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1 Introduction

An analytical, ab initio description of Quantum Chromodynamics (QCD) in the hadronic
low-energy regime remains elusive. One of the most promising alternatives involves nu-
merical evaluation of the functional integral of QCD on a discretized space-time lattice.
Known as Lattice QCD, this approach has long been restricted for computational reasons
to large and unphysical values of the light quark masses. Recently, due to improvements
in computing power and algorithmics, calculations with significantly smaller quark masses
have become possible. A side effect of the lowered quark masses is an increase in the size
of finite-volume corrections, and a detailed treatment of such effects is thus called for.

Fortunately, in many cases the finite-volume corrections can be evaluated analytically
using Chiral Perturbation Theory (xPT) [1-3], which is the low-energy effective theory of
QCD. The application of xPT at finite volume was first performed by Gasser and Leutwyler
in ref. [4], and a review of recent work in this area can be found in ref. [5]. As many
Lattice QCD simulations are performed with unequal valence and sea-quark masses [6],
the properties of the light pseudoscalar mesons have also been calculated to next-to-next-
to-leading order (NNLO) in Partially Quenched xPT (PQxPT) in refs. [7-9]. Therefore,
it is also of interest to extend the finite-volume description of the relevant loop integrals to
account for the appearance of double poles in the PQyPT propagators. It should be noted
that xyPT is applicable at finite volume as soon as the typical momenta of a given process
are sufficiently small. This imposes the restriction F;L > 1, where F is the pion decay
constant and the volume V = L3. This study deals with the so-called p-regime, in which
V' is sufficiently large for zero-momentum fluctuations of the meson fields to be treated
perturbatively, which introduces the additional requirement m2 F2V > 1, where m,, is the
pion mass. A multitude of finite-volume calculations exist at one-loop or next-to-leading
order (NLO), and it should also be noted that some work at NNLO has recently appeared.
This includes ref. [10], where the finite-volume corrections to the quark condensate were
calculated, and ref. [11] which considered m.. for the case of degenerate quark masses.

Our main objective is to show how the integrals needed in xPT calculations of pseu-
doscalar meson properties at NNLO and finite volume can be performed. As a starting
point, the known results at one-loop order are reviewed, and we also show how these can be
extended to higher order in d — 4. The methods for the one-loop integrals are then applied
to the two-loop “sunset” integrals for arbitrary masses and momenta. We focus here on
the integrals necessary for the calculation of form factors to NLO, and for the calculation
of masses, decay constants and two-point functions to two loops (NNLO).

This paper is structured as follows: section 2 discusses a few preliminaries. In section 3,
the derivation of the one-loop integrals at finite volume is revisited, with emphasis on the
treatment of PQyPT calculations at NLO. In section 4, the two-loop sunset integrals are
considered, and explicit expressions are given for the finite and divergent parts, for arbitrary
values of the quark masses and with the propagator structure of PQxPT fully accounted for.
Section 5 contains a numerical overview of the integrals presented in this study, along with
a concluding discussion in section 6. The appendices summarize the ingredients involving
modified Bessel functions and theta functions, along with basic integrals in d dimensions



and comments on the notational conventions in earlier work. Some preliminary results
related to this study have been presented in refs. [12, 13].

2 Preliminaries

2.1 Finite-volume sums

At finite volume in a cubic box, integrals over momenta should be replaced by sums over
the allowed momenta. In one dimension of length L, with periodic boundary conditions,!
this entails a summation over the allowed momenta p,, = 27n/L, with n € Z integer. The

integrals over momenta should thus be replaced according to

[ rw 1 X Fw) = [ 0. 2.1)

where the latter notation will be used to indicate a finite-volume summation in the re-
mainder of this paper. Infinities will be treated by dimensional regularization, using the
convention d = 4 — 2¢. The infinite-volume integrals have been treated extensively in the
literature, see e.g. ref. [15] including appendices and references therein.

In practice, it is often desirable to study deviations from the infinite-volume limit,
and we shall therefore use a framework in which the infinite-volume contribution can be
easily identified. This can be achieved by application of the Poisson summation formula

to eq. (2.1), yielding
- Z F(pp) Z/ e F(p (2.2)

nEZ

where the summation over [, spans a set of vectors of length nL such that n € Z. The
term with n = 0 then represents the infinite-volume result, while the sum of all the other
terms is the finite-volume correction.

In the case of loop integrals over momenta in higher dimensions, eq. (2.2) should
be applied to all dimensions which have a finite extent. The four-vector l,, then has
components (0,n1L,naL,n3L) when three of the dimensions have a finite extent L. The
loop integrals in this paper are performed throughout in Euclidean space, with metric
Guv = O and signature (+,+, +, +). Throughout this paper, one of the dimensions (the
“time” dimension) is assumed to be much larger in extent than the other three dimensions,
which is the usual situation encountered in Lattice QCD.

2.2 Passarino-Veltman reduction

At infinite volume, a general method was developed by Passarino and Veltman [16] to obtain
a minimal set of integrals by reduction of the tensor integrals H,,, to a set of scalar integrals.
This method relies on separation of the integrals into components that are scalars under
Lorentz transformations and prefactors that contain ¢, and various momenta. Although
Lorentz-invariance is explicitly broken by the introduction of a finite size, it is still possible,

"We do not consider twisted boundary conditions as discussed in ref. [14]. These can be treated by
adding a shift to the allowed momenta, relative to the summations used here.



in the frame where p - [, = 0, to rewrite the integrals in scalar components, provided that
a four-vector
t, =(1,0,0,0) (2.3)

is introduced. The situation p - [, = 0 is referred to as the “center-of-mass” (cms) frame,
which is a situation often realized in Lattice QCD. Because of the remaining symmetries,
t,, is the only additional object required to rewrite the integrals in scalar components, but
we also introduce the tensor

tuy = 6 — tut, = diag(0,1,1,1) (2.4)

as a convenient additional abbreviation.

3 One-loop integrals at finite volume

In general, the one-loop integrals in the NNLO expressions for the pseudoscalar meson
masses and decay constants contain a maximum of two propagators with distinct masses.
The simplest case with one propagator is denoted A, whereas the case with two distinct
propagators is denoted B. In PQxPT, some three-propagator integrals denoted C' also
appear. These are due to the mixing of different lowest-order states in PQxPT, and they
can always be re-expressed in terms of the B integrals.

All of the integrals mentioned above have been extensively treated in the literature, see
e.g. refs. [4, 17-19]. However, it is instructive to review certain aspects of their derivation
and numerical evaluation here, since they form building blocks in the calculation of the
two-loop sunset integrals at finite volume.

3.1 One-propagator integrals

The basic one-loop, one-propagator integrals are

dér X
X0 = | oot o e o

where X = 1,7, and r,7,. By application of the Poisson summation formula for the finite

dimensions, eq. (3.1) may be written as

dir X el
XI=2 / @mi (2 +m?)" (3:2)

where the term with [, = 0 represents the infinite-volume contribution. In order to isolate
the finite-volume part, eq. (3.2) is decomposed according to

[ X] = [X]*+[X]", (3-3)

where the first term represents the infinite-volume result and will not be considered further.
The second term represents the finite-volume correction, and is free from divergences.



First, we consider the case of X = 1. We rewrite eq. (3.1) using eq. (A.1) as

/
n) I (2m)d Jo 7

where the primed sum indicates that the term with [, = 0 is excluded. We next substitute
r =7+ 1il,/(2)\), and obtain

1]V = Z/ AN N1 e AT —/ dd_ e (3.5)

where the 7 integral can be performed using eq. (C.3) and by rescaling 7 = 7/v/\,

which gives
vV _ n—f—l —Am —=
WY = /2F §: / AN . (3.6)

The (triple) sum and integral can be evaluated in different ways. The technique used
in refs. [4, 17] is to employ eq. (A.2), which yields

1]V = d/2r ZIC d(z,m2>, (3.7)

where the modified Bessel functions K, are defined in appendix A. The triple sum can be
simplified by observing that (> = kL?, with k integer. We further define the factor z(k),
which indicates the number of times each value of k = n? + n3 + n2 occurs in the triple

sum. We then find
Zf (13) = x(k)f(k), (3.8)

k>0

which reduces the triple sum to a smgle sum. The final result is

v = m kzoa:(k:) K (l‘f m2) , (3.9)

where the arguments of I, can be modified by rescaling A before eq. (A.2) is applied. Also,

Nl

the sum over modified Bessel functions is found to converge fairly slowly.
The second method considered here involves performing the summation, and leaving
the integral to be evaluated numerically, see ref. [19]. We observe that

3

!/
12

2
=Y e w1, (3.10)
Iy A

using the relation 12 = (I2 + 13 + [3)L?. The cubic power accounts for the summations
over l1,ly and [3. The remaining sum in eq. (3.10) can be performed in terms of the theta
function 63, which is defined in appendix B. This gives

vV _ 1 = n—g-1 —22/(an)? —Am?
LlJ = W ) dA A 2 030 (e / )) —1fe s (311)



where, as a final step, we rescale A\ to obtain

d

1 L2 n—g 00 m212

W = g (1) ) e e -] e
s n 0

which is also valid for mL ~ 1.
Integrals with factors of 7, in the numerator are also required. Up to NNLO, these
are |[r,] and [r,r,|. Proceeding as above, we obtain

1 < o 2 17
(s )|V = — / dA NV e AT TR
e F(n)%: 0

dd_ .lr .lr ‘l 14 — AT
x /<2ﬂ§d [m n ;—;; <m n g;) (m + 22; >] e (3.13)

where we note that integrals odd in 7 vanish, and that

4]
/ddfmyf(FQ) = /ddv’fzf(FQ)- (3.14)
The summations over the components of . include both positive and negative contributions,

and are symmetric under interchange of spatial directions. The sums which are odd in the
components of [, then vanish, and

S ol P02 = 5t S EFG2) (3.15)
L lr

Thus, the final results for the [r,| and |r,r,| integrals are

LTMJV = 07
1 : o 217 do7 ) t 2
Vv n—1 —Am?2—-L JTIZ)) w12\ AF
IV = A O ga - vy ,
el = v ,Z/ o E [ (- at)
1 / > _d_y (0w b 52\ —am2— L2
(47)4/2T (n) zl:/o AT <2A DA ‘“’ (3.16)

where the remaining integration can again be performed in terms of the modified Bessel
functions, giving

1 ) kL? ¢ kL?
v__ Ouv RE™ 2\ tuwgr2 RL™ 9
lrury]” = (4m) 72T () kgox(k) [ 5 angq ( R > b kL ICW%J ( R ﬂ )
(3.17)
For the second method which involves the theta functions, we rewrite the sum using

the identity

S ™ =g | S )| =g (b)) = m(bla (315

nezs nezs



which is also valid for the primed sums, as the term with n = 0 does not, contribute. After
rescaling A, this gives

d
1 L2 nmg—l oo d m2L2
5 Vv _ - d\ )\n—f—2 -
il = ey (1)) v
v _ 3 () _ _ 2
X {; [930 (6 1//\> — 1] — % |:932 (6 1/)‘> (930 <e 1/)‘) :| } s (3.19)

and following the same steps as before, we also find

LTHTVTQJV =0. (320)
3.2 Two-propagator integrals
The basic one-loop, two-propagator integrals are

d?”
(X) = /V (d X (3.21)

2m)e (r2 + m2)" ((r — p)2 + m2)"™’

where X = 1,7,,7,7, and r,7,7,. By application of the Poisson summation formula for
the finite dimensions, eq. (3.21) may be written as

dr X eilrr
T ZZ/ @) G2 (= p)? + ) (322

where the term with [, = 0 represents the infinite-volume contribution. We again decom-
pose eq. (3.22) into the infinite-volume part and the finite-volume correction using

(X) = (X)) +(X)V, (3.23)

where the latter term is obtained from eq. (3.22) by replacing the unprimed sum with the
primed one, indicating that the term with [, = 0 is excluded.

