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Introduction

There is a revival of interest in superstring loop amplitudes from different perspectives [1-
7]. The original one-loop computations by Brink, Green and Schwarz [8] paved the way to
remarkable developments both in string theory and in field theory related contexts. Some
time ago the BGS amplitude for four vector bosons in D = 10 Type I superstrings was
generalised to D = 4 in vacuum configurations with open and unoriented strings preserv-
ing at least N’ = 1 supersymmetry [1]. Although the final result could be expressed in a
compact form as a sum over the various sectors, only the contribution of the A" = 4 sector
and the ‘irreducible’ contributions of the N’ = 1,2 sectors could be easily seen to be pro-
portional to the tree-level amplitude. Supersymmetry Ward identities imply that the only
non-vanishing 4-point amplitudes be Maximally Helicity Violating (MHV) [9]. Thus loop
corrections should reproduce similar structures to tree-level amplitudes in supersymmetric
vacuum configurations in D = 4.

Aim of the present paper is to simplify the results of [1] using the spinor helicity for-
malism and to analyse the singularities of the resulting amplitudes. We will also comment
on the soft behaviour of the amplitudes and compare our results with the ones obtained
in [10] within the D = 4 ‘hybrid formalism’ [11]} and find it hard to reconcile the two
approaches. The main difference is that despite vector boson vertex operators are com-
pactification independent, i.e. they are proportional to the identity operator of the internal
SCFT, only in the N/ = 4 sector one has a complete factorisation of the space-time and
internal part, encoded in the sum of KK momenta or alike. In A/ = 1,2 sectors the com-
putation does not factorise even for the ‘irreducible’ contributions, encoded in a function
Fn of the modular parameter and of the compactification moduli, which does not simply
coincide with the internal partition function.

!Other hybrid approaches have been proposed in diverse dimensions: D = 6 [12], D = 3 [13], D = 2 [14].



The plan of the paper is as follows. In section 1, we will briefly review one-loop open
superstring amplitudes in order to fix the notation. In section 2 and 3 we rewrite 2- and 3-
point ‘amplitudes’,? which vanish in the case of A" = 4 sector, in the helicity formalism. We
show that they satisfy the correct Ward identities, in that, for instance, 3-point amplitudes
with 3 positive helicity vector bosons vanish, and identify their divergences. The results
of [1] for 4-point amplitudes are reviewed in section 4 and systematically simplified in
section 5, where we show that only MHV amplitudes are non-vanishing. The case of
‘regular’ branes at orbifold singularities [15, 16] is discussed in section 6. In section 7
we study factorisation and find some unexpected result, i.e. no massless poles appear for
generic modular parameter, even in sectors with reduced SUSY. We then discuss the IR
and UV behaviours of the independent amplitudes: planar, non-planar (3—1 and 2—2)
and unorientable. After extending our bosonic amplitudes to full super-amplitudes, in
section 8 we draw a comparison between our results and the results of the D = 4 hybrid
formalism [10] and we discuss potential sources of disagreement. We will conclude with
some speculations about higher points, higher loops, soft limits and KLT relations beyond
tree-level in section 9.

1 Superstrings at one loop

In theories with open and unoriented strings scattering amplitudes can be computed in-
serting the corresponding vertex operators on the boundaries [17]. The vector boson vertex
(in the super-ghost pictures ¢ = 0) reads

VY = a, (0XF + ikpyt) e = <a-8X -5 fwwﬂqy) ehX (1.1)

where f,, = a,k, — kya, is the linearised field strength.?
The tree-level disk contribution is similar to Veneziano amplitude

B(s,t Bt B
(5.0) ., Blw) o Blws)
st tu us

Alree(1,2,3,4) = g2F* [ 7'1342] (1.2)

where g, is the coupling constant for open string. The Veneziano factor B(z,y) and the

Chan-Paton factor Tgp.q read

N1 —dz)I'(1—a'y)
I'(1l—dx—ay) ’

B(z,y) = Tabea = tr(tatptcta) (1.3)

while the totally symmetric kinematic factor F* is given by

Y= [2(f1 fafsf) — 5 U f2) o) + eyclic(234) (14)

In D = 4, F* is non-vanishing only in the Maximally Helicity Violating (MHV) case

(12)°

(23)(34) (41 *" (1.5)

4 _ i _ 4 _
P =r =0 ) o=

2We put amplitudes in quote because they do not correspond to “scattering” due to collinear momenta.
#Henceforth we will refer to 1,1, : as (fermionic) bilinear.



thereby, for a given color ordering, the partial amplitudes read
A1, 27,3147 = AYRI[L,27,3T,47]B(s, ¢) (1.6)

while AJe[17, 27, 3% 4%] = 0 = AY®°[17,2",3%,47]. Generalization to higher points can
be found in [18-21].

The one-loop four-point amplitude in D = 10 was computed long ago by Brink, Green
and Schwarz [8]. It receives three contributions: planar, non-planar and un-orientable.
Setting the modular parameter of the covering torus to be 74 = iT'/2 for the annulus and
Ty = iT/2 + 1/2 for the Mébius strip, all contributions can be written in the form

) o, [ dT
./4411 loop(1’ 27 3’ 4) _ g;lTCPal F4/ 5 / d4zi H4(Zi, k?z) (17)
0 Rcp

where Top is the Chan-Paton factor, Rop is the integration region, depending on color
ordering, and
M4 (zi, ki) = | [ expl-20/ki-k;G(2i5)] (1.8)
1<j
is the ubiquitous Koba-Nielsen factor with G(z;;) the scalar propagator (Bargmann kernel)
for boundary insertions at one-loop
01(z1 — z2|7) [Im (21 — 20)]?

Ga(z1,22;T4) = — [log W - ZWT (1.9)

We will often write G;; instead to G(z;;).
In the planar case all vertex operators are inserted on the same boundary of an annulus

7-1%1;2 = tr(t1t2t3t4)tr(1) R R%%ri = {Zl > 29 > 23 > 24 = 0} (1.10)

plus cyclic permutations of 234. The parametrization of the world-sheet variable on a
boundary is z = iTv/2 with v € [0, 1].

In the non-planar case vertex operators are equally distributed among the two bound-
aries of an annulus

non—pl non—pl
7-12C|)34 P — tr(tltg)tr(t3t4) , R1§|34p = {21 > 29,23 > 24 = 0} (1.11)

plus permutations of 2 with 3 and 4. The parametrization of the world-sheet variable on
the other boundary is z = iTv/2 4+ 1/2 with v € [0, 1].

For gauge groups with (anomalous) U(1) factors there is an additional non-planar
contribution with 3 vertices inserted on a boundary and the remaining one on the other
boundary

1o34. = tr(tatats)tr(ts) ) 123 = {21 > 22 > 23 = 0; 24} (1.12)

plus permutations of 4 with 1,2,3.
In the un-orientable case vertex operators are inserted along the single boundary of a
Mobius strip with twice the length of the strip itself

12%4—0r = Qtr(t1t2t3t4)7-g s gl?;lor = {21 > 29 > 23 > 24 = 0} (1.13)



plus cyclic permutations of 234, with 7g the tension of the relevant Q-plane in units of o/,
quantized charge. The parametrization of the world-sheet variable on the unique boundary
is z = iTv/2 with v € [0, 2].

At low-energies o |k;-kj| < 1, TI4(z;, k;) ~ 1 and one can trivially integrate over the
insertion points z; producing a factor of 7%. The remaining integral over the modular
parameter [dT/T? is IR finite (for T — 00) but UV divergent (for 7' — 0), due to the
dilaton tadpole associated to the empty boundary and the ‘cross-cap’. Yet for SO(32),
the dilaton tadpole cancels and the Type I theory if free of both UV divergences and
chiral anomalies [22]. Non-planar amplitudes are regulated by momentum flow between
the two boundaries.

A subtle issue related to potential anomalies is the role of the odd spin structure in the
computation of scattering amplitudes. In order to detect potential anomalies, one of the
gauge boson vertex operators should appear with longitudinal polarisation and should de-
couple thanks to BRST invariance in a consistent theory. The standard procedure requires
the insertion of a vertex operator in the ¢ = —1 super-ghost picture and an additional
world-sheet super-current insertion brought down by integration over the super-modulus
associated to the world-sheet gravitino zero-mode. In D = 10 hexagon gauge anomaly
could be detected this way [23, 24]. In the D = 4 case under consideration, 4-point am-
plitudes are not anomalous and BRST invariance allows to replace the combination of the
super-modulus and world-sheet super-current with a picture changing operator [25]. The
latter can act on the vertex operator in the ¢ = —1 super-ghost picture and change its
picture ¢ = 0. As in [1], one can then proceed with all vertex operators in the ¢ = 0

picture.?

1.1 Partition function

In order to generalize BGS formula to (supersymmetric) vacuum configurations for open
and unoriented strings in D = 4, one has to first recall the structure of the one-loop
partition function. As in [1], we will mainly focus here on magnetised or intersecting
D-branes at (non-compact) orbifold singularities [15, 16]. Consistency requires local RR
tadpole cancellation [26-30].

The partition function depends on the choice of brane configuration, including number
and type of intersections or magnetic fluxes thereon, 2-planes and orbifold group I'. For
simplicity we will focus on I' = Z,, € SU(3), i.e. Z! ~ exp(2mwin;/n)Z! with ny +ng +n3 =
0 (mod 1) in order to preserve SUSY. We will label the branes of type a by i, = 1,..., N,
and the orbifold sectors by h = 0,...,n — 1. We define three combinations that express

4This argument must be taken with a grain of salt since it has caused a problematic impression on the
referee. According to the referee, that we thank for his/her punctual observation, it leads to an incorrect
number of fermionic propagators, i.e. Si"f2 instead of Sfjfl. The latter is what one might expect in line
with the counting of loop momenta in the field theory limit. Yet, our treatment of the odd spin structure
precisely matches the results in the even spin structures in so far as the counting of S;; is concerned.
Moreover, we checked that our procedure reproduces the results of [24] since the longitudinal vertex in the
g = 0 picture is a total derivative that leads to a vanishing result in a consistent theory or to a boundary
term as a signal of an anomaly. We plan to return to this issue in the future.



the twist or shift in the open string spectrum

I

CLb = hvab =+ ZE (114)

1 T
abo 2
where I = 1,2, 3, eéb denotes the angles between brane a and brane b or the shift in the
string spectrum induced by the relative magnetic flux and vgb denotes the twist caused by
the orbifold. The combinations uéb determine the amount of supersymmetry preserved in
each sector.

1.2 N =1 sectors

The weakest condition one can impose to have ‘minimal’, i.e. N = 1, supersymmetry is
uly +u, +ud, =0, with []; ul, # 0. In this case the partition function assumes the form

_ _ 9 U . _ VXI b
ZN=1 = xN=1 th  AN=! = a 1.15
“ H (ul . ab 2650200 (/T)? (1.15)

where « labels the four spin structures, Vx represents the ‘regulated’ volume of space-
time (to be replaced by (2m)*§(2;k;) in scattering amplitudes), I, denotes the number
of brane intersections or the degeneracy of Landau levels. We have traced the origin of
various integers in the denominator, wherein the factor (a/T)? accounts for integration over
loop-momenta in D = 4.

1.3 N = 2 sectors

In sectors with A/ = 2 supersymmetry one of the uéb vanishes, let us say ugb =0. As a

consequence u?lb = —uib. The partition function reads

02(0)02 (uap) . vxal 1t
ZN XN 22a) o\ dh) th X ab a 1.16
“ 7963 (wap) b 263502070 (/T2 (1.16)

Where ug, = u}lb, I Cﬁ) denotes the number of intersections or degeneracy of Landau levels in
the ‘twisted /transverse’ directions and A!b denotes the lattice sum in the two (one complex)
‘untwisted /longitudinal’ compact directions.

1.4 N = 4 sectors

Sectors with A/ = 4 maximal supersymmetry correspond to u{lb = 0 and the partition

function is simply given by

_ VXAab
2680207 0rb (/'T)?

ZN=4 _ XN_404( ) : N=4
’ with X

= (1.17)

where A, denotes the lattice sum in the six internal directions.

Later on, we will compute 2, 3 and 4-point scattering amplitudes. Although the first
two formally vanish on-shell due to collinear kinematics, we report their derivation using
the spinor helicity formalism since it highlights the meaning of some of the structures that
will later appear in the more interesting 4-pt amplitudes. Definitions and notation for
elliptic functions and helicity spinors can be found in the appendices.



