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1 Introduction

Recently, there has been an interest (see, e.g., [1–3]) in superconformal field theories on a

three-dimensional (3D) sphere, mostly motivated by the study of their quantum features

with the use of localization techniques. In addition to the issues raised in [1–3] and related

papers, it is also of interest to study correlation functions in superconformal field theories

on S3, and a superspace setting appears to be most suitable to address this goal. An N = 2

superspace formalism has been developed to describe N -extended supersymmetric gauge

theories on S3 [4], but superconformal aspects of these and more general theories have not

been studied in the Euclidean superspace framework so far.1

This paper is designed to be one of a series devoted to off-shell superconformal field

theories on S3 and is aimed at setting a geometric stage for their further study. We

introduce a 2n-extended supersphere S3|4n, with n = 1, 2, . . . , as a homogeneous space of

the 3D Euclidean superconformal group, OSp(2n|2, 2), with the property that the bosonic

body of S3|4n is the three-sphere.2 Supertwistor and bi-supertwistor realizations of S3|4n

are derived. To some extent, these realizations are analogous to those of 3D and 4D

compactified Minkowski superspaces M
3|2N and M

4|4N , respectively, described in detail

in [9–11]. However, the Euclidean case turns out to have new nontrivial features.

This paper is organized as follows. In section 2, we collect the main definitions concern-

ing the 3D Euclidean conformal and superconformal groups. In section 3, we describe the

twistor and bitwistor realizations of S3 as a warm-up for the subsequent supersymmetric

constructions. The supertwistor and bi-supertwistor realizations of the N = 2n extended

supersphere S3|4n are presented in section 4. The specific features of the N = 2 super-

sphere are analysed in section 5. Several supercoset realizations of S3|4n and flat Euclidean

superspace E
3|4n are given in section 6. The main body of the paper is accompanied by

three appendices. In appendix A, we review two different matrix realizations for each of the

groups Sp(2n,R) and SO∗(2n). Appendix B is a brief review of the Veblen-Dirac construc-

tion of pseudo-Euclidean conformal spaces E
s,t
. In appendix C, we sketch the construction

of harmonic/projective extensions of S3|4n by auxiliary bosonic variables.

2 3D Euclidean (super)conformal groups

In this section we define the conformal and superconformal groups in three Euclidean

dimensions.

1The construction of N = 2 supersymmetric theories on S3 [4] is similar to that of the off-shell (2,0)

supersymmetric field theories in AdS3 given in [5]. In general, supersymmetric field theory in AdS3 has so far

been developed to a greater degree of completeness than its Euclidean S3 counterpart. The supersymmetric

extensions of AdS3 were constructed in [5, 6] and are known as the (p, q) AdS superspaces, where p ≥ q are

non-negative integers. For all types of N = 3 and N = 4 AdS supersymmetry, where N = p + q, general

off-shell supersymmetric field theories were constructed in a manifestly supersymmetric approach and also

reformulated in (2,0) AdS superspace [6–8].
2The supersphere S3|4n has 4n Grassmann-odd directions that are parametrized by 2n two-component

spinor coordinates.
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2.1 The conformal group

The conformal group of both the three-sphere S3 and the Euclidean three-plane E
3 is

SO(4, 1). The same group is also the isometry group of four-dimensional (4D) de Sitter

space dS4. Its connected component SO0(4, 1) is locally isomorphic3 to the dS4 spin group

USp(2, 2) defined by

USp(2, 2) = SU(2, 2)
⋂

Sp(4,C)dS . (2.1)

Here SU(2, 2) is a two to one covering group of the connected component SO0(4, 2) of the

conformal group of four-dimensional Minkowski space M
4 = E

3,1,

SU(2, 2) :=

{

g ∈ SL(4,C) , g†Ig = I , I =

(

12 0

0 −12

)}

. (2.2)

In the notation of appendix A, the matrix I is I2,2. The group Sp(4,C)dS is simply the

symplectic group Sp(4,C) in the following realization:

Sp(4,C)dS :=

{

g ∈ GL(4,C) , gTΛg = Λ , Λ =

(

σ2 0

0 −σ2

)}

, (2.3)

where σ2 is the second Pauli matrix. The matrix Λ satisfies the properties

Λ† = −ΛT = Λ , Λ2 = 14 . (2.4)

It is instructive to compare the dS4 spin group, USp(2, 2), with the one corresponding

to 4D anti-de Sitter space AdS4, Sp(4,R). The latter is a two to one covering group of the

connected component SO0(3, 2) of the isometry group of AdS4. As shown in appendix A,

this group can equivalently be realized as a subgroup of SU(2, 2). This follows from the

isomorphism

Sp(4,R) ∼= SU(2, 2)
⋂

Sp(4,C)AdS , (2.5)

where Sp(4,C)AdS stands for the symplectic group Sp(4,C) in the following realization:

Sp(4,C)AdS :=

{

g ∈ GL(4,C) , gTJg = J , J =

(

0 12

−12 0

)}

. (2.6)

In the notation of appendix A, the matrix J is J2,2.

As will be demonstrated in section 3, the above matrix realization of USp(2, 2) is

most suitable to describe the global action of the superconformal group on the sphere S3.

However, in order to describe the conformal transformations in flat Euclidean space E
3, a

different matrix realization of USp(2, 2) is more convenient. It is obtained from the original

realization by applying the following similarity transformation:

g → g = Σ gΣ−1 , g ∈ USp(2, 2) , (2.7)

3The group USp(2, 2) is a two to one covering group of SO0(4, 1).

– 3 –



J
H
E
P
1
0
(
2
0
1
4
)
0
8
0

where we have introduced the orthogonal 4× 4 matrix

Σ =
1√
2

(

12 −12
12 12

)

, ΣTΣ = 14 . (2.8)

In this realization, the elements of USp(2, 2) obey the constraints

g†Ig = I , gTΛg = Λ , (2.9)

where

I = Σ I Σ−1 =

(

0 12

12 0

)

, Λ = ΣΛΣ−1 =

(

0 σ2
σ2 0

)

. (2.10)

2.2 The superconformal group

N -extended superconformal group in three Euclidean dimensions is

OSp(2n|2, 2) = SU(n, n|2, 2)
⋂

OSp(2n|4;C) , n = 1, 2, . . . , (2.11)

with N = 2n. It consists of (2n|4) × (2n|4) supermatrices (with A,D bosonic blocks and

B,C fermionic ones)

g =

(

A B

C D

)

(2.12)

constrained by

g†Ξg = Ξ , Ξ =

(

Ω 0

0 I

)

, Ω† = −ΩT = Ω , Ω2 = 12n , (2.13a)

gsTΥg = Υ , Υ =

(

12n 0

0 Λ

)

, gsT =

(

AT CT

−BT DT

)

. (2.13b)

The bosonic subgroup of OSp(2n|2, 2) is SO∗(2n) × USp(2, 2). Here we define the group

SO∗(2n) by

SO∗(2n) :=
{

U ∈ GL(2n,C) , UTU = 12n , U†ΩU = Ω
}

. (2.14)

This definition of SO∗(2n) is equivalent to the standard one given in appendix A, eq. (A.6).

Indeed, it is always possible to choose Ω = iJn,n by applying a similarity transformation.

The above supermatrix realization of OSp(2n|2, 2) is most suitable to consider the

global action of the superconformal group on the supersphere S3|4n. However, in order

to describe superconformal transformations in flat Euclidean superspace E
3|4n, a differ-

ent supermatrix realization of OSp(2n|2, 2) is more useful. It is obtained from the above

realization by applying a similarity transformation

g → g = ΣgΣ−1 , g ∈ OSp(2n|2, 2) (2.15)

associated with the (2n|4)× (2n|4) supermatrix

Σ =

(

12n 0

0 Σ

)

, (2.16)

– 4 –



J
H
E
P
1
0
(
2
0
1
4
)
0
8
0

where Σ is given by (2.8). In the new realization, the group elements of OSp(2n|2, 2) obey
the constraints

g†Ξg = Ξ , gsTΥg = Υ , (2.17)

where

Ξ = ΣΞΣ−1 =







Ω 0 0

0 0 12

0 12 0






, Υ = ΣΥΣ−1 =







12n 0 0

0 0 σ2
0 σ2 0






. (2.18)

2.3 The superconformal algebra

Any element L of the superconformal algebra osp(2n|2, 2) obeys the equations

L†Ξ + ΞL = 0 , (2.19a)

LsTΥ+ΥL = 0 , (2.19b)

which are the infinitesimal counterpart of (2.13). This gives a matrix realization of

osp(2n|2, 2). Alternatively, the superconformal algebra may be defined be specifying the

corresponding (anti)commutation relations of its generators, and without resorting to any

particular matrix realization.

The superalgebra osp(2n|2, 2) is formed by the generators L
âb̂

= −L
âb̂

of Sp(2, 2) ∼=
SO(4, 1)/Z2 (â, b̂ = 0, 1, 2, 3, 4), the generators T ij = −T ji of SO∗(2n) (i, j = 1, · · · 2n) and
8n supercharges Qi

α̂ (α̂ = 1, 2, 3, 4).4 The defining anti-commutation relation of Qi
α̂ is (see

e.g. [13])

{Qi
α̂,Qj

β̂
} = δijγâb̂

α̂β̂
L
âb̂

+ C
α̂β̂

T ij . (2.20)

Here C = (C
α̂β̂

) is a charge conjugation matrix, C
α̂β̂

= −C
β̂α̂

= −Cα̂β̂, which we choose

to be C = iΛ and which is used to raise and lower the spinor indices

Qiα̂ = Cα̂β̂Qi

β̂
, Qi

α̂ = C
α̂β̂

Qiβ̂ .

