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first order in space-time derivatives. We derive a similar result for the three form in eleven
dimensions where such a possibility was first observed in the context of F1;. We also give
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our constructions. It is clear that our results can be generalised to any particle.
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1 Introduction

Dirac’s wish to treat the electric and magnetic fields of Maxwell’s equation in a more sym-
metric fashion lead him to propose the existence of magnetic monopoles [1]. These were
found to occur as regular solutions of spontaneously broken Yang-Mills theories coupled to
scalar fields [2, 3]. However, it was Montonen and Olive who proposed that there might
be an electromagnetic duality symmetry [4] which was subsequently found to be present
in the maximally rigid supersymmetric theory. One of the most important discoveries in
supergravity theories was the existence of exceptional symmetries in the maximally super-
gravity theories [5]. The scalar fields in these theories belong to a coset space constructed
from the exceptional symmetry. However, these symmetries generically act on the other
fields in the supergravity theory and when acting on the “spin one” fields they act as a
kind of electro-magnetic duality symmetry [6].

It has been conjectured that the underlying theory of strings and branes possess a
very large Kac-Moody symmetry called Ey; [7]. This is encoded in a non-linear realisation
which possesses an infinite number of fields. The fields are ordered by a level and at low
levels the fields in E; are just those of maximal supergravity theory in the dimension being
considered. However the F1; theory is democratic in that it also contains the dual fields as
well as the traditional fields; for example, in eleven dimensions in addition to the graviton
and three form, it contains the six form and a field with the index structure hq, . 45,5 Which
was the dual of the gravity [7]. Indeed, it was in this paper that an equation of motion in D



dimensions of a field with the index structure h p and the usual graviton was given

ai...ap-3,
at the linearised level. As this equation was derived form the usual formulation of gravity
it was guaranteed to describe gravity in the correct way including the correct degrees of
freedom. In fact the equation of motion of the dual graviton had been previously given in
five dimensions in reference [8] where it was also pointed out that it had the correct degree
of freedom to be gravity. The form of the dual graviton field had also previously been
suggested in [9]. Finally, in [10] the action and complete set of gauge symmetries for the
dual graviton in arbitrary dimension was constructed along the lines of [7], thereby tying
together the results of [7] and [8].

Although, the fields in the Fq; non-linear realisation are listed for low levels, see for
example [11], they are not systematically known at higher levels theory. However, certain
results are known, these include all the p-form fields [12, 13] in the different dimensions,
some of which play a key role in gauged supergravities. Also known are all fields that do
not have blocks of ten and eleven indices in eleven dimensions [14]. These fields have a
particularly simple form, they are just the usual fields of the maximal supergravity theory,
as well as the dual fields just discussed above, as well as an infinite number of fields that
consist of adding blocks of 9 indices to these fields. In eleven dimensions these are the fields

{hpays Ay Ay Pisa Aps)s Apes Pogsiy A3 Apoes Poosis -} (1.1)

where the numbers in square brackets indicate the number of antisymmetrised indices in
each block. It was noted that when decomposed to the little group SO(9) these blocks
of nine indices did not transform and so these fields should be just alternative ways of
describing the degrees of freedom given in terms of the three form and graviton. In the
sector of the graviton, this conjecture was verified in [16] at the action level. As a result
FE41 encodes an infinite duality symmetry which should be expressed through an infinite
series of duality relations which determine the dynamics of the particle. The analogous
results for other very extended algebras were given in [15].

In this paper we will show that alternative gauge field representations arise quite
generally for any particle. Indeed, they arise naturally from the irreducible unitary rep-
resentations of the Poincaré group ISO(1,D — 1) that describe any particle moving in
Minkowski space-time. These are constructed following the method of Wigner, which in-
volves the induced representation based on the isotropy, or little, group that preserves the
momentum in a chosen Lorentz frame [17, 18]. In the massless case, this method works
with the gauge field and as a result it has a number of ad hoc steps associated with the
gauge transformation of this field.

However, there is another type of representation of ISO(1,D — 1) also capable of
carrying the massless, irreducible and unitary representations of ISO(1, D — 1), and that is
manifestly Lorentz covariant and also gauge invariant [19-23], see also [24-26]. This works
with the fields strengths and their derivatives rather than the gauge fields. We note also the
anterior and different method [27, 28] where field equations for arbitrary gauge fields are
also formulated in terms of curvature tensors. When viewed in this way we will show that
there is an infinite number of ways of introducing different gauge potentials corresponding
to the particular equations one takes to be Bianchi identities and those one considers to



be equations of motion. This choice reflects the possibility of the different possible duality
transformations one can carry out on the field strengths and all their space-time derivatives.
In the case of the spin-2 gauge field, this mechanism was explained in reference [16] using
the fields contained in the Ej; non-linear realisation [7].