2 Two-point amplitudes

Let us begin with the two-point amplitude without specifying for the time being whether the
amplitude is planar, non-planar or un-oriented. We will see that the results are substantially
the same up to minor modifications. Although momentum conservation implies ki-ky = 0
and then ki-as = 0 = ky-a1, we will formally keep fifo # 0. The one-loop amplitude is
given by

iT/2
Al loop 1 2 =g an/ / dzl/ d225 Z2 )(21)V( )(Zz)>

/ dT / du® E® 1 )

where E@) and O® denote the contributions of the even and odd spin structures. Con-

(2.1)

tractions with zero and one bilinear are zero, we have only the two bilinears contribution.
In the even spin structures, the reduced contraction of two bilinears yields

E®? = an '2) VP (z))),

2 (f1f2)
2

= — <<:k1-1/)1 al-wlz :kg-lbg a2~w2:)>a = — 52(212) (2.2)

where S, (212) is the one-loop fermionic propagator (Szego kernel)®

—0,,G(21, 22), ifa=1, odd
Sal#1,227) =\ (21 — ) 1(0) (23)
, ffa#1 even.
91(21 — 2’2) HQ(O)
where G is the scalar propagator in 1.9. We often use the notation S;; instead of Si(z;;) =

—0;G(zij). Using the identity S2 = P—eq_1, where P is Weierstrass function, that does
not contribute to the sum over spin structures, and e,—1 = 270, log(6,/n), we have

12
B = O (fy ey (2.0

En = —anea_lzé}/ (2.5)

where the function Ey introduced in [1], labelled by the number N of preserved SUSY,
depends on the world-sheet modular parameter 7', on the parameters of the brane configu-
ration coded in uéb and the moduli of the compactification. £y vanishes in N = 4 sectors
due to Riemann identity.

In the odd spin structure, which only contributes in N' = 1 sectors® we can absorb the
four zero modes in a unique way

@(2) = _C(l}SO <:k1-’(/)0 a1-¢01 :kQ"lp[} a2~1/10:) = —2()4/26(13807T2X/\/:1(f~1f2)/T2 (26)

®In the space orthogonal to the constant zero-mode.
5In N = 2,4 sectors one cannot absorb the internal fermionic zero-modes 1§ with vector boson vertex

operators.



For brevity we define the function
Cn—1 = —255072 4 /T2 (2.7)

Combining the contributions of even and odd spin structures, the two-point amplitude
thus reads

Al loop[l 2] _ gz /2 /OOO d?T [CN:1(f1f2) n g/\/(flf?)] /dﬂ(z) e~ k1-k2G12 (2'8)

Fixing the helicities and noting that k1-k2 = 0 we have two simple results. Choosing (+=+)
and using f* = +if* we obtain

1-looprq+ o+ gga/Z + et *dT 2
A, [15,2%] = — 4 (fify) 0 [5NiZCN 1T (2.9)
while choosing (£F) the amplitude vanishes, viz.
ASIOOP[1E 2] = 0 (2.10)

To obtain planar, non-planar and un-oriented contributions one has to choose the specific
modular parameter and the corresponding integration domain. The result is generically
divergent for both N = 1,2 sectors, wherein it encodes S-functions and one-loop threshold
corrections to the gauge kinetic functions [31, 32]. As already observed, it vanishes in
N = 4 sectors, which points to the no-bubble conjecture in A" = 4 SYM, i.e. to the absence
of one-loop massless amplitudes with two (bunches of) insertion points.

3 Three-point amplitudes

We continue our preliminary analysis and compute the three-point one-loop amplitude
that reads:

AS1O0P[1,2, 3]
i/ y o ) (0)
—gs§jca / / dz / dz / dzs 8(z3) (V) (21) Vi (22) V) (28))0 (3.1)

dr
_ 3 ®3) (E® ®3)
gs/o T /d,u E +0 )

Momentum conservation for massless vector bosons implies £;-k; = 0 i.e. collinear momenta.
In order to proceed one could either relax momentum conservation [31, 33-35] yet with
(3>, ki)> = 0 or analytically continue to complex momenta [36]. In the spinor helicity
formalism, reviewed in appendix A, one has 2k;-k; = —(ij)[ij] and there are two options:
either (ij) # 0, with [ij] = 0, convenient for MHV or (———) helicity configurations or the
other way around. In the even spin structures, we have two types of contributions from
two and three bilinears. The term with three bilinears produces

Es bil = _ZZCa (k111 a1-4n: ko-tpg ag-1ba: k)3 az-1hs:)
=i (fifofs) Z CaSa(212)Sa(223) Sa(213) ZN T3 (21, ky) (3.2)

= i (f1 fafs)wr23103(zi, ki)



where
wieg = S12 + S23 + S31 (3.3)

3 (zi, ki) =[] e~®'ki'kj%; i the Koba-Nielsen factor and in the last step we have used

Sa(212)Sa(223) = —w123Sa(213) — Sh(213)  2Sa(212) 54 (212) = Pia (3.4)

The terms with two bilinears produce

Eé‘f’%ﬂ = — Z an (:a1-0X1: :ka-1hg ag-1y: tkz-13 az-s:),,

cyclic «

13
gN Z ag'Pg(flfz)Hg(Zi,kii) (3.5)

L
=1
cyclic

2
where PZM = Zj;éi ]{#SU, with Sl'j = —&Qij.

In the odd spin structure we have similar contributions, from three bilinears we have
three terms depending on the choice of the points where the two zero modes are absorbed”

@g’%ﬂ = —icf° Z (:k11bo a1-1bo: :kaabg ag-1p: :k31pg az-1):)

swaps

= —ia"*Cr—y Z (f1f2f3)S23M3(z;, ki) (36)

cyclical

where the sum on exchanges means summing terms with ¢ and iy exchanged in the same
vertex. From two bilinears we have three terms

@g_%i] = — Z <ZCL1-6X! Zk‘g'lﬁo CL2-¢02 2]433"9[}0 CL3-7,Z)(]Z>
cyclical
7 ~
= Qalgcj\f:l 21: 1a3'P3(f1f2)H3(2uki) (3.7)
cyclica!

Let us consider the two independent helicity configurations. First the case (+++).
We begin from even spin structures, we must compute the scalar products a;-F;:

iopulsi ) = - (B, B0, )

V2 \ Bg) T (Bg)
_ [12](1g) [12](2g)
= (K1 1) ([23]<3q> 5:1)1—[31“3(1> Sgg) (3.8)

Using momentum conservation [12](1¢) = —[32](3¢) and [12](2¢) = —[13](3q), so that one
has ad -Ps(f1 f37) = (fi f5 f37)(Ss1 + S23) and one can thus factor out (f; £ f57) and get

E® = %a’SSN(fffJfgr) Z (S31 — S23)MI3(24, ki) = 0 (3.9)

cyclic

"Absorbing all the zero modes at two points would give zero due to normal ordering at the remaining
point.



The contribution of the odd spin structure becomes proportional to the contribution of
the even spin structure after using f = ¢f, thus the complete amplitude vanishes for this
choice of helicities, as well as for (———),

AP 9% 34 = 0 = AYP[17,27,37] (3.10)

as expected from SUSY Ward identities.® Indeed, barring anomalous U(1)’s, the only
supersymmetric invariant for 2- and 3-points is W*W,, giving rise to the standard F?
bosonic term, since F3, though present in the bosonic string even at tree level, does not
admit a SUSY completion.

Let us then consider the case (——++). For this helicity configuration one has a single
term. The even spin structures produce

E® = Za’*Exar-Pu(fy ) sz, k) (3.11)

It is convenient to compute aj -Pi(f; f3+ ) factorizing the MHV amplitude. In aj -k; the
factor (1i) would give zero due to collinear kinematics. In order to circumvent these
subtleties, one can analytically continue to complex momenta and choose ¢ = k3. This
yields the ‘right’ result:

1 (12)[23]

ar-Pu(fS f5) = _EWPB]QSIQ = -2

Using partial integration one can replace ki-k2S12 with ko-k3S23 to make it look more

[23)°
[12][31]

k1-koS12 (3.12)

symmetric and finally find

j 23]3
E® — ey B Sanlly(z, 3.13
3 EN gy ke 3(zi, ki) (3.13)
In the odd spin structure, only N’ = 1 sectors contribute. Following similar steps, one finds
a similar result with &y replaced by —iCy. Now we can write the complete three-point
amplitude

) 2
Aé_IOOp[l_, 24_’ 3+] _ _LgSO/ZS [ 3

V27 [12]]

Po[=dr dp®) (Ex —iC ko-k3SagTls (2, ki
31] /0 T / M N — iCn=1) ka-k3S23113(2;, ki)
(3.14)
To compute planar, non-planar and un-oriented contributions one has to choose the
specific modular parameter and the corresponding integration domain [26, 37-40]. The
result is generically divergent for both NV = 1,2 sectors, wherein it is related by gauge
invariance to the 2-point amplitude, encoding S-functions and one-loop threshold correc-
tions to the gauge kinetic functions. As already observed, it vanishes in N/ = 4 sectors, in
a way reminiscent of the no-triangle conjecture in N'= 4 SYM, i.e. the absence of one-loop
massless amplitudes with three (bunches of) insertion points.

8We thank Nathan Berkovits for raising this issue.



4 Four-point amplitudes

We are now ready to compute four-point amplitudes. We start by briefly reviewing and
summarising the results of [1] and then analyse them in terms of helicity configurations,
color orderings and limiting behaviours.

The starting point is

Ai-lo(,p[l’z?&q_ggzca/ooocg/dum (Vo(1)Vo(2)Vo(3)Vo(4)),,

> dT
— ¢ o @ (@ (4)
gs/o T /du (E +0 >

where the integration region Rop and the Chan-Paton factor depend on the distributions

(4.1)

of insertions on the two boundaries for the annulus (planar 4—0, non-planar 3—1 and
2—2). For the un-orientable case there is no choice, except for the relative ordering of the
insertions. Here, we will only summarise the results, the details can be found in [1].

4.1 Even spin structures, four bilinears

B = > o ((htn arr:. . thag agbas)) y 20 (4.2)

«
The fermionic contribution consists in two types of terms connected and disconnected. The
result for connected contractions is

1
Eff}))ﬂ,conn =a" Z(f1f2f3f4) [25/\/(7313 + wi23wsa1 + Pos + wazawar2) — Far | Ha(z, ki)

conn
(4.3)
where Exs (vanishing for N' = 4) was defined previously in (2.5) and w;j; are defined
in 3.3, while

4
Fn =) cact 1 Z) (4.4)
a=2

depends on the number N of preserved SUSY, on the world-sheet modular parameter T,

on the parameters of the brane configuration coded in u{lb and the moduli of the “com-

pactification”. The disconnected contractions yield

Eé(lill))il,disconn = O/4 Z i(flf?)(fi%fél) [SN (7)12 + P34) + ./_':/\/’] H4(Zi, k?z) (45)

disconn
4.2 Even spin structures, three bilinears

Aside from the bosonic contractions, the fermionic contractions are the same as for three-
point amplitudes, discussed previously, thus one finds

By =i > Y ca{(:a1-0X1: tharty azps kya: sazbs kyhs: :aathaz)), a2, ki) 2L

cyclic «

——a Z a1 Py (f1f2f3)wi23EnT1a(2s, ki)

cyclic

(4.6)
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4.3 Even spin structures, two bilinears

We already computed the fermionic contractions, thus the contribution to the amplitude is

Egz_l}))ﬂ = — Z ((:a1-0X1::a2-0X2:)) ((:k3-13 az-1p3: :ka-1pg as-1ss)),, Zﬁf
pairs

13 (47)
= —%SN Z(f3f4) (a1-a20102G12 — o/ a1-Prag-Py) Iy (z, k;)

pairs

Notice that each term is gauge invariant per se up to total derivatives. For instance,
replacing a; (or az) with the momentum k; and noting that 9,11y = —a’k;- P11y (with
Iy = Iy(zi, ki) for brevity) and 01 (ag-k102G21) = —1(az-P2), the bosonic contractions in
Eg_%ﬂ can be rewritten as a total derivative that vanishes upon integration

(k1-a20102G12 — &'ky-Prag-Po) Iy = 0y (az-Po)Ily + 01 sa9-Po = 01 (az-Polly) (4.8)