The D = 5 gamma-matrices γâ = (γâ
α̂
β̂
) obey the anti-commutation relation

{γâ, γb̂} = −2η
âb̂
14 , (2.21)

where η
âb̂

= diag(−,+,+,+,+) is the Minkowski metric. These matrices have the standard

properties

γ†â = γ0γâγ0 , (γâ)
T = CγâC

−1 , (2.22)

which imply that γâ
α̂β̂

≡ (Cγâ)
α̂β̂

= −(Cγâ)
β̂α̂

are antisymmetric and γâb̂
α̂β̂

≡ (Cγâb̂)
α̂β̂

=

(Cγâb̂)
β̂α̂

are symmetric matrices. A convenient representation for γâ is

γ0 =

(

12 0

0 −12

)

= I , γa =

(

0 iσa
iσa 0

)

, γ4 =

(

0 12

−12 0

)

. (2.23)

4Note that so(4, 1) generates the isometries of dS4 space, and the superalgebra osp(2n|2, 2) is a unique

superextension of this algebra (see e.g. [12, 13]). 4D supergravity theories based on the n = 1 dS4 superal-

gebra were shown [14, 15] to contain ghosts.
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The superconformal generators Qi are symplectic-Majorana spinors

Qi = iΩijC(Q̄j)T , Q̄i = (Qi)†γ0 , (2.24)

where Ωij = −Ωji is an SO∗(2n) invariant symplectic form defined in (2.13a). Note that

the SO∗(2n) indices are raised and lowered by the orthogonal unit metric δij .

Upon splitting the D = 5 indices â, b̂ into Euclidean D = 3 indices a, b = 1, 2, 3 and the

rest, for instance â = (0, a, 4), we get the following D = 3 adapted form of the OSp(2n|2, 2)
algebra

{Qi,Qj} = δij(γab Lab + 2γaγ0 La0 + 2γaγ4 La4 + 2γ4γ0 L40) + CT ij , (2.25)

where Lab generate an SO(3) ∼= SU(2)/Z2 subgroup of the conformal group SO(4, 1) and

La4 can be associated with the operators that generate translations in S3, i.e. Lab and La4

form the SO(4) ∼=
(

SU(2) × SU(2)
)

/Z2 isometry of S3, while Ka = i(La0 − La4) and L40

generate, respectively, the conformal boosts and dilatations of S3.

The translations in a flat Euclidean D = 3 space are generated by Pa = i(La0 + La4),

while the flat space conformal boosts are generated by Ka = i(La0 − La4). Note that

[Pa, Pb] = 0 = [Ka,Kb].

3 The three-sphere as a conformal space

In this section we present twistor and bitwistor realizations for the three-sphere.5

3.1 Twistor realization of the three-sphere

Introduce two USp(2, 2) invariant inner products on C
4:

〈S|T 〉I := S† I T = Sα̂I
α̂β̂T

β̂
, (3.1a)

〈S|T 〉Λ := ST ΛT = Sα̂Λ
α̂β̂T

β̂
, (3.1b)

for any T, S ∈ C
4. We will refer to this space as twistor space, and its elements will be

called twistors. A twistor is viewed as a column vector

T = (Tα̂) =

(

fα
gβ

)

, (3.2)

with the two-component spinors fα and gβ being complex.

Consider the space of all two-planes in C
4 known as the Grassmannian G2,4(C). Any

two-plane is determined by its basis, i.e. by two linearly independent twistors Tµ, with

µ = 1, 2. Such a basis {Tµ} is defined only modulo the equivalence relation

{Tµ} ∼ {T̃µ} , T̃µ = T ν Rν
µ , R ∈ GL(2,C) . (3.3)

5The twistor and bitwistor realizations for 4D conformal spaces E
3,1

≡ M
4

and E
4,0

≡ S4 (see appendix

B for more details) were given by Veblen in 1933 [16] who used the Plücker-Klein correspondence. He intro-

duced the term “spin-space” for what nowadays is known as “twistor space.” Dirac learnt his realization [17]

of the conformal space M
4

, which is reviewed in appendix B, from Veblen as acknowledged in [17].

– 6 –
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Equivalently, the Grassmannian G2,4(C) can be thought of as consisting of all 4×2 complex

matrices of rank two,

(T 1 T 2) =

(

F

G

)

, (3.4)

where the 2× 2 matrices F and G are defined modulo the equivalence relation

(

F

G

)

∼
(

F R

GR

)

, R ∈ GL(2,C) . (3.5)

Let S denote the subspace of G2,4(C) consisting of all two-planes in C
4 that are null

with respects to the two inners products (3.1). For any two-plane belonging to S, it holds

that

〈Tµ|T ν〉I = 0 , 〈Tµ|T ν〉Λ = 0 , µ, ν = 1, 2 (3.6)

or, equivalently,

F †F −G†G = 0 , (3.7a)

FTσ2F −GTσ2G = 0 . (3.7b)

It is known that the space of all two-planes in C
4 under the null condition (3.7a) is

compactified 4D Minkowski space, M
4
= (S3 × S1)/Z2, see e.g. [10]. As shown in [10], the

conditions that the 4× 2 matrix (3.4) has rank two and obeys (3.7a) imply that

detF 6= 0 and detG 6= 0 . (3.8)

The equivalence relation (3.5) tells us that

(

F

G

)

∼
(

h

12

)

. (3.9)

Now the conditions (3.7a) and (3.7b) imply, respectively,

h†h = 12 =⇒ h ∈ U(2) ; (3.10a)

hTσ2h = σ2 =⇒ deth = 1 . (3.10b)

We conclude that S may be identified with the group manifold SU(2) = S3.

Given a group element

g =
(

gα̂
β̂
)

=

(

A B

C D

)

∈ USp(2, 2) , (3.11)

with A,B,C andD some 2×2 matrices, its action on S3 is a fractional linear transformation

h → h′ = (Ah+B)(Ch+D)−1 . (3.12)

– 7 –
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3.2 Real structure

Twistors transform in the defining representation of USp(2, 2). Given a group element of

USp(2, 2), eq. (3.11), it acts on twistor space as

Tα̂ → T ′
α̂ = gα̂

β̂T
β̂
. (3.13)

Let us also consider the dual of twistor space. Its elements are complex row vectors

V = (V α̂) = (vα, wβ) possessing the USp(2, 2) transformation law

V α̂ → V ′α̂ = V β̂(g−1)
β̂
α̂ . (3.14)

Since both inners products (3.1) are USp(2, 2) invariant, we conclude that S†I and STΛ

are dual twistors for any twistor S. The dual of Tα̂ is defined to be

T̄ α̂ := T
β̂
I β̂α̂ = I α̂β̂T

β̂
. (3.15)

We also point out that Λα̂β̂ is an invariant tensor of USp(2, 2), and so is its inverse Λ−1 =

(Λ
α̂β̂

). As a result, we can define a one-to-one anti-linear map of twistor space onto itself,

⋆ : Tα̂ → Λ
α̂β̂

I β̂γ̂ Tγ̂ , (3.16)

for any twistor T . This map induces a well defined transformation on the Grassmannian

G2,4(C),

P =

(

F

G

)

→ ⋆ P = Λ−1I

(

F̄

Ḡ

)

. (3.17)

This transformation is well defined in the sense that any two equivalent 4× 2 matrices P
and PR, with R ∈ GL(2,C), are mapped into equivalent ones, ⋆P and (⋆P)R̄, where R̄

denotes the complex conjugate of R.

The map (3.16) is characterized by the property ⋆⋆ = −14, and therefore it cannot be

used to define a complex conjugation on twistor space.6 However, the map (3.17) may be

seen to define an involution on the space of all two planes in twistor space, ⋆⋆ = id. Now

consider any null two-plane defined by the relations (3.9) and (3.10). It is straightforward

to show that this two-plane is real with respect to the involution introduced.

3.3 Bitwistor realization

Let Tα̂
µ be two linearly independent twistors that form a basis of a two-plane in C

4. We

can associate with them a bitwistor

X
α̂β̂

:= Tα̂
µT

β̂
νεµν = −X

β̂α̂
, εµν = −ενµ , ε12 = −1 (3.18)

and its dual

X̄ α̂β̂ := εµν T̄
µα̂T̄ νβ̂ = I α̂γ̂I β̂δ̂X

γ̂δ̂
, T̄µα̂ := T α̂µ , (3.19)

6The map (3.16) does not allow us to define real lines in the space CP 3 of lines in twistor space.
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with I = (I α̂β̂). In terms of X
α̂β̂

, the equivalence relation (3.3) turns into

X
α̂β̂

∼ cX
α̂β̂

, c ∈ C \ {0} . (3.20)

In the case that the twistors Tα̂
µ describe a null two-plane, eq. (3.6), the corresponding

bitwistor X
α̂β̂

has the following algebraic properties:

X[α̂β̂Xγ̂δ̂] = 0 , (3.21a)

Λβ̂α̂X
α̂β̂

= 0 , (3.21b)

X̄ α̂γ̂X
γ̂β̂

= 0 . (3.21c)

As shown in subsection 3.2, all null two-planes are real with respect to the anti-linear

map (3.16). Recast in terms of X
α̂β̂

, this property means the following:

Λα̂γ̂Λβ̂δ̂
X̄ γ̂δ̂ ∼ X

α̂β̂
. (3.22)

The above discussion naturally leads us to an alternative realization of S3 as the

space of non-zero bitwistors X
α̂β̂

subject to the constraints (3.21) and defined modulo the

equivalence relation (3.20). Equivalence of this bitwistor realization of S3 to the twistor

one given in subsection 3.1 can be proved in complete analogy to the case of compactified

3D Minkowski space [11]. Constraint (3.21a) means that X
α̂β̂

is decomposable, eq. (3.18).

The constraints (3.21b) and (3.21c) prove to imply the null conditions (3.6).

The bitwistor realization is intimately related to the Veblen-Dirac realization of S3, see

appendix B. To see this, using the gamma-matrices (2.23), we introduce a null five-vector

Xâ := γâ
α̂β̂X

α̂β̂
, η

âb̂
X âX b̂ = 0 . (3.23)

This vector is defined up to re-scalings and, due to (3.22), may be chosen to be real. As a

result, we arrive at the realization of S3 described in appendix B.