In this paper we will carry out this programme for Maxwell’s theory in D dimensions
and then for the three form in eleven dimensions. As is very well known the latter occurs
in the eleven dimensional supergravity theory [5]. We will find the equations of motion for
the particles when described in terms of any of the possible gauge fields. We will also find
an infinite series of duality relations that encode the dynamics of the particles and involve
all the gauge potentials.

For the first sections of the paper we use familiar conventions for writing indices on
fields, but as the paper progresses, and the number of different types of indices increases,
we use a number of shorthand conventions. We define these as we use them, but for easy
reference we give an appendix where these conventions are listed.

2 Spin one and its gauge fields

In this section we illustrate the ideas of this paper in the context of the simplest model,
that is, the Maxwell theory in D dimensions. We will show that this system possesses an
infinite number of descriptions corresponding to an infinite number of different possible
choices of gauge fields. The states of any particle are the irreducible unitary representation
of the Poincaré group ISO(1,D — 1) in D dimensions. As we mentioned above, these
were first found by Wigner [17] who constructed them as an induced representation of
ISO(1, D — 1) with respect to an isotropy subgroup that preserves a fixed momentum and
it is this formulation that is most widely known. The representations are labelled by the
representations of the isotropy group that they carry. In the massless helicity cases the
isotropy subgroup is SO(D —2) and by spin one we mean it carries the vector representation
of SO(D — 2).

However, for the massless case the Wigner formulation of particle states involves intro-
ducing a gauge field and the procedure has a number of ad hoc steps associated with the
gauge symmetry of this field. There does exist a much less well known, but equivalent for-
mulation of the Wigner unitary irreducible representations, that is manifestly SO(1, D —1)
covariant and, for the massless case, is also manifestly gauge invariant; indeed it involves
field strengths and their derivatives and plays an important role in the formulation of non-
linear higher spin theories, see [22-26] and refs. therein. We will ask what possible gauge
potentials are contained in this representation and in this way we will find an infinite possi-
ble choices of gauge potentials. In this section we take the opportunity to give a hopefully
very readily understandable account of this formulation of the irreducible representations
of ISO(1, D — 1) using only knowledge that every physicists knows.

2.1 The Wigner unitary irreducible representation of spin one

As every theorist knows a spin one particle can be described by a rank two field strength
Fy, 4, subject to the Bianchi identity

Do Fapas) = 0 (2.1)



and the equation of motion
0%Fay =0 (2.2)

These imply that
0" Oy Fupay) =07 and so 0°0yFaya, = 0. (2.3)

We will hence forth denote F(©), ,, := F, 4, as this will be the first in a series of objects
F(n)ala2”b1.,.bn that we will define. We refer to n as the level.

To show that these do indeed describe a spin one we can choose our Lorentz frame so
that k* = (k™,0,0,...,0) in light-cone coordinates, whereupon equation (2.2) implies that
FJ(F(B = 0 while equation (2.1) implies that ki_F 0) ay) = 0. Consequently, the only non zero
components of the field strength are F(O_;, i =1,..., D —2 subject to equation (2.3) and
these we recognise as the D — 2 degrees of freedom of a “spin 17.

We are now going to formulate the above conditions in an alternative manner which
will lead to the irreducible unitary representation of ISO(1, D — 1) corresponding to spin
one, but in such a way that it is manifestly SO(1, D —1) covariant and also gauge invariant.
We first observe that the conditions of equation (2.1) and (2.2) on F(©), ., can be rewritten
by defining

F(l)alazllb = abF(O)alaQ ) (2.4)

whereupon they are equivalent to the conditions
FW gy = 0= FU " (2.5)

In the above and in what follows, we use conventions whereby double bars separate groups
of indices that are subject to GL(D)-irreducibility conditions. Thus we recognise the
Bianchi identity of equations (2.1) as just being the requirement that the tensor F @ araz||b
is GL(D) irreducible. This is the same as stating that F(l)ala2||b belongs to the GL(D)
Young tableau

alv]

a2

(2.6)

The second condition of equation (2.2) can be stated as that F(l)a1a2”b is also a
SO(1, D — 1) irreducible tensor. A Young tableau can be of GL(D) or SO(1,D — 1) type.
The former encodes constraints that involve the antisymmetrisation, or symmetrisation, of
certain groups of indices, such as in the first of the equation in (2.5), however, the latter
tableau also encodes trace conditions, such as in the second equations in (2.5). As a result,
FO) aras|p Delongs to the irreducible representation associated with the SO(1, D —1) Young
tableau given above in (2.6). The conditions encoded in the Young tableau are just those
required to give an irreducible representation of the relevant group. A discussion a Young
tableaux can be found in [29, 30].

