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1 Introduction
We consider the stochastic generalized Swift-Hohenberg equation (SGSH) in the follow-
ing form:

du = [—(1+8§)2u+v5u+yu2—u3]dt+u5dW, 1)

where v, is the control parameter, W is a finite dimensional Wiener process. The Swift-
Hohenberg equation (1), which describes the temperature and fluid velocity dynamics of
the thermal convection, was derived with y = u. = 0 by Swift and Hohenberg [1] in the
year 1977. Also, it plays key role in the studies of pattern formation [2]. Here the quadratic
term yu? plays an essential role; it was first introduced into the GSH equation mathemat-
ically in [3] in order to model the threshold character of periodic pattern formation.

In [4], I derived rigorously the stochastic amplitude equation with additive noise of the
SGSH equation (1) in the two cases when y? < % and y? = %. Also, I supposed that the
noise acts directly on the dominant modes. While in our previous papers [5, 6] (written in
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collaboration with Blémker and Klepel), we assumed that y < 22 and derived rigorously
the amplitude equation for the amplitude of the dominant modes {cos, sin} of the SGSH

equation (1) with v, = £2v and p, = ¢ in the following form:

3 3 [ 38y?
db; = |:<v - Epz + 3p2y2>bi + Z( 57~ 1>bi(b% + b%1)i| ar

+2ypb;dB  fori=1, (2)

where the noise is a constant in the space (W (¢) = pB(t)) and B is a rescaled version of a
Brownian motion, and we showed that the solution of equation (1) is well approximated
by

u(t) = sb(szt) + error.

In this paper we deal with the case y2 = %—g and the noise does not act directly to the
dominant mode, which is not treated in [4—6]. In this case the amplitude equation (2) loses
its cubic nonlinearity term and it becomes a linear equation only. Therefore, the scaling
we considered lead to solutions that were too small to see any of the nonlinear effects.
Here we will change the scaling, and go to larger time-scales (of order £*) and closer to
bifurcation (i.e., v, of order £*). But changing the scaling considered here to the time-scale
of order ¢~* considered in [5, 6] (i.e. by replacing &2 by &) one could see that this would
lead to a larger scaling (of order £77/2) of the solutions in the ansatz and a larger noise
strength of order 2712, Moreover, due to noise and nonlinear interaction, deterministic
linear terms appear in the amplitude equation. Other examples of this effect are [7-13].
Related work in this direction is in [14, 15].

Our aim of this paper is to derive rigorously this amplitude equation with the quintic
nonlinearity for the SGSH equation (1) with v, = £%v, u, = €* and y? = Z. Furthermore,
we discuss the stabilization, without proof, by looking at the amplitude equation with
Stratonovich type. We show that degenerate additive noise (i.e. noise that does not act
directly to the dominant mode) has the potential to stabilize or destabilize the dynamics
of the dominant modes. For example, if we consider (1) with respect to periodic bound-
ary conditions on the interval [0,27], then we obtain the stochastic amplitude equation
with multiplicative noise and with an additional deterministic linear term, appearing due

to noise and nonlinear interaction, in the Stratonovich form:
10 2 2 2 \2 ~ .
dbl‘: V- 3,0 b,'—C()bi(bl +b_1) dT+,0biO dﬂ fOI‘lZ:i:l,

where C is a positive constant. We note that if p is large compared with v, then the con-
stant in front of the linear term, (v — % 02) is negative. In this case the degenerate additive
noise stabilizes the dynamics of the dominant modes.