3.4 Atlas on the three-sphere

Let us switch to a new parametrization of the group USp(2, 2) that is more convenient

for describing the conformal transformations in E
3. This parametrization is obtained by

applying the similarity transformation

g → g = Σ gΣ−1 , g ∈ USp(2, 2) , (3.24a)

T → T = ΣT , T ∈ C
4 , (3.24b)

with the matrix Σ given by (2.8). The matrices I and Λ, which determine the inner

products (3.1), turn into those given by (2.10), while the two-plane turns into

P =

(

h

12

)

→ P =
1√
2

(

h− 12

h+ 12

)

. (3.25)

The equations det(h+12) = 0 and det(h−12) = 0, with h ∈ SU(2), have unique solutions

h = −12 and h = 12, respectively. As a result, the sphere S3 can be covered by two open
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charts, S3 = UN
⋃

US. The north chart UN is defined to consist of all null two-planes for

which det(h+ 12) 6= 0. In this chart
(

h− 12

h+ 12

)

∼
(

ixN
12

)

, ixN =
h− 12

h+ 12
. (3.26)

Similarly, the south chart US is spanned by all null two-planes with det(h − 12) 6= 0. In

this chart
(

h− 12

h+ 12

)

∼
(

12

ixS

)

, ixS =
h+ 12

h− 12
. (3.27)

In the overlap of the two charts, UN
⋂

US, we have the transition function

xS = −xN
−1 . (3.28)

In the remainder of this subsection, we work in the north chart and denote the 2 × 2

matrix xN simply by x. The null conditions (3.10) imply that the matrix x is constrained by

x† = x , xT = −σ2xσ2 =⇒ x = ~x · ~σ , ~x ∈ R
3 . (3.29)

Thus we may think of S3 as R3
⋃{∞N}, where R

3 is identified with UN and the point ∞N

is identified with the null two-plane

P∞N
=

(

12

0

)

, (3.30)

which corresponds to the origin of the coordinate chart US.

In the new parametrization introduced, the conformal group USp(2, 2) consists of all

4× 4 matrices g of the form:

g =

(

A B
C D

)

, g†Ig = I , gTΛg = Λ . (3.31)

Given such a group element, g ∈ USp(2, 2), it generates the following transformation on S3:

ix → ix′ = (iAx+ B)(iCx+D)−1 . (3.32)

The isotropy group of the point ∞N consists of all matrices of the form:
(

12 ib

0 12

)(

e
1

2
λ
12 0

0 e−
1

2
λ
12

)(

R 0

0 R

)

, λ ∈ R, R ∈ SU(2) , (3.33)

where we have denoted b := ~b·~σ,~b ∈ R
3. The parameters~b, λ andR describe, respectively, a

translation, a dilatation and a rotation of Euclidean three-plane E3. Transformations (3.33)

with λ = 0 span the connected isometry group of E3, ISO0(3).

The origin of UN, x = 0, is the infinitely separated point ∞S for US. The isotropy

group of this point consists of all matrices of the form:
(

12 0

ic 12

)(

e
1

2
λ
12 0

0 e−
1

2
λ
12

)(

R 0

0 R

)

, λ ∈ R, R ∈ SU(2) , (3.34)

with c := ~c·~σ, ~c ∈ R
3. As follows from (3.32), the parameter ~c generates a special conformal

transformation of E3.
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4 The supersphere as a conformal superspace

In this section we introduce a 2n-extended supersphere S3|4n as a homogeneous space for the

superconformal group OSp(2n|2, 2). For this we develop supertwistor and bi-supertwistor

realizations for the supersphere.7

4.1 Supertwistors

The supergroup OSp(2n|2, 2) naturally acts on the space of even supertwistors and also on

the space of odd supertwistors. An arbitrary supertwistor looks like

T = (TA) =

(

Ti

Tα̂

)

, i = 1, . . . , 2n . (4.1)

In the case of even supertwistors, Ti is fermionic and Tα̂ is bosonic. In the case of odd

supertwistors, Ti is bosonic and Tα̂ is fermionic. We introduce the parity function ε(T )

defined as: ε(T ) = 0 if T is even, and ε(T ) = 1 if T is odd. We also define

εA =

{

1 A = i

0 A = α̂
.

Then the above definition can be rewritten as

ε(TA) = ε(T ) + εA (mod 2) . (4.2)

Even and odd supertwistors are called pure.8 The space of even supertwistors may be

identified with C
4|2n.

Supertwistors transform in the defining representation of OSp(2n|2, 2),

T → T ′ = gT , g ∈ OSp(2n|2, 2) . (4.3)

This transformation law implies that the supergroup OSp(2n|2, 2) defined by (2.11)–(2.13)

leaves invariant two inner products

〈S|T 〉Ξ := S† ΞT = SA ΞAB TB , (4.4a)

〈S|T 〉Υ := (−1)εA+ε(S)·εASAΥ
ABTB , (4.4b)

for arbitrary pure supertwistors S and T . These inner products have the following funda-

mental properties:

〈T1|T2〉Ξ = 〈T2|T1〉Ξ ; (4.5a)

7The concept of supertwistors was introduced by Ferber [18] within the framework of 4D conformal

supersymmetry. The supertwistor realization for compactified 4D N -extended Minkowski superspaceM
4|4N

was developed by Manin [19, 20] and also Kotrla and Niederle [21]. The bi-supertwistor realization for

the same superspace was first considered by Siegel [22, 23], although it naturally follows from Manin’s

construction [19, 20]. See [10, 11] for modern descriptions of these realizlations.
8This terminology is natural within the framework of supervector spaces [24, 25] and should not be

confused with Cartan’s pure spinors [26].
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〈T1|T2〉Υ = −(−1)ε1ε2〈T2|T1〉Υ , (4.5b)

for arbitrary pure supertwistors T1 and T2.

A dual supertwistor

Z = (ZA) =
(

Zi, Zα̂
)

, i = 1, . . . , 2n (4.6)

transforms under OSp(2n|2, 2) such that ZATA is invariant for any supertwistor T ,

Z → Z ′ = Zg−1 , g ∈ OSp(2n|2, 2) . (4.7)

A dual supertwistor Z is even (odd) if ZATA is a c-number for any even (odd) supertwistor

T .

Invariance of the inner product (4.4b) under OSp(2n|2, 2) tells us that

ZA := −(1)εB+ε(S)εBSBΥ
BA = (−1)ε(S)εAΥABSB (4.8)

is a pure dual supertwistor. Conversely, given a pure dual supertwistor ZA, the following

object

SA := (−1)ε(Z)εB (Υ−1)ABZ
B (4.9)

is a pure supertwistor. We emphasize that ΥAB is an invariant tensor of the superconformal

group,

(gsT)ACΥ
CDgD

B = ΥAB , (gsT)AB = (−1)εAεB+εBgB
A , (4.10)

for any group element g ∈ OSp(2n|2, 2).
Since the inner product (4.4a) is invariant under OSp(2n|2, 2) ⊂, we observe that

S̄A := SB ΞBA (4.11)

is a dual supertwistor, for any pure supertwistor SA.
9 In conjunction with our previous

result (4.9), this implies the existence of a one-to-one map of supertwistor space onto itself

defined by

⋆ : SA → (⋆S)A := (−1)εC+ε(S)εC (Υ−1)ABΞ
BCSC , (4.12)

for any pure supertwistor SA. This map is characterized by the property

⋆ ⋆ = −12n|4 , (4.13)

which follows from the observations that the matrices Ω and ΛI (i) are purely imaginary;

and (ii) fulfill the identities Ω2 = 12n and (ΛI)2 = 14.

9Eq. (4.4a) can be rewritten in the form 〈S|T 〉Ξ = S̄ATA.
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4.2 The supersphere

We define a 2n-extended supersphere S3|4n to be the space of all null and real two-planes

in the space of even supertwistors C
4|2n. In general, any two-plane in C

4|2n is generated

by two supertwistors Tµ such that their bodies are linearly independent. Equivalently, it

may be described by a rank-two (2n|4)× 2 supermatrix

(Tµ) =







Θ

F

G






, µ = 1, 2 , (4.14)

which is defined modulo the equivalence relation







Θ

F

G






∼







ΘR

F R

GR






, R ∈ GL(2,C) . (4.15)

Here Θ is a 2n×2 fermionic matrix, and F and G are 2×2 bosonic matrices. The two-planes

belonging to S3|4n are required to be (i) null with respect to the two inner products (4.4);

and (ii) real with respect to the star-map (4.12) modulo the equivalence relation (4.15).

The null conditions are

Θ†ΩΘ+ F †F −G†G = 0 ; (4.16a)

−ΘTΘ+ FTσ2F −GTσ2G = 0 . (4.16b)

As in the bosonic case, the first null condition implies that detF 6= 0 and detG 6= 0. As a

result, the null two-plane can equivalently be described by a supermatrix

P =







Θ

h

12






=







Θi
β

hα
β

δγ
β






, (4.17)

where the null conditions (4.16) now read

Θ†ΩΘ+ h†h = 12 , (4.18a)

−ΘTΘ+ hTσ2h = σ2 . (4.18b)

The condition that the two-plane (4.17) is real under (4.12) amounts to

Θ = −ΩΘσ2 , (4.19a)

h = σ2hσ2 . (4.19b)

Eq. (4.19a) is a pseudo-Majorana condition.
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4.3 Bi-supertwistor realization

The bitwistor realization of the three-sphere given in subsection 3.3 can naturally be gen-

eralized to the case of the supersphere.

