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ABSTRACT: In this paper, we consider phenomenology of a model with an L, — L, gauge
symmetry. Since the muon couples to the L, — L, gauge boson (called Z” boson), its
contribution to the muon anomalous magnetic moment (muon g-2) can account for the
discrepancy between the standard model prediction and the experimental measurements.
On the other hand, the Z” boson does not interact with the electron and quarks, and hence
there are no strong constraints from collider experiments even if the Z” boson mass is of
the order of the electroweak scale. We show an allowed region of a parameter space in
the L, — L, symmetric model, taking into account consistency with the electroweak pre-
cision measurements as well as the muon g-2. We study the Large Hadron Collider (LHC)
phenomenology, and show that the current and future data would probe the interesting
parameter space for this model.
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1 Introduction

The Standard Model of elementary particles (SM) has been very successful in describing
the nature at the electroweak (EW) scale. Recently, the ATLAS and CMS collaborations at
the Large Hadron Collider (LHC) have discovered a new particle [1, 2], which is consistent
with the SM Higgs boson. This discovery also strengthens the correctness of the SM. So
far, no explicit evidence of physics beyond the SM has been reported from the LHC.

Several groups, however, have reported an anomaly of the muon anomalous magnetic
moment a, = (g —2)/2 (muon g-2), which has been precisely measured experimentally [3]
and compared with state-of-the-art theoretical predictions (for example, see [4-11] and
references therein). The estimated discrepancies between the SM predictions and the mea-
sured value are consistently more than 30, as listed in table 1.

Although it is too early to conclude that this anomaly is evidence of new physics
beyond the SM, we expect new particles and interactions related with the muon sector
once we regard it as a hint of new physics. Gauge interactions have been playing a central
role to construct fundamental models in particle physics history. Following this line, in
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p = Gp [
26.1 + 8.0 (3 30) [6]
31.6 £7.9 (4.00) [7]
11659208.9 £+ 6.3 33.5+8.2 (4.10) [§]
28.3 £8.7 (3.30) [9]

29.0 £ 9.0 (3.20) [10]
28.7 £ 8.0 (3.60) [11]

Table 1. Measured muon g-2 (a;;*”) and the estimated differences (6a,) from the recent SM
predictions in several references.

this paper, we purse the possibility that the muon has a new gauge interaction beyond the
SM.!

The discrepancy is of the same order as the contribution from the EW gauge bosons
W+ and Z, aEW (15.440.2) x 10719 [5]. Assuming the anomaly is due to the quantum
effects of the new particles, this discrepancy suggests that their masses should be at the
EW scale, which is well within the reach of the LHC. Thus, it is very interesting to study
the phenomenology at the LHC.

The coupling of the new light gauge bosons to the electron and light quarks are severely
constrained by the LEP [15, 16], Tevatron [17, 18] and LHC [19, 20]. Therefore, if the new
gauge interaction is the flavor universal one such as the B — L gauge interaction, the gauge
coupling has to be small and hence the new gauge boson has to be very light as well in
order to induce enough contributions to the muon g-2. An explicit model of this category
is the hidden photon model [21-23], and constraints on the hidden photon model have been
studied in detail [24, 25].

Another possibility is a flavor-dependent gauge interaction. If the gauge boson couples
to the muon but not to the electron nor quarks, the gauge interaction can explain muon g-2
while keeping the consistency with the direct search results. A simple candidate is based
on anomaly free L, — L gauge symmetry [26-32], where L, and L, are p and 7 lepton
numbers, respectively. We consider this model in detail. In addition to the SM particles,
this model has one extra gauge boson associated to the L, — L, gauge symmetry, which
we refer to as a Z” boson. Note that only the 2nd and the 3rd generation leptons couple
to the Z” gauge boson, and hence the constraints from the direct search experiments are
very weak.

Organization of this paper is the following. In the next section, we introduce a model
with the L, — L, gauge symmetry, which we refer to as a Z” model. In section 3, we
study the parameter space of the Z” model where the anomaly of the muon g-2 can be
explained. Since the mass of the Z” gauge boson is expected to be of the EW scale if the
gauge coupling is of order unity, the Z” boson affects the EW precision observables. We

'If the new interaction is Yukawa-type one, new fermion or/and new scalar will be introduced. A well-
known example of this category is the minimal supersymmetric model [12]. Other models have been also

discussed in refs. [13, 14].
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particle | Lo = (vur, pur) | Ly = (vrr,71) | (0R)C | (7R)® | (Wur)® | (VrR)C | others
charge +1 -1 -1 +1 -1 +1 0

Table 2. Charges under the L, — L, gauge symmetry. All fields are in left-handed basis.

investigate the effects and show the parameter space consistent with the data. In section
4, we study the LHC phenomenology. We show that the 4u channel as well as the 2u27
channel are effective for the Z” boson search. In section 5, we summarize our results.

2 Z'" model

The differences between two lepton-flavor numbers L; — L; (i # j), where L; are lepton-
flavor numbers, L; = (Le, Ly, Lr), are anomaly free in the SM. Therefore, the SM gauge
symmetry (Gsy) can be extended to Gsy x U(1)r,—r; without the addition of any exotic
fermions, and such extensions are one of the minimal and economical U(1) extensions of
the SM.

In particular, the L, — L, gauge symmetry is attractive because it solves a problem
of the muon g-2 without contradictions to other experiments. The gauge boson, called
Z" boson, couples to the 2nd and 3rd generation leptons, so that it provides an extra
contribution to the muon g-2. Since the Z” boson does not couple to the electron nor any
quarks, it avoids the strong constraints from the direct search experiments.

In this paper, we consider a model based on Gsm X U(1)r,—r,. The interactions of
the Z” boson are given by

L =—gz0Z) Y. Qif+"f, (2.1)

f:uJ-?VlJ« 7VT

where Q’Jﬁ is a U(1)L, -1, charge of a fermion f as shown in table 2, and gz~ is the gauge
coupling constant of the U(1)r, 1, gauge symmetry. We assume that the L, — L, gauge
symmetry is spontaneously broken and the Z” boson becomes massive.?

The gauge coupling gz~ and the Z” mass myz» are the only free parameters in this
model.

Right-handed neutrinos vy (¢ = p, 7) can be light or heavy, depending on the model of
neutrino masses in this framework. If they are light enough such that the decay mode Z” —
Verer is open, the branching ratio BR(Z"” — ptp~/7777) is about 1/4, respectively.
On the other hand, if they are heavy enough, BR(Z" — u*Tp~/7777) is about 1/3,
respectively. Because of the smaller u*u~ /777~ branching ratio, it is more difficult to
observe the Z” boson signal in the case that the right-handed neutrinos are light. In order
to be conservative, we assume that the right-handed neutrinos are light enough, and we
refer to the model with this assumption as a Z” model. We discuss a model with the
correct neutrino masses and mixings in appendix A.