The rest of this paper is organized as follows. In Section 2 we state our precise assump-
tions. In Section 3 we derive rigorously the amplitude equation with error term and state
the main theorem of this paper. In Section 4 we prove the main results of this paper. Fi-
nally, we give several cases of the amplitude equation of the stochastic generalized Swift-
Hohenberg depending on the type of the noise and the boundary conditions.
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2 Assumptions and definitions
We work in some Hilbert space H equipped with scalar product (-,-) and norm || - ||. For
a more general setting, we study the following abstract equation:

du = [Au +etvu+ yBu) - f(u)] dt +e2dw, (3)

where A is a non-positive operator with finite dimensional kernel, s*vu is a linear small de-
terministic perturbation, B(u, u) = B(u) is a quadratic nonlinearity given by bilinear map,
F(u,u,u) = F(u) is a cubic nonlinearity given by trilinear map, and W is a finite dimen-
sional Wiener process. To be more precise we make the following assumptions.

For the linear operator A in (3) we assume the following.

Assumption 1 (Linear operator .A) Suppose A is a non-positive self-adjoint operator on
‘H with eigenvalues

O=hi==Ay<h < < <--- and Ax>CK"

for all sufficiently large k, for one m > 0, and for a constant C > 0. The corresponding
eigenvectors {ex}>, form a complete orthonormal system in H such that —Aex = Arex (cf:
Courant and Hilbert [16]).

We use the notation C := ker A, where C has the finite dimension # and orthonormal
basis (ey,...,e,). Define S = C* the orthogonal complement of C in, and P, for the or-
thogonal projection P, : H — C and define P, := Z — P, where Z is the identity operator
onH.

Definition 2 For o € R, we define the fractional interpolation space H as

2 o0
= n% + Z n,%kz".

o k=1

oo
D e

k=0

o0 [o¢]
HC = {Z nkex : Z nik* < oo} with norm
k=0 k=0

Moreover, the operator A given by Assumption 1 generates an analytic semigroup
{e"4}1=0 (¢f Dan Henry [17]), on the space H® defined by

o0 o0
e“‘“(Z ﬂkek> =Y ey Ve=0. (4)
k=0 k=0
Lemma 3 Forallt > 0 and all u € H°, then there exists an 0 < w < A, such that
tA —wt
e Pt 0 < €| Ptallzgo. (5)

Proof From (4) we obtain

o0 o0
”etAPsuHHa = Ze_wnkek < Ze_)‘mlt’]kek
k=1 HO k=1 HO
o0
<e > mer| < e Pl
k=1

HO
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For the cubic term defined in (3), we assume the following.

Assumption 4 Assume that F : (H°)® — H is trilinear and symmetric, and it satisfies
the following condition for some C > 0:

| Fv, @), < CllulsIvliolIwly  Vu,v,weH. (6)

Symmetry of F means that any permutation of the arguments yields the same result.
For the quadratic nonlinearity B defined in (3), we assume the following.

Assumption 5 (Bilinear operator B) Let B be a bounded bilinear mapping from H? x H°
to H. Suppose that B is symmetric and satisfies the following conditions for some C > 0:

1B, w)|, < Cllullswlly Yu,weH" (7)
and
P.Blex,ex)=0 forkeN. (8)

Assumption 6 We assume for u € C that
6.1. 2y2B.(u, A;'Bs(u)) + Fe(u) = 0,
6.2. B.(u, A7 Fy(u)) = 0,

6.3. B.(u, A;'Bs(u, A;'By(u))) = 0,

6.4. Fo(u,u, A;'B(u)) = 0,

65, Yienn Sy Belew e) =0,
where B (u) = (B(u), ().

We denote the projections by indices. This means F. = P.F, F; = P;F, B, = P.B, and
B, = P,B. Moreover, we use F(u) = Fi(u, u, u) and B(u) = B(u, u) for short. Note that in
Assumption 6, we need 6.1 in order for the cubic term to vanish in the amplitude equa-
tion and the other 6.2-6.5 for quartic terms disappear in the amplitude equation. These
conditions need to be checked in examples.

For the noise W defined in (3) we have the following.

Assumption7 Weassume g =0 =---=a, = oy = -+ - = 0 and let W be a finite Wiener
process on an abstract probability space (€2, F,IP). For ¢t > 0, we can write W (£) (¢f Da Prato
and Zabczyk [18]) as

N
W(t) = Z aiBr(t)ex  for some N > n +1,
k=n+1

..........

are real numbers.