Let TA
µ be two linearly independent even supertwistors belonging to a two-plane in

C
4|2n. We can associate with them a bi-supertwistor

XAB := TA
µTB

νεµν = −(−1)εAεBXBA . (4.20)

The equivalence relation (4.15) turns into

XAB ∼ cXAB , c ∈ C \ {0} . (4.21)

Using the dual supertwistors T̄µA := TB
µΞBA we define a dual bi-supertwistor as

X̄AB := εµν T̄
µAT̄ ν B = −(−1)εAεBXBA . (4.22)

The supermatrices X = (XAB) and X̄ = (X̄AB) are related to each other as

X̄AB = −(−1)εCΞAC(X†)CDΞ
DB , (X†)AB := XBA . (4.23)

In the case that TA
µ generate a null two-plane, the associated bi-supertwistor XAB has the

following properties:

X[ABXCD} = 0 , (4.24a)

ΥBAXAB = 0 , (4.24b)

X̄ABXBC = 0 . (4.24c)

In terms of XAB, the reality conditions (4.19) take the form:

(Υ−1)AC(Υ
−1)BDX̄

CD ∝ XAB . (4.25)

The above consideration naturally leads to a new realization of the supersphere S3|4n.

In the space of graded antisymmetric supermatrices XAB = −(−1)εAεBXBA, we consider a

surface L spanned by those supermatrices which (i) obey the algebraic constraints (4.24);

(ii) satisfy the reality condition (4.25); and (iii) have the property that the body of the

bosonic block X
α̂β̂

defined by

XAB =

(

Xij X
iβ̂

Xα̂j X
α̂β̂

)

(4.26)

is a non-zero antisymmetric 4× 4 matrix. It may be shown10 that the quotient space of L

with respect to (4.21) is equivalent to S3|4n.

10The proof is analogous to the one given in [11] in the Lorentzian case.
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4.4 Atlas on the supersphere

Now we introduce an atlas on S3|4n as a natural generalization of the bosonic construction

described in subsection 3.4. A bi-product of our consideration in this subsection will be

a formalism to describe the superconformal transformations in flat Euclidean superspace

E
3|4n.

It is advantageous to introduce a new parametrization of the superconformal group

OSp(2n|2, 2) obtained by applying a similarity transformation associated with the (2n|4)×
(2n|4) supermatrix (2.16). The similarity transformation is defined as

g → g = ΣgΣ−1 , g ∈ OSp(2n|2, 2) ; (4.27a)

T → T = ΣT , (4.27b)

for any pure supertwistor T .

The null two-plane (4.17) turns into

P =







Θ

h

12






→ P =

1√
2







√
2Θ

h− 12

h+ 12






. (4.28)

A natural atlas on S3|4n consists of two charts, S3|4n = UN
⋃

US, where the open sets UN

and US are defined by the conditions det(h + 12) 6= 0 and det(h − 12) 6= 0, respectively.

In the north chart, the above two-plane is equivalently described by

P ∼







θN

ixN

12






, ixN :=

h− 12

h+ 12
, θN :=

√
2Θ(h+ 12)

−1 . (4.29)

In the south chart, the same two-plane is parametrized by

P ∼







θS

12

ixS






, ixS :=

h+ 12

h− 12
, θS :=

√
2Θ(h− 12)

−1 . (4.30)

In the overlap of the two charts, UN
⋂

US, we obtain the transition functions

xS = −xN
−1 , θS = −iθN xN

−1 . (4.31)

The point ∞S ∈ UN labeled by xN = 0 and θN = 0 is infinitely separated from the

point of view of US. Similarly, the point ∞N ∈ US parametrized by xS = 0 and θS = 0 is

infinitely separated for any observer in UN.

In what follows, we will mostly work in the north chart and omit the subscript ‘N’ if

no confusion may occur. In the north chart, the null conditions (4.18) become

θ†Ωθ + i (x− x†) = 0 ; (4.32a)

−θTθ + i(σ2x+ xTσ2) = 0 . (4.32b)
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The reality conditions (4.19) turn into

θ = −Ωθσ2 ; (4.33a)

x = −σ2xσ2 . (4.33b)

It follows from eqs. (4.32) and (4.33) that

x = x+
i

2
θ†Ωθ = x+

i

4
tr(θ†Ωθ)12 , x = ~x · ~σ , ~x ∈ R

3 . (4.34)

Thus the chart UN may be identified with a superspace R
3|4n.

4.5 Superconformal transformations

In the matrix realization (4.27), any element L of the superconformal algebra osp(2n|2, 2)
obeys the equations

L†Ξ+ΞL = 0 , LsTΥ+ΥL = 0 . (4.35)

The general solution of these equations in the chosen parametrization is

L =







u η ǫ

−ǫ†Ω 1
2λ12 + i~a · ~σ i~b · ~σ

−η†Ω i~c · ~σ −1
2λ12 + i~a · ~σ






, u ∈ so∗(2n) . (4.36)

Here the bosonic parameters λ and ~a, ~b, ~c are real, while the fermionic parameters obey

the pseudo-Majorana condition

ǫ = −Ωǫσ2 , η = −Ωησ2 . (4.37)

In what follows, we will use the condensed notation

a := ~a · ~σ , b := ~b · ~σ , c := ~c · ~σ , ~a, ~b, ~c ∈ R
3 (4.38)

for the parameters in (4.36).

Similar to the bosonic case, eq. (3.32), the superconformal group acts on S3|4n by frac-

tional linear transformations. In the infinitesimal case, the superconformal transformation

of S3|4n associated with L, eq. (4.36), is

δx = b+ λx+ i[a,x] + iǫ†Ωθ + xcx+ xη†Ωθ , (4.39a)

δθ = ǫ+
1

2
λθ + uθ − iθa+ iηx+ θη†Ωθ + θcx . (4.39b)

Using these expressions, we can read off the superconformal transformation of the bosonic

coordinates xa by representing x = ~x · ~σ = (xα
β) in the form x = x− i

2θ
†Ωθ.

The isotropy group of the point ∞N ∈ S3|4n is generated by those supermatrices (4.36)

for which η = 0 and ~c = 0. The most general element of the isotropy group of ∞N is the

product of a block-diagonal supermatrix






12n 0 0

0 e
1

2
λ
12 0

0 0 e−
1

2
λ
12













U 0 0

0 12 0

0 0 12













12n 0 0

0 R 0

0 0 R






(4.40)
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with a super-translation

g(b, ǫ) =







12n 0 ǫ

−ǫ†Ω 12 ib

0 0 12






. (4.41)

The parameters λ and R in (4.40) are the same as in (3.33), and the matrix U is a group

element of SO∗(2n), see (2.14). The fermionic parameter ǫ in (4.41) obeys the pseudo-

Majorana condition (4.37), and the bosonic 2× 2 matrix b has the form

b = b+
i

2
ǫ†Ωǫ = b+

i

4
tr(ǫ†Ωǫ)12 , (4.42)

with b being as in (4.38).

All transformations (4.40) also belong to the isotropy group of the point ∞S ∈ S3|4n,

which is the origin of the chart UN. In addition, this group includes all special conformal

super-translations of the form

g(c,η) =







12n η 0

0 12 0

−η†Ω ic 12






. (4.43)

Here the fermionic parameter η obeys the pseudo-Majorana condition (4.37), and the

bosonic 2× 2 matrix c has the form

c = c+
i

2
η†Ωη = c+

i

4
tr(η†Ωη)12 , (4.44)

where c is defined by (4.38). The supermatrices (4.40), (4.41) and (4.43) generate the

superconformal group OSp(2n|2, 2). This statement is a version of the Harish-Chandra

decomposition, see, e.g., [30].

The supermatrices (4.40) with λ = 0 and (4.41) generate the isometry supergroup of a

flat Euclidean superspace E3|4n. As a supermanifold, this superspace may be identified with

the north chart UN of S3|4n. The action of the group elements (4.40) with λ = 0 and (4.41)

on E
3|4n is induced by their action on S3|2n. In particular, the super-translation (4.41)

acts on S3|4n by the rule P → P ′ = g(b, ǫ)P , with the two-plane P given by (4.29). The

explicit form of this transformation is

x′ = x+
i

2
ǫ†Ωθ − i

2
θ†Ωǫ , θ′ = θ + ǫ , (4.45)

where we have used the transformation law x′ = x+ iǫ†Ωθ + i
2ǫ

†Ωǫ.

Let us consider the one-form11

e = dx+
i

2
dθ†Ωθ − i

2
θ†Ωdθ , eα

β = (σa)α
βea . (4.46)

The SO∗(2n) transformations (4.40) and the super-translations (4.41) leave this one-form

invariant. Under the R-transformations (4.40), the one-form changes as e′ = ReR−1. As

a result, all transformations (4.40) with λ = 0 and (4.41) leave invariant the metric

ds2flat := eaea , (4.47)

and therefore these transformations are indeed isometries of E3|4n.
11This one-form is a Euclidean 3D version of the Volkov-Akulov supersymmetric one-form [27–29].
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4.6 Superconformal metric

Let us introduce a matrix two-point function on S3|4n

E(1, 2) := P†
1ΞP2 = Θ†

1Ω2Θ2 + h
†
1h2 − 12 , (4.48)

where P is defined by (4.17). Given a group element g ∈ OSp(2|2, 2), it acts on S3|4n by

the rule

g







Θ

h

12






=







Θ′

h′

12






ϕ(g,Θ,h) , ϕ(g,Θ,h) ∈ GL(2,C) . (4.49)

This means that E(1, 2) transforms homogeneously,

E(1′, 2′) =
(

ϕ†(g, 1)
)−1

E(1, 2)
(

ϕ(g, 2)
)−1

. (4.50)

Associated with E(1, 2) is the two-point function ∆(1, 2) := det E(1, 2) with the supercon-

formal transformation law

∆(1′, 2′) = ∆(1, 2)
(

detϕ(g, 1) detϕ(g, 2)
)−1

. (4.51)

Let us choose Θ1 = Θ, h1 = h and Θ2 = Θ+dΘ, h2 = h+dh in the definition (4.48).