We now take another derivative and consider the quantity

F(Q)a1a2Hb1b2 = abZF(l)(ll(IQHbl ) (27)

which satisfies the conditions

b b
F(Q)[magHbl]bz =0= F(Q)ale b2 » F(2)a1a2||[b1b2] =0= F(2)a1a2||b . (28)



The first two conditions are obvious from the definition of equation (2.7) and equation (2.5)
while the last two conditions follow by substituting equation (2.4) into equation (2.7) and
using equation (2.3). By considering Gbla[blF (1)b2b3Hb4]a it follows from the constraints of
equations (2.5) and (2.8) that

8 F M 4 oo = 0= 8:0FP 4 1t - (2.9)

The constraints of equation (2.8) are equivalent to demanding that F (2)a1a2||b1b2 has the
properties associated with the SO(1, D — 1) Young tableau given by

by | b
F(%amelb2 ~ | M 1| 2‘. (2.10)
a

We now generalise the above to higher levels and define a sequence of objects up to
level n:

{F(p)alagnbl,..bp} ) p= 07 17 ey, (211)

where we assume that

F(p) [araz|b1]...bp = 0= F(p)alb”bbz.,.bp ) F‘(p)alag||b1...bp_gcC =0 , D= 07 17 n, (212)
and
F(p)alagHbl...bp = F(p)a1a2||(b1...bp)7 p=0,1,....,n. (213)
Proceeding to the next level n 4+ 1 we define
FOR o tbnbnin = Ot F™ o b - (2.14)

It is now straightforward to show that }7’("”“1)a1a2||b1mbn+1 obeys equations (2.12) and (2.13)
but with p = n + 1. Thus by induction we have an infinite set of objects which obey the
constraints of equations (2.12) and (2.13) for all p.

To summarise, one has a description of “spin one” in D dimensions in terms of an
infinite the set of objects

W= F™ ity ~ L2 bl"", n=0,1,... (2.15)
ag

which are related by equation (2.14) and which are subject to the constraints that are
encoded in the SO(1, D — 1) Young tableau.

The discussion above of all the higher level objects may seem at first sight as a bit
redundant, but it has an important interpretation. The objects of equation (2.15) carry
Wigner’s unitary irreducible representation of ISO(1, D — 1) which corresponds to “spin
one”. Indeed, there exists a map from Wigner’s unitary irreducible representation of
ISO(1,D — 1) for “spin one” where all states are labelled by momentum and polarisa-
tion tensors, to W, where the states are labelled by Lorentz tensors. The action of the

Lorentz generators is as usual while the translations acts as

PC(F(n)CLlCLQ”bl...bn) = F(n+1) (216)

aiazl|by...bnc -



The reader may verify that WV does indeed carry a representation of ISO(1, D —1). We note
that this representation is not irreducible, as it contains infinitely many ideals W,,,, namely
the modules obtained by truncating the level n to any minimum value ng. As we shall see
below, it is nevertheless possible to reconstruct W from any ideal W,,, by integration with
suitable boundary conditions imposed, conditions that we shall leave unspecified below for
the sake of simplicity.

As we have mentioned, the advantage of using the above representation W and its
generalisations to particles of other spin, is that it is manifestly Lorentz covariant and in
the massless case also gauge invariant and so it does not require a particular representation
in terms of a gauge potential and its associated gauge transformations. This will prove
key in what follows. The representations W, and its generalisations are equivalent to the
formulation of these representations given by the Wigner method of induced representa-
tions [17, 18].