Remark 8 We take N < oo in the above assumption for simplicity of presentation. For
N = 00, we can prove the most results by using the same method of proof. We only need
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to control the convergence of various infinite series, which is possible if the noise is not
too irregular, which means for ox decaying sufficiently fast for k — oo.

For the quintic nonlinearities term G, which is defined later in (25), we assume the fol-

lowing.

Assumption 9 There are constants 81, ; > 0 such that for u, w € C (identify C = R”) the

following inequalities are satisfied:

(G, 1, 1, w, w), ) < =8y |u| *|w? )
and

(g(u,w,w,w,w),u> < =8 |ul*|w|*. (10)
Remark 10 Setting u = w in the above assumption we obtain for some § > 0

(G(u), ) < =5ul®. (11)

For our result we rely on a cut off argument. We consider only solutions (a, {) that are

not too large, as given by the next definition.

Definition 11 For the C x S-valued stochastic process (a, ¥) that will be defined later in

(14) we define, for some T > 0 and « € (0, %), the stopping time 7* as

=Ty A inf{T >0: Ha(T) ||J >&™ or ||1/f(T)H{7 > 8_3K}. 12)

For a real-valued family of processes {X, ()}~ we say X, = O(f,), if for every p > 1 there

exists a constant C, such that

E sup |X.(8)]" < Cuf?. (13)

te[0,7*]

We use also the analogous notation for time-independent random variables.

3 Amplitude equation
In this section we derive the amplitude equation with error term. We are interested here
the studying behavior of the solutions of (3) on time-scales of order £~*. So, we split the

solution u into
u(t) = ea(e*t) + &2y (e*t), (14)

where a € C and ¢ € S. After rescaling to the slow time-scale T = ¢, we obtain the fol-

lowing system of equations:

da = [va + 2ys’2BC(a, V) + ye ' B(Y) — e > Fela)
-3¢ Fla,a,¥) - 3Fu(a, ¥, ¥) — e Fo(¥) ] AT (15)
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and
dy = [5’4.,451# + vy +ye tBia+ey) —e 3 Fya+ Elﬂ)] dT + e 2dW,, (16)

where W;(T) := e2W,(¢7*T) is a rescaled version of the Wiener process with W, = P,W.
Equation (15) reads in integrated form

T 2y T y T 1 T
a(T) = a(0) + v/o adt + 8—2/0 B.(a, V) dt + E/O B.(y)dt - 8—2/0 Fela)dt
T T T
a1 _ _
3¢ /0 Fela,a, ) dt 3/0 Fela, v, ) dt 8/0 F.(¥)dr. @17)

First, let us apply Itd’s formula to B.(a,A;'Y) in order to obtain the cubic term
B.(a, A;'By(a)). After that, we use Assumption 6(6.1) to remove the cubic term
[2y%B.(a, A;'Bs(a)) + F.(a)] from the amplitude equation. Applying It&’s formula to
Bc(a, A;1y), yields
2 T
=2 | Buav)dr
& Jo
2)/2 T T
= B.(a, A;'B(a)) d‘L’—4-)/2/ B.(Bc(a, ), A" ) dr
& Jo

0

T

T
+2y/ B.(F(a), A;' ) dr—2y2/ B.(a, A;'B(y)) dt
0 0

4)/2 T
e Jo

T
Bc(a, AS_IBS(a, w)) dr + 2?)/ / Bc(a, As’l]:s(a)) dr
0

T

T
+6y/ Bc(a,.As_l}"S(a,a,w))dt—2y/ Bc(a,As_ld\iVs)+R1, (18)
0 0

where the error term R; contains only terms that contain at least one ¢, and it is given by
R\(T) = 2%y Be(a(T), A7W/(T)) - 2&°y Be(a(0), A1 (0)

