7 0 r \ 87
B.2.2 D*R?
The exact D*R* coupling is given by [26]

W _ 1 57 sue) , 2 9/7 ;7SL(2) M —12/7
5(170) =3V E[1]75/2+ ¢(2)v E[l} 5/2 + 15 v (B.11)

This produces the expected tree-level, one-loop and two-loop contributions

3 3 2 2
g/ Ey = “?+145<<2)<<3) (;3 +l )+ ~C(4) g3 (; +l )+np (B.12)

99

Decompactifying from D =9 to D = 10 [8, 4.8], one has, in agreement with (2.27),

ey = () (e + 2 (1) el e (1)) may
(1,0) lioB (1,0 los ©.0 " 15 lioB '
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B.2.3 DSR4
The exact DSR* coupling is believed to be given by [8]

_6 4 T
£, = tely + 2o B+ Zcon BN + Aot +
(B.14)

where the first term is proportional to the DSR?* coupling in 10 dimensions. At weak
coupling, this produces the expected perturbative terms up to three-loops,

B D, = XEP | [gg(z)g(s) (7" + i) + %4(2%(5) (T5 + :5)]

11 1 4 1 (B-15)
2L Lo L 2, & 3, L) 4
+8((2) [3 + 3 <r + r2>] g5 + 27C(ﬁ) <r + r3> gg + n.p.
Decompactifying from D =9 to D = 10, one has, in agreement with (2.28),
12/7 - -2
(1) e © , 4 T © 2 e (0)
5(0 1) <lloB) <5(071) + 634(2) <l10B> 5(1 0) 3C(2) (hoB) 5(0,0)
(B.16)

o) e ()

In type II string theory compactified on 72, the moduli space is a product SL(3)/SO(3) x
SL(2)/U(1), identified under E3 = SL(3,Z) x SL(2,Z). In type IIA, the first factor
parametrizes the dilation, K&hler modulus 7" and RR axions, while the second corresponds

B3 D=8,d=2

to the complex modulus U of the two-torus. In type IIB, the role of T" and U is exchanged.

B.3.1 R*

The exact R* coupling is given by a linear combination of two Eisenstein series [13]

2) LG) | ofSLE)
Einy = Bl + 2B 2 (U) (B.17)

The hat indicates that the simple poles at s = 3/2 and s = 1, respectively, have been
subtracted. The two Kisenstein series can be disentangled by considering different kine-
matics in the four-graviton scattering. They produce the expected tree-level and one-loop
contributions,

2C(3
@ _ C(z)

. . 4
o= (ESYD (1) + B2 (1)) + L log gs + n.p. (B.18)

(1],1 3

Decompactifying from D = 8 to D = 9, one obtains, in agreement with (2.26)

s@ 2o M

2
(0 0) lg (070) — ? log g 5 (Blg)

This is consistent with the non-analytic term %’T log gg in (2.19), using lg = lsgg/ T
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B.3.2 D*R4
The exact D*R* coupling is given by [8, 16]

@ _1psue) SL(2) SL(3)
5(1,0) - §E[10},5/2 - 4E[1},2 () E[10]7_1/2 (B.20)

At weak coupling, this produces the expected tree-level, one-loop and two-loop
contributions,

e ¢(5) . 2 _su@) SL(2) 2 5/ . SL©) L(2)
9s 5’(1 0) — g + EE[”Q (T)E[l]g () + 398 (E[l]ﬂ (T) +E[1]2 (U)) +n.p. (B.21)

Decompactifying from D = 8 to D =9, one has, in agreement with (2.27),

5/3 _ 3
(2) T2 w , 1 T2 (1)
&) <z9> (5(1,0>+7T<<3> (l9> £y + e >( lg) ) (B.22)
B.3.3 DSR4

The exact DSR* coupling was proposed in [8], building on [31]:

o) _ oSLG )Jrg(0 @ LpsLe) psu@ | 7 opsue) T psue) | C(2)