The methods of section 3.1 also apply here. We begin by introducing Gaussian pa-
rameterizations for both propagators in eq. (3.22) in terms of the integration variables A
and A2. In a second step, we switch to a new set of variables (A, z) with \; = 2\ and
A2 = (1—xz)\. Alternatively, we may first combine the two propagators using the Feynman
parameterization

1 T'(m +n) /1 gmlyn—1
o

ambr  T(m)T(n) (3:24)

where y = 1 — z, and then treat the denominator according to eq. (A.1). In both cases,
the result is

v 1 = [t [ A
S i A e

)
. L gri—Lyma—1 xr il o= Ne (2 +m3) +y((r—p)>+m3)]
x/ d\ \mtne=lpm YT X et e AT T Ty rTp) T )l (3.25)
0



which is the equivalent of eq. (3.4). We now shift the integration variable to r = 7 +
il/(2X) + yp and obtain for the simplest case

<1>V: 1 i/l dax /oo d\ )\nl—i-ng—lxnl—lyng—l eiylrpe—)\ﬁzz—% / ddr e—)\'FQ
I'(n1)T'(n2) 0 0 (2m)4

2

(4 )d/QF Z/ dx/ d\ \mtn2— 2 -1 ni— lyng L giylypo— A2 71—)\ (326)
T ['(ng)

where

m? = xmi + ym3 + zyp?, (3.27)

which differs from eq. (3.6) by the integration over x and the factor ¢®P. Due to the
summation over components of [, with alternating signs, this factor always produces real-
valued results. For the remaining integrals, we obtain

(3.28)
with
1] = p+ 2
YT oN
5“1, ’Ly lr,ulrz/
[ﬁﬂ“u} = o +y PuPv + 2)\{ rap},uu - VIR
1 ilra il il,
(ﬁﬂ“,ﬂ“a] = 9 |:5;w <ypa + I\ > + 5ua <ypl/ o\ ) + dva (ypu + 2;>:|
ilr /[:l'r'y llroz
+<ypu+ 2;) (ypqu QA) (ypa+ 2)\), (3.29)

where {a, b}, = a,b, + bya,.

3.2.1 Center-of-mass frame

In the cms frame, p = (p,0,0,0) such that p -1, = 0 for all [,. The integrals in the cms
frame can be computed similarly to the one-propagator integrals, giving

—_

(Dinz =

I'(
d ni—1, no—1 1 1%
r

ni+nz?’

ni—1, ng

(
s = ) Jo @Y P

S~~~

S
=
SN—
=+
—~
3
NP NSNS N NP

I'(ny+n !
% 1+ Mn2 —1, no— 1% v
<TMTV>n1n2 = F(nl)F(ng dm xnl lynz ! (\‘THTVJnl—Q-nQ + y2pﬂpl/ LlJn1+n2>a
F(m =+ no 1 _ _
+ ypu o)V g + 5 Puppal 1)), (3:30)
YPvTalulni+ny T Y PuPrPallln+ny )> :



where the subscripts of the | X |V indicate the value of n in the one-propagator integrals
given in section 3.1. Also, the one-propagator integrals in the above expressions are func-
tions of 7m? rather than m?. We may then compute the integral over A in | X |" and obtain
a sum over modified Bessel functions. We are finally left with a single summation and an
integral over x, to be performed numerically.

The method introduced in section 3.1 where the summations are performed in terms
of theta functions is also applicable here, and yields a double integral over A and x. In that
case, the integral over x can be performed analytically. By setting

m2 — m2 2\ 2 m2—m2+22
m? = —p? (x—l 2p22+p ) +m%+( 1 4p22 r) :
2= — M, (3.31)
2p?

the resulting integral with no additional powers of z is related to Dawson’s integral or

the error function (erf), depending on the sign of p?. The other cases are related to the

(complex-valued) incomplete Gamma function by the substitution 22

= u. However, a
straightforward numerical evaluation of the double integral converges sufficiently fast for

practical purposes.

3.2.2 Moving frame

In a general “moving frame”, p can have non-zero components in the dimensions of finite
length. In this case, the sums with odd powers of components of [, no longer vanish. In
general, the finite-volume corrections can depend on all components of p, and no simple
way of writing the result in terms of scalar functions of p? exists, as only a discrete subgroup
of the three-dimensional rotation group remains as a symmetry in a finite cubic volume.
Nevertheless, the relevant expressions can be evaluated numerically, albeit with some
additional complications. For the formulation in terms of modified Bessel functions, the
summation is no longer exclusively dependent on /2, and thus the reduction of the triple
sums using eq. (3.8) is no longer possible. For the formulation in terms of theta functions,
the summation over [, can still be performed separately for each dimension, provided
that the factors of 63, are replaced by the product 65(u1,q) 03(u2, q)03(us, q), where u; =
yp:L/(27) and ¢ = e~ /A
u and ¢, as well as uncontracted factors of /,,, also need to be accounted for.

. When factors of r, appear in the integrands, derivatives w.r.t.

3.3 Summary of one-loop results

Next, we discuss the relations between the various one-loop integrals and summarize the
explicit expressions in a concise form. With the definition of eq. (3.1) in mind, we introduce
the more conventional notation

=0, (3.32)



where only the finite-volume correction has been retained. As discussed above, no simple
rewriting in scalar components is possible for the momentum-dependent integrals, except
in the cms frame with p = (p,0,0,0). In that frame, we define

(1Y |s =B
u>v| puB¥7
7“;ﬂ’u>v|c = pupvB3) + 6, BYs + Bt
(rurvra)V | s = PubvPaB) + (Ojwpa + Opaby + Svapy) Biy

+ (t,uupa + t,uapu + tl/ap,u) Bé/?,a (333)

which correspond to the usual definitions at infinite volume, except for the terms involving
€, which appear only in the finite-volume contribution.

The Passarino-Veltman construction [16] produces relations between the various inte-
grals upon multiplication with p, or ¢,,. Using

2p-r = (r*+mi) — [(r —p)* +m3] —mi + m3, (3.34)
a number of relations can be obtained. These are

dAY,(n) + 3AY;(n) + m2AY (n) = AV (n — 1), (3.35)
1 1 1
p?BY (n1,n2) + 5(7”% —m3 —p*)BY (n1,n2) = §Bv(n1 —1,n9) — §Bv(n1,n2 - 1),

pQB;/l(nl,ng) + dB;g(nl,nz) + 335/3(711, ng) + m%BV(nl, ng) = Bv(nl —1,n9),
1 2

*(m% — My —PQ)BY(TH, n2)

p2BY (n1,n2) + Bagy(ni,ng) + 5

1 1
= §BY(n1 — 1,n2) — §BY(n1,n2 — 1),

and

pQB;E/l(nl, ng) + (d+ 2)B3‘)/2(n1,n2) + 3B§é(n1, ng) + mlBl (n1,mn2) = BY(nl —1,n9),
1
p2B3§/1(n1, ng) + 233‘,/2(711, ng) + §(m% — m% — p2)B¥1 (n1,n2) (3.36)
1 1
= §B¥1(n1 — 1,’112) — §B¥1("17n2 — 1),

1 1 1
p?BY(n1,n2) + §(m% —m3 — p®)Byy(ny,n) = 535/2(”1 —1,ng) — §B¥2(n1,n2 - 1),

1 1 1
p*BY3(ny,n2) + 5(771% —m3 — p®)Byg(ny,n2) = 535/3(”1 —1,n2) — 535/3(711,”2 - 1),

where we note that the relations in eq. (3.36) are linearly dependent. Up to the order con-
sidered here, this leaves AV, AY,. BV and B}; as independent functions. We have checked
the validity of the above relations numerically for ni,ns = 1, 2.

At NNLO in xPT, all one-loop integrals should be expanded around d = 4 up to and
including terms of O(e). This is necessary, since products of two one-loop integrals appear

,10,



throughout the NNLO expressions, including the factorizable parts of the two-loop sunset
integrals. We thus define

AV = AV 4 cAVE 4 O(£?),

BY = BY +eBYE + 0(£?), (3.37)

with similar expansions for all functions A} and B} in egs. (3.32) and (3.33). The one-
propagator integrals can then be written as

(S > a(k)AY = Ly / Tt AV (338)
© 16720 (n) —~ 16720 (n) \ 4 0 ’ ‘

using egs. (3.9), (3.12), (3.17) and (3.19). The integrands can be expressed either in terms
of modified Bessel functions or theta functions, and are in each case given by

R 2 - 3
AV =K,y <’“jm2> , A7 =y () 1,
A 1 kL2 _ 2 3
A 2 Vo —1/A .
A22 2 /Cn_g <4 ,m > 5 A22 7)\[/2 |:930 (6 ) 1:| B
. 1 kL? - 4 _ —1a) 2
AXIS = _EkLQ ’Cn74 <4,m2> s Agg = —W 932 (6 1/>\) 930 (6 1/>\> . (339)

The expansion in € = (4 — d)/2 can be performed using

(47)° = 1 + elog(4n) + O(£?),
Kinte = Km +eKm + O(2),
(47 AL?)F = 1 + elog(4nA\L?) + O(e?), (3.40)

where the functions K,, are related to the modified Bessel functions and are defined in
appendix A. For all quantities in eq. (3.39), the above results lead to

AVe = log(4) AV + AV(’Cm — ,am)v
AVE = [log(4m) 4 log(\) + 2log(L)] AV, (3.41)

where K,,, — K, indicates that the functions K,, should be replaced by the corresponding
expressions for Ky,.