2The scalar field which is responsible for the breaking of the L, — L, gauge symmetry in general mixes
with the standard model Higgs boson. The branching fraction as well as the production rate of the standard
model like Higgs may be affected [29], as is the case with singlet extensions of the standard model [33-36].



Figure 1. Feynman diagram for muon g-2, mediated by the Z” gauge boson.

In general, the Z” gauge boson can mix with the Z boson and photon since the
L, — L; symmetry is a U(1) gauge symmetry. Such mixings are naturally suppressed
if the L, — L; gauge symmetry is embedded into a non-Abelian symmetry at the more
fundamental level [30]. Therefore, in this paper, we assume that the U(1) mixing effect is
negligible.

3 Muon g-2 and electroweak precision observables

In this section, we study the parameter space of the Z” model in which the measured muon
g-2 is explained while satisfying the constraints from the EW precision observables. As
shown in table 2, the Z” gauge boson interacts with the muon through the L, — L, gauge
interaction. The new contribution to the muon g-2 (éa,) is induced through a Feynman
diagram depicted in figure 1, and it is given by the following expression [28],

2 2 2
A my, ~ —9 (9z" 2 /100 GeV
00 = o2 2 = 2310 (55) < g ) (3.1)

Here, we have assumed that mz» > m,,. Figure 2 shows the dependence of da,, on the two
model parameters. It can be seen that the effect of the Z” boson with gz» = O(1) and
myzn = 0(100) GeV compensates the 30 deviation observed in the muon g-2 measurement.
Since Z” couples to the 2nd and 3rd generation leptons (I,1;), it induces extra con-
tributions to ZIl and W1~ vertices. The Z” boson effects appear on the EW precision
observables through these vertex corrections. The effective vertex Z, ff is given by

ig
Yy <9£PL + g]J;PR) , (3.2)
cw

where

gl = (T3 — Qssh)(1+A),  gh=-Qssh(1+A). (3.3)

Note that one-loop corrections are parametrized by A, which is independent of f (f =
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Figure 2. Contours of the standard deviations for muon g-2 with the Z” contribution (da,) in
(mgzw,gzv) plane.

@, T, vy, vr) if the lepton masses are neglected. A is given by [37, 38]
A =AW 14527 (3.4)
2
AW = —%Re [¢*{Co + Cr1 + Cas — Cao} — 2(1 — €)*Caa) (2", p, 9, q),  (3.5)

g%//
82

where AW is an one-loop vertex correction and §Z is a counter term contribution from the

07 =

(1—€)(Bo+ B)(Z", ;p* = m3,), (3.6)

wave function renormalization of the leptons. p and ¢ are external momenta of the muon
and the Z boson, respectively. C'xx and By, so-called the Passarino-Veltman functions,
are given in appendix B. The explicit form of A is

20 [7 3
AlP) = -2z {+6+ <5+ 2) log &

82 |4
) 1 ) 2
1+0)2{Liy | — —log? [ — | — — .
H1+9) {12<1+5>+20g <1+5) 6}]’ (8.7)
2
where 0 = mq%” and Li (x) = — [ dtw is the Spence function. Here, we have

neglected the muon mass.

Figure 3 shows the numerical values of the vertex correction at the Z-pole A(¢g* = m%)
as a function of my» and gz». For example, with gz» = 0.3 and my» = 60GeV (myr =
80 GeV), we obtain A(m%) = 7.6 x 107* (6.7 x 107%).

Similarly, we can calculate an one loop correction to W11~y vertex (I = p, 7) via the
Z" gauge boson, and the effective vertex is given by

%%lePL, (3.8)
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Figure 3. The vertex correction A at the Z-pole (¢> = m?%) is shown as a function of mz» and
gz

where
ko =1+ Ay (3.9)

We obtain Ay = A by neglecting the p (7) and v, (v;) masses.

One may be worried that the Z” boson contribution to Wpuv, vertex may affect the
muon decay, p — ev,v.. However, the momentum transfer of the virtual W boson is
negligible in the muon decay compared to the mass scale of the Z” boson. Therefore, the
effect of the Z” boson decouples in the muon decay.

We calculate the EW precision observables listed in table 3. We adopt formulas in, for
example, refs. [39-41] for the calculation. We perform a x? fit by varying input parameters

My, Mp, Aa}(l?d and ag, in order to identify the parameter region consistent with the data.

The x? is defined by

X 2 Ex Model \ 2
O?P_o%\/lodel B oFP _ ob
=) (aExp> (™ )ij (JEXPJ ) (3.10)

i j i 9;

where O™® ¥ and p are the measured value, the 1 ¢ error and the correlation coeffi-
cient matrix of the observables, respectively, taken from refs. [3, 6, 42], and OMede! i5 the
theoretical prediction. In table 3, we show the result at the best fit point for the SM and
the results at the sample points with mz» = (60, 80) GeV and gz» = 0.3 for the Z"” model.

The Z” effects increase the partial Z decay widths of Il mode I'y (I = u,,v, and
v7) in the interesting parameter region while the Z total decay width I'z does not increase

significantly since the hadronic contributions I'y,q4 are dominant. Similarly, the effect on the
0 _ mireerhad