0,1) — (OZ) o )1) 3( )[10] 3/2 1)1 3610],3/2 " 9Nl 9 (B.23)
SL(2
7E[10],73/2 E[l],S
Here, E(SOLl()Z) is the solution to
SL ~SL 2
(Ay —12) £ = 4 [Emff)(U)} (B.24)
which behaves in the limit Uy — oo as
2
SL(2) 22, C3)C(5)
2 4
601, = 1gp (65 — 20mUa +487°U3) + 03 (5.25)
— 2¢(2) (47U — 6log Us + 1) log Uy + O(eY2)
while S(SOI’“S’) is a solution to
SL(3 ~ASL(3) |2
(Aspp) — 1)€Y = — (E[w]{;m) (B.26)
behaving in the limit gg — 0 as
sua) _ 20(3)% | 2. o £SL(2) T ~SL(2) 5 . 2 _SL©)
98 E,'( 0,1) — 3g§ + §<(3)E[ 1,1 (T) + f(T) + EEU]J (T) 93 + ﬁE[ng (T)
2 27((3) 67 -sL(2) 2 Tr?
27g810g 98+210ggg|: 5 +gg( E[lLl (T) +27)]+216+np
(B.27)

This Ansatz ensures that &£ (

01) satisfies the Poisson equation (1.3), the last term in (B.23),

—~
N
~

proportional to L R ), being a solution to the homogeneous equation.

[10],~3/2



At weak coupling, (B.23) exhibits the expected perturbative contributions, up to
three loops,

90 o2 2003 | [2 ~SL(2) ~SL(2) 20 _sL(2) SL(2) ™
%o = g * §<(3)(E[1L1 (T) + B3 (U)>+ﬁEm73 (T)EG () + 156(3)
9. .
+ [FERO MBI @) + 1) + 1)
T ( ~SL(2) ~SL(2) 11 2
+ 3 (B + B0 0) + 55604
+ 3 (ESL(2)(T) —|—ESL(2)(U)> 4 + 21 E _‘_6(2)73“1 210
o7 1,3 1,3 gs 9 \ 2 (0,0 ) 9810838
4 2
+ 2—7;93 log? gs + n.p. (B.28)

Decompactifying from D = 8 to D =9, one has, in agreement with (2.28)

e (1) (g 35 o ()T e w1 BT (1)
0,1) lg 01) " 473 ly (1,0) 7 36 \ Iy 0.0 " 36 ly

+ 207 6) (22 ) w0 2(10g (22 ))2 = T ((22) gD L T g (12
567 lo 97" V8 \ 7, 9 \\7y ) co0 ™y )8y
(B.29)

The logre/lg terms are consistent with the non-analytic term (% log? gs + (...)log g8>
displayed in (2.19).
B4 D=7,d=3

The moduli space in type II string theory compactified on T2 is SL(5)/SO(5), identified
under SL(5,Z).

B.4.1 R*
The exact R* coupling is given by [13]
(3) _ SL(5)
€00) = Epooo] 372 (B.30)

This reproduces the expected tree-level and one-loop terms, up to an infinite series of
D-instanton corrections,

2/5 ¢(3) 2¢(3) SO(3,3)

97 <00 = g2 +2m E[lOO],1/2 +n.p. (B.31)
Note
Epoojs =7 Fooj 1/ (B.32)
Decompactifying from D = 7 to D = 8, one has, in agreement with (2.26)
(3) rs\ % (2) r3\*° r3
€00) <ls> .0y TAT <l8> IOg@ (B.33)

The log r3 terms cancels against the non-analytic term in 5((3 ) ) SO that 5((3)

0 0.0) is analytic at

g7 = 0. The scale is found to be ug = 4mre™E.
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B.4.2 D*R*?