4.4 Odd spin structure, four bilinears

Four fermionic bilinears allow three types of contractions.
First one can absorb the four zero modes at two points (for example z; and z):

@Elil}))j]’g = P50 Z (:k1-po ar-1bo: ka-1bo ax-1bo: :k3ap az-ap: ka1 ag-h:)

pairs

= iOZACN:l Z (frfo)(f3.f2)S3aT0a (2, ks)

pairs

(4.9)

Second, one can absorb two zero modes in a point and the others in two separate
points. There are twelve ways to do this:

@Eﬁ%iu = 50 Z Z Z (:k1-vpo a1-vo: ka-tho ag-p: :k3-1bg az-1: :ky-p ag1p:)

cyclic subcyclic swaps

- (4.10)
=o' Cney Z Z(f1f2f4f3)5245431_[4(2i, ki)
cyclical conn
Third, one can absorb the zero modes in four different points:
@4(:_11)31170 = 50 Z (:k1-vb0 a1-: ko1b ag-1): k31 az-1p: tka-vpo ag-1p:)
o (4.11)
= —2a"" Cpn—1 Z €pnpapsps (S1.02)1 2 (f3 fa)H3H S12534 114 (24, ki)
disconn

4.5 0Odd spin structure, three bilinears

With three bilinears, one has three ways to absorb zero modes and the contractions yield

O = —ic$50 ST ST (ar-0X: hatbo azo: ks vho az-v: ks ag)
cyclical swaps

s (4.12)
=—a"Cyv=1 Y @ P Y (fifin fira)Si(Giina) (2, ki)

cyclical =2
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4.6 Odd spin structure, two bilinears
With two fermionic bilinears, there are six ways to absorb the four fermionic zero-modes

@g_lz)ﬂ = —C?SO Z <SCL1-8X15 ICLQ'@XQ: :k3-’(/}0 ag-w()l :/{74-¢0 a4~1ﬂ0:>

pairs

1 _
= —50/3@\/:1 Z (a1-a20102G12 — &' ay-Prag-Po) (f3f4)a(zs, k:)

pairs

(4.13)

5 Simplifying 4-pt amplitudes

Let us now simplify the above results and show that non MHV amplitudes vanish. We will
also identify the regions of the integration domain that generically expose singularities and
later on discuss which (tadpole) conditions the brane configurations must satisfy in order
to cancel or mitigate the singular behaviours.

After analyzing the symmetry properties of the integration variables, that allow to
manipulate the integrands and reduce the number of independent contributions, we will
study the three independent helicity configurations and check that A(++++) = 0 and
A(—+++) =0.

The F-term is proportional to F4 thus reproduces the MHV structure, so we will focus
on the E-term.

5.1 AL'°P[1+, 2+ 3+ 4] =0

This case is the most laborious because none of the traces over the Lorentz indices of the
fi vanish.

The six terms arising from contractions of two bilinears are separately gauge invariant,
thus we can always choose ¢; = ¢; = ¢ and get a;-a; = 0 and fix ¢ so as to make some
other product between momenta and polarizations vanish. For example one can compute
a1-Pras- Py with the choice ¢ = g2 = k4 and get

af Prag Palff £7) = —5[122(S12 — S15)(Sn1 — Sas) it F) = — 5 12342 (S, + Q)

(5.1)
For brevity we define
Q123 = S125923 + 5235931 + 531512 (5.2)
Collecting the various Lorentz invariant structures yields
1
EX, = —N S U 1) (ST + 834 + Quas + Quza) (5.3)
disconn
Using Schouten’s identity traces with two and four f’s can be related
(PO = [127[34)2
= [12][23][34][41]+[12][24][43][31]
= 2SS IO SIS (5.4)
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One can easily obtain two more similar formulae permuting the external legs. These for-
mulae can be inverted to give

1
(F L ED) = 7 (TR R = DS D + (RN )] (5:5)
We rewrite all the traces in terms of single traces of four f’s and obtain
1
By = — 368 D (I S ST) (ST + S5 + STy + S35 + 2023 + 2034) Ma (i, ki) (5.6)

conn

The three-bilinear term can be simplified using a cyclic gauge choice, for example ¢; =
kit2, and momentum conservation a;r-Pi = a;-kit1(Siit1 + Sit+3i). With this choice all the
kinematic factors become equal a; ki1 (fi 1 fi o/ 4) = [121123][34][41]/2 = (fi f3" f 1))
Thus one finds

E;(;_%il =—(ffs :;rff)g/\/z (Siit1 + Sit34) wit1ir2i+311a (2, ki) (5.7)

)

Expanding the sum we obtain
E;(f%ﬂ = (115 1D)En [4 (S12534 + S23541)
+ Z (2841512 — S12524 — S24541) |114(2, ki) (5.8)

cyclic

The terms 572534 + S23.541 can be rewritten in four ways using partial integrations, for
example choosing the tern (412):

(541512 + 324541) (5.9)

u u
S12534 + 523841 = —2541512 — ; (S41512 + S12524) — n

To obtain the other three it’s enough to perform a cyclic permutation on the indices (412).

(4)

Replacing last equation in E; [, one gets

By = (15 15 1DEw > [(512524+524541) (5.10)

cyclic

U u

+ (541512+S12524)+¥ (S41512+524841) |Ha(zi, ki)
The ratios of s, t,u can be used to transform the traces of f’s into one another according to
ulfi fo R =t R A = s D) (5.11)

that can be easily proved using the helicity formalism and momentum conservation. Thus
one gets

(D (524(512 +Sn) + %541(512 + Soq) + 5512(541 + 524)>

= (i f 1 ) S2a(S12 + San) + (i F £ £57)Sa1(S12 + Soa)
+ (f1 f5 3 f5)S12(Sa1 + Sa4)

(5.12)
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that can be rewritten as a “connected” sum
Ei(’:ll)ail =aey Z(ffrf;f;ff) Z (S12524 + S24S41) a(2i, ;) (5.13)
conn cyclic
It remains to simplify terms arising with four bilinears. We peruse (5.4) to rewrite
disconnected terms in terms of traces of four f’s and use the identity Poy + wosqwais =
P13 + wizswsar to get

1
Ez(:_%ﬂ’g = Z(ffrf;f;ff) {2 (P12 + P3a + Pra + Paz) + P13 + wizgwsar | a2, ki)

(5.14)
Expanding the products wis3wss; and using partial integration one gets

W123W341 = —S75+512534+593541 —(S21513+513532) — (S13534+S41.513)+Sa1 S124+523534

= — 5% —(S21513+513532)— (S13534+S541513)

(%
S

u
(512524+S41512)*;

(S42523+523534)
(5.15)

Recalling equation (5.4), the ratios v/t and u/s produce further mixing among the various
Lorentz invariant structures:

1
Eﬁil,g = Z(ffrf;f:;rff) [2 (P12+P3a+P1a+Pas3)

—2V13— Z (512S24+524S41) H4(Zi;k7i> (5.16)
cyclic
where
V(zij) = =2 [P(Zij) - SQ(ZU)] (5.17)

Assembling all the terms and rewriting P — S? in terms ),” one finally gets
EW = —&y Z(ffrf;f;ff) Vi2 + Vsa + Via + Yoz + 213 + Quos + Quza) Ta(2, ky)

conn
(5.18)
This expression vanishes using a generalized version of Fay ‘trisecant’ identity [42]:

D23 = S125923 + 523531 + 531512 = V12 — Vo3 — V31 (5.19)

Let us now verify that the amplitude vanishes in the odd spin structure too. As usual
only N = 1 sectors contribute. The two and three bilinears terms are the same as the sum
over even spin structures, up to a by-now familiar constant:

14
4 a
O3 = = 5 Cxv=) Y (T S5 F 1) (St Shi-STi+ S5+ 20130 + 20001) T (53, k)

conn

(5.20)
04, =o' (iCx=1) ST D D (812800 + S248u) (2, ki) (5.21)

conn cyclic

See [41] for more details on relations between elliptic functions and string one-loop amplitudes.
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Let us then consider the terms with four bilinears. The term @1(11)312 is similar to the

disconnected part of four bilinears in the even spin structures:

ot
O = 5 On=) D UL S ST (St + 834 + ST+ S3) (i k) (5.22)

conn

The term @ff_%ﬂ 1 yields

O0s = o iCn=r) S ST A I S ) SaaSueTla(zi, ki)

cyclical conn

= o iCv=1) D DS IS0 S Lz, ki)

cyclical conn

(5.23)

(4)

The more problematic term is @, ., , but it can be computed using the decomposition of
f in definite helicity parts, detailed in appendix A,

4 4 .
@z(l-l))il,o = —2a/ CN:l Z €1 papzpia (f1+f2+)uw2(f;_fj)MMSHSM

disconn
o (5.24)
=~ (iCv=1) Y (AU 1) (S13521 — S1152)
disconn

Using equation (5.4) the expression becomes

@z(ﬁ%il,o = o (iCxr=1) Z(ff 5 fa 1) (512534 + S41593) (5.25)

conn

Singularly the terms S12S534 and S41.523 can be transformed in —$934 and —$2914 using
partial integration and mixing of Lorentz invariant but reducible structures:

Z(ffrf;f;ff)susszi = - Z(ffrf;rf;ff) [523534 + % (523534 + 534542)]
= = (KD [523534 + g (Qa34 — 542523)}
conn (5‘26)
= = (A1 1) [S23534 + Q234 — Si3S32)]

conn

= = Y (T ff5 )08

conn

Similarly for S41.523. The final result is

@z(ﬁt))il,o = —a"!(iCxr=1) Z(fff?fifj) (234 + Qo14) (5.27)

conn
Summing all the terms, the contribution of the odd spin structure vanishes too. Contrary
to two or three point amplitudes, contributions from even and odd spin structure are not
simply proportional. Comparing even and odd spin structures (O)g_%ﬂ, @:(,ﬁ))ﬂ and @fﬁ%im
are substantially equal to the even ones. 0! })310 reproduces the same terms as in ww. We
note that S? takes the place of Weierstrass fun’ction thus all the structures P — S? vanish.

(4) :
@) A-bil 1 has no counterpart in even sector.
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5.2 A;°°P[1—,2+,3F 4t =0

In this case, all the traces with f; are zero

(L) =0 (L) =0 (LR =0 (5.28)

As a result the (ffff) terms and the four bilinears terms vanish. Only one term from
three bilinears survives and three terms from two bilinears:

_ 1
EW = —0/4(11 Pién|(fS ij)w234—§a;-Pz( D)
1 1
—§a§r'P3(ferfI)—§aI'P4(f§rf3+) y(2i, ki) (5.29)

We can compute the terms with two bilinears using the gauge choice g3 = g3 = qu = k1
and q; = k3 and obtain:

a;‘PQ = a;-kg(SQ;g + 542) , a;‘Pg = a;’_-k4(534 + 523) , CLI~P4 = ai-kg(&lz -+ 534)
(5.30)
As ad ks(fi f1), a3 -ka(f3 £17) and af -ko(f5 f57) ave all equal to (fy f5 fi5), we can factor

this out and the sum vanishes
EW = — 01/45/\/@1_'Pl(f2+f§rff) S93+534+S42

1
~5 (S234+S42+ 5344523+ Sa2+S34) |y (2, ki) =0 (5.31)

In the odd spin structure (O)g_l]))il and (D)g_%ﬂ are substantially equal to their even counterparts,
in fact by direct computation we obtain the same result with the usual replacement of Exr
with ¢Car—1, thus the odd spin structure contribution vanishes too. So we conclude that
the whole result is zero.

5.3 ALIOP[1—,27,3F,4F] £ 0

In this case, terms with traces of three f’s vanish. The only non-vanishing irreducible
traces are (fi f5) = —(12)%, (ff i) = —[34]2 and

Ui fs 1) = U B f 1) = {02 B = (53

thanks to f;’fj_ = fj_f;“. For brevity we use F* instead of Ff_++. For terms with
two bilinears extra simplifications take place with the gauge choices q1 = q2 = k3, k4 and
q3 = q4 = k1, ko, while terms from contractions of three bilinears vanish in this case. The
F-term is non zero

4 1
EY — o a(zi. i) (5.33)
Contributions derived from two bilinear contractions can be reduced to two terms:

_ &N

EW _ N
2-bil 9

_ _ E o
(ff fDay -Pia; -P2H4(zi,ki)+7N(fl fy)ad Psaf -PyIly(zi ki) (5.34)
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Using the gauge choices 1 = g2 = k4, one finds a; -Pia, P> = —1/2(fff5)(S%2 + Qq93). If
we choose ¢1 = g2 = k3 we obtain a] -Piay -P» = —1/2(fff§)(S%2 + Q412). Symmetrizing
ay -Pray -Py we have

_ _ ..
ay-Pray-Py = (7 f5) (257, + Q23 + Qui2) (5.35)
and a similar one for a?f-PgaI-PAL. Summing these two terms yields
B - Llg F* (287, + 253, + Q123 + Qoga + Qaa1 + Quiz) a2, ki) (5.36)
2-bil = 16N 12 34 123 234 341 412) Ha(zi, ki .