= 3 2
h my Iy

W total decay width is also negligible. On the other hand, the effects on o



data SM fit pull | Z” model | pull | Z” model | pull
I'z(GeV) 2.4952(23) 2.4953 | -0.06 2.4961 -0.4 2.4960 -0.3
02 (nb) 41.541(37) 41.480 1.7 41.454 2.3 41.457 2.3
R, 20.804(50) 20.739 1.3 20.739 1.3 20.739 1.3
R, 20.785(33) 20.739 14 20.708 2.3 20.712 2.2
R: 20.764(45) 20.787 -0.5 20.755 0.2 20.759 0.1
A%’g 0.0145(25) 0.0162 -0.7 0.0162 -0.7 0.0162 -0.7
AOF’g 0.0169(13) 0.0162 0.5 0.0162 0.5 0.0162 0.5
AOF’]; 0.0188(17) 0.0162 1.5 0.0162 1.5 0.0162 1.5
T pol.:
A 0.1439(43) 0.1472 -0.8 0.1472 -0.8 0.1472 -0.8
A, 0.1498(49) 0.1472 0.5 0.1472 0.5 0.1472 0.5
b, ¢ quarks:
Ry 0.21629(66) | 0.21579 0.8 0.21579 0.8 0.21578 0.8
R, 0.1721(30) 0.1722 -0.05 0.1722 -0.05 0.1722 -0.05
A%’g 0.0992(16) 0.1032 -2.5 0.1032 -2.5 0.1032 -2.5
AOF’E 0.0707(35) 0.0737 -0.9 0.0737 -0.9 0.0737 -0.9
Ay 0.923(20) 0.935 -0.6 0.935 -0.6 0.935 -0.6
A 0.670(27) 0.668 0.08 0.668 0.08 0.668 0.08
SLD:
Ae 0.1516(21) 0.1472 2.1 0.1472 2.1 0.1472 2.1
Ay 0.142(15) 0.1472 -0.3 0.1472 -0.3 0.1472 -0.3
A 0.136(15) 0.1472 -0.7 0.1472 -0.7 0.1472 -0.7
W boson:
My (GeV) | 80.385(15) 80.362 1.5 80.362 1.5 80.362 1.5
Iy (GeV) 2.085(42) 2.091 -0.1 2.091 -0.2 2.091 -0.2
muon g-2:
§a,(107%) | 2.61(0.80) 0 3.3 2.36 1.1 1.33 1.1
Inputs
Aa}(lz)d(M%) 0.02763(14) | 0.02760 0.2 0.02760 0.2 0.027560 0.2
as(Mz) 0.1184(7) 0.1184 0.0 0.1184 0.0 0.1184 0.0
my (GeV) 173.1(0.9) 173.7 -0.6 173.7 -0.6 173.7 -0.6
my, (GeV) 125.9 (0.4) 125.9 0 125.9 0 125.9 0
mgn (GeV) - - - 60 - 80 -
g - - - 0.3 - 0.3 -
x%/(d.o.f) 35.1/(22) 29.2/(22) 31.0/(22)

Table 3. The EW precision data and theoretical predictions of EW precision observables. The
experimental data are taken from ref. [42] except that My, Ty, m; and my, are from ref. [3], and
da, and Aaﬁfa)d are from ref. [6]. The best fit values of the SM and sample points for Z” model,
mz» = (60, 80) GeV and gz = 0.3 are shown.
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Figure 4. The total x? in the (mz~,gz~) plane.

and R, = I;h—:; can be significant. As shown in table 3, the observed value of o7 tends to be
larger than the SM value. Adding Z” contribution results in worse fittings. Similarly, since
the observed value of R, is larger than the SM fitted value, adding the Z” contribution
makes the fit further worse.? As a result, large vertex corrections from the Z” boson are
disfavored.

In figure 4, we show x? of the Z” model as a function of myz» and gzv. As can
be seen from the figure, small gauge coupling gz» < 0.4 and relatively light Z” boson
myn < 100 GeV are favored.

4 LHC phenomenology

In this section, we study the phenomenology of the Z” model at the LHC and investigate
whether the current and future LHC results can constrain or discover the Z” boson in the
region which is favored by the EW precision measurement as well as the muon g-2 shown
in the previous section.

Relatively light Z” bosons can be produced at eTe™, pp and pp collisions. The event
including the decay is typically described by the diagram depicted in figure 5.

Since the Z” boson only couples to y, 7, v, and v, its effects only appear in the specific
final states. Table 4 lists the final states where the Z” boson contributes. In particular,
the 4 lepton modes involving e* are not affected.

Before we proceed to the phenomenological study at the LHC, let us first discuss a
bound from the LEP1 [28]. The ALEPH has reported a study of the four fermion final state
at the Z resonance [43]. The collaboration analyzes the data collected at /s = 88—95 GeV,

3We also note that the Z” contribution does not affect the left-right asymmetry A, ., because the Z”
universally contributes to the left- and right-handed p and 7.



Figure 5. Feynman diagram for a typical Z” boson production process at the tree-level.

final state Z" effects
Ap, 4T, 2027, 20 + ET,miSS7 27 + ET,miss yes
de, 2e2p, 2€27, 2€ + ET miss no

Table 4. List of 4 lepton final state processes relevant to the Z” boson effects. Missing transverse
energy, Fr miss, is originated from neutrinos.

corresponding to a total integrated luminosity of 79 pb~! (almost two milion hadronic Z
decays), and observes 20 events in the 4 p channel, to be compared to 20 + 0.6 expected
events in the SM. We compute the number of events expected from the Z” contribution,
and obtain (24, 7.8, 2.2, 0.5) events for mz» = (30, 40, 50, 60) GeV, respectively, without
acceptance cuts. The gauge coupling is fixed as gz» = 0.3 throughout this section unless
otherwise stated. Therefore, we conclude that the region with mz» > 50GeV is not
excluded by the LEP1, and the favored my» range (50 — 150 GeV for gz» = 0.3), as shown
in figure 4, is still consistent with the LEP1 data.

Table 5 lists the cross sections of typical processes at the LEP2, Tevatron and LHC
for the SM and Z” model for mz» = 80 GeV. Due to the small cross sections at the LEP2
and Tevatron, we see that there are no constraints stronger than one from the LEP1.

On the other hand, 4 p final states have been already observed at 7-8 TeV LHC
with [dtL = 25 fb~!, and a fewfb difference in the cross section would be or become
measurable [28]. For the 2u27 mode, it is difficult to constrain the Z” model from
the current data due to low 7 identification efficiency though it would be possible with
[ dtL =300 — 3000 fb~' at /s = 14 TeV.

In this section the results based on four signal samples with mz» = 60, 80, 90, and
100 GeV are shown. Note that the generated signals also include the SM and the inter-
ference contributions. We perform a parton level calculation using Calchep-3.4 [44] and
interface the events to Pythia-6.4.25 [45]. The detector effect is simulated with Delphes-
2.0.5 [46].

4.1 4 lepton channels at /s =7 — 8 TeV

Both CMS [47] and ATLAS [48] collaborations have reported the measurements of Z decays
to four leptons at /s = 7 and 8 TeV. Their measurements would be sensitive to the light



process cross section [fb]
SM | Z"” model (mz» = 80 GeV)
LEP (/5 = 200 GeV) etem — du | 3.8 3.8
Tevatron (v/s =1.96 TeV) pp — 4pu 3.4 3.6
LHC (/s =8TeV) pp — 4 14 15
pp — 2u2T | 29 30
LHC (/s = 14TeV) pp — 4 27 28
pp — 2u27T | 57 59

Table 5. Cross sections in typical processes where the Z” boson contributes, where pr; > 5GeV
and my;—;+ > 5GeV (I = p and 7) are required. The numbers for the Z” model are for my. =
80 GeV and gz = 0.3.