The exact D*R* coupling is given by the linear combination [8]

@) _ 1 2sue) #SL(5)

€10 = 5 Enooas2 T 30E[0010] 5/2 (B.34)
The two Eisenstein series are defined after subtracting the pole at s = 5/2. They contribute
to different supersymmetric invariants [11]. At weak coupling, they reproduce the expected
tree-level, one-loop and two-loop contributions,

20 = ¢(5) L T pS0B3)

(1,0) — ? 30 [100},5/2
2

2 SO 4m 1672
+ [ (E[oug}g D+ E[oo1(]323)) + T(l —2vp +log 4)] 92 + — 92 log g7 + n.p.

(B.35)

15

Decompactifying from D =7 to D = 8, one has, in agreement with (2.27) [20, 4.26],

2 -2 4
(3) T3 (2) m™ (T3 @ 287 s
€ (l8> (5(1,0) +t3 <l8> <€(0’0) —1 g7 >+ —((5 )<lg> ) (B.36)

Using lg = gé/ ?’ls, one sees that the explicit logrs/lg term combines with the non-analytic

contribution %” log gg in 5((3,)0) to yield the non-analytic contribution 16—” log g7 in (2.19).

B.4.3 DSR4

The exact DSR? coupling in D = 7 is not known. At weak coupling, it must reproduce
the correct perturbative terms up to three loops,

5 2¢(3)? N (27TC(3) 50G3) | 5T 80(3,3)>

Tfon T 32 3 [100),1/2 * 3757110072 (B.37)
(3 2) 2, 2 [.80(33) S0(3,3)] 4
where 5((0 1)) is proportional to the modular integral of the Kawazumi-Zhang invariant times

the genus two lattice partition function (hence not a standard Eisenstein series).
Decompactifying from D = 7 to D = 8, one has, in agreement with (2.28), suitably
amended to take into account the logarithmic divergences in D = 8§,

12/5 —4
3) T3 @ 7 (13 @ L 2m (T8 @ L 2m (T
o <ls> (8(071)+ 18 <18> o 3 10g(l8) to. °)+ 2t <ls)
472 T3\ .9 T .(2) 52 6
g = - — — B.
3 (Og(lg>) 36500 T 7 189<( )<l8) (B-38)

Using lg = lsgé/g, the (log (T—“)) and log ( ) 8((2) ;m terms are seen to cancel against the

non-analytic terms in 5((5 )1) so that £2) is analytic at g7 = 0.

(0,1)
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B.5 D=6,d=4

The moduli space in type II string theory on 7% is SO(5,5)/SO(5) x SO(5), identified under
SO(5,5,7Z).

B.5.1 R*
The exact R* coupling is given by [15, 17]

(4) _ =S0(5,5)
€0.0) = E10000],3/2 (B.39)

At weak coupling, it produces the correct tree-level and one-loop terms,

@ _ 26 o

SO(4,4)
(0.0) 2 + n.p. (B.40)

g6€ [1000],1

Decompactifying from D = 6 to D = 7, one has, in agreement with (2.26),

(4) ra\*? ) a2
€00) 7 <l7> €00 T4¢(2) <l7> (B.41)
B.5.2 D*R4
The exact DR4 coupling is given by [8]
@ _ 12s50(5) 4 ~50(55)
8(1,0) - §E[10000},5/2 + EE[00001]73 (B.42)

The two Eisenstein series are defined by subtracting the pole at s = 5/2 and s = 3,
respectively. They contribute to different supersymmetric invariants [11].
At weak coupling, this produces the correct tree-level, one-loop and two-loop terms,

¢(5 4 ~s0(4, 4
et :;62) + (1 Eonors + 5¢(3)(3610g(4) = T+ 37m) —4¢'(3)
2 £80(4,4) ~S0(4,4)
+ [3 <E[0001],2 + E[oo10],2> (B.43)
+< 7r2( ) W4( ) _ 5 + log(16) E[wéo],l) 96

4
+ 5((0,)0) gg’ log g6 + n.p.

Decompactifying from D = 6 to D = 7, one has, in agreement with (2.27), suitably modified
to take into account the logarithmic divergences,

e Ly (1) (00 4 aioge) ZB (1) g o) ( o (B.44)
o) 7\ 7, (Lo) TTE T T o\ 7 %87, €00 T g5 Iz '

Using l7 = gg/ 5l5, the explicit logry/l7 terms along with the non-analytic behavior of
(3) 1672

5(170) ~ 5
(4)

£0)

log g7 are seen to be consistent with the non-analytic term &) log g¢ in

, as written in (2.19).
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B.5.3 DS%R*?