The &-terms of four bilinear produce

14
(6%
Eff_l});ﬂ,g = _?F 4 [27312 + 2P34 + P13 + Pas + P1a + Po3

+ w123W341 + W124W431 + W132wW241 + W234W412 + Wa43w312 + wazawaiz | a2, ki)
(5.37)

Expanding and collecting the sums of w’s

W123W341 + W124W431 + W132W241 + W234W412 + W243W312 + W324W413

(5.38)
= *5%2 - S§4 - 5%3 - 534 - S%4 - 533 — 193 — Qogq — Q341 — Qa2
Using formula (5.19) and summing all the contributions we have
o
E® = ?Fﬁ‘ [AF N+ En (Vi2 + V34 — Vi — Vou — Yia — Vo3)] u(2i, ki) (5.39)

The contribution of the odd spin structure admits the same simplifications. The two
bilinears contribution is similar to the even one except for a minus sign due to f:

14

ot
(O)g-%il = E(ZCN:DF4 (—28%, + 255, — Qiog — Quiz + Quas + Qoga) Wa(z5, k) (5.40)

As in the (++++) case, @ﬁ)ﬂ , cancels the S? in @g_lt))ﬂ

ot
0= —g (=) F* (=S, + 534) Wa(zi. ki) (5.41)

Terms with one bilinear yield

@ﬁ)ﬂ,l = ao’'Cn Z Z(fffg_ 4 13) 524543104 (24, ki)
cyclical conn

=a'Cyy Z (f [y 15 £ Qazally(2i, ki)

cyclical
14

o
= —T(ZCNzl)F4 (— Q234 — Q341 + Q12 + Quo3) a(2i, ki)
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Terms with no bilinears yield

@Elilklil,o = _20/40/\/2 6#1#2#3#4(f1—~_f2+>mw(f;f1)M3M4512S34H4(Zi: kz)

disconn

= —20/4CN6M1M2M3M4(ff)i’(f{)j’(f?jr)i(fj)j

o - . L (5.42)
« [(27’ ) )ulm (2121)#3M4512534+(21 El)mus (ZJ 2])#2#4 513594
+(Ei'ij)“1“4 (iizj')mm 514539 H4(ZZ', k?z)

The matrices (X7 $%)* are symmetric in j, v thus contractions with the Levi-Civita tensor
give zero. The remaining term vanishes too

€papiappa (B ST k2 (SIS ysna — iV U Tr(SVER) = 0 (5.43)
Summing all the terms in the odd spin structure and using the generalized Fay identity,
we have 5
oW = o/4(iCN:1)F4§ (V12 — Vaa) My (2, ki) (5.44)
Finally

14 4 00
arT
Ai—loop[l—’ 2, 3+’ 4+] _ a898F4/ - /du(‘l) [4}'/\/ + 5iCpnr=1 (V12 — V34)
0

+En (Viz + V3a — Vi3 — You — Yia — Vo3) | 1La(2i, ki)
(5.45)
A more symmetric result obtains for A} °°P[17,2%,37,4%] that is invariant under ex-
changes of 1 with 3 and of 2 with 4.

5.4 Permutation properties

The integrands of four-point amplitude have interesting transformation properties under
specific permutations of the variables z;. The explicit integration measure in the planar/un-
oriented case reads

(4) K/ZT/Q Z1 z9 23
/dM1234 :/0 dzl/o dzz/o dz?,/o dz40(24) (5.46)

Where xk = 1 for the annulus and x = 2 for the Md&bius-strip, due to the double length of
the boundary in the un-oriented case. The T" dependence of the domain can be removed
changing variables to z; = k-iTv;/2. The measure can be written in a form in which it is
easy to recognize its permutation properties. To this end we can introduce the necessary
step functions

. 4
/dug§g4 = <Z€“) /R4 d'vO(1 — )0 — 1) ... 0(vs — va)0(1) ... 0(va)d(va)  (5.47)
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We may use the arguments of the first four step functions as new integration variables «;
that read
o =v; — v fori=1,23 | as=1-—11 (5.48)

The measure in the new variables is manifestly invariant under all permutations

iTe\* 1 1
/du%)g4 = <2) /0 doy .. ./0 dasd (1 — Z?Zlozi) (5.49)

In the non-planar 3—1 case, the measure is substantially equivalent to the one for
planar three-point amplitudes, thus we can define variables similar to the previous case

fr=vi—vy , Pa=ww—v3 , Ps=1—-v3 , fBa=uw (5.50)

The new measure is invariant under all the permutation of the first three variables

N4l 1 1 1
/ du§4£34=(f) o [ s [ dmo—p—pa- ) [ ame) sy

Without changing variables and using the symmetry of the Chan-Paton factors, in the
2—2 non-planar case the measure can be rewritten as

(4) 1 /iT\* 1 /iT\*
_ 1 4 _ 4 A
/ d“12|34—4<2> /[0,1]4d vo) 16(2) /Wd v 0w 52

The last identity following from the arbitrariness in the choice of the point that can be
fixed at the origin. In this form it is clearly invariant under all the permutations of the v;
variables.

Symmetry properties of the measures can be used to simplify the computations. All
world-sheet integrals assume the schematic form

/ @ (2, k)T (21, Ki) (5.53)

The idea is to find the permutations that leave the Koba-Nielsen factor I14(z;, k;) invariant
and use them to act on the function Z(z;) in order to simplify it. If we explicitly write
I14(z;, k;) in the cases 4—0, 3—1 and 2—2 we find

I, O(Zi kz) _ e—a’k1~k2(g12+g34)—a'k1~k3(913+924)—a'/€1~k4(g14+923) (5 54)
_ , .

31 (2, ki) = e—a’krkz(glﬁgrﬂ)—a’h-k3(913+g§§1)—a’k1~k4(gﬂ+923) (5.55)
oo (2, ki) = e*a/kl'k2(g12+g34)*alkl'k3(g?3+92T4)*0/k'1'k4(gﬂ+gg3) (5.56)

where G (212) = G(212+1/2). We note that 4—0 and 2—2 are invariant under permutations

gu=(ED 9 =08 g9s=(GED (5.57)

The symmetry group is Zg X Zso. This permutations are also symmetries of the 4—0 and
2—2 measures. In the 2—2 case that is evident. To see this in the 4—0 case, we express z;
in terms of the variables «; and the Koba-Nielsen factor becomes

H470(Ozi, kz) _ e—o/lﬂ'kz(g(oq)+g(043))—0/k1~/€3(g(a1+a2)+g(a2+a3))—a’k1~k4(g(a2)+g(a4)) (5.58)
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In terms of «; the permutations that leave the measure invariant are generated by
Js: Q133 , Qu: Qoé>oq , Gii Qp < Q3,09 <oy (5.59)

In the 3—1 case there are no common permutations between the measure and Il3_;.

Recalling the result (5.45) for the four-point amplitude, using the permutation property
for the cases 4—0 (including the un-oriented case) and 2—2 we can identify some ) functions
with one another:

Vag~ Yz Yoa ~ iz Vog ~ Vs (5.60)
and find a simpler expression for (5.45)
AOP[17,27 3T 4] (5.61)
gl

<dT
=3 F4/ T/d,u(4) [4.7:N+5N(3712+y34—y13—y24—y14—y23) 4 (2, Fs)
0

The contribution of the odd spin structure vanishes. In the 3—1 case no further simplifi-
cation of (5.45) seems possible.

5.5 Factorization

In string theory, OPE of vertex operators produce singularities that are related to factor-
ization of the amplitudes on both massless and massive poles in intermediate channels.
In sectors with N' = 4 susy no massless poles are expected to be exposed in two-particle
channels of 4-point amplitudes, since 2- and 3-point ‘amplitudes’ of massless states do not
receive quantum corrections. For four-point amplitudes, in sectors with A = 1, 2 susy, one
may expect factorization into sub-amplitudes of massless vectors connected by massless or
massive propagators. However since the function ) has no poles, the four-point one-loop
amplitude doesn’t seem to factorize into two- and three-point one-loop sub-amplitudes
of massless states but can only expose massive poles for generic values of the modular
parameter 7. Indeed, the series expansion of )(z) produces

27 T? 2 2\ 2 4
V(z)=-8 m+7 -8 1—0(772+3nl)+mT+7r v: 4+ O(v*) (5.62)

In order to exposed singular behaviours associated to massless open and closed string
states one has to consider the boundaries of the moduli space in T, capturing the UV
(T'=0) and IR (T = oo) limits, we will address this issue after an interlude on ‘regular’
branes, that give rise to super-conformal theories in the low energy limit [15, 16].

5.6 Caveat

Although our results for 4-point one-loop amplitudes look perfectly consistent in that they
satisfy the expected Ward identities for gauge invariance and supersymmetry and show
no ‘unphysical’ singularities (violation of unitarity), additional subtleties may occur in the
cases with reduced N' = 1,2 supersymmetry.'? In contrast to the maximally supersym-
metric N' = 4 case, due to the presence of fermionic propagators S;; in the integrand,

10We would like to thank the anonymous referee for pointing out this issue.
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singularities in vanishing three-particle Mandelstam invariants such as sj23 = k7 = 0 may
be exposed using a regulator that relaxes momentum conservation, following the pioneering
paper by Minahan on one-loop beta functions in heterotic compactifications [33]. Consis-

tency of the procedure would require imposing » ._.s;; = 0. Yet finite contributions,

i<j
resulting from s193/s123 = 1 may appear that are com]pletely absent in our approach. We
believe that these finite contributions may be an artefact of the procedure that, though
perfectly justified for 2- and 3-pt scattering amplitudes, that would vanish due to collinear
kinetics for mass-less external states preventing any form of ‘scattering’, is un-necessary
in the 4-point case. In order to clarify this issue, one should carefully analyse further con-
straints on the 4-pt amplitudes such as their field-theory limit. This is beyond the scope of
the present investigation. We would like to add that even in case the relevant field-theory
limit of our amplitudes showed a finite discrepancy of the form o'/a’ = 1 with available
field theory results at one-loop, one can put the blame on higher spin states running in
the loop that are obviously absent in standard field theories. In fact one could reverse
the argument upside down or inside out and use loop corrections to probe string effects.
Agreement with the field theory limit is only guaranteed at tree-level.

6 Regular branes and super-conformal theories

So far we have not specified the open string vacuum configuration around which the vector
boson scattering amplitude is computed. For illustrative purposes, we would like to focus
on the simple but very interesting case of regular branes at a Z,, orbifold singularity [15, 16].
For given n there might be several inequivalent choices (in fact at least two i.e. (1,-1,0)
and (1,1,-2)) for the action of the Z,, on the three complex (six real) transverse coordinates
7! ~ whi 71 with w,, = exp(2mi/n) and hy + hy + hg = 0 (mod n). There are n different
kinds of fractional branes transforming according to the n irreducible (one-dimensional)
representations of Z,. The low-energy dynamics is governed by a quiver field theory with
n nodes, corresponding to the n gauge groups, and matter in bi-fundamental or adjoint
representation, represented by arrows connecting the nodes.