For the one-loop two-propagator integrals, we find similar results, given by

_ 1 1 .
BY = z(k / dx g™ 1y~ 1 BV 3.42
167T2F(n1)F(n2)kZ>0 (k) | 4 (342)

1 ! 1 (L e oo tng—3 —AZLZ Ay
- do g Lyne=1 [ 22 AN N3 AT B
16727 (n1)T (12) /0 Ty ( 1 > /0 ¢ :

— 11 —



with m? = 2m? + (1 — 2)m3 + xyp? and y = 1 — x, where z(k) is defined in eq. (3.8). The
explicit expressions for the integrands are

. kL% - B 3

BY = K:n1+n272 <4 m2> BY = 030 (6 1/>\) -1,

R kL2 - _ 3

BY =y Kny+ny—2 < 2) BY =Y [930 (e 1/)\> - 1] )

. kL?
B;/I = y2ICn1+TL2—2 (

. 1 kL?
B;/2 = *lcn1+n2—3 (

I

. 2 3
Vo _ —1/X
) B = 37 [ () 1),
kL®
4

2

By = KL Kamsa ( r?) L Bl = b () 0 ()

23 12 ni+ng— 5 23 272

- EL?
B-?Yl =Y ICTL1+TL2*2 ( 4 , M > 3 B?‘,/i =Y |:03(] (6 1/>\) 1:| ,

- Y kL? 03
Bi")/2 §Kn1+n2—3 <47m2> s B?‘,/Q y)\LQ |:030 (6 1/)\> 1],

AV Yoo kL™ v 4y “1/x “1/2)?
B33 - EkL ’Cn1+n274 <4am ) ) 333 = —W 932 (6 / ) 030 (6 / ) R (3.43)

where each case has again been given in terms of modified Bessel functions or theta func-
tions. The functions BY? can be obtained from the above expressions using the equivalent
of eq. (3.40), along with corresponding changes in eq. (3.41). However, the functions A"®
and BY¢ are expected to cancel completely in a full calculation within the MS scheme.
This cancellation has already been demonstrated at NNLO for the scalar condensate in
ref. [10], and for m_ in two-flavour ChPT in ref. [11].

4 Two-loop sunset integrals at finite volume

First, we recall that some NNLO work at finite volume already exists. In ref. [10], the finite-
volume corrections were calculated for the quark condensate, and in ref. [11] for m_. The
former only involved products of one-loop integrals, while the latter only required consider-
ation of the sunset integrals with degenerate masses. In this section, we provide completely
general expressions for the sunset integrals, for arbitrary, non-degenerate masses. At finite
volume, we define the basic sunset integral as

o dir  d?s X
(0N = [, Gy tom TP T T )

where the required operators X are 1,7,,s,,7,7,,7,5, and 5,s,. In eq. (4.1), the n; are
always non-zero and positive. If one of the n, is zero or negatlve, the integral becomes sepa-

rable into a product of two one-loop integrals, which we have already dealt with in section 3.
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Application of the Poisson summation formula for all momenta in a finite dimen-
sion yields

d%  ds X etlrrpilss
e lzz: / T T T e P e e e A

IS

where ((X))(1,2,3) will be used as a short-hand notation indicating which of the arguments
(n;,m?) are associated with the first, second and third propagators in eq. (4.2), respectively.
The vectors [l are of the form (0, k1L, koL, ksL) with k; € Z. Eq. (4.2) can then be
decomposed according to

(X)) = ((X)™ + (X)), (4.3)

where ((X))>° denotes the infinite-volume result with [, = Iy = 0. The sunset integrals
at infinite volume have been evaluated in several different ways (see e.g. refs. [20-24]) and
will not be considered further here. The second term in eq. (4.3) represents the finite-
volume correction. The present approach to the finite-volume correction is along the lines
of refs. [20, 21|, combined with an extension of the methods for the one-loop integrals
in section 3.

We further decompose ((X))V into terms where one of the possible loop momenta is
not quantized and a contribution where both are quantized, according to

(XY = (X)), + (X)) + (X)) + (X)) (4.4)

with

! dir  d?s Xt
((X))r = %:/ (27r)d (27T)d (r2 + m%)n1(82 + m%)”z((’r‘ + s —p)2 + m%)ny

' dir  ds X eilss

(XD)s = zl;/ (2m)d (2m)T (r2 4+ m2) " (s2 + md)"2((r + s — p)2 + m3)"™’
! dir  dls X etly(p—r—s)

(X0 = %:/ (2m)d (2m)d (r2 4+ m3)" (s> + m3)">((r + s — p)% +m3)"’

" . .

d'r  d’s X elrretlss
X rs — n n Mo 45
o ;Js/(%)d e ) Rl (s —pE gy D)

where a “singly primed” sum indicates that the term with [ = 0 has been excluded. For
the “doubly primed” sums, all contributions with [, = 0, [, = 0 or [, = [, have been
removed, i.e. the retained terms satisfy [, # 0,1 # 0 and [, # l;. The sum of all the terms
in eq. (4.5) reproduces the full finite volume correction in eq. (4.2). Here, it should be
taken into account that p is also quantized in the finite dimensions, such that the spatial
momentum components satisfy

_ 2my;

Pi=7 el = gilsp — giler — 1, (4.6)
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We note that ((X)),s is always finite, whereas ((X)),, ((X))s and ((X)); may contain
a non-local divergence, depending on the operator X and the values of the n;. If these
integrals should be finite, they can be included in ((X)),, by summation over all values of
[, and [, (except of course [, =1, = 0).

4.1 Simplest sunset integral

We first restrict ourselves to the simplest case of ((1)) with n; = ng = ng = 1, which allows
us to outline our procedure in a straightforward way. We will then proceed to give the
expressions for the general case using the formalism established here.

From egs. (4.1), (4.2) and (4.5), and keeping in mind eq. (4.6), we find that the sunset
integrals exhibit a high degree of symmetry with respect to interchanges of r, s and t =
p—r—s, together with [,., I; and l;. Substituting (r,s) — (s,r) and (r,t) — (¢,r), including
the respective [;, leads to the relations

(M)(1,2,3) = ((1)(2,1,3) = ((1))(3,2,1),
((1)>=(1,2,3) = (1)™(2,1,3) = ((1))™(3,2,1),

()Y (1,2,3) = (1))"(2,1,3) = ((1))"(3,2,1),
(Drs(1,2,3) = {(1))rs(2,1,3) = ((1))rs(3,2, 1)

((1)r(1,2,3) = ((1)),(1,3,2)

(1)r(1,2,3) = ((1))s(2,1,3) = ((1)):(3,2, 1), (4.7)

where we recall that the notation (1, 2, 3) refers to the propagators, as exhibited in eq. (4.2).
From the last relation in eq. (4.7), we find that the evaluation of ((1)), and ((1)),s suffices
to obtain the full result.

4.1.1 Simplest sunset integral with one quantized loop momentum

First, we calculate ((1)),. We begin by combining two of the propagators with a Feynman
parameter x, giving

il,.r

T

Z/ 27r (r2+m3)(s2 +m3)((r +s—p)? +m3)

:;/(g;;d Tz;_m / /dd~ 2)2’ (4.8)

where we have shifted the integration variable according to s, = 5, —2(r —p),, and defined

m? = (1 —z)m3 +am2 +z(1 —z)(r —p)* (4.9)

The integration over § may then be performed in terms of standard d-dimensional integrals
in Euclidean space, given in appendix C.1. This gives

e _d )
= Z/ s ) o (4.10)

(4m)3

ISH
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where the expansion to O(e) may be performed using

_d p
F((ir);) (m?)27% = 1617r? Yo = 1= log(m*)] + O(e), (4.11)

where A\, = 1/e + log(47) + 1 — 4. The term proportional to Ag involves the one-loop
integral AV, which has been treated in section 3. This also contains the nonlocal divergence,
and contributes

(1))ra = 152z 11 (1, md) (4.12)

to ((1)),. For clarity, we have added the arguments n; = 1 and m? to the notation for the
one-loop integral. The remaining terms in eq. (4.11) contribute

((1))r,r = “T6:2 Z/ 7’2 ) /0 de [1+ log(mz)} , (4.13)

where we can set d = 4 directly. In order to deal with the dependence of m? or r, we
perform a partial integration in x to obtain

1 « d*r eilrr
(L)) == 1672 ;/ (2m)* (r2 +m2)

_/1dmm§_mg+(1—2x)(r—p)2]. (4.14)
0

1 + log(m3)

mZ

Here, the first two terms once more contain a one-loop integral, and we refer to this
part as ((1)), g, with the remainder labeled ((1)), . Further, we introduce the Gaussian
parameters \; and A4 according to eq. (A.1) for the denominators (r? + m?) and m?,
respectively. This gives

—~
—
—_
~
~
=3
B!
I

= ((D)ra + ((D)rm,
1+ log(m3)

_ 1% 2
() =~ 2B 11V (1, ),
1 < dir [ !
(W = 1552 [ e | dndni [ da
167'('2 %: (277)4 0 0
X X [m% —m3+ (1 —2z)(r — p)Q] eilrr=Aa(r?m)=dam? (4.15)

where we may complete the square in the exponential factor by substituting
ily, x(l—xz))\

f B R v
As = A1+ 2(1 —2) . (4.16)
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The 7 integral can then be performed using eq. (C.3), which gives

1 Lo ! x
Vg =—— dA1d)\ dr —
(U (16w2>2;/0 s o

1—2x 2
X |m3 — m2+7 25 + A2p% — L — Ml - p
A2 1
» e_ (Alm%+>\4(1—m)m§+A4mm§+7A1A4A;1 )p2+4l/\45—17>‘4 /(\15 )lwp) (4‘17)

Here, a more symmetric form can be obtained by substituting Ao = (1 —x)A4 and A3 = x4
as integration variables, giving

_ 1 : e A3 2 9 A2 — A3 A3+ A2 9 — M2
(W) = (T672)? ;/0 dAydAzd )3 T [m3 —ms5 + : 2+ Tp e ,

(4.18)
with
M? = Alm% + )\gm% + Agm% + )\1>\~2)\3p2 + A2 _f A3 l >\2~>\3 - p,
A N4 A
A= A1A2 4+ AoAg + Az,
_ il
P=— —Aip, (4.19)

2
which can be evaluated numerically with the methods discussed in section 4.1.3.