T T
_ yve? f Bo(a, A7) dr — 2% f Bo(B(), A7) dr
0 0

T

T
+6)/8/0 Bc(fc(a,a,W),As_lw)dr+6y82/0 Be(Fela, ¥, ¥), A'Y) de

T T
+2]/83/ Bc(fc(l/f),As_ll/f)dr+6y8/ B(a, A; Fy(a, ¥, ) dt
0 0
T
+2]/82/ B.(a, A; Fi(y)) dr. (19)
0

Now, applying It6’s formula to B.(y¥xek, Yee,) we obtain

Y T 1 2)/2
;/0 BC(I//,lﬁ)dT:—Z

€4y (A +2e) Jo

T
B.(Bx(a)ex, Yreer) dt

4y? T
’ ; Ak + Ae) _/0 Bc(Bk(“’ Ve, 1//661{) dt

T
_ Z 2y Fi(a) B.(ex, reeg)dt + (’)(81_15"), (20)
Kt

Ak +2e) Jo
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where we used Bi(w) = (B(w), ex), and Fi(w) = (F(w), ex) for short hand notation. Substi-
tuting equations (18) and (20) into equation (17) yields

T T
a(T) = a(0) + v/ adr —4)/2/ B.(B(a, ¥), A;'y) dr
0 0
T 4.}/2 T
—2)/2/ B.(a, A'By(v)) dr—Tf B.(a, A;'B(a, ) dr
0 0
T T 3
+2y/ Bc(fc(a),Aglw)dr—z;// B.(a, At dWy)
0 0
T v (T
+6y/ Bc(a,A;IJ:S(a,a,w))dr+;/ B.(y)dt
0 0

3 T T
- —/ Fela,a, ) dr - 3/ Fela, v, ¥)dt
& Jo 0

> ZyZBk (a)
- B ,
Z (Ak ) c(ex Yeee) dt
+ i 4y’ fTB (Bk(a v)ex, Yee )dr
e ()»k n )\,g) o c ] k» We€r
N
2y Fka) (T
-y 2@ [ g (e e dr + Ro(T), (21)
oty G+ 2e) Jo

where we used Assumption 6(6.1) and the error term R; is given by
T
Ry(T)=R\(T) - s/ Fe(y)dr + O(s17). (22)
0

To remove v from the right hand side of (21), we note that there are two kinds of terms in
that equation that contains . The first its kind contains only one v, which is F.(a,a, /),
Bc(a, A7'By(a, V), Bo(Fe(a), A7), Bo(a, A  Fi(a, a, ¥)), and B.(ex, Yee;). For these terms,
let us define ®;(:, iyy) as one of them, where / is an operator (such as i = Z or h = A!).
Now, to get rid of ¥ from ©,(-, hyr), we apply the It6 formula to ®; (-, i.4;14) and subse-
quently the following two cases arise.

First case: if there is no ¢! in front of ®;(-, Ay), then we obtain
O1(,hf) = —y@l(.,hAs—lBs(a)) + 0(81—14,().

Second case: if there is ¢ ™" in front of ©,(-, 1), then, by using Assumption 6, we obtain

the following formula:
e O1(, hy) = O1 (- hAS Fy(@)) + 29201 (-, hA;'By(a, A ' By(a))) + O (7).
The second of its kind contains 2, which is B.(B.(a, ¥), A;'¥), Bc(a, A71By(¥)), B.(¥),

Fola, ¥, ) and B.(B*(a, r)ex, Yeer). Let us define O (-, iy, ip ) as one of the previous
terms, where £; is an operator fori = 1,2 (h; =Z or h; = .A;l, fori=1,2). Toremove { from
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O, (-, r, o), we apply the It6 formula to Oy (-, hyWrex, fiaWeer) and therefore we get

oo

2y2B*(a)Bt(a)
Os(, My, haf) = Z J;L)Lik(92('»51610712615)
kit M+ Ae)
N 052
+ Z 4—):<®2(',h1€k, hzek) + O(SI_ISK).

