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ABSTRACT: Antoniadis et al proposed a relation between the 2-deformation and refined
correlation functions of the topological string theory. We investigate the proposal for the
deformed conifold geometry from a non-compact Gepner model approach. The topolog-
ical string theory on the deformed conifold has a dual description in terms of the ¢ = 1
non-critical string theory at the self-dual radius, and the 2-deformation yields the radius
deformation. We show that the refined correlation functions computed from the twisted
SL(2,R)/U(1) Kazama-Suzuki coset model at level & = 1 have direct ¢ = 1 non-critical
string theory interpretations. After subtracting the leading singularity to procure the 1PI
effective action, we obtain the agreement with the proposal.
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1 Introduction

In recent studies of N' = 2 supersymmetric gauge theories (i.e. with 8 supercharges), the
Q-deformation [1-3] has been playing a significant role. While the Q-deformation enables
us to exactly compute various quantities in gauge theories, many physically interesting
observables (e.g. low energy prepotential) are not affected by the deformation. This has
generated novel approaches to attack the non-perturbative aspects of the N/ = 2 super-
symmetric gauge theories [4-7].

The Q-deformation in the four-dimensional Euclidean space has two deformation pa-
rameters i.e. € and €. It has been long know that when €; = —es, the Q-deformation
can be interpreted as higher genus corrections to the topological string partition func-
tion [8, 9] when the geometric engineering gives the A/ = 2 supersymmetric gauge theory
under consideration [10, 11]. In particular, the topological vertex method [12] has given
a very convenient way to compute the higher genus topological string partition function,
and the result completely agrees with the e; = —es gauge theory computation.

It is then natural to attempt to generalize, or refine, the topological string computation
so that we recover the two-parameter deformations of the N' = 2 supersymmetric gauge
theories. A heuristic approach to modify the rules of the topological vertex method (known
as “refined topological vertex”) has been pursued in [13], while the physical derivation is
still lacking. On the other hand, certain higher derivative F-terms in the topological string
theory have been computed in [14], and it is proposed that they correspond to the second
parameter in the 2-deformation.

An indirect check of the proposal has been done in the simplest non-trivial A” = 2 the-
ory based on the deformed conifold through the duality to the heterotic string theory [15].
The partition function of the topological string theory on the deformed conifold is given by
the partition function of the ¢ = 1 non-critical string theory at the self-dual radius [17]. It



is known that the second parameter in the 2-deformation of the deformed conifold corre-
sponds to the change of the radius from the ¢ = 1 non-critical string theory viewpoint [6].
The heterotic string one-loop computation has revealed that this is indeed the case. The
aim of this paper is to investigate the correspondence directly in the type II string theory.

For this purpose, in section 2, we first review the triality relations among the topological
string theory on the deformed conifold, the ¢ = 1 non-critical string theory at the self-dual
radius, and the topologically twisted SL(2,R)/U(1) Kazama-Suzuki coset model [16] at
level kK =1 [17-19]. It is the last coset construction that gives us interpretations of the
refined topological amplitudes in terms of the ¢ = 1 non-critical string theory in section 3.
The coset theory is known as a cigar model because the target space shows a geometry of
the cigar [20]. The deformed conifold theory realized as a SL(2,R)/U(1) coset theory is a
non-compact version of the Gepner-model construction of the Calabi-Yau theories. After
subtracting the leading singularity to procure the 1PI effective action, we show that the
refinement in the topological amplitudes can be regarded as a radius change deformation
of the ¢ = 1 non-critical string theory as proposed.

2 Topological cigar, conifold, ¢ = 1 string triality

The relation between the topologically twisted SL(2,R);/U(1) Kazama-Suzuki coset
model [16] at level £ = 1 and the ¢ = 1 non-critical string theory at the self-dual radius was
first advocated in [18]. The original construction was based on the Wakimoto representation
of the SL(2, R) current algebra, but later in more recent years, it was shown [19] that with-
out referring to the specific Wakimoto representation, one can complete the analysis based
on the restricted Hilbert space (i.e. with the so-called improved unitarity bound [21]) by us-
ing the spectral flow, which directly appears in the partition function of the SL(2,R);/U(1)

coset theory.