The discussion above was pedagogical but to some extent a simplified account using
just ideas that are universally known. In fact, the procedure is best understood from
a slightly different and more abstract viewpoint. We should start from the beginning
with the fully indecomposable ISO(1, D — 1) representation of equation (2.15), the fields
of which by definition are subject to the SO(1, D — 1) conditions encoded in the Young
tableaux, and related by the derivative condition of equation (2.14). As should be the
case for this representation, these equations imply the on-shell dynamics. This should
be apparent from the above, for example the constraints on F' (1)a1a2||b and the fact that
abF(l)altm = F(l)a1a2||
particle. The above Lorentz-covariant method of describing the particle states is an example

p implies the usual Bianchi and equation of motion for a spin one

of what is called the unfolded description of field theory dynamics and was initiated by M.
Vasiliev, see [22, 23] and references therein. In particular, the unfolding of the spin-one
field presented in this section was worked out in the second reference of [22, 23].

This is a formulation of the dynamics by a set of first order differential equations; in
this case equations (2.14) for all n together with the constraints just discussed. As we said,
unfolded formulation plays the central role in nonlinear higher spin gravity theories.

The representation W of equation (2.15) contains the field F(©, ,, and all its deriva-
tives and one can think of this as the field and all its derivatives at a given space-time
point. Using Taylor’s theorem, we then know the fields at all space-time points as the
coefficients in the expansion are the just mentioned quantities.

It is clear from the above construction that if we have the representation W up to
level n then we can, by acting with space-time derivatives, construct all the higher level
elements in the representation; indeed this is what we did above. However, it is also possible
to reconstruct W if we have all the elements at, and above, any given level n, which we
denoted W,, above. The reconstruction is possible by using the Poincaré lemma. The fact
that integration is required is to be expected, as WV is a fully indecomposable representation.
Let us consider F(®) araslbr..bys P = 1, which is subject to all the constraints dictated by
its SO(1, D — 1) Young tableau of equation (2.15). These, in particular, imply that

8[bn+1|F(n)a1a2llb1...|bn] =0. (2.17)



As a result one can deduce, using the usual Poincaré lemma, that there exists an object
Fn=1) such that

ajaz||by...bp—1

F(N)a1a2||b1...bn = aan(n—l) (218)

aiaz||by...bp—1 *

From the fact that F(n)a1a2”b1~~bn satisfies the algebraic constraints associated with its
SO(1,D — 1) Young tableau, it follows that F™~1)
straints. Proceeding in this way we reconstruct the representation down to level zero.

aras||bi..bn_; ODEYs the analogous con-

It is instructive to find the degrees of freedom contained in the higher level elements
of the representation WW. Let us consider o

aiaz|b
equation (2.8) in conjunction with equation (2.7), but not its connection to level zero,

which is subject to the constraints of

that is, to FO o of equation (2.4). These differential constraints imply that FO s
(11(12”1) a1a2||b

. . - 1
divergenceless and curl-free on its two sets of indices, and as a result Félt)m” b

One goes to momentum space and takes k* = (k*,0,0,...,0), as before, and finds that the

is harmonic.

last three equations imply that the indices a1, a2 and b cannot take the value 4+. The curl-
free equations then imply that the only non-zero components are FS.)”_, i=1,...,D—-2.
Hence we find it contains the required D — 2 degrees of freedom. A similar analysis at
level n implies that the only non-zero components of F' (n)ala2”bl~-~bn are Fg')'__ We
note that, in the chosen Lorentz frame, all the non-vanishing components are related by
F
ﬁeﬂ at any given point, therefore allowing to reconstruct the field in the neighbourhood of

=k_... k,Fg) and reproduce all the Taylor coefficients of an on-shell Maxwell

that point.

2.2 Dualities and Gauge potentials

The representation W of ISO(1, D — 1) describes the states of a spin one in a way that is
manifestly gauge invariant, since it is constructed from field strengths and their derivatives.
We now consider what gauge potentials are implied by this representation. We begin at
the lowest level. Every theorist knows that the Bianchi identity of equation (2.1) can be
solved in terms of a gauge potential Ago) as

F(O)ala2 = 26[a1A(0) (2.19)

az] »

with the usual gauge symmetry §A4, = Jd,A.