N regular branes are collections of the same number N of fractional branes of each kind.
The resulting gauge group is U(NN)™. At low energies, i.e. in the IR, the ‘anomalous’ U(1)’s
decouple and the dynamics is governed by a super-conformal field theory. The discrete
Wilson line, representing the embedding of Z,, in the Chan-Paton group is given by

v =@ Wy (6.1)

so much so that

tr() =0 VL#£0 (6.2)

This is enough to guarantee that planar amplitudes for the states ®(©) surviving the orbifold
projection be identical to the ones for N D3-branes in flat space-time and vanish for the
states that have been projected out [15, 16].
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6.1 Tree level, disk
This is obviously true at tree level where the amplitudes are given by

n—1

: 1
.Angk _ nr Z tI‘( h1(1>1,yh2(1)2 hT(I)r)
h;=0

= — Z tr hl(I)l,.y h1 h1+h2¢ hr(I)T>
= — Ztr (Y11 By mghrthe gy —hi—hayhithaths - S heg ) (6.3)

=— Ztr h1q> 1y —h1 h1+h2(1) 9y —h1— h2.__fyzihi(]:)rf)/zihify*2ihi)

= tr(q>§°>q>§°) .30

T

At one-loop only N = 4 sectors contribute, N' =1 and N = 2 sectors give zero, since
for the latter the ‘empty’ boundary would contribute tr(y*) = 0. At higher loop, the b—1
‘empty’ boundaries would contribute H 1 Ltr(7%) =0 unless ¢; =0 for all i = 1,...b — 1.
Let us consider four-point amplitudes at one-loop.

6.2 Planar amplitudes

Let us consider first the planar 4—0 case. For a given color ordering one has

n—1
Al loop _ Ztr (v t1t2t3t4)tf(’7 )Ayi)o (6.4)
h 0

Vector bosons have both ends on the same kind of fractional brane, let us say the /-th. For
this choice
n—1
Al loop _ Etrg(tltgtgtz;) Z wg—i_l)hAé(lh_)o (6.5)
h=0
The situation is more involved for un-oriented and non-planar amplitudes, that are however
suppressed at large N [15, 16].

6.3 Non-planar amplitudes

Non-planar amplitudes differ in principle from the ones in the parent N° = 4 the-
ory, since the contributions of N' = 1 and N' = 2 sectors with h # 0 weighted by
tr(y%ty .. )tr(y%t) . ..) are generically non-zero. Let us focus on the two cases 2—2 and
3—1 in turn.

In the 2—2 case one has

n—1

Ashoop — Ztr (Yt tr(y"tsta) Ay 5y (6.6)
h 0
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In the 3—1 case one has
1 n—1
1-1 1-1
AL = 137 by oty ) AL (6.7)
h=0
Factorization on massless intermediate closed string states accounts for the gen-

eralised Stiickelberg mechanism giving mass to the anomalous U(1)’s for which
tr(y"t,) # 0 [32, 43-48)].

6.4 Un-oriented amplitudes

The presence of 2-planes tends to generate local tadpoles that require a net number of
fractional branes, whenever n # 1. In the case of N D3’s in flat space-time, there are 4
different kinds of 23-planes one can add, depending on the quantised values of By and
Cy [49-51]: 237 leading to SO(2N), Q3 leading to SO(2N + 1), Q3% leading to Sp(2N),
a3" leading to Sp(2N)" (with ¢ = 9 + 7). Only 93~ and Q3" admit a perturbative
world-sheet description as the one used in the present analysis.

For D3’s at orbifold singularities one can balance the tadpole contribution of the -
planes with the contribution of flavour branes [52]. The prototypical example is N D3’s at
the un-oriented C/Z? singularity with 4 D7’s and an Q7 [53]. The low energy dynamics
is governed by and N’ = 2 SCFT with gauge group Sp(2N) and 8 (half) hypermultiplets
in the fundamental 2N and one hypermultiplets in the anti-symmetric skew-traceless ten-
sor representation N(2IN—1). The global symmetry is SO(8). The spectra and vacuum
configurations of un-oriented N’ = 1 (super-conformal) quiver theories with flavour sym-
metries have been studied in some details in [52]. In principle one can study scattering
amplitudes along the lines of the present analysis or even include the effect of closed-string
fluxes leading to mass deformations of the quivers [54]. We refrain to do so here.

7 UV and IR behaviours

In this section we will analyse the potential divergences of the 1-loop amplitudes. We are
interested in studying such conditions as tadpole cancellation under which the amplitudes
are finite. The amplitude we computed assume the schematic form

A]l\}loop _ FN/O dj?q)(T)/du(N)f(Vi,T)H4(Vi,ki,T) (71)

where ® represents F, £ or C. For open strings the limits 7' — 0 and T — oo encode
respectively the UV and the IR behaviours. Using modular transformations one can trans-
form one-loop open-string amplitudes (direct channel) into tree-level closed-string exchange
amplitudes (transverse channel) [26, 37-40].

7.1 Bosonic propagators

In all cases we must manipulate Koba-Nielsen factors and study their limits. To this end
we need to study the limiting behaviours of the bosonic propagator on the annulus and the
Mobius strip.
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7.1.1 Direct channel

For the annulus the propagator between two points, z; = 7v1 and zo = 719 + x, is given by

01(Tv12 + )

7 (0) + 27viIm T (7.2)

Ga(tvy, T + ) = —2log

where 2 = 0, 1/2 correspond to insertions on the same or different boundaries, respectively.
For x = 0, the logarithmic derivative of #; yields

br(2lr)  sinmry S (1— @) (1—g" ) iy X (1 g1 (1 — ¢ Y)
0 Rl S (e P U | B vl )

where ¢ = e2™7. We find convenient to define the functions

(e 9]

H 1+ anrz/fl 14+ qnfu

(7.4)

n=1

that satisfy hy(l — v) = hy(v). For 2 = 1/2 hy gets replaced by h_. The propagators
become

Ga(rvy, Tra) = —2log (lq_ym(l_'/”)/Qh—(Vl?))
T
1
GL(rv1, 1) = —2log (Wq_”12(1_”12)/2h+(1/12)) (7.5)

that are invariant under v <+ 1 — v in both cases. Using similar manipulations one can
easily obtain the propagator on the Md&bius strip

3 iTru2
Gr(rin, 7i2) = —2log <;q”12<“12>/2h_<u12>e ) (7.6)

7.1.2 Transverse channel

The transverse channel description results from the modular transformation S for the
annulus and P = T'ST?S for the Mobius-strip [26, 37-40]. Denoting by 7 the transformed
modular parameter, one has

z 5 1 z Tm— 1

ZA = — s TA = —— and 2_/\/[ s %M = m (77)

TA TA - 270 — 1

Defining ¢ = 2/T and parametrizing z = x +ikTy/2 and 7 = ikT /24 (k —1)/2 (k = 1 for
the annulus and k = 2 for the Mobius strip), one finds
1 -

1
Ta=1il , Zyu=1y—ixl and ?M:§+Z ) zM:§(y—ia:£) (7.8)

Under these transformations the propagator gets shifted by a function of 7. In the Koba-
Nielsen factor, the shift is innocuous as it cancels thanks to momentum conservation.
On the transverse annulus, the propagator for points on the same boundary reads

Ga(v1,10]7) = —2log 01(v12|7) _ 9] [Slnﬂ'yu

07 (0|7) 9—(V12)} (7.9)
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where
OO 2miv n —2miv . n
1+e™q¢"1+e q
g:(v,7) =] T D (7.10)

n=1

For points on different boundaries, 6 gets replaced by 6s:

02 (v12)

Ga(v1,ve +1/2|7) = GL(Tv1, Ta|T) = —2log 7 0) + 2nvi,Im T (7.11)
1
Under S modular transformations the propagator becomes
T - 2 (v12|7) COS T2
Ga(v1,1n|T) = —2log ———~ = —2log [7g+(1/12)} (7.12)
01(0|7)
For the Mobius strip the propagator is
~ sin Tvy9/2 Vi .
Im(v1,v2|Tm) = —2log ngr (7,77\/1) (7.13)

7.2 Functions Far, Eaory CAr and Y

In addition to the propagators, one needs the limiting behaviours of the functions Fjy,
En, Car and Y. For simplicity we will only consider configurations of branes at orbifold
singularities, in particular ‘regular’ branes [15, 16], thus we can set eéb =0in uéb.

7.2.1 N = 4 sectors

It is easy to see that Ex—4 = 0 due to Riemann identity. For the same reason Fa—4 is
simply proportional to A(G)/T2 with

A(G) _ Z e—27rImTa’p2/R2 (714)
{r}

for D9-branes. Using Poisson resummation, for a lattice with dimension 27 one finds

20/ \" _
A<2T>(72):( =3 ) AR (7 (7.15)
Using T-duality along all 6 internal directions one gets D3-branes and the lattice sum
becomes
Ay = D7 emtmrut i )of (7.16)
{w}

Introducing a non zero separation Az between the D3-branes one can regularize IR diver-
gences. Az is related to the mass of the lowest states by Az = o/ M. The separation Ax can
be chosen in many ways in the N = 4 sector: the branes are parallel in all the six compact
dimension thus they can be displaced along one, two or three complex dimensions D;.

AG = Y \Q Y wmere (1)
{w} {r}
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where the second formula is for the D9-branes description with a the Wilson line related to
branes’ separation by Az = aa’/R. In the limit 7' — oo the behaviour of A(®) is dominated

by the exponential

A) T2, o=t ming o)/ (7.18)

where b, accounts for possible degeneracies. For |a| < 1/2 the minimum corresponds to
p = 0 and its value is M?2. In the transverse channel the limit £ — oo produces

3

ML) = 3 e e ent s, <€Rz> (7.19)
D9 — 20/ :

{r}

In the partial decompactification limit R — oo with separation along Dy directions, one has

/ 2
6) _ Ve —27a/Im M
A = (2ma/Im T)S_Dse o (7.20)

where Vg is the regulated volume of RS. The limits in this case yield

6 T—o00 ‘/6 o) 2 6 —s00 ! 3=Ds
Al()sg(R = o0) (ma/T)3=Ds € e AI(DE))(R = 00) Ve <27T0/> (7.21)

In conclusion the limits of Far—4 produce

o 1 (2mt - 1 2 [iR2\?
Frrea = @) marar? g e, (g <R> (7.22)

dna/? T2 Ana/? K4\ 20/
7.2.2 N = 2 sectors

In this case Enr—s is non-zero, in fact

(2m)2AP) () I®
4n(2a/Tm 7)?

Fn—o = —En—2P(u) En—n = (27)2 Ao = (7.23)
I™ is a constant in the limits ¢,7 — oo, A® is substantially equal to A® with the
restriction that brane separation can take place only along one complex direction.

/ (R?
AZ T, ooty o, U (721
o
In the amplitudes terms like Ear—2, often appear in combination with Weierstrass P function
or the function Y.
Let us focus first on the P(z,7) and consider z = x + iym (72 = Im7 « T') with
y = 0 and y # 0. The variable z can either play the role of uflb = hvgb or of a world-sheet
coordinate. In general z = imv + (1/2). Anyway the in front of im is a real number
between zero and one. Expanding Weierstrass function as a power series in ¢ yields
2

2 oo
T n
3t 82> > " q"dy (1 — cos(2md,,2)] (7.25)

sin“ 7wz
n=1d,|n

Pz, 1) =
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where d,, are the divisors of n. In the limit 7' — oo the cosines diverge as e2™2%¥  but this

—27TTon

contribution is suppressed by ¢" ~ e since dpy < n,

2 2 —72/3 ify#0
Plar) 2% 5 — T (7.26)

)
sin“mz 3 72 /sin?(7x) — 7%/3 ify =0

In the limit ¢ — oo Weierstrass function becomes

Plz, 1) = 72P(3,7) 22 72 ( m 71'2> I Gt if 2 # 0
) ) Sin2 Tz 3 /434 1/sin2(7ry//-;) o 1/3 fr=0
(7.27)

Let us now consider the function ) only in the case y > 0 and z = 0,1/2. We need
S(z) and the series expansion of 9, log 6;:

= mcot(mz) + 4w Z Z q" sin(27d,,z) (7.28)
n=1 d,

0. logbi(z|T) =

The limits 7' — oo and £ — oo produce

S(z, ) 1222 {—iﬂy(l/ylm) if 0

1/x ity=0,2—0
oo il | 2i if o =1/2
Sz, ) L2 L ife=1/ (7.29)
K \cotmy/k ifz=0
Now it’s easy to compute the limits for the functions Exr, Far and Y(z) that read
T—s00 I® 4r? o/ T M2
gN:Q E— WW@ N (730)
/—00 I(4) 2 QER
_ 31
En=2 yPNELI (7.31)
Tooo I 47t ( 1 1> T
FN=2 —— ———— | =7 — = e , 7.32
A= 4na/? T? \sin?(hmv) 3 ‘ (7.32)
tsoo Om? I 7202 YR?
Fre _ 7.33
N=2 kY dna/? 3 2d/ ( )
0o 1 o P2 |11 ifx=1/2
P 2% —an (Lol ) L v 2% RS T
3 K 2 ifx=0
7.2.3 N =1 sectors
This is the most laborious case, one needs to study the function
3
H(z) = H 01(z + uly) (7.35)
=1
since Fa—1 and Enx—1 are given by
1H"(0) H'(0)
Frne1 = Enve | = 3 En=1=2 K= 7.36
N=1 = EN=1 <6 7(0) +om N=1 W”H(O) N=1 (7.36)
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Let us start with Exr—1, the ratio H'/H can be seen as a sum of logarithmic derivatives
#'(0)
#H(0)