4.1.2 Simplest sunset integral with two quantized loop momenta

Second, we calculate ((1));s. We introduce Gaussian parameterizations for all three prop-
agators using eq. (A.1) and set d = 4, giving

“‘Z/ vt [ G

—(A1m2+Aem3+Azm3 —ilyr—ls-s+ 172+ A252+ A3 (r+s5—p)?
% e (1m1 ams+Az3mg—ily-r—ls-s+Air 28 3(r+s—p) ), (420)

after which we perform the redefinition
1 N A3 7

= r— s=p)+ sl 4.21
VAL + A3 A1+ )\3( P) 2(A1 + A3) (4.21)
and shift s by
VAL A ALA (A1 + A i\
gz YNt Mg it ), iy (4.22)

VA A 2) 2\

where we have again made use of )= A2 + Aod3 4+ A3A1. We note that an analogous
transformation results by first redefining s and then shifting r. The result is

d4~ d4§ ~ ~2 2 or2
dA\dNad)s / N 2T M
;/ (2m)4 (2m)*

]. 2 7M2
1622 Z / dA1dAadAz A~ (4.23)
(1671' =
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with
MA2As 5 A l2 M2 A3 (L —1)?

Armi + Agmiy + Agm3 + AR R W G
23 ALA3
SRR B e T 4.24
Ll P (4.24)

We note that the arguments of the exponential functions in eqs. (4.18) and (4.23) coincide
when [, = 0.

4.1.3 Numerical evaluation

Next, we discuss the numerical evaluation of eq. (4.23). For this purpose, it is convenient
to switch to the variables z,y, z and A,

M=xh, A=y\, Mm=1-z—yr=2)\, A= (zy+yz+z2z)= N0, (4.25)

where 0 = 2y + yz + zz and z + y + z = 1. We also introduce the quantities

b, =1, — s,
z Tz
Srs = _yilr p— 718 D,
o o
_ Y 0 L 2 2 52
Y. = =1 —1 —1
" 407_4_40‘(”_4_40"7
Zps = xm3 + ym3 + zm3 + %pz, (4.26)
o

which brings eq. (4.23) into the form

1 " e 1 1—2 I Yes
((W)rs = WZ/O dA/O dx/o dy o2 A2 e M s X i (4.27)
lrls

As for the one-loop integrals, we may either perform the summations in terms of theta
functions, or the A integration in terms of modified Bessel functions. In terms of the latter,
the result is

1 " 1 11—z B :
(1))rs = WZ/O dm/o dy o2 K1 (Yo, Zrg) €57, (4.28)
lryls

where we note that in the cms frame where S, = 0, we may write

" o0
PG = Y alky kg k) x (kL R Lk, LP), (4.29)
Il kg k=1

similarly to eq. (3.8). Here, the factor x(k,, k,, k,,) denotes the number of times a given

triplet of squares appears when the components of /,. and [, are varied over all positive and
negative integer values. In terms of theta functions, we find in the cms frame

1 1 11—z 0 6_/\ZTS @) yL2 (L’L2 ZL2 3
D)rs = 775 d d d\ 0 ——, ——
((Lrs (16%2)2/0 x/o y/o (o)? [ 0 <4a)\ 4o\ 40)\>

@2\ 3 w2\ ? @2\ 2
—930 <€_ ZU/\L > —930 <€_ yiﬂL > —930 <6_ Ig)\L > + 2 s (4.30)
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where the contributions with (2,12 or 2 equal to zero have been subtracted. The Ja-
cobi and Riemann theta functions are defined in appendix B, see also eq. (4.91) and the
accompanying discussion.

The expression for ((1)), i in eq. (4.18) is clearly similar and can be treated along the
same lines. In terms of modified Bessel functions, the terms with a single sum over /,, may
be treated similarly to the one-loop integrals using eq. (3.8). Alternatively, the summation
can be performed in terms of theta functions. The relevant expressions will be given when

we summarize the full results for the sunset integrals.

4.2 Permutation properties

The finite-volume sunset integrals satisfy a number of relations which simplify the calcu-
lations, and provide useful checks on the numerics. These are the more general versions of
eq. (4.7). When applied to the full sunset integrals ((X)), the variable interchanges (s,r),
(r,t) and (s,t), with t = p —r — s, yield the relations

(I(1,2,3) = ((1N(2,1,3) = ((1))(3,2,1)
{({ru(1,2,3) = ((r,)) (1, 3,2),
({s1(1,2,3) = ((r,))(2,1,3),
({rury))(1,2,3) = {{r,r,))(1,3,2),
({58, (1,2,3) = ({r,,r, ) (2, 1,3),
({rus,))(1,2,3) = ({rus,))(2,1,3), (4.31)

where the notation (1,2, 3) is explained in the context of eq. (4.2), and refers to the masses
m? and powers n, of the propagators in eq. (4.1).
Further, we may derive the relations

Pu{(1))(1,2,3) = ({r,))(1,2,3) + ((r,))(2,1,3) + ((r,)) (3, 1, 2),
({rusy +8,m,0)(1,2,3) = ((ryr,)) (3, 1,2) = ((ryry)) (1,2, 3) = ((ryr,))(2,1,3)
= Pul(r,)) (3, 1,2) = p, (1)) (3,1, 2) + pup, ((1))(1,2,3), (4.32)

where the latter one follows from the identity

7,8, +8,r,=(+s—p),(r+s—p),—r,r,—s,5 —p,(-r—s5+p),
— (=1 =5 +D)Dy + Py (4.33)

from which it also follows that all parts of ((r,s,)) that are symmetric in x4 and v can
be rewritten in terms of other integrals. In particular, at infinite volume ((r,s,)) can be
expressed in terms of ((r,r,)) using various permutations of the m? and n,. This also holds
for the case of m; = mqy and n; = n,. The relations (4.31) and (4.32) are also separately
valid for ((X))*°, ((X))V and ((X)),s, but not for the other components of eq. (4.4).
From the above considerations, we can deduce what integrals should be calculated in
order to obtain a complete description. As ((X)),, ((X))s and ((X)); are closely related,
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we can obtain the required cases of ((X)), using

((1)s(1,2,3) = (1)), (2, 1, 3, = 1),
((ru))s(1,2,3) = ((8,0)0(2,1,3; 1. = ),
((rur))s(1:2,3) = ({s,,8,)), (2, 1, 31 = 1),
((rusu))s(1,2,3) = ({8,000 (2,1, 351 = L), (4.34)

(1)(1,2,3) = (1)), (3,2, 11, = 1),
<<T“>>t(1’2’3) - <<_T# ~Su +pu>>r(3a 2,51, — —ly),
(rur)e(1,2,3) = ((r+ 5 = P)u(r +5 = ) (32,111, = =),
(s )e(1,2:3) = (=1, = 5,8, + 25,00 (3,2, 131y = —ly), (4.35)

from which we conclude that a complete description entails the calculation of ((X)), for

X = 1,r,,r,r, and r,s,, and of ((X)), for X = 1,r,,s,,7,7,,7,s, and s,s,. We also

note that the ((X)), are symmetric under the interchange (my,ny) <+ (mg,n3) for X =1,
r, and r,r,.
For conciseness, we now introduce a set of functions to be used in the remainder of the

text. In an arbitrary frame, we define

(1) =H",
((r)Y =H) p,+ Hy,,
(s, =H) p,+Hy,
((rr, )Y = H3 pp, + Hyy 0, + Hagps
((rs,))Y = HYypp, + H3y 6, + Hig,
((sus,0)Y = Hysp,p, + Hyg 0, + Hygy,,, (4.36)

where the H:,‘);, HZ};, H%/mw HXGW and HS/SW contain instances of the vectors [, or [5 with
uncontracted Lorentz indices. In the cms frame, such contributions with one Lorentz index
vanish, and the bilinear ones become proportional to ¢,,,. In the cms frame, we therefore
have a simplified set of functions

(Y =HY,
((r,)Y = HY p,,
<<5M>>v = Hé’pw
((r,r,)) = HYy pup, + HYy 0, + Hyr t,,,,
<<T;LSV>>V = H%?’) p,upz/ + H;il 5;“/ + HQVE; t,uzn
<<susy>>v = Hy. Pup, + Hyg 8, + H, b (4.37)

2Here, we used the fact that the spatial components of p satisfy periodic boundary conditions, and hence
eh? =1,
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Because of this structure, ((r,s,)) is symmetric in ;1, v and can be obtained using eq. (4.32).
Still, we include ((r,s,)) as a useful check on our numerics, and because it appears in the
expressions for the sunset integrals with one quantized loop momentum. Our numbering
scheme for the sunset integrals has been chosen to be consistent with ref. [20]. We also
refer to the components of the functions H; by appending the indices (r,G), (r, H) etc.,
which were introduced in the detailed treatment of the simplest sunset integral.

4.3 Sunset integrals with one quantized loop momentum

Here, we follow along the lines of section 4.1.1 and account for all needed cases of ((X)),
with X = 1,7,,s,, mury, 7us, and s,s,. Again, the first step is to combine the last
two propagators with a Feynman parameter x and shift the integration variable by s, =
Sy, — x(r — p)u. The integral over § can then be performed using eq. (C.1). Using the
notation f(r,) for additional factors of r,,7,, this gives

dy. il £ 1 _d 4
o, = [ g | d:ch?)z—?, (4.38)

dp il £(p 1 _d u
(<f(7"a)su>)T = / (;iﬂ)d © +]7;(%)an)l /0 dx F(Z;) (m2)2~2(—z)(r —p)u, (4.39)

(
d,. eilyr 1 _d 4
(5,5,)). = / a " /0 da [“2) (232 22(r — p),(r — p),

(2m)® (r2 + m7 (47)
RN Gl ((;—)gg) (m%)2 ! 6“2”] : (4.40)

where the remaining integral over r is always finite because of the factor e’". It is then
sufficient to expand the § integral in e, while keeping only the singular and O(1) terms as
in eq. (4.11). We rewrite the singular terms using \j = 1/ +1n(47) 41—+, and define the
components of the sunset integrals proportional to A\, with the subscript A as in eq. (4.12).
In terms of the one-loop integrals defined in section 3, we find for the non-zero cases with
ng,n3 = 1,2 the expressions

(st = 220 (1) (o, md),
syt = 22022 1Y o, ),
(rarat = 20 L)Y e, i),
(st = 532 5 lruro) (s, ),

A m2  m? 2
nll A0 2 3 P PupPv Vv 2
(s ))p = W{ (12 = 18— 1) 4 2] 1Y G

1 1
+ <35Ma(su,3 - méyuéaﬁ) Lrarﬁjv(nbm%)}a

n " Ao O
(sl = sus))p? = 1225 22 1Y (g, md), (441)
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where the superscripts denote the n; in the sunset integrals. Also, the one-loop integrals
now show explicitly the m? and n; of the denominator they involve. As the above integrals
contain a non-local divergence, they should always cancel in physical results.