2.1 Coset construction

Let us begin with the parent supersymmetric SL(2,R); current algebra generated by
(J% %) with the OPE!
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where g, = diag(1,1,—1) and f123 = 1. We introduce the bosonic current j¢ with level
k+2as
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In the following, we follow the convention in [19] except that our Liouville field ¢ will have a flipped
sign compared to theirs.



which commutes with the free fermions (1%, )%).
The SL(2,R)/U(1) Kazama-Suzuki construction gives the N' = 2 currents:
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where Ty) = —iJ3J3 + ;1/1381&3. The central charge of the Kazama-Suzuki coset is

c=3+ 2. In the following, we will set £ = 1 so that we obtain ¢ = 9.

To obtain the geometric picture of the coset, it is useful to introduce the gauging of
the U(1) symmetry by introducing an additional gauge field [20]. In the axial gauging, we
add an extra A" = 1 multiplet (X,*) and introduce the BRST charge

JBRST = C<J3+z’\/;6X> —|—’YI(T/)3+¢X), (2.4)

where (B, () is a (1,0) ghost with the central charge —2, and (3,4') is a fermionic ghost
to remove ¢, 9X from the spectrum to obtain two free fermions 1+ on the cigar. The
bosonic gauging currents are

Jg:J3+i\/;8X. (2.5)

For the best comparison to the ¢ = 1 string theory, it is useful to introduce the
Wakimoto representation of the SL(2,R) algebra at level k = 1:

it=p it =7 + V2906 - 305
J =+ 308 7 =7/ 00
JT =87 = V2794 + 30y i =-8. (2.6)

With these variables, the energy momentum tensor is given by

1 1 1 _ 1 _
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To connect to the ¢ = 1 string theory, we perform the topological A-twist:
1 R — — 1 TR
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In Wakimoto variables they are

Tiop = ~0y — (96)° +V20%6 — | (0X)” — 400 — 0™ + 0 ")
Toop = ~057 — L (36 + V209 — J(OX) — 000~ — §m00" + 00+ 07)  (2.9)



up to the BRST trivial terms. The topological BRST charges are given by

Qo= PG = utiT. Q=& = it (2.10)

Similarly, the twisted supercurrent is given by
G =y B, G =B, (2.11)

It is shown [18] that after taking the cohomology with respect to Qop, (5,7) and (B, C)
will be decoupled and we are left with the ¢ = 1 variables. ¥~ and ' will be identified
with the anti-ghost b and b, and T and ¢/~ will be identified with the ghost ¢ and é.

The ¢ = 1 non-critical string theory is described by the world-sheet action (see [22]

for a review):?

1
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together with the world-sheet reparametrization ghost (b,c). Here R is the world-sheet
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scalar curvature. We have used the same notation in the above coset construction to
denote the fields appearing in the non-critical string theory so that the identification is
obvious. We will compactify the X boson at the self-dual radius r = v/2.

2.2 Operator mapping
The claim is that the BRST cohomology of the A-twisted SL(2,R)/U(1) Kazama-Suzuki

coset at level kK = 1 is same as the physical observables of the ¢ = 1 non-critical string
theory at the self-dual radius. We would like to refer [18, 19] for the detailed analysis
of the claim, and let us summarize the operator contents of the ¢ = 1 non-critical string
theory at the self-dual radius. Once we admit that the cohomology agrees, the following
list can be used as representatives of the observables in the A-twisted SL(2,R)/U(1) coset
model written in the Wakimoto representation.?

The ghost number zero states in the ¢ = 1 string theory are known as the ground
ring [23]. They are labelled by two (half-)integers (s,n) and denoted as Os,, where
s> 0,—s <n <s. Correspondingly, we can construct paired states with ghost number 1:
aOs , by acting a = cy.

Other important series of operators are tachyon operators that are given by

yt+t — Cefi\/25X+\/2(lfs)¢

s,—s )

(2.13)

with s > 0. They correspond to the A/ = 2 Liouville chiral primary operator and its
generalization (see e.g. [22] for a review on the relation between the SL(2, R)/U(1) Kazama-
Suzuki coset theory and the A = 2 Liouville theory).