This gives the one-form

E = Θ†ΩdΘ + h†dh = −σ2Θ
TdΘ + σ2h

Tσ2dh , E† = −E (4.52)

with the superconformal transformation

E ′ = (ϕ†)−1Eϕ−1 , ϕ ≡ ϕ(g,Θ,h) . (4.53)

Introducing a super-interval

ds2 :=
1

4
det E , (4.54)

it follows that it only scales under the superconformal transformations,

ds2 → ds2| detϕ|−2 . (4.55)

By construction, the super-interval is invariant under the subgroup OSp(2n|2) × SU(2) ⊂
OSp(2n|2, 2) which consists of those group elements which leave invariant the non-null

two-plane






0

0

12






. (4.56)

In the north chart, a direct calculation of E gives the following expression:

E = 2i(12 + ix†)−1e (12 − ix)−1 , (4.57)
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where e = (eα
β) is the rigid supersymmetric one-form (4.46).12 As a result, the super-

interval is

ds2 =
eaea

| det(12 − ix)|2 . (4.58)

Switching off the Grassmann coordinates in (4.58) gives a conformally covariant and SO(4)

invariant metric on S3. The supermetric (4.58) is a smooth tensor field over S3|4n.

5 N = 2 supersphere

In this section we study the n = 1 case. Its special feature is that the R-symmetry subgroup

of OSp(2|2, 2) is compact, SO∗(2) ∼= U(1). For all other values of n > 1, the R-symmetry

subgroup SO∗(2n) of the superconformal group OSp(2n|2, 2) is non-compact. Since for

n = 1 the most general expression for Ω is ±σ2, without loss of generality we choose

Ω = σ2.

It is useful to introduce new Grassmann coordinates, θi
α → θ̂i

α, that have definite

U(1)R charges. They are defined as

θ̂ = (θ̂i
β) ≡

(

θβ

θ̄β

)

:= Tθ , T =
1√
2

(

1 i

i 1

)

. (5.1)

In this coordinate system, the super-metrics (2.18) become

Ξ̂ =







Ω̂ 0 0

0 0 12

0 12 0






, Υ̂ =







−iτ 0 0

0 0 σ2
0 σ2 0






, (5.2)

where Ω̂ := TΩT−1 = −σ3 and τ = σ1 with σ1 and σ3 being the first and third Pauli

matrices carrying SO(2) indices. It is important to point out that Ω̂ is not antisymmetric,

unlike Ω. In the coordinate system introduced, the null conditions (4.32) take the form

θ̂
†
Ω̂θ̂ + i (x− x†) = 0 ; (5.3a)

θ̂
T
τ θ̂ + σ2x+ xTσ2 = 0 . (5.3b)

The reality condition (4.33a) now reads

θα = εαβ θ̄
β ≡ θ̄α , θ̄α = −εαβθ

β ≡ −θα . (5.4)

To raise and lower two-component spinor indices, we use antisymmetric matrices εαβ =

−εβα and εαβ = −εβα normalized by ε12 = −ε12 = 1. The spinor indices are lowered and

raised according to

Ψα → Ψα = εαβΨ
β , Ψα → Ψα = εαβΨβ . (5.5)

Eq. (4.34) becomes

x = x+
i

2
θγ θ̄γ12 , x = ~x · ~σ , ~x ∈ R

3 . (5.6)

12This parametrization of the bosonic Cartan superform on S3|4n is similar to a so-called GL-flat

parametrization of the Cartan forms of the OSp(1|2n,R) supergroup manifolds found in [31]. More generally,

the expression (4.57) is a natural extension of those for the Cartan forms on Hermitian symmetric spaces [32].
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5.1 Superconformal transformations

Here we specify the main results of subsection 4.5 to the n = 1 case using the Grassmann

coordinate basis introduced above. The relations given in this subsection are preparatory

for our subsequent analysis in the remainder of the section.

In the basis (5.1), the element (4.36) of the superconformal algebra osp(2|2, 2) takes

the form:

L̂ =







−iϕΩ̂ η̂ ǫ̂

−ǫ̂†Ω̂ 1
2λ12 + ia ib

−η̂†Ω̂ ic −1
2λ12 + ia






, ϕ ∈ R . (5.7)

Here the bosonic parameters λ and a = ~a · ~σ, b = ~b · ~σ, c = ~c · ~σ are the same as in (4.36).

The fermionic 2× 2 matrix ǫ̂ has the structure

ǫ̂ = (ǫ̂i
β) ≡

(

ǫβ

ǭβ

)

, ǫα = ǭα = εαβ ǭ
β , ǭα = −ǫα , (5.8)

and similar for η̂. The parameter ϕ describes a U(1)R transformation. The U(1)R charge

of θα is +1. As follows from (4.39), the most general infinitesimal superconformal trans-

formation in the north chart of S3|4 is

δx = b+ λx+ i[a,x] + iǫ̂†Ω̂θ̂ + xcx+ xη̂†Ω̂θ̂ , (5.9a)

δθ̂ = ǫ̂+
1

2
λθ̂ − iϕΩ̂θ̂ − iθ̂a+ iη̂x+ θ̂η̂†Ω̂θ̂ + θ̂cx . (5.9b)

The super-translation (4.41) takes the form

ĝ(b, ǫ̂) =







12 0 ǫ̂

−ǫ̂†Ω̂ 12 ib

0 0 12






, b = b+

i

2
ǫγ ǭγ12 . (5.10)

In the north chart of S3|4, this group element acts as follows

ĝ(b, ǫ̂)







θ̂

ix

12






=







θ̂′

ix′

12






, (5.11)

where

x′ = x+ b+ iǫ̂†Ω̂θ̂ , θ̂
′
= θ̂ + ǫ̂ . (5.12)

In terms of the coordinates xα
β and θα, this transformation law reads13

x′α
β = xα

β + bα
β − iǫ(αθ̄

β) − iǭ(αθ
β) , θ′α = θα + ǫα . (5.13)

The supersymmetric Cartan form (4.46) takes the form

eα
β = dxα

β + iθ̄(αdθ
β) + iθ(αdθ̄

β) , eα
β = (σa)α

βea . (5.14)

13The symmetrization of two spinor indices in (5.13) includes a factor of 1/2.
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5.2 Chiral subspace

Let us now introduce a complex three-vector variable14 ya defined by

y = x+ iθ̃θ̄ = ~y · ~σ ⇐⇒ yα
β = xα

β + iθ(αθ̄
β) . (5.15)

In accordance with (5.13), the transformation law of y is

y′α
β = yα

β + bα
β − 2iǭ(αθ

β) + iǭ(αǫ
β) . (5.16)

We see that the chiral variables ya and θα form a closed subset under the super-

transformations.

It is nontrivial that the chiral variables also form a closed subset under the supercon-

formal transformations. Indeed, the infinitesimal superconformal transformation (5.9) may

be used to show that the chiral variables vary as follows:

δy = b+ λy + i[a, y] + iθ̃ǫ− i˜̄ǫθ + ycy − (y ˜̄η)θ − θ̃(η̄y) , (5.17a)

δθ = ǫ+
1

2
λθ + iϕθ − iθa+ iηy + (θ ˜̄η)θ + θcy . (5.17b)

The above property allows us to give an alternative definition of the 3D N = 2 super-

conformal group that is analogous to the one used in [25] in the 4D N = 1 super-Poincaré

case. We introduce a complex superspace C3|2 parametrized by bosonic y and fermionic θα

variables. Embedded into C
3|2 is a real superspace R3|4 with coordinates zA = (xa, θα, θ̄α),

with θ̄α := θα, which is defined by

ya − ȳa = 2iHa , Ha :=
1

2
θσa ˜̄θ =

1

2
θα(σa)α

β θ̄β . (5.18)

An infinitesimal holomorphic transformation on C
3|2,

δya = ξa(y, θ) , δθα = ξα(y, θ) , (5.19)

is said to be superconformal if it preserves the real surface (5.18); that is,

ξa − ξ̄a = i(σa)α
β
(

ξαθ̄β + θαξ̄β

)

, (5.20)

where ξ̄α(ȳ, θ̄) := ξα(y, θ). It is an instructive exercise to show that the most general

solution of this equation is given by (5.17).

5.3 Complexified supersphere

In accordance with (5.17), the superconformal group acts by holomorphic transformations

on the chiral variables ζN = (yN
a, θN

α) defined in the north chart UN of S3|4. We can

also introduce chiral variables ζS = (yS
a, θS

α) defined in the south chart US of S3|4, by

extending the definition (5.15) to the south chart. It is natural to wonder whether the

14In the remainder of this section, we often make use of row vectors θ = (θα) and θ̄ = (θ̄α) and column

vectors θ̃ = (θα) and
˜̄θ = (θ̄α).
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concept of chirality is just a local structure defined within a coordinate chart or if it is

globally defined on S3|4.

In the overlap of the north and south charts, UN
⋂

US, we derive the transition func-

tions:

yS = −yN
−1 , θS

α = −i θN
β(yN

−1)β
α . (5.21)

This result shows that chirality is globally defined on S3|4.

It is natural to introduce a complexified or chiral supersphere, CS3|2. It is de-

fined to be a complex supermanifold which may be covered by two charts WN and WS,

CS3|2 = WN
⋃

WS, such that the following properties hold: (i) each chart is diffeomorphic

to complex superspace C3|2 parametrized by independent complex coordinates ζ = (ya, θα);

and (ii) in the overlap of the charts, WN
⋂

WS, the local coordinates are related to each

other by the transition functions (5.21). The superconformal group naturally acts on CS3|2

by holomorphic transformations (5.17). The bosonic body of CS3|2 is a complexified three-

sphere that may be identified with the tangent bundle TS3 of the three-sphere.15

5.4 Superconformal inversion

Super-inversion is a discrete transformation Ik : S3|4 → S3|4 defined by

θ′ = κ̄θ̄(y†)−1 , y′ = |κ|2(y†)−1 , (5.22)

for some non-zero parameter κ. This parameter may always be chosen to be equal to any

given nonzero complex number by combing Iκ with a scale and U(1)R transformation. One

may check that (Iκ)
2 = id. The super-inversion respects the defining equation of the chiral

subspace,

i(y′ − y′†)α
β = 2θ̄′(αθ

′β) . (5.23)

It is an instructive exercise to show that the super-inversion is a discrete superconformal

transformation in the sense that it only rescales the flat supermetric (4.47),

tr(e′)2 =
|κ|4
y2ȳ2

tr(e2) , (5.24)

with the supersymmetric Cartan form given by (5.14). If one considers a composite trans-

formation Iκ ĝ(b, ǫ̂) Iκ, with ĝ(b, ǫ̂) being the super-translation (5.10), the resulting trans-

formation is a special conformal super-translation.