However, we are free to choose which of the equations in the representation we would
like to solve and we can equally well choose to solve equation (2.2) even though this is
usually thought of as the equation of motion. To achieve this we define

1

Ga1...aD_2 - 5 Eal.‘.aD_leszble 9 (220)

whereupon the equation (2.2) becomes

6a1a2b1'"bD726a2Gbl...bD_z =0 , (221)

with the solution

Gbl...bD_g - a[blA(O) (222)

b2...bD,2} Y



that is, in terms of a gauge field Al(fl)?ubD—S with the gauge symmetry

0
5AA1(;1?.‘bD_3 = Oy Aby..bpy_g] - (2.23)

However as we can reconstruct W from W, by integration, we choose to carry out a
duality at level n rather than those at level zero. Let us first consider level one and define

G(l)c1...cD_1||a1a2 = 601...CD,1bF(1)a1a2”b . (224)

It is straightforward to verify, using equation (2.2), that is, the trace constraint F(l)abe
= 9"F,, = 0, that

G(l)[cl...cD,lnal]ag =0, (225)

Thus, G(l)cl...cD,lﬂalag
according to the following GL(D) Young tableau

sits inside the irreducible representation of GL(D) that transforms

c | ar
G(l)cl...cD,1||a1a2 ~ (226)
(&) a9
cp—1

However, it is easy to see that CT‘(I)CL“CD_Qbea2 = 0 and so the constraints on this object
are not those of an SO(1, D — 1) Young tableau, which are single traceless by definition. It
does however satisfy a higher order trace condition, and using the first equation of (2.5),
one finds that

el @az — () (2.27)

aiazci...cp—_sl|

We can think of equation (2.27) as the equation of motion and equation (2.25) as the

Bianchi identity for the particle when written in terms of G( Indeed we will

ci...cp—1llaiaz*
show below that equation (2.27) follows from extremising an action. We note the usual
interchange of equation of motion and Bianchi identity under a duality transformation.

We next consider what derivative constraints G() satisfies. Using equa-

tion (2.8) and the definition (2.24) we find that

c1...cp—1llaiasz

8[a1G(1)61--.CD_1Ha2a3] =0= a[61Gu)Cz--Cp]thdz ’ (2-28)

and
86G(1)cl...cD_1Hea =0= 8dG(1)d02...cD_1Ha1a2 . (229)

Equations (2.28) can be summarised by defining

a? o,G)

c1..cp_1llaraz|b "

(2.30)

c1...cp—1llazas »



and demanding that it belong to the GL(D) Young tableau

c1la b
i (2.31)
C2 az
cD-1

The tensor GS

obvious second order trace condition inherited from (2.27). Because of the latter condi-

?--CD—1||a1a2H , satisfies trace conditions inherited from equation (2.29) and an

tion, these are not the single-trace conditions associated with an SO(1, D — 1)-irreducible
Young tableau.
Before introducing potentials, we can proceed a but further as we did for Fg, 4, to

construct an infinite dimensional representation based on GS?_.CDAH(“@ by defining
(n+1) o (n)
Gcl...cD,lHa1a2||b1“.bn+1 T abn+1G cl"~cD—1Ha2a3Hb1"'b’ﬂ ’ (232)

and find the constraints that the new objects satisfies. However, we will not pursue this
further in this work.

We now choose to regard equations (2.28) as Bianchi identities and so solve these
instead of the Bianchi identity at level zero. Using the generalised Poincaré lemma spelled
out in section 5 of [31], we find that
} (2.33)

a 4203 — a[al8[01A(l)cz---CD—l]||a2 )

c1...cp—1l|

Thus we find a description in terms of a gauge field A, 4, ,» Which satisfies the GL(D)
irreducibility condition
AW 0. (2.34)

[a1..ap_a[b] —

The expression for the field strength in terms of the gauge field can be written in the form

of a Young tableau as follows

Oer | Oan (2.35)
C2 as
CD—1

The fields strength G(1)01~~~CD—1H042¢13

tions featuring two independent GL(D)-irreducible gauge parameters )‘(l)alaz...aD,gnb and
A2

is invariant under the following gauge transforma-

ajaz...ap_o *

5/\A(l)a1...ap,2||b = (D - 2) a[al)‘(l)ag...aD,Q]Hb + ab)\(2)a1...CLD—2 + (_1)D_18[a1A(Q)az...aD,Q}b .
(2.36)



These two transformations can be represented by the tableaux

ai b ay O
, . (2.37)
a )
Qap_q ap-2

We now turn to the case of dualising the object in the irreducible representation of
SO(1, D — 1) given in equation (2.15) at level n. To this end, we need a more streamlined
index notation. We denote A, = Ajg;..a,] = Aay...a, and similarly for all blocks of anti-
symmetric indices. Similarly, for groups of symmetric indices, we use Su(n,) = S(4y...a,) =
Sa;..ay, » With strength-one (anti)symmetrisation convention. Using this notation we define