We now proceed to treat the terms containing log(m?). As before, we first perform a
partial integration in z, giving

1
; dz " log(m?) = 1 log(m3)
1 ! n+1 2 2 2 1
— ) e [mS —m3+ (1= 2)(r—p)P| =5, (442)

after which we denote the terms with negative powers of m? as ((X)), i, and the others
as ((X))rq, as defined in eq. (4.15) for the case of the simplest sunset integral. We note
that the ((X)), ¢ can again be expressed in terms of one-loop integrals. For na,ng =1, 2,
the non-zero cases are

(et = <5 (<1~ og(m3) 1) (ny, m3),
(st = 5 2 (1~ Tog(md)) 1] ¥y, m),
<<7"u7“l/>>zlc}l =

1
(s )™ = —— 2 (1 4 log(md)) Lrure)V(n, m3),

(—1 — log(m%)) Lrurij(nl, m%),

1672
1

29
m3  m3 | p*\  pup
<<Su8u>>281 = 1672 { { v 10g( m3 <4 + 43 + 12) — % (1 + log(m%))] Lljv(nl,m%)

— 1
+ |:36/$0¢5Vﬁ (1 + log(m%)) + ﬁéﬂyéa@ log(mg)} LTQTﬁJ V(nl, m%)} ,

n1l2 _ 1 5
1672 4

(14 log(m3)) 1)V (ny,mi). (4.43)

We note that the decomposition of the parts of the sunset integrals which do not depend
on Ay into ((X)),q and ((X)),p is clearly not unique, as it depends on the choice of
Feynman parameterization. For example, had we chosen y = 1 — x instead of = as the
Feynman parameter, we would have obtained terms containing log(m3) in the ((X)),q.
Also, the decomposition does not commute with derivatives w.r.t. masses, note e.g. that
(1 >>"112 = 0# —(0/om3){(V)G".

The remaining part ((X)), g is algebraically the most complicated, but again follows
exactly the procedure for the simplest sunset integral. First, we introduce Gaussian param-
eterizations for the negative powers of m? and (72 + m?) using eq. (A.1) with parameters
A4 and Aq, respectively. While the expressions corresponding to ((1)), g in eq. (4.15) are
relatively lengthy, they all share the same basic structure. In particular, they all contain
the same exponential factor, for which we may complete the square using the substitutions
of eq. (4.16). The resulting integrals can then be performed by means of eq. (C.3). Finally,
we define Ag = (1—x)A4 and A3 = x4 and perform the substitutions of eq. (4.25) to obtain
an integral in terms of =, y, z and A.

— 21 —



Before we give explicit expressions for ((X)), i, we briefly discuss the methods used to
obtain them. Due to the complexity of the required analytical manipulations, we have found
it convenient to use FORM [25] according to the procedure outlined above. Alternatively,
as described in ref. [12], a number of tricks can be used to considerably simplify the task.
For example, powers of r, can be introduced into the numerators of the sunset integrals
by taking derivatives w.r.t. [, giving

(s = =iz () (.49

It is also noteworthy that integrals such as ((s,)), are very similar to the case of ((1)),,
differing only in an additional factor of z(r — p),. This leads to relations such as

({su)) = ((@r)) = pu({al)), (4.45)

where the factor of z is understood to be included in the respective integrals. Due to
the length and complexity of the resulting expressions for ((X)), i, we make use of the

auxiliary quantities

(5Ey;2, Azmg—m§+5px2p2,
pzyj;z, B =ixdpl, - p,
0
o =ay+yz+ 2, szplf,
yz B C
== D=A————= 4.4
T N N2’ (4.46)
and
Y = glf, Zza:m%—i-ym%%-zm%—i-%pz, (4.47)
and we also introduce the notation
R 1 / 1 1-x 00
X)) Lrs = d d dA
WD = T a6y lz/o of
A ny—1 e
I (4.49
With these abbreviations, we obtain
20
s == (0+3).
21
W =,
[y ==
175" = y=A, (4.49)
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for the simplest

sunset integral, and

et = 07" (0 e, ) + 220 (),
:Lﬁl _ (lplru +7'pu>
it == (G5 ).
[Ir I = yzA < [;l;“ +7'pu> 7 (4.50)
s =5 (042 (- ama).
(sl = =2 (52 - am).
i’ = == (5 —om).
s = 22 (B = ) (451
for X =r,,s,. With {a,b},, = a,b, + a,b,, we find for the bilinear operators
[ Ity = {2A <D + 35) S + T [TD + 275 (r — pl‘)] Puby
+ 2 lrp+ S r—po)] e - 5 (D+ %) zwzw},
[ 1" = [2 b+ P+ A — zmzw] ,
35 = = [ b+ 7o+ Lt — zmzw} ,
5 = v [ B8+ 7+ B b = o] (1.52)
[[THSVHZII? - { 3\ <D + 35) Ouv + |:7'D + g (31 — px)] (xpup,, - ;}\pulr,,)
+ @ (D + ‘f) (Ll + 26\ ypy) }
s =2 [k rams = g5 udes + Ot b Bt
HMSVHZIIE = f {2 Oy + TEDDY %pulry - i%xlmpy - 4/;2 lr,ulru:| ,
s 2% = V2 [ O+ T %pulm/ + ip;zrupy + 5 lmlr,,] L (453)
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3 .
n 1 2 46 9 i 1
Hs,uSVHr,lH = 302 <D+ )\) <.Z‘ Pubv — ﬁ{pa lr},uu - 4)\2[7‘H1TV>
miz 20 Az? 20 TZ 30
bd ——2(D+=—= |- (D+=)—-——(D+=
+“{ 2(+>\> 4pa(+)\> 2p/\a<+)\)

22 ( 46\ [z +3y [izp-1, 12 2x’p? x2226%p?
o A 12 A 4)2 3 2)\0?
2 .
n21 Yz 1T 1
[[Susuﬂry—l = ? <x2pupu - ﬁ{pv lr}uu - 4)\2lrp,lru>

S

|4 A po2)
3
n,12 z
s =5

1/ 7 22 23
O ) G
Oy _4( p+z> o 2p02)\]’

8

2 1T 1
PuPv — ﬁ{p7 lr},uzl - 4)\2lr,ulru>

3 .
n,22 Yz A 9 T 1 - jom
Hsusuﬂr,lH - ) <$ Pubv — ﬁ{f% lr},uzz - 4)\217"#[7'1/> + 5/,1,1/ |:2p(1 — T) + 2:| . (454)

Given these expressions for ((X)), z, we may proceed as for the one-loop integrals and
choose between performing the summations in terms of theta functions, or evaluating the
A integral in terms of modified Bessel functions. The results quoted in egs. (4.49)—(4.54)
make no assumptions on the momentum p. Below, we restrict ourselves to the cms frame
where p -1, = 0 or p = (p,0,0,0). This case is the most commonly encountered, and the
expressions for a moving frame can be obtained along similar lines.

4.3.1 Center-of-mass frame: Bessel functions

Here, we have performed the integration over A in terms of the functions K, (Y, Z) defined
in appendix (A.2). We note that the summation only depends on 2, such that eq. (3.8)
is applicable. We have suppressed the arguments (Y, Z) in order to keep the expressions
short and concise. The expressions always contain the abbreviated part

1 ! 1 1-z gl
= d d 4.55
f r<n1><16w2>2;/0 e (4.55)

and numerical results for selected examples are given in section 5. For the simplest sunset

integrals, we find

I _ %z (A, 1 + 26K, 2 — Cny—3)
HT7H§TL121 :¢y ]Cn1—17
Hr,H;n112 :¢Z Knl—h

Hr,Hm122 = %Zy K:nl, (456)
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and for X =r,,s, we find

HI’H;MH _ ﬂ{z (TAKp,—1 4+ (27 — pz)0Ky—2 — TCKy, —3)

g %yT Kni-1,

Hpmz %m- Kni-1,

M2 _ %ZZJT Ko, (4.57)

2
r Hn xrz
H27H7 111 — % 20- (AICn1 1 + 35’(:”1 2 — C’Cnl—S) 9

r,Hni21 _ hTYZ

H; fg Kni-1,
r,Hin112

T

HyTm?2 = %””f K, (4.58)

respectively. For X = r,r,, we have

Hng mll %ZT (TAK -1+ 2(7 — px)dKy,—2 — TCKp,y—3)

Hng e féyr Kni-1,

Ry

Hytm2 %yw Kn, (4.59)

Hphmt — f’{ (A, —2 + 36K pn,—3 — CKpn,—4),

H'an121 yp K

29 ny—2»
Hini12 _ g *P
H§2 e 9 ’Cn1727
. z
HiHim22 _ ﬂngP Ko 1, (4.60)
rHin11 —szlz
H2}7 ’ = 19 (A’Cnl_3 + 4(5’Cn1—4 - Clcnl—f)) ’
r.Hin121 2l2
H r
Hyy ™ :% 12 Kni-3,
272
. —zp-l
H;,?H,n112 :¢ 1[; r ]Cnl 3,
272
zp-l
H§7Hn122 % 3/15 " o, (4.61)
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for X = r;s,, we find

(7‘ ni—1 T (37’ — p:L')(;K:nl 2 —

20
r,H;in121 TY=zT
H23 :¢ o ’Cnlfla

2
r,Hin112 rz=T
Hyj :¢ o Kni-1,

2
r,Hin122 TY=z"T
H23 = % o IC?H )

2

HyHmll — (AKny 2 + 30Ky, 5 —

24
r H;ini21
% ICn1 2

an112 % K L
ni—2;

HT‘ Hin122

Clcnl —4) )

TCKp,—3),

Hini11
HT7 5TV 1 :¢
28
HpHm2 _ fg
Hin12
g f
28
H;ini22
HT’ 511 :ﬁ
28

and for X = s,s,, we have

r,Hin1l -71223
Hyym ™M = ﬂ{ 352 (A, —1 + 40K, —2 —

2, .2
H'I’,H;n121 o xTYyz
25 - o2

20_ ny—1,

22pl?