The above properties are analogous to those possessed by a super-inversion in the case

of 4D N = 1 superconformal symmetry [25, 33].

6 Supercoset realizations of E3|4n and S3|4n

In this section we give several supercoset realizations for S3|4n and flat Euclidean

superspace E
3|4n.

15As is known, the complexified three-sphere may be realized as a quadric in C
4 defined by ~Z · ~Z = 1,

with ~Z = ~X + i~Y ∈ C
4 and ~X, ~Y ∈ R

4.
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6.1 The super-translation subalgebra of osp(2n|2, 2) and E
3|4n

The Euclidean counterpart of the D = 3, N = 2n super-Poincaré algebra is obtained

from (2.25) by projecting the supersymmetry generators Qi
α̂ as follows

Q̃i = Qi
P04 , (6.1)

where

P04 =
1

2
(1+ γ0γ4) , P04P04 = P04 . (6.2)

The supercharges (6.1), whose number is half the number of Qi, are transformed under the

fundamental representation of the group SU(2) of rotations in D = 3 labeled by the index

α = 1, 2. They generate a superalgebra which is obtained from (2.25) by multiplying its

left and right hand sides by the projectors P04, taking into account the order of the spinor

indices. Due to the anti-commutation properties of the gamma-matrices, the terms on the

right hand side of (2.25) which survive this projection have the following form

{Q̃i, Q̃j} = 2δij σa Pa , [Pa, Pb] = 0 . (6.3)

Due to the chosen realization of the gamma-matrices,

iσa = (1− P04)γ
aγ0 P04 = (1− P04)γ

aγ4 P04

can be associated with the Pauli matrices and Pa = i(La0 + La4) is the generator of the

translations in 3d flat space. The projections (1− P04)γ
ab
P04 and (1− P04)γ

04
P04 vanish

due to the commutation properties of the gamma-matrices.

The SU(2) ∼= SO(3)/Z2 group, under which Q̃i and Pa transform in the spinor and

the vector representations, respectively, is generated by the operators Lab, while SO∗(2n)

generated by T ij becomes the group of “external” R-symmetries of this superalgebra.

In the diagonal matrix realization16 of the projector P04,

P04 =

(

0 0

0 1

)

, (6.4)

the elements of the 3D super-translation group associated with the Euclidean superspace

E
3|4n are similar to (4.41),

E
3|4n(x, θ) =







12n 0 θ

−θ†Ω 12 ix

0 0 12






, (6.5)

where x = xaσa + i
2θ

†Ωθ and the spinors θ satisfy the symplectic-Majorana reality con-

dition (4.33a) which follows from the reality condition (2.24) for the projected super-

charges (6.1).

Note that the right column in (6.5) is nothing but the two-plane (4.29) which describes

a point in the north chart of S3|4n.

16This realization is obtained from that of (2.23) by applying the similarity transformation (2.8).
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The superspace E
3|4n defined in (6.5) can be regarded as a local supercoset of the

superconformal group, namely

E
3|4n ⊂ S3|4n =

OSp(2n|2, 2)
SO∗(2n)× SU(2)⋊ SK

, (6.6)

where SK stands for the dilatation, conformal boosts and superconformal transformations.

In other words, the stability group H of this coset is formed by the product of the matri-

ces (4.40) and (4.43). We recall that H is the isotropy group of the point ∞N ∈ S3|4n (see

subsection 4.5) and the superspace E
3|4n can be identified with

E
3|4n = S3|4n \ {∞N} . (6.7)

The superconformal group generated by (4.36) acts on the superspace E
3|4n coset

element (6.5) as follows

E
′(x′, θ′) = eL E(x, θ)H−1(x, θ) , (6.8)

where H
−1(x, θ) is the compensating transformation from the stability group, which is re-

quired in order to bring the transformed coset element to a form similar to (6.5). One can

check that the transformation (6.8) with infinitesimal parameters generates the supercon-

formal transformations of x and θ given in (4.39).

The special conformal super-translations (4.43) do not generate a well defined action

on the flat superspace E3|4n if the body of the special conformal parameter ca in c = ~c ·~σ is

non-zero. In this case some point (x0, θ0) from E
3|4n is mapped to the infinitely separated

point, ∞N, which means that H−1(x0, θ0) is not defined. By construction, all elements of

the superconformal group generate well defined transformations on the supersphere S3|4n.

As we discussed in section 5.2, in the n = 1 case in which SO∗(2) = SO(2), there is a

chiral subspace which transforms into itself under the super-translation and the infinitesi-

mal superconformal transformations. In the generic n > 1 case, there is no chiral subspace

which would transform into itself under SO∗(2n), since the SO∗(2n) matrices (with n > 1)

do not commute with the symplectic form Ω. The same conclusion also follows from the

fact that the defining representation of SO∗(2n) is irreducible for n > 1.

6.2 The OSp(2n|2) × SU(2) subalgebra of osp(2n|2, 2) and S3|4n

We recall that the super-interval (4.58) is invariant under a subgroup OSp(2n|2) × SU(2)

of the superconformal group OSp(2n|2, 2). In the matrix realization (2.13) of OSp(2n|2, 2),
this subgroup consists of those group elements which leave invariant the two-plane (4.56).

The bosonic subgroup of the supergroup OSp(2n|2) is SO∗(2n) × Sp(2), where

Sp(2) ∼= SU(2).

To get an OSp(2n|2) × SU(2) sub-superalgebra of the OSp(2n|2, 2) superconformal

algebra (2.25), one may single out half of the supergenerators Qi using the projector

P0 =
1

2
(1+ γ0) , P0P0 = P0 , (6.9)

as follows

Qi
α̂ = (Qi

P0)α̂ = (Qi
α, 0) , α = 1, 2 , (6.10)

where the index α corresponds to the SU(2) ∼= Sp(2) subgroup of OSp(2n|2).
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The spinors Qi
α satisfy the symplectic-Majorana condition

Qiα = −iεαβΩijQ̄j
β ≡ −iΩijQ̄jα = −iΩij (Qj

α)
∗ . (6.11)

Multiplying both sides of (2.25) by P0 and taking into account the order of the indices

we get

{Qi
α, Q

j
β} = δij(−σab

αβ Lab + 2iσa
αβ La4) + ǫαβT

ij , (6.12)

where

σa ≡ iP0 γ
aγ4 P0, σab ≡ −P0 γ

ab
P0 (6.13)

can be associated with the Pauli matrices and ǫ = iσ2 = P0C P0, while P0γ
â0
P0 = 0, since

γa and γ4 anticommute with γ0 inside P0.

Furthermore, using the identity σab = iεabcσc, we may rewrite (6.12) as follows

{Qi
α, Q

j
β} = δij σa

αβ Ma + ǫαβT
ij , (6.14)

where

Ma = i

(

La4 −
1

2
εabc L

bc

)

(6.15)

generate the SU(2) algebra

[Ma,Mb] = 2iεabcMc . (6.16)

We see that the generators M̃a = i(12εabc L
bc + La4) of another SU(2) subalgebra of

OSp(2n|2, 2) do not appear in the right hand side of (6.14) and thus commute with those

of the OSp(2n|2).
In the n = 1 case, the superalgebra isomorphism osp(2|2) ∼= su(2|1) holds. Introducing

the complex conjugate supercharges

Qα =
1√
2
(Q1

α + iQ2
α) , Q̄α = − 1√

2
(Q1

α − iQ2
α) , (Qα)∗ = Q̄α , (6.17)

the anti-commutation relations take the form

{Qα, Q̄β} = σm
αβ Mm + ǫαβR , {Qα, Qβ} = 0 , (6.18)

where R is the U(1) R-symmetry generator.

In accordance with the above consideration, every element M ∈ osp(2n|2) is singled

out from some element of the superconformal algebra, M ∈ osp(2n|2, 2), by multiplying

the latter (from the left and from the right) with the projector

P0 =

(

12n 0

0 P0

)

, (6.19)

namely

M = P0MP0 , (6.20)

where 12n is the unit matrix acting on the SO∗(2n) indices.
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The supersphere can be identified with the coset superspace

S
3|4n =

OSp(2n|2)
SO∗(2n)

, (6.21)

which is formed by the equivalence classes

eM ∼ eMh , h ∈ SO∗(2n) , (6.22)

where M ∈ osp(2n|2) is given by (6.20).

In the gamma-matrix realization (2.23) in which

P0 =

(

12 0

0 0

)

, (6.23)

the algebra-valued element (6.20) associated with the S
3|4n coset generators of the super-

group OSp(2n|2) is

s3|4n =







0 Θ 0

−Θ†Ω ix 0

0 0 0






, (6.24)

where Θ are subject to the symplectic-Majorana condition (4.19) and x = (xα
β) is a

traceless Hermitian matrix. We see that the rank of (6.24) reduces to 2n+ 2.

The supersphere S3|4n parametrized by (6.24) can also be regarded as a supercoset

of the conformal group OSp(2n|2, 2) in its realization defined in (2.13), which is different

from (6.6). The relevant supercoset is

S
3|4n =

{

es
3|4n
}

=
OSp(2n|2, 2)

SO∗(2n)× SU(2)⋊ SK
, (6.25)

where, as in (6.6), SK stands for the dilatation, conformal boosts and superconformal

transformations. The stability group Ĥ = SO∗(2n) × SU(2) ⋊ SK of this coset is formed

by the product of the matrices (4.40) and (4.43) (as in (6.6) but) subject to the similarity

transformation with the inverse matrix of (2.16), namely

Ĥ = Σ−1
HΣ . (6.26)

The superconformal transformation of the supercoset (6.25) is

S(x′,Θ′) = (Σ−1eLΣ) S(x,Θ)Ĥ−1(x,Θ) , (6.27)

where L is the same as in (4.36).