2Throughout this paper, we will use the convention o/ = 2.
3In the following, the right-mover is suppressed. When we combine the left-mover and the right-mover,
we have to take care of the fact that ¢ is non-compact while X is compactified at the self-dual radius.



We can also construct the discrete states:

}/;Tn _ (stn)cei\/23X+\/2(l+s)¢> 7 (214)
and their partners aY,,, where K = $ ﬂe‘i\/QX is the SU(2) lowering operator. They
have ghost number 1 and 2 respectively.

The other half of the cohomology is the BPZ dual of all the above operators.
Up to the ghost factor, they are obtained by the reflection of the Liouville factor:
V2(1 4 5)p — V2(1 — 5)¢.

For later purposes, we observe a simple formula for the U(1) R-charge assignment.
From the gauging relation, the R-charge, the ghost number and the U(1) x momentum are
all related by the linear relation:

QR = Qghost - 2QX . (215)

The relation (2.15) is only true for the physical observables that are invariant under the
U(1) gauging.

2.3 Relation to conifold

The topological string theory (B-model) on the deformed conifold is equivalent to the ¢ = 1
non-critical string theory at the self-dual radius [17]. First of all, the ground ring structure
of the ¢ = 1 string theory suggests that the deformed conifold would somehow appear as an
emerging geometry. The direct computation of the higher genus partition function shows
that these two indeed agree with each other.

The topological partition function can be computed as

dt et
F=logZ=
8 / t (2sin(et/2))2
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= logji— 1 g g 2.16
JAtlogfi— ogu+g2229(29_2)u : (2.16)

where i = u/e = pu/gs is a renormalized cosmological constant that is identified with the
deformation parameter of the conifold divided the topological string coupling constant.

An alternative way to see the duality is to realize that the SL(2,R)/U(1) coset model
at level k£ = 1 can be formally realized as a Landau-Ginzburg model with the superpotential
W =puX 1+ X2+ X3+ X2+ X3. A simple application of the Calabi-Yau/Landau-Ginzburg
correspondence gives us the defining equation of the deformed conifold

—pr ™t =22 + 22 4 2k 4 o2 (2.17)
embedded in the weighted projective space WCPfQ,LLLl. The deformed conifold is ob-
tained by simply setting x = —1.

The operators corresponding to the discrete tachyon ;fis are related to the deforma-
tion of the asymptotic complex structure moduli of the deformed conifold. The scattering

amplitudes in the both sides are governed by the W, algebra. It has a structure of the



Toda hierarchy and the partition function, which can be computed from the matrix model,
is regarded as a 7-function [24-26].

However, we observe that the corresponding operators in the SL(2,R)/U(1) coset
model possess Qr # 1, except for the cosmological constant operator ce\/w, so in the
physical string theory, it seems that they do not give us conformal invariant perturba-
tions. A related point is the SU(2) x SU(2) symmetry of the deformed conifold. The
deformed conifold has a geometric SO(4) ~ SU(2) x SU(2) symmetry, and so does the
¢ = 1 non-critical string theory at the self-dual radius. The SU(2) x SU(2) symmetry of
the SL(2,R)/U(1) Kazama-Suzuki coset model is not manifest. In fact, the coset theory
itself does not possess such a symmetry, while the topological twisted theory does.

This might clarify the above-mentioned puzzle about the topological string theory
interpretation of the tachyon operators. The tachyon operator with s unit of the X-
momentum has spin s representation under SU(2). One can always perform the SU(2)
rotation so that Y:FO are the “tachyon operators” in the ¢ = 1 non-critical string theory. In
the rotated basis, they do have U(1) R-charge Qr = 1 and now they do correspond to the
conformal (non-normalizable) deformations of the untwisted SL(2, R)/U(1) coset theory.

The SU(2) x SU(2) symmetry does not commute with the U(1) R-symmetry, nor
untwisted Virasoro generators of the physical SL(2,R)/U(1) coset theory, but it seems
crucial to realize this symmetry to guarantee the deformed conifold interpretation. It
is almost obvious from the above non-compact Gepner model construction because the
SU(2) x SU(2) symmetry does not act on uX ! superpotential, so the appearance of the
symmetry after the topological twist is totally miraculous. It would be interesting to see
how this hidden symmetry is realized within the coset field theory beyond the discussions
relied on the Wakimoto representation.