1o (A, —3 + 40Ky, —4 —

CKH1*5) )
2pl?

y12p7“ K:n1 3

22pl?
120

y2*pl;
120

K:nl 35

lc'nl 2

C’Cn1*3) )

Kn1—17

2.3
r,Himn112 xr—z
H25 = ¢0_2 ,Cnl—lv

2,3
Hr,H;n122 o r-yz
25 - o2

Kni,

Hini11 - 4?2 2 2
H;é nall %{ 12A <6m2 +37A_|_ >1Cn1_1

+ [—z&m% +

2212
* [24 2

22125

+24

(22’ + 9y)lCm_4 —

O'
2 2

2 2

Syz 6  z
2)) 2p

+3y ni— 5}

((z + 3y)A — 2z(mj —
2 2

z
4802
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A
s (22 + 9y):| K:nle

+3 30] Koy -3

(4.62)

(4.63)

(4.64)

(4.65)



r.H;n L(r 22
]{2’6H7 121 % |:4 (p + Z) <A’Cn11 - ;’CTM*? - CICnl?’) + TIC”22:| ’

2
Herlz jé’z <A/Cn11+ Wi - C,Cn1—3>7

4po
2
JHmp22 T z
Hyg ™™ = ﬁé?/) (1 + U) Kny -1, (4.66)
r,Hin1l 3l2
H ! % 36 (Alcnl 3 + 45,Cn1 4 — Clcn1—5) ’
r,H;n121 212
HQé o :% 120 2T lCnl 3
. — 2312
H;éHan — ¢122T /Cnl_g,
. —yz312
Hyy ™% = f[ ot K. (4.67)

4.3.2 Center-of-mass frame: theta functions

Next, instead of computing the integrals over z,y and A, we have performed the summation
in terms of the theta functions, previously encountered for the one-loop and simplest sunset
integrals. In the cms frame, we make use of egs. (3.10), (3.18), and

nezs
= 3034(9)030(q)” + 6032(q)*030(q), (4.68)
where we note that eq. (4.68) can immediately be used for the primed sums by setting

[, = nL, as the term with n = 0 does not contribute. We rescale A such that the argu-

“1/A

ment of all theta functions is e , which we suppress for brevity. Further, we introduce

the abbreviation

1—x .%')\ ny—1 5
f‘— T(n1)(1672) /da:/ dy/ d)\ Z. (4.69)

where \ = ApL?/4. For the simplest sunset integral, we have

. 26 30

Hr-Hm1l :f [<A+ /\) (63— 1) — T;ngmego s
Hr,H;n121 _ /:y (ng — 1) s

HrHm12 j’l”z (95’0 -1),

qrm22 — fyzx (03, — 1), (4.70)
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and for the H{’H and Hg’H, we find

HI’H;MH = fz [<7A+

2176 xdp

35p7
L2932930

- 22) @~ 1) -

72— fyr (8- 1),

Hm2 sz (65, — 1),

HpTmz2 j’i;szj\ (630 —

1),

2
rHmll e T2 36 03 —1 —@LQH 03
H, j’la%[(%—;\ (30 ) 4X2 3230 | »

= (g - )
2
Fp2 fm (03, - 1),
g
2\
HpEm22 _ f xyj (03, — 1),

respectively. For the Hg’lH, HQT’ZH, an

. 279
N S [

H—;‘,lH;’VZ121 _ fvyTQ (ego . 1) ’
FpHm2 fZTQ (63, — 1),
H;,lH;n122 _ fyZTQS\ (030 - 1)
g = 2[4 9)
2\ A
Hr,H;n121 _ /:v y? 03 —1),
g 2 (o3, 1)
HT’,H;nﬂQ _ f Ze 93 1 7
22 2\ ( 30 )
JHin122 Yyzp
H§2 "= fz (930 - 1) )

. . 46 op
HZ,’?H’ 111 — f Ap |:<A + )\ > L2932930 4)\ L (034630 + 2632930)

Hr,H;n1 21

2
27 - 932‘930’

2
Hin 12 —Zzp
Hyy WM = j{;45\ L*05,603,

JHinq122 yzp
H§7 " :f AN L2932930

d H2T’7H, we find

2zdp

)

— 28 —

31dp
=) (03, — 1) — =2L204,02 ],
3 ) ( 30 ) 102 32Y30

(4.71)

(4.72)

(4.73)
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. H H H
respectively, and for the Hyy", Hy,", and Hyy", we have

. 2 316 xdp 370p
Hr,H,nlllzfm [(TA#—A—A) 03, —1) — =L 120.,02, | ,
23 2% 3 3 ( 30 ) 132 3230
i T
2
HgéH;le _ j,lf, TZ°T (930 ),
. 2r )\
HpHm22 _ f I‘Z/Z;T (63— 1), (4.76)
, — 22 30 30p
HT,H,mu:f a [<A+A> 03, — 1) — =L 120,602, ,
24 oA 5 ) U= 1) = 55 L 0l
Hr,H;n121 :f _yAZ 03 1 ’
2 20\ ( 50 )
HT,H;n112 _fv _22 (93 o 1)
24 20_5\ 30 )
2 — Y (g, - 1), (4.77)
o
. 2 44 op
HT’H’W:/% o [(A+A) L200,0% — 2014 (6,62 + 26%050) |
28 SoA2 3 32730 T %9 ( 34Y30 32 )
o Himi21 :f YZP 12 g2 ’
28 Ao A2 32V30
2
HT,H;n112 :fziol/29 92 ’
28 Ao \2 32730
2
H;‘éH;n122 = f’ yz PL29329?2’0, (478)
4o\
. . r.H r.H r.H
respectively. Finally, for the Hy. ", Hyy™, and Hyy™, we find
. 2,3 46 30p
;{ﬂHﬁnllzzjf“’Z A+22) 03 —1) = 2P 120,02 |
25 352 T3 (50 — 1) et Us2l30
2,2
JHin121 T Yz
Hyym ™ :f o2 (930_1);
2.3
JHini12 -z
Hgs " :f o2 (930_1>,
r,Hin,22 33211235\ 93 4.79
Hyy = o2 (30*1)7 (4.79)
. 2 26 22 3yz? 0
HT7H7n111—f'{|:—Zm2<A+A>+ A5Z+3 m2_m2 _ A<A+A>
%0 2 A 6p02)\( ) (m; 2) 2p02\ A
22A 4z 4x?zpp?
_ 3A + = Bnaledic 03, — 1
12pa< +)\g+ o >](30 )
225 22 3zdp
+ | ——(2z+9y) + — ((z 4+ 3y)A — 22(m2 — m2)) + ==2m2| L?0,,02
[802A3( 2 802A2(< v) (m; = m3) S

_ 2
6402 \4

(z+ 3y)L* (934‘9?%0 + 2‘9?%2930) }’
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‘ 1 T %) 23 30p T
HT,H,TLlQl :fv {|: (Z+>A+A+A:| 93 —1) — ! <Z+> L20 92 }’
2 1\" ) A 2p02A (o = 1) = J5a (74 5 ) £ 0o
1 2 3 )
yrHin12 :]L {[ (Z_ T) AL ] (63, — 1) — 29 <z— T) L29329§0}7
4 p 20\ 2po?) 162 P
g Hm22 _ J{;T 14 2 (03— 1) (4.80)
26 - 2p o 30 ’ '
and

. —23 46 op
H“vaﬂ—f z KA >L26 02, — ——L* (04,02, + 26,0 }
29 120_2)\2 3 32V30 — 152 ( 34930 32 30)
r,Hini21
Hyy :f4 2)\2L29329307
rHini12 —2°
Hyg " f4 2)\2L29329307

r,Hini22
Hay ™™ :f4 2)\L2932930 (4.81)

4.4 Sunset integrals with two quantized loop momenta

Here, we follow the treatment of section 4.1.2, and generalize to all integrals ((X)),s with
X =1,7,,8,,7u1y, 7,5, and s,5,. All of these are not needed for completeness, but the
redundant ones enable a check on our results by means of the relations given in section 4.2.
We again introduce Gaussian parameterizations for the propagators using eq. (A.1), and
then shift the momenta using eqs. (4.21) and (4.22). This leads to

1 4 00 )\?171)\721271)\51,3*1 M2
X))ps = d\1d)ad) 2 Xlrs e M, (4.82
(X0 = S e Gl 2 | s S () (1.82)

where M? is defined in eq. (4.23), and A = A\ A\s 4+ Aods + AzA;. For the [[X]],s, we find

=1,
1 1
Tu rs — i <)\2)\3pu =+ )‘2 ru T 2)\3lnu>
1 1
Su rs — T )\1)\317“ + )\llsu §A3lnu )
2)\ Ao + A3 i3 A3 YT
HT/LTZ/HTS = i v T(S,ul/ 22)\2 {p7 T},LLV 2}23 {p7 ln},LLl/
- (N3l + Mo X3 {lr, Ly + Nilplns)
)\1)\2)\3 )\3 Z)\Q)\g ’L)\l)\3 i)\l)\g)\g
TuSvllrs = —=5— v T 1/_7 nu+ vin N lsu+ ul'r
[[rusv]] o Pubv 30w = P oz Pt 055 Pulsy £ puley)
1
+ E ()\glnulnu + )\2)\317"ulnu - Al)\Slnulsu - >\1)\2l7‘ulsu) )
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M2 A+ A3 iN 3 2R
Tp,u v T&w W{pa ls}uu - 2 2 {p,l }uu

1
- = (N lsplsy — MAs{ls, b} + Nlnpulny) (4.83)

[[Susl/]]rs =

where [, = [, — ;. We may now switch integration variables to to x,y,2 =1 — x — y and
A as in eq. (4.25), which gives us an integral similar to eq. (4.27).