Z" boson. First, we consider how strongly the existence of the Z” boson is constrained
by the ATLAS data.? In the ATLAS analysis [48], they search for the production of four
leptons: eTe~ete™ (de), T pu~putp™ (4u) and ete T~ (2e2u) at the Z resonance. We
summarize the set of selection cuts they have used as follows:

1. four isolated leptons, which have two opposite sign and same-flavor di-lepton pairs,
where pp, > 4GeV and |n,| < 2.7 (pr,e > 7GeV and |ne| < 2.47).

2. the leading three leptons must have pr, > 20, 15, and 8 GeV, and if the third (pr-
ordered) lepton is an electron it must have pr ., > 10 GeV.

3. the four leptons are required to be separated as ARy > 0.1.

4. the invariant masses of the same-flavor and opposite-sign leptons are required to have
mp+;- > 5GeV.

5. mio > 20 GeV and mgzq > 5 GeV, where mqo is the invariant mass of the same flavor
and opposite sign di-lepton pair which is the closest to the Z boson mass among the
possible combinations, while the other one is called may.

6. the invariant mass of the four leptons is in the mz window, 80 GeV < my; < 100 GeV.

In the following we compare our simulation results with the ATLAS results. In order
to adjust K-factor, acceptance and efficiency factors in the simulation, we introduce a
constant normalization factor in each of the channels (4e, 2e2p and 4p) to match our LO
SM results and the expected numbers of events in table 4 in ref. [48], which is obtained
by NLO Monte Carlo program POWHEG [51-54] and data driven acceptance estimations.
We use the same factors for the Z” models.

In figure 6 we show the di-lepton invariant mass mis distributions (left panel) and msy
distributions (right panel) in the SM and Z” models with mz» = 60 GeV and 80 GeV. In

“The CMS has similar analysis in ref. [47] and their result, however, is based on data collected at
/s = TTeV. On the other hand, the ATLAS result is based on much larger set of data with integrated
luminosities of 4.6fb™! at /s = 7TeV and 20.7fb™! at \/s = 8 TeV. Therefore, we concentrate on the
ATLAS analysis.

~10 -



= 40: = 50¢
& g5E —*— ATLAS data . Z"m r;icé% vagr\} (3 455 ATLAS data
o E Standard Model and g,=0.3 o 40
% 30; andard Mode % 35 (It e Standard Model
< £ Z" model with € E
E) 25E —_ m,=80GeV § 30 Z" model with
L 20 and gZ”=0.3 ] 25; —  m,=60GeV and gzw=0.3
c T ., 3 7" model with
15F i 205 * E— mzrj;%Oer:V and g,=0.3
F 2t 15
10 = * 55
F * - 10
56 ML 5
0: 'T‘HH\+HH\HH\HH\HH il ot ! C L ! s a ¥ VRN
20 30 40 50 60 70 80 90 0 10 20 30 40 50 60
m,, [GeV] m,, [GeV]
(a) (b)

Figure 6. The miy and mg4 distributions for the SM (dashed) and for the Z” models with
mz» = 60GeV (blue) and 80 GeV (red). All channels (4e, 2e2u and 4u) are summed up. Combined
results for the integrated luminosities of 4.6fb~! at /s = 7TeV and 20.7fb~! at \/s = 8 TeV are
shown.

this section, combined results for integrated luminosities of 4.6fb~! at /s = 7TeV and for
20.7fb~! at /s = 8 TeV are shown. All channels (4e, 2¢2p and 4y) are summed up for
these plots so that we can directly compare them with figure 3(e) and 3(f) in ref. [48].

For the Z” model with mz» = 60 GeV, a large excess should be seen around m19 ~ mz»
in the mq distribution. It is from the on-shell decay Z — Z"¢T¢~ followed by Z" — ¢T¢~.
We also see a small excess around mg3s = 20 — 30 GeV in the mgy distribution, and it
corresponds to myz — my~. On the other hand, we don’t see significant deviations for
myn = 80GeV. Table 6 shows the expected numbers of events in several mio and msy
ranges for the Z” model with mz» = 60GeV (Nz» ) and 80 GeV (Nz»go) , and for the
SM (Nsm). The “significance” value oz, which is defined by (Nz» — Ngym)/+v/Nsm and
represents the deviation from the SM, is also shown. For mz:, = 60GeV, oz~ gy values
are about 5.1 and 4.1 in the range of mijo = 57 — 63 GeV and of m3y = 18 — 33 GeV,
respectively, and shows the clear deviation from the SM prediction, while oz~ gg is smaller
than 1 and not statistically significant.

We also compute the y? values defined by

. . 2
S (Y=
X2 — < th DATA) , (41)

- g
i

where NN/} is the expected number of events in the i-th bin for the theoretical models (the
SM and the Z” models), N{ ,ro and o; are the number of events observed in the i-th bin
for the data and the corresponding statistical error, respectively. The data are obtained
from the ATLAS analysis [48].

Table 7 shows the y? values for the mis and msy distributions for the SM and the
Z" models. We use 19 bins for the ms distribution and 14 bins for the mas4 distribution
to calculate the x2. Thus, the degree of freedom (d.o.f) of the x? is 19 (14) for the
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Nsm | Nzrngo ozr60 | Nzrgo 0z080
(51,57)GeV | 29.1 | 328 07| 299 0.1
(57,63)GeV | 342 | 639 51| 351 02

mip (63,69)CeV | 332 | 301 -05| 323  -0.2

( )

( )

69,75)GeV | 20.7 | 195  -03| 215 0.2
75,81) GeV | 4.7 52 0.2 59 0.5
(3,18) GeV | 130.6 | 1352 0.4 | 131.8 0.1
mss (18,33) GeV | 330 | 564 41| 328  -00
(33,48) GeV | 45 54 04 43 -0.1

Table 6. Event numbers in several mio and mss ranges. The luminosities of 4.6 fb~! at Vs =TTeV
and 20.7fb~! at /s = 8 TeV are combined and event numbers in all channels (4e, 2e2u and 4p)
are summed up, as studied in ref. [48]. Ngm and Nz»go (Nz» o) are numbers of events in the
SM and the Z” model with mz» = 60 GeV (80 GeV), respectively. We also show the significance
ozn = (Nz» — Nsm) /v Nsu.