G (D 1)) Jlen [D—1]aras = €t [D—1]er - - - €en[D—1]en F ™ arag ™ - (2.38)

Using equations (2.12) and (2.13) one can show that G 4 (D—1]||...[e"[D—1][|aras OPEYS the
following over-antisymmetrisation constraints

G s (p 1) e -2 eriD—1]araz = 0 = G a1 s Dot fer D110z
ie{2,....n}, je{l,2,...,n}. (2.39)

As a result, G belongs to the GL(D) Young tableau

1 n
(& . C a
1 1 1
(2.40)
1 n
C |- | Cy a9
C}:)—l R (¢

It is straightforward to show that although G(n)c[Dfl]H...Hd[Dfl}Halag does not satisfy
any single trace conditions it does satisfy a double and a (D — 1)-trace condition which
are given by

G p1)|.dp-3laras| > = 0 = G o1y PP sy - (2.41)

The dynamics of the “spin one” when expressed in terms of the field strength
G(”)C[D_l]””_”dw_l]Ha1a2 is given by equations (2.39) and (2.41) which replace equa-
tions (2.1) and (2.2) of the usual formulation in terms of the field strength FCE?2L2. We can
think of equation (2.39) as generalised Bianchi identities at level n—1 and equations (2.41),
which involve traces, as equations of motion.

,10,



Using the equations (2.38) and equation (2.13), we find that the field strength
G(n)c[D—l]H...Hd[D—l]Ha1a2 also obeys the curl-free conditions

9eG™ ip 1))_diD-1Jlaraz = O = Dy Gep 1)) jd[D—1]azas (2.42)

as well as the divergence-free conditions

0°G™ o)) jdiD-1aras = 0 = O°G™ (D _1)|.ldiD-1]ea (2.43)

We note that (2.42) will be the generalised Bianchi identities at the level n while the
equation of motion will not be (2.43) but instead the higher-trace constraints (2.39).

We find the gauge potential at level n by applying the generalised Poincaré lemma [31]
to equation (2.42). The result is

Gy ferp-1 = 00t - Oy A" ap g fen o2 (2.44)

where the gauge potential A(”)C[D,g]”m”d[D,Q]Ha is an irreducible tensor of GL(D) and so
obeys the constraints

A o) isip=2a) = 0 = A ep a1 Al 1D=3]a - (2.45)

As a result A

(D=2 | (D20 belongs to the GL(D) Young tableau

C1 e f1 a (2 46)
co | ... f2
cp_2| ... |fD-2

The potential has no trace constraint and has gauge symmetries involving two gauge pa-

(n,1) (n,2)
rameters, A[D72,,..,D72} and A[D72,...,D72,D73,1}'

We note that the field strength G(n)c[D—l]]H...Hd[D—l}||a1a2 involves n 4+ 1 space-time
derivatives, instead of the more familiar two derivatives. The expression of the field
strength G(n)C[D—lﬂH~~~Hf[D—1]Hala2 in terms of the gauge field A(n)c[D—Q]H...Hf[D—2]||a given
in equation (2.44) can be expressed in Young tableau language as

Ocy |-+ | 0f) | Oy ' (2.47)
co | ... fg a9
¢p—2| -+ |[D-2
cp-1| --- |fD-1
The fields strength G(”)C[D_IH||_“||d[D_1]||a1a2 when expressed in terms of its gauge po-

tential in equation (2.44) automatically obeys the Bianchi identities of equations (2.39)
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and (2.42). However, it also obeys equation (2.41) which is the equation of motion for
the gauge field, and we stress that it contains n + 1 space-time derivatives. The presence
of higher space-time derivatives is characteristic of the equations of motion of higher spin
fields and indeed of any mixed symmetry fields, when formulated in terms of curvatures.
For a recent discussion and references along those lines, see [32].

Thus we have found that there is an infinite number of ways of representing the particle
states of “spin one” corresponding to the existence of an infinite number of different possible
gauge potentials arising from the infinite number of ways of dualising the field strength
and its descendants that occur in the Lorentz-covariant unfolded module WW. We repeat
that the latter module carries the irreducible unitary representation of ISO(1, D — 1) that
describes the states of the “spin one”.