k=n+1
Thus, we can obtain the following amplitude equation with error terms:
’ Yok
a(1)=a©)+ [ [£@)+ G@)]w)dr + Z / Bua,e) dfi(z) + Ro(T),  (23)
0 k=n+1

where the linear term £L(a) and the quintic term G(a) are defined as, respectively,

L(a) =va + Z ¢(Bc(a,ex), ex)
k=n+1
N 1 N 301,%
Z c(a, A" Bs(ex)) - ,(;1 2—)%]-}(4, ex ex) (24)
and

Gla) - Z 8y*BX(a)Bt(a)

_ 242 -1 4-1
Ty el e) -2 *B(Fula) AT ATBa)

kl=n+1

- 8y*Bc(a, A;'By(a, A;'Bs(a, A 'By(a)))) — 4v°Be(a, A By(a, A Fi(a)))
2. 4y*BX(a)B'(a) 3 5 i a

2 il rg e ABlewed) -6y Bla A F (a0 ATE())

—  4y*B“a) v > 2y2Ba)F(a)

_ k,ezznﬂ ch (ek;B (ﬂ, As Bs(ﬂ))ee) - kv;ﬂ TBC(Q/(, 6(3)

—_ i 6)/23k(a Be(a)]:(ﬂ e, e )—6)/2]: (ﬂ a A—IB (ﬂ A—IB (ﬂ)))

R

8y*B/(a)B(a) X 1
+ M;H TG+ 30) 0 4 70) B.(B(a,¢)ex e) — 3F(a,a, A Fy(a)). (25)

The main result of this paper is that near a change of stability on a time-scale of order ¢~*
the solution of (3) is of the type

u(t) = b(*t) + error, (26)

where b is the solution of the amplitude equation on the slow time-scale

N
= [£®) +G®)]dT + Y J%](Bc(b, ex) dfi (27)

k=n+1
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where the linear term £(b) and the quintic term G(b) are defined in (24) and (25), respec-
tively.

The main result of this paper is the following.

Theorem 12 (Approximation) Under Assumptions 1, 4,5, 6,7, and 9 let u be a solution
of (3) defined in (14) with the initial condition u(0) = a(0) + £2v(0) with a(0) € C and
¥ (0) € S where a(0) and v (0) are of order one, and b is a solution of (27) with b(0) = a(0).
Then, for allp > 1 and Ty > 0 and all k € (0, %), there exists C > 0 such that

]P( sup  |u(t) - eb(s*t) ||g > 82’32"> < Ce?, (28)

te[0,674Tp)

for all sufficiently small € > 0.

4 Proof of the main result

Lemma 13 Under Assumptions 1, 4, and 5, there is a constant C > 0 such that, for k from
the definition of t* and p > 1,

E sup [¢(I)-QT)|" < Cer=, (29)
Te[0,t*]
where
—4 T 4
QT) =¢ Ty (0) +ye / e AR (@) dr + Z(T), (30)
0
with
T i B
Z(T)=¢"2 / e AT gw (o). (31)
0

Proof The mild formulation of (16) is

T T
U (T) = & TAy(0) + v/ e ATy g 814 / e AR (2) dr
0 0

2)/ T —4_A T y T _4.A T
+ 3 € sl 71)35(4: lﬂ)df + —2/ ¢ sl 4)Bs(¢)dl’
& Jo e Jo
1t AT
-= | & AT F(a+ey)dr+ Z(T). (32)
&% Jo

Using the triangle inequality

L
||1/f(T)—Q(T)||a5CH /0 ATy g

o

+Ce™3

T
/ ¢ ATIB (0, g dr

0

a

T
+82C‘/ e8_4AS(T’”BS(w)dr

0

o
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+Ce™3

T
/ e AT F (g 4 ey)dr
0

a

=2[1+12 +13+[4.