The supercoset element associated with (6.24) parametrizing the points of the super-

sphere S3|4n can be given in the form

S =

(

M Θ

−hΘ†ΩM−1 h

)

=

(

M Θ

σ2(h
−1)TΘTM h

)

, (6.28)
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where h satisfies the constraints (4.18) and (4.19), while M is defined by

M := (12n −ΘΘ†Ω)
1

2 = (12n +Θσ2Θ
T)

1

2 = ΩM†Ω , (6.29)

such that (M2)i
j = δji + iΘα

i Θ
j
α. The right column of (6.28) involves the same matrix

blocks Θ and h which constitute the null two-plane (4.17). The inverse of S is

S
−1 =

(

M −M−1Θh†

Θ†Ω h†

)

=

(

M −MΘh−1

−σ2Θ
T h†

)

. (6.30)

For completeness, here we give the most general element of OSp(2n|2):

g =

(

MU Θ

σ2(h
−1)TΘTMU h

)

, U ∈ SO∗(2n) . (6.31)

The coset representative (6.28) is obtained from (6.31) by setting U = 12n.

The Cartan form describing the geometry of S3|4n in this realization is

S−1dS =

(

MdM+M−1Θh†d(hΘ†ΩM−1) MdΘ−M−1Θh†dh

Θ†ΩdM− h†d(hΘ†ΩM−1) h†dh+Θ†ΩdΘ

)

=

(

MdM−MΘh−1d(σ2(h
−1)TΘTM) M(dΘ−Θh−1dh)

−σ2Θ
TdM+ h†d(σ2(h

−1)TΘTM) h†dh+Θ†ΩdΘ

)

. (6.32)

This Cartan form completes the S3|4n supervielbein derived in (4.52) with its fermionic

counterpart E fer and the SO∗(2n)-connection ωso∗(2n):

E fer = M(dΘ−Θh−1dh) , ωso∗(2n) = MdM+M−1Θh†d(hΘ†ΩM−1) . (6.33)

In the n = 1 case, in which SO∗(2) = SO(2) ∼= U(1), the OSp(2|2) supergroup is

isomorphic to SU(2|1). To reduce the OSp(2|2) superalgebra valued element (6.24) to a

corresponding SU(2|1) superalgebra element u it is convenient to use the projector PΩ =
1
2(1+Ω), then

u = PΩ s3|4 PΩ =

(

0 θ

−θ̄ ix

)

, (6.34)

where θ = PΩΘ and θ̄ = Ω†
PΩ = (θ)†. Note that in the realization in which Ω = −σ3

(see (5.2)), the Grassmann variables θα and θ̄α transform under the complex conjugate

one-dimensional representations of U(1). This just reflects the fact that the rank of (6.34)

is 3, i.e. the same as of the SU(2|1) superalgebra valued matrix generating an SU(2|1)
U(1) coset

element.

6.3 S3|4 in the matrix realization of SU(2|1)

For completeness, let us now consider the description of the supersphere S3|4 as the super-

coset17

S3|4 =
SU(2|1)
U(1)

, (6.35)

17For the construction of quantum mechanical models on different cosets of SU(2|1) see e.g. [34, 35] and

references therein. In [34] it was shown, in particular, that SU(2|1) admits a supercoset which is an analog

of the harmonic analytic superspace of the standard N = 4, d = 1 supersymmetry.
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which is the same as the supercoset OSp(2|2)
SO(2) . A matrix realization of the generic SU(2|1)

supergroup element that is similar to (6.31) is

U =









e−2iϕ
√

1− θθ̄ eiϕθβ

− e−2iϕhα
γ θ̄γ√

1−θθ̄
eiϕhα

β









, (6.36)

where α, β, γ = 1, 2 and θθ̄ ≡ θαθ̄α = −θ̄θ (i.e. the natural position of the index for θ is

“up” and for θ̄ is “down”). The 2× 2 matrix hα
β is constrained by

h† γα hγ
β = δβα − θ̄αθ

β → h†βα = (δγα − θ̄αθ
γ)h−1β

γ (6.37)

such that

deth = deth† =
1

√

1− θθ̄
, det(δβα − θ̄αθ

β) =
1

1− θθ̄
= 1 + θθ̄ + (θθ̄)2 . (6.38)

One may check that

Ber U = 1 , U−1 = U † . (6.39)

To check (6.38) one should use the following identity θαθαθ̄β θ̄
β = 2(θθ̄)2 and also note that

(δβα − θ̄αθ
β)−1 = δβα + θ̄αθ

β(1 + θθ̄) . (6.40)

The Hermitian conjugate supermatrix is

U † =









e2iϕ
√

1− θθ̄ − e2iϕθγh†
γ
β√

1−θθ̄

e−iϕθ̄α e−iϕh†αβ









. (6.41)

It follows from (6.37) that one can define a unitary matrix ĥ, ĥ† = ĥ−1, as follows

ĥα
β = hα

γ(δβγ − θ̄γθ
β)−

1

2 ,

√

δβγ − θ̄γθβ = δβγ − 1

2
θ̄γθ

β

(

1 +
1

4
θθ̄

)

. (6.42)

The supersphere S3|4 is the coset (6.35) whose element can be identified with (6.36) at

ϕ = 0. In this realization the Hermitian Cartan form describing the geometry of S3|4 has

the following form

iX†dX =









i
2
θDθ̄−Dθ θ̄

1−θθ̄
iDθβ√
1−θθ̄

− iDθ̄α√
1−θθ̄

Ωα
β









, (6.43)

where

ωα
β = i(h†dh)α

β + iθ̄αdθ
β , Dθα = dθα + iθβωβ

α, Dθ̄α = dθ̄α − iωα
β θ̄β . (6.44)

Note that, due to the properties (6.37) of hα
β , the bosonic form ωα

β is a Hermitian matrix

ω† = ω. It only depends on dθ which resembles a chiral basis. The SU(2|1) Cartan forms

in a genuine chiral basis were computed in [4].
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Splitting ωα
β into traceless and traceful parts, we obtain

ωα
β = Eα

β + δα
βT, (6.45)

where

Eαβ = i(h†dh)(αβ) + iθ̄(αdθβ), (6.46)

is the supervielbein on S3|4 and

T =
1

2
ωα

α (6.47)

is the connection associated with the U(1) R-symmetry of S3|4, together with the upper-left

term in (6.43), i.e.

T̃ =
i

2

θDθ̄ −Dθ θ̄

1− θθ̄
. (6.48)

Using the unitary variables ĥ defined in (6.42) one can prove that U and Ũ are proportional

to each other and have the following form

T̃ = 2T = ωα
α =

i

2
(θdθ̄ − dθθ̄) + iθ(ĥ†dĥ)θ̄ =

i

2
(θD̂θ̄ − D̂θθ̄), (6.49)

where D̂θ̄ = dθ̄ + (ĥ†dĥ)θ̄ and D̂θ = dθ − θ(ĥ†dĥ). Note that tr(ĥ†dĥ) = 0.

In the unitary ĥ-basis for the Cartan form (6.44), the expression for ωα
β becomes

ωα
β = i(ĥ†dĥ)α

β − i

2
(D̂θ̄αθ

β − θ̄αD̂θβ) +
i

8

[

θ̄αθ
γd(θ̄γθ

β)− d(θ̄αθ
γ)θ̄γθ

β
]

= i(ĥ†dĥ)α
β − i

2

(

δα
′

α

(

1 +
1

4
θθ̄

)

− 1

4
θ̄αθ

α′

)

(D̂θ̄α′θβ
′

−θ̄α′D̂θβ
′
)

(

δββ′

(

1 +
1

4
θθ̄

)

− 1

4
θ̄β′θβ

)

. (6.50)

The off-diagonal elements of the matrix (6.43) are the fermionic vielbeins on S3|4

Eα =
iDθα

√

1− θθ̄
, Ēα = − iDθ̄α

√

1− θθ̄
. (6.51)

7 Concluding comments and outlook

In this paper we have described the supersphere S3|4n as the three-dimensional N = 2n ex-

tended conformal superspace. The superconformal group OSp(2n|2, 2) acts transitively on

S3|4n by fractional linear transformations, which at most scale the super-metric (4.58) be-

ing invariant under the OSp(2n|2)×SU(2) subgroup of OSp(2n|2, 2). The supertwistor and
bi-supertwistor realizations for S3|4n developed in our paper provide all necessary prerequi-

sites for setting up a program to compute correlations functions in off-shell superconformal

field theories on S3 in a way similar to the superspace approaches pursued in [36–39] or
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in more recent publications [40–44] which are built on the 4D bi-supertwistor construction

introduced by Siegel [22, 23] and fully elaborated in [11].18

A natural interesting issue for further consideration is to elaborate on peculiarities

and implications of the supersymmetric and superconformal structure of Wick-rotated N -

extended supersymmetric gauge theories such as the N = 4 Gaiotto-Witten models [48]

and the N = 6 ABJM model [49] put on the S3 sphere. For instance, in Minkowski space

the superconformal group of the ABJM model is OSp(6|4,R), while in the 3D space of Eu-

clidean signature its counterpart is the supergroup OSp(6|2, 2) whoseR-symmetry subgroup

SO∗(6) ≃ SU(3, 1) is non-compact in contrast to the compact R-symmetry SO(6) ≃ SU(4)

of the theory in the Minkowski space. The two superconformal groups are different real

forms of the complex supergroup OSp(6|4,C). Analogously, the R-symmetry group of the

Euclidean N = 4 Gaiotto-Witten models should be SO∗(4) ≃ SL(2,R) × SU(2) for these

models to be invariant under the superconformal group OSp(4|2, 2).
It is known that the harmonic [50, 51] and projective [52–54] superspace approaches

are most suitable for the construction of supersymmetric theories with eight supercharges

in four, five and six space-time dimensions. Such superspaces are obtained by extending