It is easy to see that this function is a modular form of weight one. In the limits the g-series

=2 7_10:loghi],_, (7.37)

vanish thus only cotangents remain in the direct channel

Z(((?)) 200 257, cot(mvrh) (7.38)

In the transverse channel one has
e

H(0) o — > cot(mur) — 2 ZI \uf\ (7.39)
Far=1 is even more laborious to analyse
W) L, H(0)
F =2 3 X1 = 27D Xn— 7.40
N=1=2T <6 H(0) +3m H(0) N=1 = 21P(ur) Xpn=1 (7.40)

One can expand the expression in brackets using the logarithm derivatives of 1, that we
call ¢(z|7) = 0,log 01 (z|7) for brevity:

= Lo+ 5 3 o) (9 0m) + 620
L#D

- Z "(ur) + 3¢ (ur)(ur) + ¢ (ur)) +3m Y dlur)

1

(7.41)

Under modular transformations the functions ¢(z) and n; are modular forms of weight
one and two, respectively. The function ®(z) is a modular form of weight three. The limit
T — oo of ®(uy) can be computed similarly to H'/H and the limit £ — oo in the transverse
channel can be taken using ®(u) = 73®(@)

[o.¢] o0 g
D(2) T, (H cot(hmvr) — chot (hmor) > , D(2) Ioeo, (m ) Z ]
I

(7.42)
In the N/ = 1 case the function Cxr also appears that has a simple form. For future
use, we list here all the limits

T—o0

En=1 —— 4no/2 T2 Zcot hmor), (7.43)

Enoy 2 G gg Z (7.44)

N=1 4ml2 5w 2] .

T—o00 I(G)

Fn=1 Tna? T2 Hcot (hmor) —chot hrovr)| (7.45)
. 7(6) 145

Fn=1 _4TLO/2 9.6 Z[ Tudl (746)

(GSO[(6) 9.2 (GSO(6) p4,-2
Cn(T _ a2 Cn(l) = —L—F 7.47
N( inal® TY N (0) Anod? 3 ( )
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7.3 Two- and three-point ‘amplitudes’

We now have all the tools to compute the UV and IR limits of two- and three-point
‘amplitudes’.

In N = 4 sectors both amplitudes are zero because Ex—4 = 0. This is an expected
result in fact in D = 4 SYM N = 4 theory has a vanish 8 function and no threshold
corrections to the gauge kinetic function.

Let us start with the two-point ‘amplitude’ that reads

2 12 00
T ’
A%_100p[1+,2+] _ gs;)‘ [12]2/ dT (5N+iCN=1)/dM(2) e k1-k2G12 (7_48)
0

Despite analytic continuation of momenta, ki-ky = 0 thus the integral over the world-sheet
insertions gives (i7/2)%. For this reason the color-ordered amplitude is the same in the
planar and non-planar cases, they differ in the Chan-Paton factor. In the IR limit in N' = 2
sectors one has a logarithmic divergence due to A2

o, m2R21(2)

Aé—loop[1+7 2+] T—o0 2

[12]%log L (7.49)

8a'n

One can regularize IR divergences introducing brane separation in the amplitude

212 ©dT o

Aé—loop[l—i-’ 2+] T—o0 _gg ™ [12]2 / 2 e TM? (7‘50)
8n T

In the N' = 1 case there are no directions to separate the branes and the integral over T

diverges logarithmically

27r2](6)

AP, 2] 5

[12]2>>, cot(hmor) log L (7.51)

where L is the IR cut-off. We note that the odd spin structure does not contribute to
the limit.

In the transverse channel we treat separately planar and un-oriented amplitudes, re-
lated to massless tadpoles and their cancellation, and the non-planar amplitude, related to
the masses of anomalous U(1) vector bosons. For momentum conservation ki-ko = 0 and
the integral on the world-sheet in the direct channel produces —72/4 in any case, while in
the transverse channel it gives —1//2 in the planar and non-planar case and —16/¢2 in the
un-oriented case. Summing planar and un-oriented contributions produces

2 12

. > dl
Alloop 1+ oty — _%[12]2 tr(y")er(trtay ") + 32tr(t1t2W2%)} / 75 (Ex +iCy-1)
0
(7.52)
where in the integral over ¢, the measure descends from 7 = 74 = /. In the non-planar case
2 12 oy
Alloop (14 oty — _%[lz]%r(yhm)u(m*h) / 7 (Ex +iCx—) (7.53)
0

The behaviour of both amplitudes is coded in color-ordered amplitudes, their limit in the

direct channel for N' = 2 sectors reads
o I 72 R?

_ Y4
A%ic;cp[1+’2+] o0, —g?[lQ] E?@L (7.54)

— 29 —



where L is the IR cutoff. In N’ = 1 sectors the limit is dominated by the contribution of
the odd spin structure
GSO 1(6) L2752

- . c
AP, 27 2 g

(7.55)

Let us now consider the (color-ordered) three-point amplitude with helicities (—++4)
that reads

1-loopr1— o+ o471 _L 12 [23]3 /oo g o .. / (3) L.
A3 [1 s 2 y 3 ] = \/igsoz [12] [31] . T (5]\/ ZCN:1) (6% ]{32 ]{33 d}t 5231_[3(,22, k‘z)
(7.56)

As for two-point amplitudes N' = 4 sectors do not contribute. The form of the color-
ordered amplitude is different in the planar and non-planar cases. Actually there are two
non-planar cases: one with 27 and 3% in the second boundary, that we call 1—2, and one
with 1~ and 27 in the first boundary, that we call 2—1.

Let us focus on the world-sheet integral, that we need to compute for k;-k; — 0. In
the planar case, using the variables oy = 113, as = 193 and a3 = 1 — v3 one gets

/ Ay TTs (24, k;) (7.57)

= Tg/doadozzdag 6> ;i — 1)0/k‘2'k35(a27)6_0‘/k1'k2g(0‘17)_O‘/k?k:"g(aw)_o‘,kl'k3g(a37)

In this form it is not clear what happens when ay — 0 and ko-ks — 0. As in [33], if we call
€ = ko-k3, when ¢ — 0 the leading term is finite
iT\? : ,
ii_r}r(l) <2> /daldag 6(1 — oy — ag)e” @ FrkeGlear)—aky-ksGlast) /dOégé‘(OéQ)E_l (7.58)
As a result the integral gives (i7/2)%. This holds true for A}'_IOQOP[l_, 2% ,37%] too, in fact
using the parametrization S; = vy, fo = o3 and B3 = 1 — v yields a similar integral. In
the case A;lcf)p [17,2%,37], the amplitude does not exhibit the kinematical pole. This is
in line with the Chan-Paton factor that does not involve the structure constants f,,. but
rather a product of a § for 1 and 2 combined with an anomalous U(1) factor for 3. The
kinematical factor in the numerator does not cancel and makes this IR contribution vanish.
In the direct and transverse channel, the behaviour of the amplitude is very similar
to the two-point amplitude in fact Ear appears in the both cases. The world-sheet integral
give us the same contribution in terms of modular parameter 7' (or ¢). This should be
interpreted in terms of the running of the field-dependent gauge couplings [32] and is to be
expected as a result of supersymmetry Ward identities that only allow the super-invariant
W?2 for 2- and 3-point amplitudes, barring anomalous U(1)’s.

7.4 Four-point amplitude, 4—0

Let us now study the limiting behaviours of 4-point amplitudes. In the direct channel,
relying on u = —s — ¢, the Koba-Nielsen factor can be rewritten in terms of the variables

— 30 —



Q; as

/

T4_o —exp % [G(a1)+G(a3)—G(ar+az)—G(as+as)]

a't

+ = [G(a2)+G(a)~G(ar+az)-G(aztas)] (7.59)
Inserting in this expression the explicit form of the propagator found in the previous section,

the a-independent terms cancel and using o +a2+a3+a4 = 1 many terms simplify so that

/

o h_(ai)h_(a3) o
y—o(ov, ki) = l:h_(al +ag)h_(ag + 043)]

» (7.60)
» |: h_ (Ozg)h_ (Cl4) :| q—a’(sa2a4+ta10¢3)
h_(a1 +ag)h_ (a2 + az)

In the limit T — oo, ¢ — 0 all the functions h(«) — 1 while the s,¢ dependent g-
exponential, using the saddle point method, behaves as

nTa’st

/d4a5(1 — Ya)er T (sazaattaras) Iooo, oG (7.61)

In the physical region s > 0, t < 0 (in the Regge limit |s| > |t|), with this condition the
exponent is —wT'a/|t|/4 thus the integral on T is always convergent in the limit 7" — oc.

As in [55], if we expand the functions h_ in powers of q. The form of the exponential
suggests that one can interpret the modulus 1" as a Schwinger parameter and the integral
over the variables a; as a Feynman parametrization of a box integral. The string amplitude
can be seen as an infinite sum of massive box amplitudes.

In the transverse channel we find the usual tadpole, in fact we can obtain the same
world-sheet integral rescaling the world-sheet coordinate on the M&bius strip by a factor
of two and obtaining a 2* factor from Fr or YEur. In the limit ¢ — oo the Koba-Nielsen
factor reduces to products or ratios of sines

14 22
00 dart 14
Atp 2 3 4] 2 20 % (fN—” ew)
0

/ d (4) sin o sin wag —a's Sin o sin wory —ot
1234 | G (o + o) sinm(ag + ag) sinm(ay + ag) sin(ag + a3)
(7.62)

In the £ — oo limit, it is useful to define a combination of F and £ and evaluate its limit
in the various sectors N'=1,2,4

16(¢R?/2a/)3 it N =4
292 4 2
(2.7:/\/+a7r ! 5N> tooe, T L - 2/3)IORR 20) N =2 (763)
K dna'“ K 3 7(6)
A1

~@ta) 55 Y N =1
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In the 4—0 case a = —2, thus the contribution to the amplitude from N = 1 sectors
vanishes in the limit.

The world-sheet integral can be rewritten as a derivative of the Veneziano-like ampli-
tude w.r.t. the string tension as in [22]

4) 5183 —als 5954 —alt 1 Llogz  log(l—x) , /
/dM1234 [ } [ ] =—53 < + > am O (1—a) ™
51425243 51425243 21 0 1—x x
(7.64)
As shown in [22], the one-loop dilaton tadpole is proportional to the logarithmic derivative

of the tree level amplitude with respect to the (inverse) tension «'.

7.5 Four-point amplitude, 2—2

In this case one has two independent color-ordered amplitudes, in fact fixing legs 1 and
2 on a boundary and legs 3 and 4 on the other boundary, one has .Al IOOP[I* 27,3%,47]
and AS'9PP[17,27,37,4%]. In the direct channel we have the same limits, V' = 2,4 is
regularized by brane separation and N' = 1 by momentum flow.

In the transverse channel, one has a behaviour similar to 4—0, the unique changes
affect the value of the parameter a that we have defined in the equation (7.63): for
Aé_i%()p[l_,2_,3+,4+] one has a = —20 while for A%i%0p[1+,2_,3_,4+] a = —2 again,
thus the last amplitude vanishes for N' = 1. For instance, for [17,27,3",4"] one finds

14 292
o0 dl ¢
ALI0P (1= 9= 3t gt L2 934 F4/ = <2fN+a7T EN)
0

/d,u(4) [ sin /31 sin 7833 ] —a's { cos fFa cos (1 + P2 + 1) ot
cos(B1 + B2) cos (B2 + Bs) cos (81 + B2) cos (B2 + B3)
(7.65)

where 31 = v — 19, B2 = 1 — 11 and similarly for 83 and B4. For [17,27,37,4%] one can
easily adapt the formula.

7.6 Four-point amplitude, 3—1

The non—planar amplitude 3—1 has a unique independent color-ordered amplitude, Al loop
[17,27,3%,4"] with the leg 4 on the second boundary.