The exact DSR* coupling in D = 6 is not known. At weak coupling, it must reproduce
the correct perturbative terms up to three loops,

sem _ 2003)%  203) sous , 8 Lsoua)]| | 20642
96 €0,1) = 392 T3 Elgoo),L @E[moom + 950 (B.45)
2 [~50(44)  ~SO@4,4)] 4 4 '
o7 {E[ooou,s + E[0010]73} 96 +5¢(3)gs log g6 + n.p.
Under decompactification from D = 6 to D = 7, one has, in agreement with (2.28),
e@ (1)o@ L B ) 200 (1) 2@, Seapg (2
o0 7\ 7 ) Con T o2 C) +§C( ) ) “oo +¢ (2) T (B.16)

16 ra\ 35 4
— ) —2263) log 22
+ 189C(8) <l7) G ¢(3)log -

Using l7; = lsg2/ 5, the logarithmic term is seen to combine with the non-analytic term

% log g7 in 8(5’7)0) to produce 5((61,)1) ~ 5((3) log gs-

B.6 D=5,d=>5

The moduli space in type II string theory compactified on T is FEeg(6)/USp(8), identified
under Egg)(Z).

B.6.1 R*
The exact R* coupling is given by [15, 17, 18]

(6) _ pE
8(070) = E[185]’3/2 (B.47)
At weak coupling, it produces the correct tree-level and one-loop terms,
206) _ 2€(3) | 80(5,5)
95€0.0) = 2 + Efjgay 3/0 + 0D (B.48)
Decompactifying from D =5 to D = 6, one has, in agreement with (2.26),
6 (1) e rs)'
5(0,0) - <l6> 6(070) +2¢(3) <l6> (B.49)
B.6.2 D*R?
The exact D*R* coupling is given by [18]
1
g = Z gl (B.50)

(10) = 97[10%],5/2
At weak coupling, this produces the correct tree-level, one-loop and two-loop terms,

14/3 o(5) _ C(5) 1 SO(5,5) 2 SO(5,5) 2
95 € = g2 T EE[1041,7/2 + §E[041],2 g5 +n.p. (B.51)
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Decompactifying from D = 5 to D = 6, one has, in agreement with (2.27), suitably modified
to take into account the logarithmic divergences,

s 10/3 @) s (4) 7'5 28/3

1/2

Using lg = ls95' ", the logrs/lg term is seen to cancel against the non-analytic term

&(0,0) log g6 in 5((1 )0) so that €7 is analytic at g5 = 0.

(1,0)

B.6.3 DSR4

The exact DSR? coupling in D = 5 is not known. At weak coupling, it must reproduce
the correct perturbative terms up to three loops,

600) _ 2¢(3)? . <C(3) 75065 5 50(5,5) > g2t

95<0,1) = 2 104],3/2 104],9/2 0,1
(0,1) 395 3 T 10f3/2 T 1087 110,9/ ©.1) (B.53)
SO(5,5) . £SO(5,5) (5)
+ o7 (E[041] 3t E[Oglo] 3> g5 + a5 log gs 5( 0) + n.p.
Under decompactification from D =5 to D = 6, one has
e® () e 5 (15 () 106 10572) + Lo (22 "o
on 77 ) conty E (1,0 ool ) T3¢ ) Eoo
19 A (B.54)
2 23) Ts + C( ) 7“5 +10<(3) Ts ] rs
- —= — =] lo
MG Is 9 ls) ®lojis
B7 D=4,d=6
The moduli space in type II string theory is E;(7)/SU(8), identified under Ex7)(Z).
B.7.1 R*
The exact R* coupling is given by [15, 17, 18]
6) _ pFE
5(070) E[166] 3/2 (B.55)
At weak coupling, it produces the correct tree-level and one-loop terms,
4 6 _ QC(?’) SO(6,6)
5(0 0 = 1032 + 1P (B.56)
Decompactifying from D =4 to D = 5, one has, in agreement with (2.26),
g9 o) g® 4 Aoy (o) B.57
(0,0 — E (0,0) + ;C( ) E ( . )
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B.7.2 D*R*
The exact D*R* coupling is given by [18]