SM | Z" model (myz» = 60GeV) | Z" model (mz» = 80 GeV)
2/(d.0o.f) in mz | 33.1/(19) 47.1/(19) 34.1/(19)
X2/(d.o.f) in maq | 6.9/(14) 26.6/(14) 6.5/(14)

Table 7. x? in the my5 and may distributions in the SM and the Z” models with mz» = 60 and
80 GeV.

mi2 (may) distribution. We see that the x? for the Z” model with mzs = 60GeV is
much worse than those for the SM in both mis and mg4 distributions. The total of the
x%/(d.o.f) is 73.7/(33), and the probability to be the statistical fluctuation is 6.1 x 107°.
The corresponding probability for the SM is 0.19.

From the mis and msy distributions, we conclude that the Z” model with mzr =
60 GeV is excluded by the ATLAS analysis because the Z” effects should have been clearly
visible in the case. The case with different value of the coupling gz~ can be easily estimated
in the same way. On the other hand, the x? of the Z” model with mz» = 80 GeV is almost
the same as the one of the SM. The total x? is x?/(d.o.f) = 40.6, and the corresponding
probability is 0.17. Thus, the current ATLAS analysis is not sensitive to the Z” model
with myz» = 80 GeV.

The difference between the SM and Z” model would be more evident if one looks only
at 44 channel since the Z” only couples to muons, although the ATLAS has not provided
the separate results. In table 8, the numbers of 4u events expected in several mis ranges
for the SM and Z” model with mz» = 60 GeV are listed. Compared with table 6, oz~ g9
in the range mi2 = (57,63) GeV is much larger.

For mz» = 80GeV, the Z” model is not constrained by the ATLAS analysis. In
the case of myzn >~ my or my» > my, the off-shell Z boson in the s-channel diagram as
shown in figure 5 is dominant in the signal events. That is the reason why the ATLAS
measurement of the Z decays to 4 leptons is not sensitive for the heavier Z” boson.

- 12 —



4y channel Nem | Nzvgo 02760
(51,57)GeV | 134 | 171 1.0
mia (57,63)GeV | 174 | 473 7.2
(63,69)GeV | 175 | 141  -0.8

Table 8. Numbers of events in several mjs ranges in 4u channel for the SM (Ngy) and Z” model
with mygn = 60 GeV (NZ”)- We also show Oz = (NZ” - NSM)/V NSM-

cut Nz 6o/Nsm Nz go/Nsm
1. 4 u events 1.21 1.02
2-3. pr and AR, , cut 1.26 1.04
4-5. my,, cuts 1.28 1.05
6. ma, in (80,100) GeV 1.38 0.99

Table 9. Ratio of the event numbers in Z” models divided by the SM one after the successive
selection cuts discussed in the text.

We can see this more clearly by the ratios of event numbers Nyz»go/Ngm and
Nz go/Nsm in 4p channel after the successive selection cuts shown in table 9. The cuts
1 — 6 correspond to the ones summarized above. For the cut 1, additionally we require

m,+,~ > 4GeV for any combinations of opposite sign di-muons. The sensitivity to the

i
sigunzl;l increases as we apply more cuts in the Z” model with mz» = 60 GeV while it de-
creases after the cut 6 in the Z” model with mz» = 80 GeV. It is because the signal events
for mz» = 80 GeV mostly come from the off-shell region of Z boson. Consequently, the
ATLAS analysis is not directly sensitive to the heavier Z” bosons.

In order to gain sensitivity for the heavier Z” boson, we propose optimized selection

cuts:
5 my > myz + 10 GeV and reject the Higgs mass region, |mg — mp| > 10 GeV.
6’ ‘TTL34 — mz| > 5GeV.

in addition to pr, n and AR cuts (cuts 1 —4). Since the signal events are mainly through
s-channel off-shell Z boson, we reject the contributions through on-shell Z boson as well
as on-shell Higgs boson by the first criteria (5’). The second criteria (6’) is for rejecting
Z 7 production process, which is another SM background, where both mis and ms4 tend
to be close to myz. On the other hand, in the Z” signal events, mo tends to be my», but
ms4 does not accumulate on any particular value. Therefore, it efficiently rejects the ZZ
backgrounds while keeping most of the Z” signal.

We show the miy distributions in 4p channel after applying these optimized cuts
in figure 7 for myz» = 80, 90, and 100 GeV. For all masses, excesses at mio = my» are
expected. Table 10 shows the expected numbers in several m1o ranges, the ratio Nz~ /Nsp,
and the significance.

For mz» = 80 and 100 GeV, the Nz /Ngy ratio is very high, 3.1 and 2.5, respectively.
The number of event in the SM Ngy for mis ~ mygr is very small so that o defined

~13 -



g 30; ...... Standard Model g Zm;njgglé\gt\? g 30? -------- Standard Model
£ 25- 2 andg =0.3 2 25F g i
$ [ Z"modelwith s k3 s £ [ meffgé“é‘e“\,
@ 20F ~ m,=80GeVandg,=0.3 & & 20F - az;]d 9.-03
E E ,=0.
15F 15F
10- 10
5- 5= [T
LJ: T {0 . LT S | L e 4 03\'" 1 | LT L A L
60 65 70 75 80 8 90 95 100 70 75 80 8 90 95 100 105 110 80 85 90 95 100 105 110 115 120
m,, [GeV] m,, [GeV] m,, [GeV]
(a) (b) (c)

Figure 7. The distribution of the di-muon invariant mass mis in pp — 4p in the SM (dashed
line), Z"” model with mz~» = 80, 90, and 100 GeV (solid lines, from left to right) after imposing
the optimized cuts. Combined integrated luminosities of 4.6 fb~! at /s = 7TeV and 20.7fb~! at
/s = 8TeV are assumed.

before does not express statistical significance. We estimate the statistical significance
based on the Poisson distribution with the average number of events Nz~ for the bin with
myn — 3GeV < mio < myzr + 3GeV. The probability p to have events number in the bin
N < Nénﬁde in the Poisson distribution with the average of Nz», where Né“ﬁde is the mode
of the Poisson distribution with the average of Ngy, is 1.5 x 1072 for mz» = 80 GeV ( 0.07
for mz» = 100 GeV). It is not enough to exclude the mz» > 80GeV.? Since Nz» /Ny
ratio is very large, the evidence of the Z” should be obtained at 14TeV runs. We also
checked the possibility to improve those significance by using the di-muon invariant mass
closest to the hypothetical my» value instead of the mi2. However, it is not improved since
it increases the SM background in the signal region as well.

For myz» = 90 GeV, we can see only a small excess over the SM Z boson peak in the
mig distribution in figure 7(b). The significance is less than 1 due to the overlapping large
SM Z contributions.