In what follows, we restrict ourselves to the cms frame with p -, = p-[l; = 0, which
simplifies the expressions greatly. The results for a moving frame can again be obtained
using the same methods. In the cms frame, the exponential factors depend only on the

components of [, and I, via (2,12 and [2. This allows us to write

"
S L f(21202) = lef (12,12,12) =0,

lls lrls

"

t
> lepden f(2,12,02) = ”” § 2F(212,12),
Lryls lr,ls

/!
Ly
Y sl fU7, 12, 10) = &2 ZF FU 2.0,

ls l'r‘yls

"
t
D bl f(I212,10) = 22 Zz S22,

lrLs lrls

Iy -l = % (Z+12-12). (4.84)

4.4.1 Center-of-mass frame: Bessel functions

As for the sunset integrals with one quantized loop momentum, the integral over A can
again be performed in terms of the modified Bessel functions IC, (Y}, Z,s), where Y,.; and
Z,s are defined in eq. (4.26). These arguments will be suppressed for brevity. While the
sextuple summation over the components of /. and 5 can be reduced to a triple sum using
eq. (4.29), we find that the remaining summations converge fairly slowly for moderate
values of m;L. In the following expressions, we set d = 4 since no divergences appear.
Using the notation

ni—1,ne—1.n3—1

_ 1 " 1 1—x X y -
55 ~ T(m)D(n2)T(n3)(1672)2 ZZ;/O dx/o dy 2 ; (4.85)

and m = nj + ng + n3 — 4, we obtain

SNy — %’Cm’

: z
HIS7nln2n3 = y; ]Cma
TS84 NoN Tz
H2 1728 — ;ICT‘VZ’ (486)
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for the simplest sunset integral and the scalar components of the integrals with one Lorentz
index. For the components of the sunset integrals with two Lorentz indices, we find

2.2
TSN NoNg y-z
H21 - ﬂg 2 an

o
; y+z
H;"; nyNgNg :% 55 ijflv
. 1
Hyp ™72 = ﬂg o | Y+ ) Byl = 2y + ) ] K, (4.87)
2
: TYZ
" = P K,
TS Mnany _ —Zz K
24 - % m—1>
. 1
H;; Moy _ 952402 {(Qyz —0) l? + (222 — o) l? + (222 + o) li Ko, (4.88)

and

2.2
TSN, Mo Tz
H25123:¢ K

o2
H;g;n1n2n3 = %LU;;_Z ICm—la
. 1
HSmmans 5151202 [a;z 12— g+ 2) 12— 2(z + 2) li} K, . (4.89)

4.4.2 Center-of-mass frame: theta functions

In the cms frame, the double summation can be performed in terms of the theta functions,
as encountered in the treatment of the simplest sunset integral. If we define

L, n, =n, —ng, (4.90)

Lp,ls Nr,Ns
_ Z ef%ng*%ngffn% _Zefy;j\-zng _Zef%ﬂng _Zefx-/{ynz 49
Ny Mg n,. Ng n,
3 2\ 3 242\ 3 z 3
— (%;%) 0 (e75) = (7 F) =ty (¢7F) 42
Yy T oz
—6, (42,2, 191

which was already used in eq. (4.30). Here, the terms involving 65, subtract the contribu-
tions with (ns = 0,n, = n,), (n, = 0,n, = —ng), and (n, = 0,n, = ns). The constant
term corrects for the case when (n, = ns = 0) is subtracted to often. By taking derivatives

— 32 —



w.r.t. x,y, z, we also find

Zl €7m7m740>\ = 3L2 9(2)<
lrls

Y
%
() () 00 () 5
%, ; %) . (4.92)

If we introduce the abbreviation

f[E F(nl)F(nz)é(ng)(lﬁﬂz)z /01 d$/01_m dy/ooo d\

—1,n2—1_n3—1\ni+n2+n3—>
pua 2— 1 n3—1\ni+nz+ng B
x Y e~Mors, (4.93)

)
we can express the scalar components as

Hrsnnz,ng_f(@() y x 5)

>/
>

e ¥, (12 %)

o AT

TS} Ty €Tz y xr z

H. o2 — 7@ (j’j’j)7 4.94
2 }{a OA\N NN (4.94)

2.2
T8N NN, y-z Yy r z
= 00 (5.55):

Hyy ™" = }U e

[\)
>
Q

(e
A~
>l
> 8
>l W

®v

Hyy ™7™ = leglf)@ {—y(y + 2) Oy (%; %) + Yz Oy <§ % %)

—2(y +2) Opy <§a§7%>} ) (4.95)
e = 70, (1.2.2),

2

H;g‘?"l”z% — fgglé)\? [(Qyz —0) O <%, %, %) + (222 — 0) O, (%, %, %)

+(22% 4 9) O, (% ; %) } (4.96)

and
2
H;;%"1”2"3 - ]*40[;)\2[%2 Opa (%,%,%) x(z + 2) Oy <§ % %)
— z(x + 2) Oy %,%,%” (4.97)
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n L =3fm L =4fm L =00
AV 1| 299758 -107* | 7.79162-107° | —4.21046 - 10~*
AV | 2| 1.85663-1072| 5.98396-1072 | 1.53036-102
AY, | 1| 3.81017-107% | 7.16805-107 | 2.34818-107

2

1

2

A, 1.49879-10~% | 3.89581-107° | —2.10523 - 10~*
Ak, —7.02467-1075 | —1.46116 - 10° -
A, —2.20354 -107% | —6.47885 - 1075 -

Table 1. Numerical results for the one-propagator “tadpole” integrals, for m = 0.1395 GeV, which
corresponds to mL &~ 2.12 (L = 3fm) and mL ~ 2.83 (L = 4fm). The corresponding continuum
integrals are shown in the column labeled L = oo. The continuum results employ the MS subtraction
scheme with = 0.77 GeV. Note that the “23” case has no continuum counterpart. All results are
given in units of the appropriate powers of GeV, and the pole configurations n of the propagators
are given in appendix D.

5 Numerical results

As a numerical check of the results presented here, we have evaluated all integrals in terms
of modified Bessel functions as well as theta functions, and checked these for agreement
with each other. We have also verified the expected integral relations by numerical
differentiation w.r.t. m?, m3 and m3. Furthermore, we have checked that the expected
symmetries under interchange of masses are satisfied. For the sunset integrals, this can be
non-trivial as the permutation symmetries are not explicitly conserved by the analytical
methods employed here. We have also verified that the one-loop results satisfy the integral
relations in eq. (3.35) and (3.36). For reference, we present numerical results with 6 digits
of precision. Implementations of the full set of sunset integrals are available from the
authors in C++ and Mathematica.

Numerical results for the one-propagator or “tadpole” integrals, defined in eq. (3.32),
are given in table 1. We note that there is no infinite-volume counterpart of the A,
integral. In figure 1, we show the ratio of the finite-volume correction to the infinite-
volume result as a function of mL. For the two-propagator or “bubble” integrals, defined
in eq. (3.33), results for one set of input parameters are given in table 2. We only quote
the results for n; = n, = 1. As evident from eq. (3.43), the necessary modifications for the
remaining cases are minor. Figure 2 shows the ratio of the finite volume corrections to the
corresponding infinite-volume integrals as a function of m, L.

We now turn to the main objective of this study, which is an exhaustive evaluation
of the sunset integrals at finite volume. The full expressions for the sunset integrals are
defined in eq. (4.37), where each one is decomposed according to eq. (4.4). The components
labeled ((X)), are further decomposed into a non-locally divergent part and the functions
((X))rq of eq. (4.43) and ((X)), g of section 4.3.1 or 4.3.2. The equivalent expressions for
({(X))s and ((X)); can be obtained from the set of relations given in egs. (4.34) and (4.35).

— 34 —



Table 2. Numerical results for the two-propagator “bubble” integrals, for m; = 0.1395 GeV,
my = 0.495GeV, and p? = m?, which corresponds to m;L ~ 2.12 (L = 3fm) and m;L ~ 2.83
(L = 41fm). The corresponding continuum integrals are shown in the column labeled L = co. The
continuum results employ the MS subtraction scheme with p = 0.77 GeV. Note that the “23” and
“33” cases have no continuum counterpart. All results are given in units of the appropriate powers

L =3fm L =4fm L =00
BY | 1.23828-1073 | 3.21648-107* | 4.02489 - 1073
BY | 1.28452-107%| 2.47609-107° | 4.97497 - 102
BY, | 3.57770-107° | 5.14256 - 1076 | 4.57124 - 10!
BY, | 1.57142-107% | 2.96746-1076 | 2.11523 - 1073
BY, | —2.87678 1075 | —6.05375-10~° -
BY, | 1.65184-107° | 1.90690-107% | 1.47521-1074
BY, | 2.36759-107% | 3.13466- 1077 | 3.23347-1074
BY, | —5.22655-107¢ | —7.77244 - 1077 -

of GeV. Only the case of n; =n, =1 is given.

1000
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Figure 1. Ratio of finite-volume corrections to infinite-volume results for the “tadpole” integrals,
for m = 0.1395 GeV. The continuum results employ the MS subtraction scheme with z = 0.77 GeV.
We compare the “23” case to the “22” case at infinite volume, as the former has no infinite-volume
counterpart. The left panel shows the results for n = 1, the right panel for n = 2, see appendix D for
the pole configurations of the propagators. All results are in units of the appropriate powers of GeV.

Finally, the components labeled ((X)),s are given in section 4.4.1 and 4.4.2. In order to
illustrate the various components of the sunset integrals, we show ((1)),.a, ((1))r.m, (($))rs
and the full result ((1)), for two sets of input parameter values in figure 3, relative to the

n=1
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Figure 2. Ratio of finite-volume corrections to infinite-volume results for the “bubble” integrals,
for m; = 0.1395GeV, my = 0.495GeV, and p?> = m?. The continuum results employ the MS
subtraction scheme with p = 0.77 GeV. We compare the “23” case to the “22” case and the “33”
case to the “32” case at infinite volume, as the former have no infinite-volume counterparts. The
top panel shows B and B;, the bottom left panel shows By, Boy and Bsg, and the bottom right
panel shows Bsi, B3y and Bss. All results are in units of the appropriate powers of GeV. Only the
case of n; =ny =1 is given.

infinite-volume results® from ref. [20], which are

H(m2,m2,m2, —m2, %) ~ —3.73840 - 1075 GeV 2,
H(m2,m2,m}, —m3, u%) ~ —6.74071 - 10> GeV ™2, (5.1)

3These include the finite parts of the terms containing a non-local divergence.
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i HZT’G HZ?”’H HI* HY

0 | —2.20831-10"7 | 2.02141-1076 5.94236 - 1077 | 4.05528 .10
1 - 1.01508 - 10~7 6.66810-107% | 6.04122-1077
2 | —=1.10415-10"7 | 5.90020- 107 7.22532-107% —~

21 - 9.16777 - 107 1.58703-1078 | 1.97612-1077
22 | —2.80694 - 1077 | 2.54254-10% 6.99086 - 1079 | —9.22444 - 1078
27 | 5.17506 - 107° | —4.65135-107% | —1.22274-107% | —6.10707 - 108
23 — 3.56590 - 1078 9.04928 - 10~ |  8.30916- 108
24 | 1.40347-1079 | —7.90209 - 107? | —9.62049 - 1010 | —1.38446-10~8
28 | —2.58753-1077 | 1.44459-10% 1.73731-1079 | 2.31182-1078
25 - 2.63673-1077 1.81386 - 1078 —~

26 | —8.80371-10? | —6.26120- 10~ 7.46258 - 107 —~

29 | 1.72502-107° | —6.94178 -107° | —1.33169 - 1078 -

Table 3. Numerical results for a subset of scalar components of the sunset integrals with n, =
ny = ng = 1. The contributions HZ’G are defined in terms of eq. (4.43), using the decomposition
into scalar components given by eq. (4.37). The expressions for the HZH are given in section 4.3.1
and 4.3.2, and those for H;® can be found in section 4.4.1 and 4.4.2. The full results for each
scalar component in the decomposition of eq. (4.37) is given in the column labeled H) (except for
cases that involve a trivial exchange of m; and m,). As an example, for the simplest sunset integral
(i =0) we have HY = H™C 4+ H™H 4 ¢ 1+ gsH  gt-¢ 4 gt-H 4 fgrs. All results are for L = 3 fm,
my = 0.1395GeV, m, = 0.15GeV, my = 0.495 GeV, p? = —0.16 GeV? and p = 0.77 GeV, given in
units of the appropriate powers of GeV.