3 Refined cigar and 2-deformation

In [14], it was shown that a certain class of higher derivative F-terms in N' = 2 compactifica-

tion can be computed from the topological string amplitudes. It is schematically denoted as
Ton = [ @by (o b (ROT A E P 4o (.1)

Here R~ is the anti-self-dual Riemann tensor and 7~ is the anti-self-dual graviphoton
field strength and F; is the self-dual field strength associated with the vector multiplet
whose lowest component is qg I

A direct computation in the type II string theory [14] relates the higher derivative
F-terms with the topological string amplitudes:

39—3+n n n
Fyn = / CTI 16T / r T 9eon - (3.2)
Mgy p=1 k=1 =1

Here, ¥ are (anti chiral, chiral) primary operators with the U(1) R-charge (—1,1) and
dimension (1, 1), which will be integrated over the Riemann surface. The hatted operators
are defined as ¥ = § dzp(z) § dzp(2)V ;, where p is the unique left-moving operator with



the charge +3 and dimension 0. Thus, ¥; have U(1) R-charge (+2,—2) and dimension
(0,0), and they are in the twisted BRST cohomology. They are located at n distinct
punctures on the genus g Riemann surface. py, is the Beltrami-differential associated with

the complex structure moduli space M for the n-punctured genus g Riemann surfaces.

g:n)
The natural measure for the A-twist is given by

(- GO = (- G ) (i - GT) (3.3)

When n = 0, the amplitude corresponds to the partition function of the genus g
topological string theory, and it computes the graviphoton corrections to the N/ = 2 pre-
potential. It is important to observe that the amplitude Fy,, for n > 1 is not holomorphic
because the insertion [ Wy, is not necessarily annihilated by the topological BRST charge.

To evaluate the refined topological string amplitude (3.2) in the deformed conifold
theory, or equivalently for the SL(2,R)/U(1) Kazama-Suzuki coset at level k = 1, we
would like to use the map reviewed in the previous section. In the Wakimoto representation,
which is intuitively related to the ¢ = 1 variables, the operators appearing in the refined
topological string amplitude are given by

=Yy V&, = cée_i\g2x+é2¢
27 2 27 2

p=Y{_ = ce VX

U=l XS (3.4)

where the subscripts I, J are dropped because the deformed conifold allows only one
(normalizable) vector multiplet.

The identification is straightforward. First of all, p is supposed to be the unique
U(1) R-charge +3 operator in the coset theory with the ghost number 1. From the
U(1) R-charge assignment, it means that the X-momentum is —1. The reason why the
simplest tachyon vertex (rather than higher Y;r _,) is chosen is as follows: otherwise
the operator would have non-zero Liouville momentum, and as a consequence, the
decomposition between the left-mover and the right-mover, which is necessary to define p
and p separately, would be impossible.

With the similar reason, we have chosen ¥ to be a tachyon operator, which has a direct
interpretation in the deformed conifold geometry. Again the U(1) R-charge assignment
dictates that W has —1 /2 unit of X-momentum, and the simplest possibility is the tachyon
field Y, 1. It is also important to recognize that the choice guarantees that U does
not ha\2/;3 gn OPE singularity themselves in the computation of the refined topological
string amplitude. Once we have fixed p and U, the remaining operator ¥ is automatically
determined (up to BRST trivial terms).

Therefore, the refined topological string amplitudes can be rewritten as

3g_3+n i V2 V2 i iv/2 V2
Fon =/ CII I8P ] /el 2 XSO Jeee 2 T2 0) (3.5)
(g,m) k=1 k=1 =1



where the correlation function is evaluated by the ¢ = 1 non-critical string theory at the
self-dual radius whose action is given in (2.12). Note that G~ is replaced by b3. The
ghost number conservation as well as X momentum conservation are all satisfied. This is
the first main result of this paper.

Without using the Wakimoto representation, we can keep track of the origin of the
vertex operator in the SL(2,R)/U(1) coset theory. We begin with the chiral primary oper-
ator @ ;__ 19 p—1/9 of the SL(2,R)/U(1) coset model that corresponds to the cosmological
constant operator ceV2? in the ¢ = 1 theory, and we act a ~ ¢y = [G_ /2]*1 operation.