We now turn to a key point of this paper, which is the duality relations between the
first-order derivatives of the potentials. To obtain these, we will first obtain duality relation
between the (n + 1)-derivative field strengths when they are expressed in terms of their
respective gauge potentials. We begin at level zero and in particular equation (2.20) which
now relates the gauge field A, to the gauge field A, p_3. This duality relation is of a
familiar type in so much as it relates equations of motion to Bianchi identities. However,
once we have substituted in the gauge potentials the Bianchi identities hold automatically
and so the relations imply the equations of motion.

We now consider duality relation at level n = 1, which was given in equation (2.24)
and that can be written as

01, 0es AY D)) as) = €cp—160"0ja, AV, - (2.48)

We note that the Bianchi identities of equations of (2.1), or equivalently the first equation
in (2.5), and equation (2.25) are automatically satisfied. However as the duality relation
interchange Bianchi identities with equations of motion for the two fields we find that
equation (2.48) automatically imposes the equations of motion of the two fields, namely,
the second equation of (2.5) and equation (2.27), i.e.

"Fpp =0 (2.49)

and
8a18[a1A(1)a26[D_3””“2 =0. (2.50)

Another, more direct way of getting these two equations directly from (2.48) is to antisym-
metrise all the ¢ indices together with a; of that equation, which gives (2.49), or to take
its double trace, which gives of (2.50).

We now consider the duality relations at higher levels. We begin with the relation (2.38)
but write it in the form

n n—1
G 1) pip-1laraz = o117 GV ep 1)) jaraalls

= epp-117 0 G ). faras - (2.51)

which relates field strengths at adjacent levels. We now examine the effect of imposing
the Bianchi identities and equations of motion on each of these field strengths without
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assuming that they are given in terms of the gauge fields. For indices that are not involved
in the duality, that is do not occur on the epsilon symbol, the constraints on one side of the
equation obviously hold on the other side. As a result we now consider the constraints that
involve indices that occur in the duality. The Bianchi identities of G(”)C[ D—1]||...|b[D—1]||araz
of equation (2.39) imply the trace conditions for G(nil)c[D—l]H...Ha1a2||f7 namely

G op | gpp-1jarla: =0 <= G Vop_yyy ey’ =0, (2.52)

and
n _ n—1 e __
G ep1) b blD-2araz =0 <= G Vogp g aras)® =0 (2.53)

(n—1)

Conversely the Bianchi identities of G [D—1]||...|laraz||f 'MPly the trace conditions of

G(n)c[D—l]H.‘.Hb[D—l]Halag of equation (2.41), namely
n—1 n c[D—1
G Vi faraaii =0 = Geppa 1P e, = 0, (2.54)
and
G yfaral) =0 = G™epoy)..frazpip—3 " =0 (2.55)
Substituting for the gauge field in the duality relation of equation (2.51) yields
a n az] __ a n—1 a
08, - Oppy A" ) elp-2)| ™ = evqp1)T 070" Oy, .. ATV pay . (2.56)

Once we have substituted the gauge fields in the field strengths, the Bianchi identities,
which occur on the left hand-sides of equations (2.52)—(2.55), are automatically satisfied
and as a result the trace conditions on the dual field strengths are now enforced. In
particular, examining equation (2.54) and (2.55), we now find that their left-hand sides
vanish automatically and so the gauge field AEg:ll)]H““‘a
Consequently, the right-hand side of these relations are enforced and we find that the field

does not appear in this relation.

strength G(")C[D—l}\|...||b[D—1]||a1a2 satisfy the trace conditions, which are the equations of
(n)

c[D=2]||...[p[D=1][la* )

We note that the field strength is symmetric under the exchanges of its columns of

motion for the gauge field A

D — 1 indices and so the trace conditions hold on all these columns and not just for
the the ones displayed above. Hence the duality condition of equation (2.56) implies the
equation of motion for the “spin one” in the formulation with the level n gauge field.
Examining equations (2.52) and (2.53) we find a similar conclusion but now the gauge

(n)
field Aip oy pip—-1]a

(n—1)
Acp—3)|. 42| field-

Equations (2.56) can be thought of as an infinite set of duality relations forn =1,2,...,

is eliminated and we have the equation of motion for the gauge field

the first of which is given in equation (2.48). We note that they involve ever increasing
numbers of space-time derivatives as n increases. However, as we now show we can integrate
these equations such that they only involve a single space-time derivative. At the lowest
level we find, integrating equation (2.48), that