We now bound all four terms separately. For the first term, using (5) we obtain for all
T<rt*

T e~4wT
11§C/ eIy dr < C s [ule ||/ e dy < Ce*,
0 0

€[0,7%]

where we used the definition of 7*. For the second term, we obtain by using (5) and As-
sumption 5

T
]2§Cs’3f e T ||B (a,gb)(r)” dt
0

£’4wT
< Ce sup {lallo 1Vl - / e dn < Cel
0

[0,7*]

where we used again the definition of 7*. Analogously, for the third term we obtain

T
L<e? / eI | By (1)), dr
0

e~4wT
< Ce? sup Y112 f e dn < Ce.
0

[0,7%]

For the fourth term, we obtain by using (5) and Assumption 4

T
Iy < Cs‘3/ e M| Foa + ey)|, dr
0
e 4wT
= Ce(sup el +* sup 1913) [ edn = e,
[0,7%] [0,7* 0
where we used the definition of 7*. Combining all results yields (29). IZI

The next lemma provides bounds for the stochastic convolution Z(T') defined in (31).

Lemma 14 Under Assumption 7, for every ko > 0 and p > 1, there is a constant C > 0,
depending on p, ax, M, ko, and Ty, such that

E sup ”Z(T)”isz”‘O.
Te[0,To]

Proof See the proof of Lemma 20 in [19]. O
We now need the following simple estimate.

Lemma 15 Using t* defined in Definition 11, then

p

T
/e’“AAS(T_I)BS(a,a)dT < Celp2pr, (33)
0

E sup

Te[0,t*] o

foralle €(0,1).
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Proof Using (5) we obtain for T < t*

T
/ e574AS(T‘T)BS(a) dt

T
<[ e ], dr
0 o 0

2 s4oT
< Cs* sup Ha(t)”G/ e dn
7€[0,7%] 0

< Ce* %, O

The following corollary states that y(T) is with high probability much smaller than &3¢

as asserted by the Definition 11 for T’ < t*. We will show later t* > T}, with high probability
(cf the proof of Theorem 12).

Corollary 16 Under the assumptions of Lemmas 13 and 14, if ¥ (0) = O(1), then for all
p =1 and for all ko > 0 there exist a constant C > 0 such that

E(_sup [y(D)]f) = ce™. (34)
Tel0,t*]

Proof From (32), by the triangle inequality and Lemmas 14 and 15 we obtain

E sup pr(T) ”i < C+ Ce™2¢ 4 CebP,

Tel0,7*]

for k < % and ko < k, which yields (34). O
Now the next step is to bound the remainder R, defined in (22).

Lemma 17 If Assumption 7 holds, then for all p > 1 there exists a constant C > 0 such that

E( sup [[RaT)[2) = Corto, (35)
Te[0,%]
Proof We follow the proof of Lemma 13 to obtain (35). a

We need the following a priori estimate for solutions of the amplitude equation (27).

Lemma 18 Let Assumptions 5,7, and 9 hold. Define b(t) in C as the solution of (27). If the
initial condition satisfies E|b(0)|P < C for some p > 1, then there exists another constant C

such that
E sup |b(T)]" <C. (36)
Tel0,7*]
Proof See the proof of Lemma 23 in [6]. d

Definition 19 Define the set Q* C Q such that all these estimates

sup ¥l < Ce™3*, (37)
[0,7*]
Sllp ”RZHG < Cal_lék’ (38)

[0,7%]
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and

sup |b| < Ce™2¥, (39)
[0,7%]

hold on Q*.
In the following we show that the set 2* has approximately probability 1.

Proposition 20 For any p > 1 there is a constant C > 0 such that
P(Q*) >1-Ce?,
for all € sufficiently small.

Proof Q* has probability

P(27) = 1-P( sup [/ll, = Ce~3) =P(sup [Rally = Ce' )

[0,7%] [0,7%]

—IP( sup |b] > Ca‘%’().