4.2 4 lepton channels at /s = 14 TeV

In the previous section, we have shown that the heavy Z” boson (mz» > 80 GeV) cannot
be excluded by using the /s = 7—8 TeV run data of the LHC due to the limited integrated
luminosities. In this section, we study the Z” search at /s = 14 TeV with the integrated
luminosity of 300 fb~! and 3000 fb~! for the same reference points defined in the previous
subsection except the case with myz» = 60 GeV, which is already excluded. In this section,
the leading order results without constant normalization factors are used for the cross
sections. For the detector simulation, we adopt the trigger conditions for the run at /s =
14 TeV [49], as shown in table 11 and implemented in Delphes. In addition to the 4u
channel discussed in the previous section, we also discuss the channels involving 7-leptons
such as 2u27 and 47 since Z” also couples to 7-leptons.

50On the other hand, p for N > Ng“,?de in the Poisson distribution with the average of Ngwm is 4.7 X 1073
for mzn = 80GeV (0.096 for mz» = 100 GeV).
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myr = 80 GeV Nem Ngzw | Nzu/Ngy | prob. for N < N@ede in 7" model
(71,77) GeV 20 25 1.2 -
mis  (77,83) GeV 31 95 3.1 1.5 x 1072
(83,89) GeV 13.2 135 1.0 —
myn = 90 GeV NSM NZ” NZ” /NSM oAU
(81,87) GeV 75 6.9 0.9 —
mi2  (87,93) GeV 45.7 51.4 1.1 0.9
(93,99) GeV 96 9.4 1.0 —
mzn = 100 GeV NSM NZ” NZ”/NSM pI‘Ob. for N < Nénlvo[de in Z” model
(91,97) GeV 274 29.2 1.1 -
miz2  (97,103) GeV 24 5.8 2.5 0.07
(103,109) GeV | 0.9 1.0 1.1 -

Table 10. Numbers in several mqo ranges in 4 channel after applying the optimized cuts in the SM
and in the Z” model for mz» = 80, 90, and 100 GeV. We assume combined integrated luminosities
of 4.6 fb™' at /s = 7TeV and 20.7 fb~! at \/s = 8 TeV.

trigger

pr threshold

single muon

single tau jet
di-muon
muon-tau jet

pl > 25GeV
pr > 150 GeV

Pl > 13GeV, ph? > 13GeV

P > 15GeV, ph > 40 GeV

Table 11. Trigger conditions relevant for the analysis at /s = 14 TeV [49].
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Figure 8. The m;s distributions in the 4u channel in the SM (dashed line) and Z” model with
myz» = 80, 90, and 100 GeV (solid line, from left to right) after the optimized selection cuts. The
integrated luminosity of 300fb~! at /s = 14 TeV is assumed.

421 pp — ptp—put

w

The excess of the Z” signal which lies near Z boson mass in the ms distribution would be
confirmed at /s = 14 TeV since the cross section and number of events of the Z” model
would increase if Z” boson exists for pp — 4u channels. We apply the optimized cuts for
the heavier Z” boson proposed in the previous section.

In figure 8, we show the distributions of the di-muon invariant mass mqo for the SM
and the Z” model with mz» = 80, 90, and 100 GeV. We normalize the distributions for
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mzn = 80 GeV NSM NZ” NZ”/NSM agn
(71, 77) GeV 16.2  23.8 15] 1.9
mia (77, 83) GeV 307 94.7 31116
(83, 89) GeV | 130.8 133.3 10| 02
mzyn = 90 GeV NSM NZN NZ”/NSM agn
(81, 87) GeV 67.6 72.1 11| 05
mia  (87,93) GeV | 4453 515.7 12| 3.3
(93, 99) GeV 93.3  100.9 11| 08
mygn = 100 GeV NSM NZ” NZ”/NSM oAU
(91, 97) GeV | 2682 280.4 1] 07
miz (97, 103) GeV 24.3 578 24| 6.8
(103, 109) GeV | 10.1 11.0 1.1 03

Table 12. Numbers of events in several mo ranges in 4u-channel at /s = 14 TeV with fdtL =
300 fb~! in the SM (Nsy) and in the Z” model (Nz») with mz» = 80, 90, and 100 GeV after
applying the optimized cuts.

the integrated luminosity of 300 fb~!. Excesses are more clearly seen in the Z” model
with mz» = 80 and 100 GeV in the signal region mis ~ myz», compared with the case at
/s =T7—8TeV. Even in the case of mz» = 90 GeV, the excess in the region mis >~ myn is
statistically significant. In table 12, the numbers of events around the excesses for the SM
(Ngm), for the Z” models (Nz»), the ratio Nz»/Ngy and oz are shown. The significance
ozngo and ozr 100 exceed 5. Although we obtain ozn g9 ~ 3 for mzs = 90 GeV, whole
region below myz» < 100 GeV will be explored at the high luminosity LHC (HL-LHC),
where the expected integrated luminosity is around 1000 — 3000 fb—!, provided the cuts
and background rate remain the same.

4.2.2 pp — ptpu—rtr—

In our Z” model, the Z” boson couples to the 2nd and 3rd generation leptons. In order to
test the feature, we need to see the pattern of the couplings of the Z” boson. One of these
interesting processes is 2u27 channel. To study this channel, we adopt hadronic 7 tagging
algorithm of Delphes which roughly reproduce ATLAS and CMS data for Z — 777~
channel [46].

For this channel we require the following cuts:

1. two 7 jets exist satisfying pr, > 20GeV and || < 2.3, only hadronically decaying
T’s.

2. two oppositely charged muons exist satisfying pr, > 10GeV and |n,| < 2.7, the two
muons are well separated as AR > 0.1.

3. requiring the invariant mass cut for the two 7’s, m,, > 120 GeV, where we adopt the
collinear approximation for the 7 momentum reconstruction, that is, the neutrino
momentum from 7 decay is assumed to be parallel to the 7 jet direction.
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Figure 9. The (m,,) distributions in the 2427 channel at /s = 14TeV for the SM (dashed
line) and for the Z” model with mz» = 80, 90, and 100 GeV (solid lines, from left to right). The
integrated luminosity of 300 fb~! is assumed.

myzn = 80 GeV NSM NZ“ NZ”/NSM f dtL for diSCOVGI"y (fb_l)
(71, 77) GeV 03 09 3.1

My, (77, 83) GeV 0.6 4.8 8.2 > 500
(83, 89) GeV 15 14 1.0

myn = 90 GeV Nsm Ngw | Ngv/Nsm f dtL for discovery(fb_l)
(81, 87) GeV 08 1.3 1.7

my, (87, 93) GeV 5.0 84 1.7 > 2900
(93, 99) GeV 1.1 1.3 1.2

myn = 100 GeV NSM NZH NZ”/NSM fdtL for diSCOVny(fbfl)
(91, 97) GeV 3.0 37 1.3

My, (97,103) GeV | 0.3 2.9 11.8 > 730
(103, 109) GeV | 0.07 0.2 2.9

Table 13. Number of events in several m,,, ranges in 2427 channel at /s = 14 TeV with [dtL =
300 fb~! in the SM and the Z” model with mz» = 80, 90, and 100 GeV.