Then we perform the inverse of the spectral flow operation U !, which brings us to Y, ,

207 2
that will be identified with W. By repeating the same procedure, we obtain Yf,ll which
corresponds to p. In summary, we have the correspondence:*

U= U71a¢J=71/2,m:1/2
p=U"aU a9 m—12
U=0a'U. (3.6)

All these operations are intrinsic to the SL(2,R)/U(1) coset theory without referring
to the particular Wakimoto representation. Indeed, the correlation functions of the
¢ = 1 theory are reproduced from the SL(2,R)/U(1) coset model [33] by using the
Stoyanovsky-Ribault-Teschner relation [27, 28].

The remaining task is to compare the refined topological amplitude (3.5) with the
radius deformation of the ¢ = 1 string theory. We would like to regard (3.5) as deformed
¢ = 1 string theory amplitudes perturbed by the radius changing operator [ d’20X0X
added to the ¢ = 1 action at the self-dual radius.

Superficially, we do not see direct equivalence because the refined topological vertex
is perturbed by [ ¢’ 9X+ \é%Hl":l cze~ X+ %% and not by [d*20X0X. However, it
is important to realize, as argued in [14], that the refined topological amplitude (3.2)
or (3.5) has a singularity when ¥ approaches U, and the leading singularity ~ |z1|2 must be
subtracted to obtain the 1PI effective action, and it is this 1PI effective action that will be
compared with the ¢ = 1 radius deformation.

The leading singularity comes from the OPE of the X boson:

CPXG) e B ) e Y L OXOX 4 (3.7)

‘ |z — w2

where the overall coefficient (that will also depend on |z — w]|) is omitted for simplicity.
From the above argument, it is clear that one has to subtract the 1/|z — w|? term in the
evaluation of the 1PI effective action. This leaves us with the regularized deformation

n
./ V' i 3
/BZ 22X+ 22¢H656_ \2/2X+\é2¢ — /CE@X6X+ Tt (38)
=1

The exponent of the Liouville factor is determined so that the perturbation is conformally
invariant.

4For ¥ and ¥, we will repeat the same procedure for the right-mover as well, which is implicit in (3.6).



The OPE of the Liouville part might require a little bit more attention. Usually,
the OPE in the Liouville theory is defined in the physical Liouville momentum range:
e‘/2(1+ip)¢, where p € R (see e.g. [22] for a review). Here, we are discussing the unphysical
region of the Liouville momentum e\/Q(I*S)d’, so the OPE must be regarded as an “analytic
continuation” of the three-point function defined in the physical range. However, the OPE
in the unphysical range of the Liouville momentum formally makes sense, and indeed
it was even used in the original derivation of the three-point function [30-32]. We note
that the OPE used in (3.8) is precisely when the Liouville momentum is saturated by
the cosmological constant operator insertion in the perturbative Liouville computation as
done in [30, 31].5

Can we say anything about the higher derivative deformations in (3.8)7 We know
that the vertex eii\éQX‘F

V2 . .
2> 9 transforms as spin . representation under the enhanced

2
SU(2) symmetry at the self-dual radius. As long as the higher derivative terms that could
appear in (3.8) is within the observables of the ¢ = 1 theory, the higher derivative terms
cannot appear because the higher derivative terms are in the higher spin representation
than 1. The only possible term is the radius changing operator that lies in the spin
1 representation. We conclude that the regularized 1PI action can be computed by
perturbing the ¢ = 1 non-critical string amplitude by a radius changing operator.

We note that after subtracting the leading order singularity, the computation of the
refined topological string amplitude is holomorphic in our example (up to a possible holo-
morphic anomaly) because cc0X0X is in the BRST cohomology of the ¢ = 1 string theory
denoted by Y(le,o) (and hence in the topologically twisted theory). Similarly, from the
charge assignment, if one subtracts the leading order singularity, the first non-trivial OPE
between ¥; and ¥ should give birth to the operator whose R-charge is (1,1) and the
twisted conformal dimension (0,0). Unless it is given by a certain descendent operator, it
has the same charge as the topological chiral primary operator, and the amplitude is likely
to be holomorphic (up to a possible holomorphic anomaly).