For reference, we also provide the numerical values of the full sunset integrals as well as
the G and H components in table 3 for a box size of L = 3 fm.

We cannot compare directly with the work of ref. [11] since they only quote numerical
results for the correction to the mass, not for the separate integrals.

6 Conclusions

In conclusion, we have presented a complete treatment of the two-loop sunset integrals at
finite volume. We have also discussed in detail the required one-loop integrals and shown
how to expand these to higher order in d — 4 when necessary. As the main result of our
work, we have provided complete expressions for the sunset integrals which are suitable for
numerical evaluation. Implementations of the full set of sunset integrals are also available
from the authors in C++ and Mathematica. The numerical evaluation has been performed
both in terms of modified Bessel functions and theta functions, which have been shown to
be numerically equivalent. Depending on the desired quantity and precision, one of these
methods is typically preferable. For moderate m, L, the sunset integrals with two quantized
loop momenta are better evaluated in terms of theta functions, as the number of terms
2 l2

needed in the triple summation over [7, %

and [2 in order to obtain acceptable precision is
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Figure 3. Ratio of finite-volume corrections to infinite-volume results for the simplest sunset
integrals. The notation is according to table 3. In the left panel m; = mo = mg3 = 0.1395 GeV,
and in the right panel m; = my = 0.1395 GeV with m3 = 0.495 GeV. In both cases p> = —m3. All
results employ the MS scheme with ;1 = 0.77 GeV, and are given in units of the appropriate powers
of GeV. Only the case of n; = n, = ny =1 is shown.

quite large. For small m,L, the theta-function method is clearly superior in all cases. For
large m, L, the numerical evaluation in terms of modified Bessel functions is usually faster.

So far, we have not shown any results on the NNLO calculations at finite volume. In
the extant NNLO calculations at infinite volume, many integral relations have been used
which are no longer valid at finite volume. Therefore, these NNLO expressions need to
first be recomputed using the more general set of finite-volume sunset integrals presented
here. Work in this direction is in progress [26].
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A Modified Bessel functions

Many of the loop integrals encountered at finite volume can be expressed in terms of the
modified Bessel functions K, (z), and we summarize here the most significant recurring
results used in the main text. If the integral in question is finite, the propagator factors in
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the denominator can be conveniently rewritten using the Gaussian parameterization

1 _ 1 > n—1_—al
(:L”_F(n)/o dA A" Lema (A.1)

upon which the relevant integrals can be brought into the form
- 1 —ZA-Y/X 2%
K,(Y,Z) = / dAN"lePAY/A — g <Z> K, (2\/YZ) . (A.2)
0

Also, the expansion of the finite-volume integrals to O(e) around d = 4 generates the
related functions

- 1 (Y Y\ -
K,(v.2) =3 ln<Z> K,(Y,Z)+2 <Z> K, (2\/YZ) , (A.3)
where K, (z) = 0K, (z)/0v denotes the derivative of the modified Bessel functions w.r.t.
the order v. Further, differentiation of K, (Y, Z) w.r.t. p? involves the functions K/,(Y, Z),
given by

) I, Z) 9z [ Y \?
kY, 2) = o2 Op? (Z(p2))

1
Y 2 v -
LA K;(2 YZp2)—7KV(2 sz2> , A4
(777) ")~ 5762 L R
where K/ (2) = dK,(z)/dz. For clarity, the dependence on p? has been made explicit in

eq. (A.4). The modified Bessel functions satisfy K_,(z) = K,(z), as well as the recur-
sion relation

2v
Ky (2) = — K, (2) + K, (2). (A.5)
The derivatives are given by
K= LK ()= —K,_,(2) - LK, (2) (A6)
v T dz Y - v—1 , v ’ .

which are also directly provided by standard computer libraries for the Bessel functions.
The K, (z) = 0K,(z)/0v can be expressed in terms of the K, themselves via

Koy(2) =0,
Ry() = - Kol2)
2 2
Ky(z) = > Ky(2) + 2 Ko(2),
3 6 8
Kj(z) = — Ky(2) + ;Kl(z) + ;Ko(z)v
- Y N e ¢ (2)
Ku(2) = 5 (5) (n - k)kl’ (A7)
k=0
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where higher orders than those given explicitly are not needed for the present considera-
tions. Finally, for large values of z, the modified Bessel functions behave as

K, (2) = \/Z =40 ( 3_/2> (A.8)

which leads to an exponential fall-off for large values of the argument.

B Theta functions

In the main text, we make use of a variety of theta functions. For the one-loop integrals,
the third Jacobi theta function

03(u|7_) = Zewi(7n2+2nu)’ (B.l)

n

is needed, for which an alternative definition is

q) = Z g — 1 4 9 Z g™ cos(2mnu), (B.2)
n n>0
where 7 = —% log q. In the literature, the arguments ¢ and 7 are often suppressed, and the

factor of 7 in the argument of the cosine may also be absent. The Jacobi theta function
is defined for Im7 > 0 or |g| < 1, such that the series converges absolutely. An important
property of #3 is the “modulus symmetry”

—1T T

Os(u+1)7) = Os(ulr),  Os(ulr) = ——e T T93< _1>, (B.3)

which is also known as Jacobi’s imaginary transformation. For small ¢, the summation
can be evaluated directly, and for larger ¢ the second relation in eq. (B.3) may be used to
obtain rapid convergence.

We also need the Riemann theta function in g dimensions, defined by

Z|T Z e27rz InTrn4n z) (B4)

nez9

where n denotes a g-dimensional column vector with integer components, z is a complex,
g-dimensional column vector and 7 is a complex, symmetric matrix with a positive-definite
imaginary part. The latter requirement ensures that the summation over n converges abso-
lutely. We note that the most commonly encountered notation is simply 6. The Riemann
theta function also satisfies a modular symmetry, generated by the transformations

09 (2 +y|r) = 019 (z|7),
09 (z|7) = 69 (az]m'a ),
09 (2|7 +b) =09 (2 + dlag( )|7),
) =

09 (77 1z — 771 det(— zv-)eszT_lze(g)(zh), (B.5)
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where y denotes a column vector with integer components, a and a~! are both ¢gx g matrices
with integer elements, and b is a symmetric g X g matrix with integer elements as well.
The use of these transformations for the efficient evaluation of the Riemann theta function
is explained in ref. [27]. The instances of the Jacobi and Riemann theta functions used in

the main text are

b30(q) = > 4" = 03(u = 0,9),

—TNn 8
032(q> = ;nQQ(Tﬂ)e ’ - qaiq HS(U = 07 q)7

2
=St = (2 _
buta) = e = (a3 ) st =0.0)

Z e—om%—,b’n%—'y(nl—ng)2 ’

ni,n2

02 (a, B,7) = Z n2 e=omi—Ani—y(n—n2)? (B.6)

ni,n2

02 (a, B,7)

where it should be noted that 9[()2) (a, B,7) is fully symmetric in the arguments, and that
0% = —(0/0a) 6.

C Integrals in arbitrary dimensions

When the finite-volume integrals contain a non-local divergence, the expressions

dr 1 1 T (n — %) d_n

/ @md (P2 + A" 4ns T(n) A o
dr ryr, 1T (n— % —1) 4 _niy1 Opw

/ @md (2 + A" (4m)s T(n) s 2’ o

are used in FEuclidean space for arbitrary dimensions d = 4 — 2e. As detailed in the main
text, the expansion of the above results around € = 0 allows for the non-local divergences
to be isolated. We also recall some further results for arbitrary d,

/ddr = rd=lqr Q) =
a2 ’
(2m)4 (47)%
d7 = 1
/ d rd F26_T2 = d g)
(2m) (4m)2 2
d
2

/ ddf f46_F2 o 1
(2m)4 (47)%

which are used throughout the main text.
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Table 4. Table of “pole configurations”, i.e. the relationship between the collective index n and
the exponents n, n, and n; of the propagator factors (p? + mf)"i in the sunset integrals.

D Notation for double poles

In the main text, the notation A(n,m?) and B(nq,n,, m7, m3,p*) has been used for the
one-loop integrals with one and two propagators, respectively. However, we wish to remind
the reader that the established notation in the literature reserves the symbol A for A(1,m?)
and the symbol B for B(1,1,m2?,m%,p?). Along these lines, integrals with three and four
propagators are usually denoted C' and D, respectively.

For the sunset integrals in PQyPT, some or all of the propagators can appear doubled.
This gives eight possible configurations of single and double poles. In earlier NNLO work
on PQYPT, a collective index n was introduced to specify the pole configuration [7-9], as a
short-hand notation for the triplet (n,,n,, ns). The correspondence is shown in table 4. It
should be noted that the cases of n = 4 and n = 6 are superfluous due to integral relations,

and the case of n = 8 appears only in calculations of the flavour-neutral meson properties
in PQyxPT.

E Translation to Minkowski conventions

While we have used the Euclidean formalism throughout, it is also of interest to recall
how the expressions for the one-loop and sunset integrals can be translated to Minkowski
conventions. The required substitutions are

[ = | e

5,uz/ — —GJuv

p-q, pP— —p-q —p

tyw — —tuw
1 . 1
p2 +m?2 p?

—. (E.1)

where ¢, corresponds to the spatial part of the metric.
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