In the transverse channel, the contribution Car of the odd spin structure dominates in
limit ¢ — oo and one gets

4,2 GSO(6) o0
1loop7 — gt g4 =00 G5 1€ I 94/ %5
ALlooP[1= 9= 3+ 4] i CF ol
/d (4) [ sin /31 cos w33 ]als{ sin 732 cos B4 —alt
M23a | gy (81 + B2) cos (B2 + [33) sin(B1 + f2) cos m(B2 + B3)
(7.66)
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8 Supersymmetry vs Hybrid formalism

As we have checked that the 4-point amplitudes in the RNS formalism are MHV, thus
satisfying the expected SUSY Ward identities, we can super-symmetrize them.

In the V' = 1 case, the relevant super-invariant is W2W? where W, = 1/2D?D,U is
the linearised super-field strength of the vector multiplet described by a real scalar super-
field U. The full N' = 1 super-amplitude would read

.A4_p:tl = /d219d279{(W1W2)(W3W4)Af°;§ + perms} (8.1)

In addition to 4 vector boson amplitudes A(—, —, +,+), it encodes also 2 vector 2 gluino
amplitudes A(—1/2,—,+1/2,+) and 4 gluino amplitudes A(—1/2,+1/2,—-1/2,+1/2). A
direct computation of the one-loop amplitude with 2 or 4 gluini looks quite laborious since
in addition to the vertex operator in the ‘canonical’ -1/2 super-ghost picture

V}gfl/Q) _ ua(k)sazefgo/ZeikX (82)

where ¥ is the internal spin field with R-charge +3/2, one should use also the vertex in
the higher +1/2 picture

V}gﬂ/z) = ua(k)é?XMUZdCdZeJW/QeikX +... (8.3)

In the N' = 2 case, the relevant super-invariant is again YW?W? where now W is the
chiral super-field describing A/ = 2 vector multiplets. The full N' = 2 super-amplitude
would read

AN = / d9d [ (W Wa) W5 W) AB%S + perms} (8.4)

In addition to 4 vector boson amplitudes, it encodes also 2 vector 2 gluino amplitudes
A(=L1, -, +1,4), 4 gluino amplitudes A(—1/2,+1/2,—1/2,+1/2), 2 vector 2 scalar am-
plitudes A(—, +,0,0), 2 gluino 2 scalar amplitudes A(—1/2,+41/2,0,0) and 4 scalar ampli-
tudes .A(0,0,0,0). Once again a direct computation of the one-loop amplitudes with gluini
looks more involved, while amplitudes with scalars look feasible, since the vertex operator
for scalars in vector multiplets are simply

Vi = ¢(k)(i0Z3 + k-pT3)e™™ (8.5)

where Z3 is the complex ‘untwisted’ coordinate and W3 its world-sheet super-partner.
Different manifestly supersymmetric formalisms for the quantisation of the superstring
have been proposed, depending on the number of space-time and internal dimensions [11-
14]. The one we will focus on here is suitable for compactifications on Calabi-Yau spaces
or orbifolds, described by internal A = 2 SCFT’s [11]. In the Type II case these yield
N = 2 supersymmetry in D = 4. In the Type I or Heterotic case these yield N' = 1
supersymmetry in D = 4. Another one is suitable for compactifications on manifolds with
SU(2) holonomy (e.g. K3 x T2) spaces or orbifolds of 7%, described by internal N' = 4
SCFT’s [12]. In the Type II case these yield N' = 4 supersymmetry in D = 4. In the Type
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I or Heterotic case these yield NV = 2 supersymmetry in D = 4. We will neither deal with
the second approach any further here, nor with the pure spinor formalism [56-59].

We would like to compare our results with those of the hybrid formalism with minimal
supersymmetry in D = 4 [10, 11]. The construction is based on two observations. First one
can twist N' = 2 SCFT’s redefining the worldsheet stress tensor T" according to T" = T'—.J /2
where J is the U(1) worldsheet current. As a result ¢ = 0 and ' = h — ¢/2. Second one
can identify the dimension 0 spin fields ¥, = S,eT%/2 with the Grassmann coordinates of
superspace. The construction works for D = 4 whereby ¥, — U, 04 denoting by pa, Pa
their dimension 1 conjugate momenta, one has 4 (7,£) systems with ¢ = —8 = 4 x (-2).
Including the ¢ = 4 contribution of the bosonic coordinates X* and the ¢ = 0 contribution
of the twisted internal N’ = 2 SCFT, one has a defect Ac = —4 that can be compensated
by an additional chiral boson p with e = 1 (as for commuting ghosts like ¢ for f,7),
background charge Q, = 1 (instead of @, = 2) and central charge ¢ = (1 + 3Q?) = +4
(instead of ¢, = 13). After twisting, the mapping of the generators of the twisted N = 2
SCFT read

Thyy = Tx+Ty+Tp)+Tiscrr = Trns = Txy+T5crr+Tn (8.6)
Jnyb = — Op+JiscrT = be+€n (8.7)
Gy = e P& + Gigopp = b (8.9)
where
' 1. 1 _

do = pa + %axwﬂa — P00+ S0a0(P) (8.10)

B ' 1. - 1-

ds = Pa + %ﬁaaxad — 92004 + S9a0(0?) (8.11)

Unintegrated (‘c-ghost-number 1’ in a sense) vertex operators for compactification
independent states, such as an open string gauge boson or the closed string graviton, can
be expressed in terms of a real scalar super-field U(x,d,9) (or U(x,9,01;0r,9r) for
closed strings). In order for U to be a world-sheet super-primary it must satisfy D?U =
DU = 0,0"U = 0. Component fields obtain by acting with super-derivatives. For the
vector boson one has

Aai = [Da, Da)Uy—5—0 (8.12)

and for the gaugino one finds
1 _
Ao = §D2DQU|19:1§:0 (8.13)

Integrated vertex operators follow the twisting prescription

/ dzV = / dzGhy, G U = / dzHU (8.14)

where the field-dependent super-differential operator H reads

H = d*D*Dy + dy D*D® + 09° Dy, + 004D + %Hm[Da, Da) (8.15)
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with TI9 = 90X —i0*09*+i09¥9*. The formalism is manifestly supersymmetric since
d®, ds and TI%* commute with the space-time supersymmetry generators Q, and Q4.
Gauge invariance corresponds to U = D?A+D?A = Q+Q that adds a total derivative to V.

The ‘topological /twisted’ prescription for computing one-loop Type II scattering am-
plitudes [10] reads

Er [ 2
My = 7_22/1:[1d22i<</JL/\JR> V1V2---Vn> (8.16)

where [Jp A Jp = [ d*w(JECFT — 0pp)(JECFT — OpR), constructed from the twisted
U(1) current, is needed to provide the correct number of zero-modes in the large Hilbert
space once translated into RNS fields.

For Type I amplitudes the analogous prescription would be

A, = d;:/il_[ldzi/dwldw2<J(w1)J(w2)V1V2...Vn> (8.17)

As observed in [10] when the external states, such as gauge bosons or gravitons, are
p and compactification independent, the internal contribution factorizes and one has to
simply compute contractions of the space-time super-coordinate fields.

Indeed after dealing with subtleties associated to the integration over the chiral boson
p one arrives at a manifestly supersymmetric result,

My, = [ d*9d*I L d*I pd*I dig

n ) 0 0 72 i 2 . 2 ) i 9 - ,
x/gd Z’dg‘ld@[(zng) <ZC¢WL> (E CZ-WR) (E Cz‘WR>
2
X ‘IeS:PeXP < — 27 |:IC+Z E szz:| /7—2) H‘el(zz])’klkﬂx

1<j

XHU(ki,ﬁL,ﬁL,ﬁR,gR)} (8.18)
i ¢i=¢=0

where ¢; and (; are auxiliary Grassmann variables that serve the purpose to select the
multi-linear term in the ‘external polarisations’

K=Y GBI —iohy Y SiGGWEWS (8.19)
i i,j
and
8= GSy(DIWL + DEWE — ikl Bl) + O(¢*) + O(¢*) + O(¢Y)  (8.20)

0]
whose consistency has been tested at least for the uncompactified case against gauge in-
variance, modular invariance and periodicity and equivalence with the RNS formalism.
The above formula drastically simplifies for n = 4, since all the derivatives with respect
to ¢; and ¢; must act on the explicit factor not on the exponents and produce WfoWZ%WIQ%
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One can safely set £ =0 and § = 0 and get the expected result, i.e. the BGS formula for
scattering of Type II super-gravitons in D = 10 written in a notation suitable for N' = 2
D =4, i.e. for ‘compactification independent’ states: N = 2 supergavity {g,., 21, A,} and
N = 2 dilaton hyper-multiplet {¢, b, 2(, ¢, @}. These are precisely the states that one
gets combining two AV = 1 vector multiplets, one for the Left- and one for the Right-movers.

Taking the ‘square root’ of the closed-string result one gets the Type I superstring
super-amplitude

_ [dT - 9
super — [ 71294249 / — / dz;— 21
An / 1% Ril:Il e (8:21)

L&QW")Q<2iciwi>2:e‘9:e‘QT”““*E”i’“]Q | JUCENIAEN § R @]
i<j i Gi=0

Focussing on the n = 4 case, one can safely set K and S to zero and get

n
Asper / POV / % / [ doie™ F w0 T (61 (25 5% (8.22)
Ri=1 i<j
This precisely coincides with our result for the N = 4 sector in the decompactification
limit, where A ~ 1/T3 (in the absence of an IR regulator) and indeed the internal SCFT
is free and decouples from the space-time part.

Since for N' = 1,2 sectors, the internal contribution does not simply factorize, even
when the external states, such as gauge bosons or gravitons, are p and compactification
independent, but rather produce derivatives of the Witten index, we expect the hybrid
approach to fail to give the correct result if not properly amended. The success at tree level
is largely due to the fact that tree-level amplitudes for gluons or gravitons are independent
of the amount of supersymmetry (in so far as only minimal couplings are present) and the
super-symmetrization is unique when the number of supersymmetry is chosen / given.

The probable source of the disagreement with the D = 4 hybrid formalism [10] are the
subtleties in defining the functional integration over the chiral boson p.!' The difference
between the A" = 1,2 and the N/ = 4 contributions to 1-loop amplitudes is that different
numbers of fermionic zero-modes can come from the compactification-dependent part of the
world-sheet action through the term Ryyppg U7 ¥} UL U9 where Rynpg is the CY curvature
which couples to the left and right-moving internal fermions ¥" and ¥’,. In the N =4
sector, there is a cancellation (see eq. (3.2) in [10]) between the functional integral over
the p field and over fermionic zero modes coming from the compactification. Probably this
cancellation does not occur in the A/ =1 and N = 2 sectors and the coupling of ¥/* and
W% through the CY curvature affects the factorization properties.

9 Conclusions

We have shown that the 4-point vector boson amplitudes computed in [1] satisfy the correct
supersymmetry Ward identities in that they vanish for non MHV helicity configurations

"We thank Nathan Berkovits for suggesting this interpretation.
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(++++) and (—+++). In the MHV case (++——) we have simplified their expressions
to an extremely compact form. The integrands only involve three functions Ear, Cayr—1 and
F of the relevant modular parameter T, of the brane configuration uflb and the ‘compact-
ification’ moduli, the ubiquitous Koba-Nielsen factor II(z;, k;) and the non-holomorphic
function Y(zi;) = —2[P(zi;) — S*(2i;)] with no poles in z;;. In N = 4 sectors Ex—y = 0
and only Fj—4 ~ A plays a role. Somewhat unexpectedly we have found that no massless
poles in two-particle channels are exposed in the N/ = 1,2 sectors either, thanks to the
regular behaviour of ).

We have then studied the limiting IR and UV behaviour, confirming standard
expectations.

Relying on the supersymmetric properties of the result we have generalised our bosonic
amplitudes to manifestly supersymmetric super-amplitudes and compared the results with
those obtained in the hybrid formalism and found it hard to reconcile the contributions of
N = 1,2 sectors that can be ascribed to subtleties in performing the functional integral of
the chiral boson p. We hope one could find a way to overcome this problem and reproduce
the results we found in the RNS formalism within the (minimal) hybrid formalism. Alter-
natively, one could address the same issues within the pure spinor approach [18, 19, 56-59]
if one could find a reliable way to partially break supersymmetry.