The 1st and 2nd requirements select events which have 2y and 27. The 3rd cut
effectively rejects the SM ZZ backgrounds. It is because the signal matrix element is not
enhanced at m,, ~ myz nor mz» once we require my, ~ mz~. On the other hand, in the
SM ZZ background both m,,, and m,, are enhanced at mz. We found that the collinear
approximation for the 7 reconstruction is not good enough to reproduce the Z” mass from
the di-tau invariant mass. Nevertheless, we found it useful to reject the SM background.

In 44 channel there are two possible combinations to pair the muons. We have primarily
used the mis, which is the lepton pair closer to myz, for the Z” boson search. By contrast,
2127 channel has no such combinatorial problem. In figure 9, we show the di-muon invariant
mass (my,,) distributions for the SM (dashed line) and Z” model with mz» = 80, 90, and
100 GeV (solid lines), from left to right panels, respectively. The normalizations are for the
integrated luminosity of 300 fb~!.

Table 13 shows event numbers in several my, ranges around the excess for the Z”
models (Nz») together with those for the SM (Ngn), the ratio Nz»/Ngy, and significance
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expressed by the required integrated luminosity for the discovery, which is defined as the
integrated luminosity where the probability to have number of events in the signal bin
N > Nyu is less than 107° for the Poisson distribution with the average of Ngy. The
Nz /Ngwy is large enough at my,, ~ my» for both cases of mz» = 80 and 100 GeV, while it
is only around 1.7 for mz» = 90 GeV. The Z” effects will be observed for mz» = 80 GeV
with the luminosity less than 300 fb=!. In the case of mz» = 100 GeV the number of signal
events is small, but more data at the HL-LHC would strengthen the signal observation.
In the case of myzr = 90GeV, the significance is smaller, however, it would be possible
to observe the definite signal once we collect more data with the integrated luminosity of
3000 fb~! at the HL-LHC assuming the acceptance of leptons and 7 jets unchanged.

5 Conclusion

New particles with the mass of the order of the EW scale with a significant coupling to the
muon sector can accommodate the muon g-2 anomaly. The LHC would be an important
experiment to search such particles directly because of the high luminosity and cleanness
of the muon signature.

In this paper, we have considered the L, — L, gauge symmetry as one of the solutions
to explain the anomaly of muon g-2. We have explicitly shown that the Z” gauge boson
of the EW scale mass explains the anomaly of muon g-2. We have also identified the
parameter space where the Z” model is consistent with the EW precision measurements.
We have considered the LHC phenomenology for several reference model points in the
preferred parameter space.

The Z” model contribution to Z — 4 is large for the relatively light Z” boson since a
Z boson can decay into the Z” boson. Therefore, we have closely checked the measurement
of Z boson decay to 4 leptons (4e, 4u, 2e2pu) at the ATLAS experiment. We conclude that
the ATLAS result has already excluded the Z” model with mz» = 60 GeV for gz = 0.3.
The ATLAS analysis is not sensitive yet to Z” bosons with mass above ~ 80GeV. We
have proposed an analysis in pp — 4u channel sensitive to the heavier Z” bosons, and have
shown that the data at /s = 7 — 8 TeV should have some sensitivity to the Z” boson with
myn = 80 and 100 GeV for gz» = 0.3.

Moreover, we have shown that LHC data at the 14 TeV LHC with 300 fb~! would be
enough to observe the clear Z” boson signal in 4u channel with mz» = 80 and 100 GeV
for gz» = 0.3. Even in the case of myz» = 90 GeV, the integrated luminosity of 3000 fb~!
would reveal the Z” model. Therefore, the current and future LHC data in the 4y final
state will provide the opportunity to explore the whole region of the Z” model parameter
space relevant to the muon g-2 anomaly.

In order to probe the Z” model, we should observe the Z” effects not only in the 4u
final state but also in the channels involving 7 leptons such as the 2u27 state since it is the
important feature that the Z” boson only couples to the 2nd and 3rd generation leptons.
We have shown that the Z”777~ interaction would be probed in the 2u27 final state with
the LHC data of the integrated luminosity 3000fb~! at /s = 14TeV for the preferable
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particle | Ly | Lo | Lz | (er) | (kr)® | (TR)® | (Yer)® | (Wur)¢ | (vrr)¢ | o | others
charge | 0 | +1 | -1 0 -1 +1 0 -1 +1 +1 0

Table 14. Charges assignments under the L, — L, gauge symmetry. All fermion fields are written
in left-handed basis.

parameter region of the Z” model. Future LHC data are crucial to test the new physics
models responsible for the muon g-2 anomaly.
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A Neutrino mixing and constraint from the washout of the baryon asym-
metry

In this appendix, we discuss the neutrino mixing in the L, — L, gauged theory. We show
that the observed neutrino mixing can be explained with an aid of three right-handed
neutrinos. We also discuss the constraint from the washout of the baryon asymmetry in
the early universe, and find that the masses of the right-handed neutrinos are bounded
from above.

A.1 Neutrino mixing

In addition to the SM fields, we introduce three right-handed neutrinos v;z(i = e, p, 7), in
order to explain the observed neutrino mixing. We assume that they have L, — L, charges
of 0,41, —1, respectively. We also assume that the L, — L, gauge symmetry is broken by
a condensation of a scalar field ¢ with a unit L, — L, charge. The charge assignments of
various fields are summarized in table 14.