Finally, to see the connection to the heterotic string computation [15], we introduce
the generating function for the (regularized) amplitudes

[e.9] o0
Fe_,es) = Z Z e%gea_"Fg,n . (3.9)

g=1n=1

The heterotic partition function

Fw/dt . mEY ' TED et (3.10)
t sin(mwe;t) sin(meat)

where €1 = €4 +¢e_ and €3 = €4 —e_, is nothing but the free energy of the ¢ = 1 non-critical
string theory at the radius v/2|e; /es| [29]. The change of the radius is induced by a small
unit o~ pey.

iv/2sX V2sX —i\/2sT
b

5A better approach might be to perform the double Wick rotation e and

eV2(1=5)6 _ V2(1+is)e

— e =e
in the scattering amplitude. The ¢ = 1 amplitudes are originally defined in these

variables, and the OPE in the Liouville sector perfectly makes sense in this physical region.



To reproduce the 1 dependence from our computation, we first normalize ¥ and U as
U= \/Mei\2/2x+ % and U = Vpee X é%. The normalization by the factor ,/u is cho-
sen so that the insertion does not introduce any power of p from the Liouville correlation
function because otherwise the relation between the genus expansion and the 1/u expansion
is lost. Then, on the right hand side of (3.8), we will gain no powers of u after taking care of
the Liouville OPE. Finally, we note that the |3b|? in the Beltrami differential is replaced by
pbb. The rule B — /It in the twisted cigar was first advocated in [18]. After this substitu-
tion, we see that all the factors combine so that our refined topological amplitude correctly
reproduce the radius change by the amount pey as in the heterotic string computation.

We note that the Q-deformed partition function (3.10) is closely related to the special
function known as the Barnes double Gamma function I'y(z) (see e.g. [22] for its property
and its usage in the Liouville theory) upon the analytic continuation in €; and ey and
subtracting the singularity: F'(u, €1, €2) ~ log I'y(u+ b*;fl ), where b = |e1/€ea|. The Barnes
double Gamma function has a manifest “I’-duality” property b — b~!, and it is ubiquitous
in the computation of the Liouville correlation functions with the central charge ¢ = 1+6(b+
b=1)2. The double appearance of the double Gamma function for the radius deformation
of the ¢ = 1 non-critical string theory as well as the change of the background charge
in the Liouville field theory manifests the duality philosophy to connect the world-sheet
formulation (radius deformation) and the target space Kodaira-Spencer theory formulation
over the Riemann surfaces (changing of the background charge) advocated in [6].

4 Discussion

In this paper, we have studied the refined topological amplitudes for the deformed conifold
by using the SL(2,R)/U(1) Kazama-Suzuki coset construction. After subtracting the
leading singularity to procure the 1PI effective action, we have showed that the refinement
corresponds to the radius deformation of the ¢ = 1 non-critical string theory at the
self-dual radius as proposed in the literature.

We note that the ¢ = 1 non-critical string theory at the self-dual radius has an enhanced
SU(2) symmetry. The refinement given by the radius deformation transforms as spin 1
representation of the SU(2). More precisely, they form a triplet

Yf‘1 = —cetV2X
Yyl = ev/2i0X
Y, = ce”IV2X | (4.1)

and similarly for the right-mover. Therefore, we expect an SU(2) x SU(2) rotated (but
physically equivalent) version of the refinement. It would be interesting to find out its
significance in the topological string theory, or N/ = 2 gauge theory.

We also note that more complicated non-compact Calabi-Yau space can be generated
by using the non-compact Gepner-model construction with the usage of the SL(2,R)/U(1)
Kazama-Suzuki coset model with k # 1. It was conjectured that they are related to the

¢ < 1 non-critical string theory after twisting as in the deformed conifold case [34-36].

,10,



Then, we naturally expect that the refined topological amplitudes might have similar
¢ < 1 non-critical string theory interpretations.

Finally, the recent developments in non-rational CFTs have enabled us to compute
various quantities directly and exactly within the CFTs. The above mentioned triality is
now understood beyond the cohomology of the observables, but at the correlation function
levels. It would be important to generalize the relation further to take into account the
refinement discussed in this paper.
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