© _l.p
o) = 5501005/2 (B.58)

At weak coupling, this produces the correct tree-level, one-loop and two-loop terms,

9i 5<(16,)0> = C;? + %E[Slgé]ﬁ,f) + ;E[Sogl(ﬁ’f)gi +n.p. (B.59)
Decompactifying from D =4 to D = 5, one has, in agreement with (2.27),
(©) r6\° 5 7™ (m6\® ) . 8 re ) 12
o) <z5> Cho T3 <z5> €00 T 15.6(8) <z5> (B.60)
B.7.3 DSR4

The exact DSR?* coupling in D = 4 is not known. At weak coupling, it must reproduce
the correct perturbative terms up to three loops,

2¢(3)? 2 2 .
gos® ¢(3) _|_< C(3>ESO(6,6)+ 3 ESO(6,6)>+gig(6,2)

4 0,1) — 392 3T [105]72 18971 [105]75 (0,1) (B61)
SO(6,6) | 1~S0(6,6)) 4 (6)
+ 27 (E[051],3 + E[0410},3> gyt oy 5(170) log g4 + n.p.

Under decompactification from D = 4 to D = 5, one has

6 —1
(6) 6 5) |, 9 a5 re\ 15 (76 (5) 6
5(071) — <l5> (5(0’1) + 5 5(070) log <l5> o\ 5(170) log s

20(4) (76’ 5) | 64C(10) (16" 4 AN
o <z> 00+ 1597 (z) — <z> o (z)

(B.62)

B8 D=3,d=7

Finally, the moduli space in type II string compactified on 77 is FEg(3)/SO(16), identified
under Eg(s) (Z)

B.8.1 R*
The exact R* coupling is given by [15, 17, 18]
(M) _ pE
€00 = E[187],3/2 (B.63)

This reproduces the expected tree-level and one-loop terms, up to an infinite series of
D-instanton corrections,

e _ 2¢3) 3 sow
9 E00) = @ 27 Plnos) 572 T 0P (B.64)
Decompactifying from D = 3 to D = 4, one has, in agreement with (2.26),
@ (1 e B3 (1)
o0~ <l4> €00 T —¢05) <l4> (B.65)
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B.8.2 D*R4
The exact D*R* coupling is given by [18]

M _ 1o
8(1’0) E[187] 5/2 (B.66)
At weak coupling, this produces the correct tree-level, one-loop and two-loop terms,

18 o(7) ((5) 7 S0(1,7) SO(7,7) 2
93 5(1,0) e +7E[106] 9/2+ E[06l]72 g3 + n.p. (B.67)

Decompactifying from D = 3 to D = 4, one has, in agreement with (2.27),

e L () e Ly ()" b+ T sy
(170) l4 (170) ie l4 ( 1277' l4 .

B.8.3 DSR*?

The exact DSR? coupling in D = 3 is not known. At weak coupling, it must reproduce
the correct perturbative terms up to three loops,

22 _ 23 | (¢(3) psoan B so() 2 ETD
5(01) 3¢ 2 + o E[106],5/2+%E[106],11/2 5(01)

(B.69)
SO(7,7
+ 27E[0(,1(] 3)93 + n.p.
Decompactifying from D = 3 to D = 4, one has
12 4
(7) r7 © 5 © . CO) (17" o)
€on) (l4> (5(0,1) T log (l > Eoy T o7 \ 1y €(0.0)
(B.70)

L5 (re\9(E) (17
120 \ Iy 8m2 \ Uy
The coefficient in front of log( Z) is fixed by requiring that it cancels the non-analytic

term ay 8((1,)0) log g4 in 5((0’) 1)s 5O that &7

(0.1) Is analytic at g3 =0 (recall Iy = gals).
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