[0,7%]

Using the Chebychev inequality, Corollary 16, and Lemmas 17, 18, we obtain for sufficiently

large g > 27}’ foranyp>1
IP’(Q*) >1- C[e%q" + e + e%q"] >1- Ce 3 >1-Cg’. (40)
O
Theorem 21 Assume that Assumption 9 holds and suppose a(0) = O(1) and (0) = O(1).

Let b be a solution of (27) and a is defined in (23). If the initial conditions satisfy a(0) = b(0),

1 .
then for k < 6 we obtain

sup ’a(T) - b(T)| <Ce¥ 3% on Q¥ (41)
Te[0,%]
and
sup |a(T)| < Ce 2% on Q. (42)
Te[0,t*]
Proof See the proof of Theorem 24 in [6]. O

Now, we can use the above results to prove the main result of Theorem 12 for the ap-
proximation of the solution (27) of the SPDE (3).

Proof of Theorem 12 For the stopping time, we note that

QD {r* = TO} ) { sup ||oz(T)H(7 <e™, sup ”w(T)”a <8_3K} D QF,
T€[0,To] Te[0,To]
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Hence

Plr* < Tp} < IP’[ sup llally > &, sup [¥]lo > g-gk] < Cet*, (43)
[0,7%] [0,7*]

where we used Chebychev’s inequality and (34). Now let us turn to the approximation
result. Using (14) and the triangle inequality yields

sup ||u(8’4T) —<‘919(T)||(7 <esup [la=bl,+&? sup [[¥,-
Tel0,7%] [0,7%] [0,7#]

From (37) and (41), we obtain

sup Hu(t)—sb(s‘*t)“(r: sup ”u(z.‘)—eb(e‘*t)||(7

te[0,e~4Tg] te[0,e~41*]

< Ce* 3% on Q"
Thus

IP( sup  |lu(t) - eb(s*t) ||G > 82’32"> <1-P(Q%).

te[0,674Tp)

Using (4.0), the above estimate yields (28). O

5 Stochastic generalized Swift-Hohenberg equation
We consider the SGSH equation (1) with y2 = %. The Swift-Hohenberg equation was first
used as a toy model for the convective instability in Rayleigh-Bénard problem (see [2] or
[20]). Today it is one of the most popular equations for the examination of the dynamics
of pattern formation.

For this model (1), we note that

A=-(1+ 8§)2, Bu)=u?, and F(u)=u’.

In the following we derive the amplitude equation of (1) with respect to Neumann bound-
ary condition on the interval [0, 7] and with respect to periodic boundary conditions on
[0,27].

5.1 Neumann boundary condition

Define
L ifk=0,
o) < 7= ifk=0
\/gcos(kx) ifk>0,
and

H = LZ([O,T[]) and C = span{cos}.
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Then the eigenvalues of —A = (1 + 32)? are A = (1 — k*)? for k € Ng with m =4, 1o=1>0

and limy_, o Ax = 00. Moreover, with o = 1, it is easy to check that for u, v, w € H!
| F v, w) |11 = lwvwllgn < Cllaellzg [Vllgg Wl

and
1B, w) |11 = lluwllzn < Cllullzaliwlizg.

Moreover, Assumption 6 is satisfied as follows:

B, (u cos(kx),a cos(kx)) =P, [a2 cosz(kx)] = %ZPC [1 + cos(ka)]

=0 foru=acos(kx) € H.