From the charge assignments, renormalizable terms in a Lagrangian which contribute
to the lepton masses are given by

L = H(yeL1 (er) + yuLo (ur)" + yr L3 (Tr)) + H (M L1 (ver)® + A2La (Vur)® + AsLs (v7r)°)

+MeeVerVer + Myrvpprveg + A’e#ab&RuuR + AL _ovepvrg + hec.. (A1)
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Here, ye, yu, yr are the Yukawa couplings of the charged leptons and not related to the
neutrino mass. The neutrino mass is determined from Yukawa couplings \; (i = 1,2,3),
Majorana masses M, and M,;, and Yukawa couplings A;, and AL,

Note that the mass terms between the left and right-handed neutrinos are diagonal.
Therefore, the neutrino mixing is obtained by mixing among the right-handed neutrinos.
If the Majorana masses Mee, M7, A, (o) and A, (o) are of the same order, the seesaw
mechanism [55-57] provides the observed order one neutrino mixing. From the seesaw
formula, a relation between the parameters is given by

A2p2

(Am2)V/? ~ ~ 10712 =107 GeV, (A.2)

where v ~ 174 GeV is the vacuum expectation value of the SM Higgs, and Am? is the
difference between the mass squared of the left-handed neutrinos. X\ and M denote \; (i =
1,2,3) and Mee, Mz, A, (o) and A, (o) collectively.

A.2 Washout of the baryon asymmetry

Interactions given by eq. (A.1) break the lepton symmetry. On the other hand, B+ L sym-
metry is broken by the anomaly against the SU(2) gauge interaction, whose effect is efficient
at the early universe by the sphaleron process in the finite temperature [58]. Therefore,
the baryon asymmetry is washed out if both effects are important simultaneously. Let us
calculate a condition such that the washout does not occur.

First of all, the sphaleron process is efficient only at the temperature above the EW
scale. Therefore, if the baryon asymmetry is generated below the EW scale, the washout
does not occur. In the following, we assume that the baryon asymmetry is produced above
the EW scale and calculate the constraint on the parameters in eq. (A.1).

Let us consider two possibilities in which the washout does not occur.

1. ); is small,

2. Mce and M, are small.

If any of the two conditions are satisfied, the lepton number is effectively conserved. There-
fore, one should adopt the weakest condition among them. Let us discuss the two cases in
detail.

A; is small. In the limit \; = 0, the lepton symmetry is restored for each flavors. There-
fore, if the interaction by A; is inefficient, the washout of the baryon asymmetry does not
occur. The most efficient interaction is shown in figure 10 and its rate is given by

Ny
(onv) ~ éit T, (A.3)

where o, n, v, y; are the cross section of the process, the number density of related particles,
the velocity of related particles, and the Yukawa coupling of the top quark, respectively.
(---) denotes the thermal average. By requiring that the rate is smaller than the Hubble
scale for T 2, 102 GeV, we obtain the bound

i <1077 (A.4)
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Figure 10. Feynman diagram for the lepton number violating interaction by .
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Figure 11. Feynman diagram for the lepton number violating interaction.

M., and M, are small. If both Majorana masses vanish, L, — L, — L; symmetry
is restored. The most efficient interaction which induces the symmetry violation by the
Majorana masses is shown in figure 11. Its rate is given by

g/4
(onv) ~ 8—ﬂ_M (A.5)

This rate is smaller than the Hubble scale for T 2, 102 GeV if

/

0.3

From the relation (A.2), one can see that the condition (A.6) is severer than the
condition (A.4). Therefore, it is enough to satisfy the condition (A.4) in order for the
washout not to occur. With the relation (A.2), the condition is interpreted as

M<10~" GeV (L), (A.6)

NS 1077
Mee, M, S 100 GeV
Moy ALy S o1t AT
e’ eT 100 GeV ( )
Since the right-handed neutrinos are light and weakly coupled, it is necessary to con-
sider whether they are long-lived. If they are long-lived, they might over-close the universe,
or destroy the success of the big-bang nucleosynthesis (BBN). The most important decay
channel is given by the diagram shown in figure. 12. Here, we have assumed that o is
heavier than the right-handed neutrinos and hence the decay mode N — ov is closed. The

decay rate is given by

LM oM,

T 12873 02

(A.8)
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Figure 12. Feynman diagram for the decay of the right-handed neutrinos.

The decay of the right-handed neutrinos is efficient around the temperature

A M
T ~0.1 A
0.1 GeV 107 ({5 Gev

)3/2, (A.9)

Therefore, the right-handed neutrinos decay before the BBN begins and does not affect it.

B Passarino-Veltman functions

Passarino-Veltman functions [59, 60] are defined by

d"k 1
A(A) = 1672 26/ B.1
(A) it oIy (B.1)
d"k 1
Bo(A, B;p) = 1672 26/, :
o 2 . i(2m)" (k% — m? +ie] [(k +p)? — m% + ic]
d"k K

P'Bi(A, B;p) = 167°p* /

p!'p” Ba1(A, B;p) + g Baa(A, B;p)

d"k kHEY
= 167 26/ B.2
mH i(2m)" (k% — m? +ie] [(k +p)? — m% + ic] (B-2)

i(2m)" [k2 — m? +ie] [(k +p)? — m% +ie]

Co(A,B,C;p1,p2)
d"k 1
:167r2,u26/, 5 R 5 T 5 I
i(2m)" [k2 — m3 4 €] [(k + p1)? — m§ +ie][(k + p1 + p2)? — mg + i€
(p!fcll +P5012) (A7 B7 C;plap2)
= 167r2,u2€/ d"k u
i@m)" 12 — 2+ e[k + p1)? — m3, + iel[(k + p1 + p2)? — i + i)
{(p)'p1 Ca1 + P55 Ca2 + (PY'D5 + pTph)Cas + g Cau} (A, B, C; p1,p2)
s o [ d" Ktk
= 167T 1% " 2 2 B B 2 B P 2 .10
i(2m)" [k2 — m3 + €] [(k + p1)? — m§ +ie][(k + p1 + p2)? — mE + i€
(B.3)

where we use dimensional regularization in 4 — 2¢ dimensions, and u is a renormalization
scale.

- 29 —



1
2

We list some explicit expressions in the following, where % = % — v+ log 4m:

1 2
A(m?) = m? (A +1—log 7;) , (B.4)
1 L m? (1 — x) + mux — p*x(l — z) — ie
BO(A7Bap) Z daclog 9 ) (B5)
o
1—2)+miz —p’x(l —x) —ie
Bi(A,B;p) = —+/ dajaclog M ) B/ﬂ ( ) , (B.6)
m%4 (1 — z) + myz — p?z(1 — x) — ie
By (A, B;p) = d 2] £ B.7
21( ) 7p) 3A 0 LT 10g /_1,2 ) ( )
1 P’ (1
Ba(A, B;p) = Z(m,%l +mp; — g) (A + 1>
! m?4(1 —x) + mir — p?x(l — x) — ie
/0 dr {m%(1 — z) + mEz — p*z(1 — x)} log —4 B/ﬂ . (B.8)
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