Minkowski superspace by auxiliary bosonic dimensions parametrizing a coset space of the

compact R-symmetry group. In superspaces of Euclidean signature, R-symmetry groups

are often non-compact, as is theD = 3 R-symmetry group SO∗(2n) (with n > 1) considered

in this paper. It is of interest to develop harmonic/projective superspace approaches to

extended supersymmetric theories on S3. The relevant mathematical formalism is sketched

in appendix C. One of the most interesting cases is N = 4. Although the corresponding

R-symmetry group is non-compact, SO∗(4) ≃ SL(2,R) × SU(2), it possesses a compact

coset space S1 × S2 that may be used to define nontrivial off-shell supermultiplets. This

seems to be the right superspace setting in order to construct Euclidean analogs of the

most general off-shell 3D N = 4 superconformal nonlinear σ-models [9].
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A Matrix realizations of Sp(2n,R) and SO∗(2n)

Consider the complex symplectic group Sp(2n,C),

Sp(2n,C) :=

{

g ∈ GL(2n,C) , gTJn,ng = Jn,n , Jn,n =

(

0 1n

−1n 0

)}

, (A.1)

and its subgroup Sp(2n,R) consisting of all real symplectic matrices.19 For the latter group,

there exists a different realization that is used in many applications, see, e.g., [32]. It is

based on the isomorphism

Sp(2n,R) ∼= Sp(2n,C)
⋂

SU(n, n) , (A.2)

where the pseudo-unitary group SU(n, n) is defined by

SU(n, n) :=

{

g ∈ SL(2n,C) , g†In,ng = In,n , In,n =

(

1n 0

0 −1n

)}

. (A.3)

To prove (A.2) one performs the similarity transformation of an Sp(2n,R) matrix

g → h := TgT−1 , g ∈ Sp(2n,R) , (A.4)

where

T =
1√
2

(

1n i1n
i1n 1n

)

. (A.5)

This matrix is symmetric and unitary, T †T = 12n, and such that TJn,nT = Jn,n and

TJn,nT
−1 = −iIn,n.

Consider now the group

SO∗(2n) = SO(2n,C)
⋂

Sp(2n,C) :=
{

g ∈ Sp(2n,C) , gTg = 12n

}

, (A.6)

with Sp(2n,C) defined by (A.1). This group is isomorphic to

H :=

{

h ∈ SU(n, n) , hTIn,nJn,nh = In,nJn,n , In,nJn,n =

(

0 1n

1n 0

)}

. (A.7)

The proof is based on considering the similarity transformation

g → h := TgT−1 , g ∈ SO∗(2n) , (A.8)

with the matrix T given by (A.5).

19All symplectic matrices are unimodular, Sp(2n,C) ⊂ SL(2n,C).
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B Conformal spaces

Consider a d-dimensional pseudo-Euclidean space E
s,t parametrized by Cartesian coordi-

nates xa, where a = 1, . . . , d, and endowed with the metric

ηab = diag(1, . . . , 1,−1, . . . ,−1) , (B.1)

with s > 0 ‘pluses’ and t ‘minuses’ on the diagonal. The conformal algebra of E
s,t is

known to be so(1 + s, 1 + t). It is also known that the corresponding conformal group

does not act globally on E
s,t. Its action is well defined on a conformal compactification

E
s,t

of Es,t. Similar to the works of Veblen [16] and Dirac [17], the space E
s,t

may be

introduced as follows. We consider a (d+2)-dimensional pseudo-Euclidean space E
1+s,1+1

with coordinates X â = (X−1, Xa, Xd+1) and metric

η
âb̂

=







1 0 0

0 ηab 0

0 0 −1






. (B.2)

Embedded into E
1+s,1+t is the cone C defined by

η
âb̂
X âX b̂ = 0 . (B.3)

By definition, E
s,t

is the space of all straight lines belonging to C and passing through the

origin of E1+s,1+t. It can be defined as the quotient space of C \ {0} with respect to the

equivalence relation

X â ∼ λX â , λ ∈ R \ {0} , (B.4)

which identifies all points on a straight line in E
1+s,1+t. The group O(1+s, 1+ t) naturally

acts on E
s,t

such that the group elements g and −g generate the same transformation,

for any g ∈ O(1 + s, 1 + t). The conformal group of E
s,t, Conf(Es,t), is defined to be

O(1+ s, 1+ t)/Z2. If d is odd, the conformal group may be identified with SO(1+ s, 1+ t).

The space E
s,t

is a homogeneous space of Conf(Es,t).

As a topological space, E
s,t

is homeomorphic to

E
s,t

= (Ss × St)/Z2 , t > 0 ; (B.5a)

E
d ≡ E

d,0
= Sd . (B.5b)

Indeed, for t > 0 the constraint (B.3) and equivalence relation (B.4) can be used to choose

Xa such that

(X−1)2 +
s
∑

i=1

(Xi)2 =
d
∑

i=s+1

(Xi)2 + (Xd+1)2 = 1 . (B.6)

For such a choice, the equivalence relation (B.4) still allows us to identify X â and −X â,

which is the reason for Z2 in (B.5a). When t = 0, we have Xd+1 6= 0 for any non-zero point

on the cone C. As a result, the equivalence relation (B.4) can be used to choose Xd+1 = 1,

which means

(X−1)2 +
s
∑

i=1

(Xi)2 = 1 . (B.7)
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Pseudo-Euclidean space E
s,t can be identified, e.g., with the open dense domain U+

of E
s,t

on which X−1 + Xd+1 6= 0. This domain can be parametrized by inhomogeneous

coordinates

xa =
Xa

X−1 +Xd+1
, (B.8)

which are invariant under the identification (B.4). In terms of these coordinates, one

obtains a standard action of the conformal group in E
s,t. Along with U+, we can consider

the open set U− of E
s,t

on which X−1 − Xd+1 6= 0. The latter may be parametrized by

coordinates

ya =
Xa

X−1 −Xd+1
. (B.9)

In the overlap of the two charts, U+
⋂

U−, it holds that

ya = −xa

x2
, x2 = ηabx

axb . (B.10)

In the Euclidean case, t = 0, the charts U+ and U− constitute an atlas of the conformal

space, Sd = U+
⋃

U−.

The conformal group consists of two disjoint connected components,

Conf(Es,t) = SO0(1 + s, 1 + t)
⋃

I · SO0(1 + s, 1 + t) , (B.11)

where I is a discrete transformation that may be defined as follows I : X−1 → −X−1,

Xa → Xa, Xd+1 → Xd+1. This conformal inversion acts on E
s,t

as

xa → xa

x2
. (B.12)

C Fibre bundles over the supersphere

It is possible to introduce fibre bundles over S3|4n by generalizing the construction of

subsection 4.2 to include odd supertwistors.20 Odd supertwistors will parametrize fibres

over the supersphere. Given such an odd supertwistor Ψ, it is defined by the following

two conditions: (i) it is orthogonal to the even supertwistors Tµ parametrizing S3|4n with

respect to the inner products (4.4),

〈Tµ|Ψ〉Ξ = 0 , 〈Tµ|Ψ〉Υ = 0 ; (C.1)

(ii) it is defined modulo the equivalence relation

Ψ ∼ Ψ+ Tµaµ , (C.2)

for arbitrary a-numbers aµ (i.e. odd elements of the Grassmann algebra). When Tµ are

chosen as in (4.17), the equivalence relation (C.2) allows us to choose Ψ to be

Ψ =







vi

ξα
0






, (C.3)

20Our approach in this appendix is inspired by the construction of compactified harmonic/projective

superspaces with Lorentzian signature given in [9–11]. These papers built on earlier works [55–57].
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where vi is an even 2n-vector, and ξα an odd two-spinor. Imposing the orthogonality

conditions (C.1) gives, respectively,

ξ = −(h†)−1Θ†Ωv (C.4)

= σ2(h
T)−1ΘTv . (C.5)

These two expressions for ξ are actually equivalent due to the reality conditions (4.19). We

see that Ψ brings in only bosonic degrees of freedom that are described by the complex 2n-

vector vi. By taking several odd supertwistors and imposing OSp(2n|2, 2) invariant condi-
tions, the bosonic v-variables may be made to parametrize a homogeneous space of SO∗(2n).

In the case of a single odd supertwistor, we may impose the following conditions

〈Ψ|Ψ〉Ξ = 0 , 〈Ψ|Ψ〉Υ = 0 . (C.6)

It is easy to see that for n = 1 the v-variables describe a one-sphere S1.

Given several odd supertwistors ΨM , with M = 1, . . . ,m, we may choose them to

describe odd m planes. Then the equivalence relation (C.2) should be replaced by a more

general one of the form

ΨM ∼ ΨNAN
M + Tµaµ

M , A = (AM
N ) ∈ GL(m,C) . (C.7)

Now we may impose OSp(2n|2, 2) invariant conditions in terms of the supermatrix Ψ̂ :=

(ΨA
M ). In particular, for n > 1 and m = 2 we may choose the conditions

Ψ̂†ΞΨ̂ > 0 , Ψ̂TΥΨ̂ = 0 , (C.8)

where the notation Ψ̂†ΞΨ̂ > 0 means that the Hermitian matrix Ψ̂†ΞΨ̂ is positive definite.

For this choice the v-variables describe the Hermitian symmetric space SO∗(2n)/U(n),

see, e.g., [32]. In the extreme case m = 2n, no degrees of freedom are described by the

v-variables, since the equivalence relation (C.7) allows us to bring any odd 2n-plane to

the form

Ψ̂ =







Ω

−(h†)−1Θ†

0






. (C.9)

One may check that this odd 2n-plane is real under the star-map (4.12).
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[52] A. Karlhede, U. Lindström and M. Roček, Selfinteracting tensor multiplets in N = 2

superspace, Phys. Lett. B 147 (1984) 297 [INSPIRE].
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