Based on our present analysis, there are various directions that one can explore: higher
number of insertion points, higher loops, more realistic brane configurations or closed string
amplitudes. Let’s comment on these extensions.

Concerning higher points, 5-points look feasible since only MHV or anti-MHV ampli-
tudes should be non vanishing, 6-points looks harder since also NMHV amplitudes corre-
sponding to (4 + + — ——) helicity configurations should be non-vanishing. Factorizations
in three- and higher-particle channels could be analysed and the soft behaviour in string
theory could be studied more systematically, extending the tree level analyses [60-65].

Some two-loop results are accessible and at three loops there is some work [39, 40]
but starting at four loops one should expect conceptual problems in addition to practical
ones [66, 67].

Barring some subtleties, it should be almost straightforward to generalise our mani-
festly supersymmetric results to closed superstring amplitudes and explicitly check if any
form of KLT relations may be hidden in the connection.

Last but not least, phenomenologically more appealing configurations than ‘regular’
branes should be easy to address [30, 68-72].
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A Spinor helicity formalism
In D = 4 one can introduce helicity spinors uza and ﬂ’a such that k;nq = ulaﬂfl and a’;; =
vl / ﬁviﬁuiﬂ as well as a’. = u}v/ \/iﬂw%, with v!, and ¥ arbitrary Weyl spinors

associated to gauge variations in that v}, — v’ + \u!, yields

a

i+ it )\fo_fx _ it A i A
fe%e — aad Uiﬁ’u,i - aad kui [a%6" ( '1)
B B
= —(ji), WaT§ =
[ij] = —[jt] and 2k;-k; = —(ij)[ij], momentum conservation . |i)[i]| =0 = >, |i](i|. For
more details see e. g. [36].

and similarly for a! .. The bilinears can be written as ufujo = (ij)
il

A fundamental ingredient in our analysis are the traces of the tensors f’s repre-
senting the linearised field-strengths. We introduce a compact notation: (f1...f,) =
s oo f""u, . This quantities are gauge and Lorentz invariant by definition. In our com-
putation we meet traces with two, three and four f’s, we need to calculate their values for
fixed helicity configurations. It is also useful to decompose the tensors f in positive and
negative helicity part f,, = f;rifw + fiTEZV with 4,7 = 1,2,3. The matrices ¥ and X
provide the bases of the representations 3y, and 3z of SL(2,C) thus they are self-dual and
antiself-dual matrices and satisfy

PO i posi’ il iy il i ' si'y Y
€ Lpe = +ixy,, €, N, =—iX,, XX =3"% XY =014’ 8

(A.2)
Ty =TS =0 TX'S =0 Tre's) =467 Tesisl = 469 (A.3)

The product of two vectors in (1,0) and (0,1) can be related to traces in the Lorentz
indices: 4f gt = 4f;7(¢")! = (fTg") and 4f=g~ = (fg~). Lorentz invariance helps to
recognize when a trace vanishes: self-dual and antiself-dual matrices cannot contract with
one another. In particular traces with an odd number of f’s with positive (or negative)
helicity vanish.

We start to compute traces from products of two f’s. We have two independent cases:
(—+) and (++). (f{ f5) = 0 is zero for Lorentz invariance. In the second case we can use
the gauge choice ¢ = g2 = ¢ to cancel some terms and obtain

(1 13) = 20 by ooy = PO RUAD (A9

(1g)  (29)
For traces with three f’s, we have two independent cases: (—+-+) and (+++). (f; f3 f5) =
0 is zero for Lorentz invariance. For (4+++) we use the gauge ¢1 = ¢2 = g3 = ¢

(D) =al ksag ki ad ko — af ko ag ks af -k = [12][23][31] (A.5)

1
V2
For traces with four f’s, we have three independent cases: (++++), (—+++) and
(——++). (fy £ f5 £F) = 0 is zero for Lorentz invariance. For (++++) we use the

gauge q1 = q2 =q3 = q4 = (
(fff;f;‘ff) = af-k4 a;kl a;-kg ai-kg + ai"-kzg a;kjg a;kzl aj{-kl = —[12][23][34][41]

(A.6)

1
2
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To compute (——-+-+) we choose the gauge ¢1 = g2 = k3 and g3 = q4 = k2

1 (12)3

1
U7 f2 f5 £30) = araf ay kuaf kakaks = 02734 = —groarm iy

st (A7)

B Elliptic functions

Let ¢ = €*™7 with 7 complex, the Jacobi 6 functions are defined as
01 (alr) = 3 g 2emi b (B.1)
keZ

with « and [ real numbers, representing the spin structures. 6 functions solve the heat
equation 47i0,0 = 0?0. There are identifications between different values of o and j3

04" (2l7) = O[3 (=7)  O[ZB)(2l7) = O[5 (==Im) OS] (=[7) = O[5](= — k|7) (B.2)
This functions enjoy pseudo-periodicity properties
0[3](z + k|r) = e > 9[3] (z|7)  O[3](z + kr|r) = e 2T Ag3] (2)r) (B.3)

Under the modular transformations 1" and S, one finds

OI3)(eI7 + B) = =Dl 1] (217) (B.1)
02| - 3) = (imemes g ) (®5)

Often we omit the dependence on 7. For our purposes, we are interested in four particular
0 functions

(1 o qn)(l o e27rizqn)(1 o efQﬂizqn)

8

0[1/3)(2I7) = 01(2|7) = 2¢"/sin(r2)

3
Il
i

(1 . qn)(l + e2m’zqn)<1 + e—2m’zqn)

8

01/%](2|7) = 02(2|7) = 2¢"/® cos(n2)
1

n
[e.9]

)17 = 0a(x1) = [] (1 = ")+ €272 /) (1 4 721/

n=1
o0

0[10a)(2[7) = Oa(2m) = [] (1 = ¢")(1 = *™g" /) (1 — e ™7g"1/?)
n=1
Under z <> —z 64 is odd and 65, 03 and 04 are even.

There are other two other ubiquitous elliptic functions: the Dedekind function (1) =
¢TI0, (1 — ¢*) and the Weierstrass function P(z,7) = 92log61(2|7) — 2m(7), where
m(r) = —27mid; logn(t). Dedekind function is related also to 6} by ¢;(0) = 27n®. Under
modular transformations, Weierstrass function is a modular form with weight two and
Dedekind function transforms as

z at + b
cr+d et +d

) — (er 4 dPP(er) (1) = 2(r) g (—1> = (—in) ()

' (B.7)
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The contractions of free bosons and fermions at one-loop are:

<<XAL1 Xu2>> = O‘/nulung('zl?) <<¢u1 w,uz»a = 0/77/JUL2 Sa(ZIQ) (B'S)

<<8Xu1 eik2X2>> = ia’k“lalgg(zlg) <<8X“1 8X‘u2>> = O/T]M'walaggz(zlg) (BQ)

Where Gy, is the bosonic propagator (Bargmann kernel) on the surface and S, is the fermion
propagator (Szego kernel). The bosonic propagator on the torus is

01(21 — 2|7)[F o I (21 — 20)]?

9,(017) (B.10)

1
Gr(z1,22;7) = —3 llog

ImT

It’s easy to see that Gp(zi1,29;7) is even under z; <> 29, bi-periodic and quasi-
invariant under modular transformation: the unique non-trivial transformation is
Gr(21/7,20/7;=1/7) = Gr(z1,22;7) + 3log|7|>. We can say that the propagator is an
“inhomogeneous” modular form of degree zero. The annulus obtains from the torus by
means of the involution Z = 1 — z and the modular parameter 74 = i7/2 [26, 37-40], so
the propagator between two points z; and zo is the sum of the propagators on the torus
between z; and all the images of z9, i.e. zo itself and 1 — Z5.

1
Ga(z1,22;74) = §[QT(21,Z2;TA) +G7(21,1 — Z2;74)
+Gr(1 —Z1,22;74) + Gr(1 — 21,1 — Zo; TA)] (B.11)
On the annulus boundaries (z = 7v or z = Tv+1/2), the annulus propagator takes the form

01(z1 — 22|7) [Im (21 — 22)]?
. _ 9| _ B.12
Ga(z1,22;74) 0g 0} (0]7) T ImT ( )

The Mobius strip can be obtained in may ways, one consists in using the same involution
used to construct the annulus but considering a torus with modular parameter 7hy =
A+ 1/2 [26, 37-40]. The propagator is similar to the annulus propagator

Gm(21, 223 7Mm) = Galz1, 225 Ta) (B.13)
The explicit formula of the Szego kernel or fermionic propagator is

—819A(z1,zg), if o = 1,
Sal21 2 7) = 4 0a(z1 = 20) 01(0) #1 B
01(21 — 22) 90[(0)7 '

where G4 is not computed on the boundaries. S, is an odd function under z; < zs.

We often use S;; instead Si(z;;) = —0;G4(2ij). The fermionic propagator is a bi-periodic
modular form with weight one. When the insertions are on a boundary of the annulus, the
explicit form of S;; is

g 0

Y0z

L _ o [0(zy) Imz;
(gA(zZ,z])\Z__J_2[61(%) i (B.15)
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For non-planar amplitude it is necessary to compute a propagator between two points
on different boundaries. The propagator can be obtained with the parametrization z =
Tv+1/2

O (Tv12|T) Im?2z
T B B 2(TV12 12| or
Gu(z1,22) = Ga(Trv1,T10+1/2) = =2 [log o (0]) T ij

_o|falrvy) o Tmzy (B.16)
92(7’1/1']') ImTA

In the computation we bear in mind some properties of # functions and propagators.
In the even spin structures, products of fermionic propagators can be simplified using the
two identities

Si(z,’]') = P(z, 7') — ea_l(T) , Sa(zlg)Sa(zgg) = —Sa(zlg)wlgy) — S(lx(zlg) (B.17)

where eq—1(7) = 4mi0; In[04—1(0|7)/n(7)] and wia3 = S12+ Sa23+ S31. Deriving w.r.t. z the
function P—S52 we find 25,(2)5’,(2) = 9,P(z), thus the derivative of S? is independent of a.

There is a formula that links the Weierstrass function and the square of the propagator
derivative, it’s linked to a function that we call )(z)

V(z) = —2[P(z) — $*(2)] (B.18)

where S(z) is in its general form, not computed on a boundary. This function is a modular
form with weight two and has no poles. One can prove a generalized Fay identity [41, 42]

Q23 = S125923 + 523531 + 531512 = V12 — Vo3 — V31 (B.19)

In order to study the limiting behaviour of ) it is convenient to first consider the expansion
of A1 in powers of z

01(z) = 207(0) [1 —mz*+ é (n2 + 377%) 24} + 02" (B.20)

We use this expansions to compute Y(z)

2
V(z=1iTv/2) = —% [—83 log 61(2) — 2m1 — (8291(2:) — 2m~12112> ]
(B.21)

2m T° 2 2\ 2 4
= -8 771+T -8 1—0(772+3771)+7rTm+7r ve 4+ 0OW?)

See [41] for more details on relations between elliptic functions and string one-loop
amplitudes.

B.1 Vanishing contractions due to Riemann identities

Amplitudes assume the form ) caAaZév , with A, some function of z and 7. Contractions
with one bilinear are zero because of normal ordering, (:¢){¥4":), = 0. In the even sector
contractions of bosonic operators only give zero. To see that we use the Riemann identity:

D Cabla(21)00(22)00(23) 00 (24) = 01(21)01(25)01(25)01 (1) — 01(21)61(25)61(25) 61 (27)
e (B.22)
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Where the variables z; and 2/’ are linear combinations of the z;

2] 11 1 1 z1 2] -11 1 1 z1

| 111 =1-1[]= | 11 -11 1 ) (B.23)
A1 21-11 =1z A1 211 1 -11 23 ‘
zy 1-1-11 24 zy] 1 1 1 -1/ \zn

The 61(z) functions vanish when z = 0 mod 1, thus this quantity is zero if at least one
of the 2/ and one of the z/ are zero. Considering a generic purely bosonic correlator
(O1...0p), = ((O1...0p)) 2N the sum over the even spin structures produces a vanish-
ing result in the most general case with A/ = 1 supersymmetry, in that

D caZl oY cabal0)0a(uhy)00(udy)0a (ul,) = 0 (B.24)
a#l a#l

To understand why this expression is zero it is enough to consider the first line of the two
matrices: 2z] = 22/ = ul, + u?, +ud, =0 mod 1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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