If y2 = % and u = acos(x) € C, then we have

2
2y 2B. (1, A7 Bu(u)) + Fulr) = §(3§§

—1)a®cos(x) =0
2 ) (%)

and
_g s
B (u, A;' Fy(u)) = B, <a cos(x), 7. cos(3x)) = EPC[cos(x) cos(3x)]
3 3

4
%Pc[cos(Zx) + cos(4x)] =0,
3

2
Be(u, A;'By(u, A;'By(u))) = Be (u, A'B; (u, % (1 + }\i cos(2x))>>

2

(14

~ doghs

P, [cos(x) cos(Sx)] =0,

9
Fe(uu, .AS_IBS(M)) =F, (u, u, % (1 + % cos(2x)>>

2

- P, |:(1 +cos(2x)) (1 + %2 cos(2x)>:|

-a* 19 10 1
=—P.| — + —cos(2x) + — cos(4x) | = 0,
4 18 9 18

and

k “ k ‘
DEACCACEINPRND pra CLAC YN

= (A + Ag) P Ae(Ak + Ag)
B'(u)B(u) B2(u)B" (u)
= TBc(el,ez) + TBC(31’92)

!
= %PC[COS(ZJC)] =0.
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After a straightforward calculation of (25) we derive
G(b) := —Cyb® cos(x) with Cy ~ 0.6.

The function G satisfies the condition (9), for u = \/g yrcos(x) € Cand w = \/g 5 cos(x) €
C (C = R") as follows:

b
(G (uts 1,1, w, ), 1) = . | o Cori'y cos’(®) = ~du'y} = —dulul*wl?,

where §; = \/§ Co. We argue analogously for the conditions (10) and (11).
For Assumption 7 we consider two cases.
First case: the noise is a constant in the space (i.e. W(t) = % Bo(2)).
In this case our main theorem states that the solution of (1) is of the type

u(t,x) = ev(e*t, x)
and
(T, x) = b(T) cos(x) + @(81—32K),

where b is the solution of the amplitude equation of It6 type

11 3
db = [(V - ﬁpé)b - Cob5] dT + pob dfo, (44)

where pg = 328—1050‘

The Stratonovich version of (44) is obtained:

10 3
db = [(v— gp(%)b—CobS} dT + pob o dpy. (45)

Now, let us show the influence of the additive degenerate noise on the stabilization of
the solution of the amplitude equation (45) by looking at the sign of the linear drift term.
The constant solution 0 is locally stable if (v — % p3) < 0 and unstable if (v — % p3) > 0. This
is well known in the literature (see for instance Arnold [21], Arnold et al. [22], Mao [23]).
We use the Euler Maruyama method stated in [24] to simulate equation (45).

From Figure 1 we can deduce that if the noise intensity po increases, then the solution
of the amplitude tends to zero.

Second case: the noise acts on the second mode, i.e. the noise takes the form

W (t, %) = aaBa(t)ea(x).

The amplitude equation of It6 type in this case takes the form

2
db = [(u—@>b—cob5](ﬁ+ 'OQﬁdez, (46)

184/38
where p, = az\/g .
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Figure 1 The solution of amplitude equation (45) with different values of the noise intensity po.

5.2 Periodic boundary conditions
In this case

% sin(kx) ifk>0,

er(x) = ifk=0,

gl
3

# cos(kx) ifk <0,

then we have

G(b) := —Co(b? + b*,)* [y sin(x) + b_y cos(x)].

and ker.A = span{cosx, sinx},

Here we consider two cases depending on the type of the noise.

First case: the noise is constant in the space (W (¢) = % Bo(2)). In this case the amplitude
equation of Ito type is a system of two equations where the dimension of ker .4 equals two
(i.e. for b € ker A, we can write b as b = by (T) sin(x) + b_1(T) cos(x)). Hence, the amplitude

equation takes the form

11 .
db; = [(u - Ep(z))bi - C0|b|4bi] dT + pob;dfy fori==+l1.

Our main theorem in this case states that the rescaled solution of (1),

u(t,x) = ev(e*t,x),

(47)
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takes the form
V(T,%) = bi(T)sin(x) + b_1(T) cos(x) + O ('),

where b; and b, are the solution of the system of the amplitude equations (47).
Second case: the noise takes the form

W (t,x) = az B(t) cos(2x).

In this case the amplitude equation of Ito type takes the form

7p. V2
dbi=|:<v )b Co|b|4b}dT i bdﬂz for i = 1. (48)
114 184/38
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