0:AY p_gjja = €cip—1p AV 4 + 0uEeip-y) , (2.57)
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where the last term is the general solution of the homogeneous equation. We can rewrite
equation (2.57) as
80114(1)(:[D—2]||0L = ec[D—l}b{abA(O)a + 0 =0 ) (258)

b

where Z.p_1] = eC[D,l]bEb. However, since =° is arbitrary, we can shift it as =0 — Zb — A°

whereupon our original equation becomes
9:AW 1p_gjja = €cip—11” OpA V) + 0uZep1j » (2.59)

We observe that the equation is now invariant under the gauge transformations of the
original gauge field A(¥,. Antisymmetrising on {c1,...,¢cp—1,a}, we find that OcEep—1) =
0 and so E¢p_1) = Oc=¢[p—g]- Substituting this back in equation (2.57) it becomes

0es AD (D90 = €eip—11” 205A” 4 + 0a0E p-2) - (2.60)

We recognise that the presence of the last term ensures the invariance of (2.60) under the
gauge transformation of the second type in equation (2.37), which acts as a shift symmetry
on = p_g - The price for the integration is that the equation is now gauge-invariant only at
the price of an extra field with a shift symmetry. To eliminate the extra field requires that
we differentiate and antisymmetrise with the a index, so recovering the original relation of
equation (2.48).

Integrating at higher levels, in particular equation (2.56), we find that

n n—1
s A" p_ a1 (D=2 e (D-2]fla = Esfp-1]5 O ATV erp ). jen-1(p-2]]a
+Y (%Eb[pq]\cl [D—2]...||c"=1[D—2]

+ 3cn*1Eb[D—lucl[D—21||...ch*1[D—3ma) ;

n=0,1,2,..., (2.61)

where Y(-) denotes the projection on the GL(D) Young tableau with index structure
{t[D —1]|...|[c"'[D — 1]|la}. Using arguments similar to those given below equa-
tion (2.57) one can bring the duality relation to a form that is invariant under certain of
the gauge transformations of the field A("*1)01 (D=2]||...len—1[D—2][|a @0d it then holds modulo
the remaining gauge transformations of the two fields,

Rather than constructing the infinite set of duality relations beginning with the gauge
field ASP) we can alternatively use the level zero gauge field Al()(l)?..bD,g and repeat all the
above steps. Including this step we find a formulation of the “spin one” field in terms of

the following gauge fields

Any, Ap-3,  Ap-21) Aip—2,p-3]; Ap—2,p-21)

Ap-2p-2D-3) ---> Ap-2,..p-21: AD-2..D-2D-3) --- (2.62)
where the numbers shown as subscripts between square brackets indicate the number of
indices in each block, that is the length of columns in the corresponding Young tableau.

Thus, in summary we have shown that the spin one can be described by an infinite set
of duality equations which are first order in space-time derivatives but only hold modulo
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certain gauge transformations, One might suspect that these duality relations are invariant
under an infinite duality symmetry, modulo the gauge transformations. Indeed one might
suppose that this can be formulated as a non-linear realisation of an algebra with generators
that carry the same indices that are those carried by the gauge fields but raised.

2.3 Action principle for the dual potential A((::[l)D—Z]“a
In this section, we follow the lines sketched in [16] and give the action describing the
dynamics of a Maxwell field in terms of the dual potential A&éﬁ]”a
sometimes denoted A[p_s 1), for the sake of brevity. The way we recover the dynamics (2.27)

introduced above and

is interestingly subtle. As explained in the context of the Fierz-Pauli theory in [16], the

various dual actions involve more and more off-shell fields and are therefore less and less

economical. The special case of spin-1 is simpler but allows us to see in a very explicit way

the mechanism whereby the extra off-shell fields disappear from the dynamics on shell.
We start, as it should, with the Maxwell action, and integrate by part:

S[A] = _% / AP 9, Ap(9°A® — P A®) — _% / P (s Ayd® A" — 9, A0, AY) | (2.63)

dropping the boundary term. Introducing the following parent action
1 1
S|y, P] = / dPx (Pa|bacycalb = 5P P+ 2Paan|b) (2.64)
that features two fields, Y, = —yal, and P, %, we reproduce the original action (2.63
\
upon extremising S[Y, P| with respect to Y:
Py’ =0 & PP =0,A", (2.65)

and plugging back into (2.64). On the other hand, Pa|b is an auxiliary field, so that
extremising the action with respect to it enables one to express it in terms of the Y field:

1
(D—1)

Py = 9.yl — 58 9yl . (2.66)

Plugging that expression for P inside the parent action (2.64) yields the action

1

1
Yca\ _ D - Yca| dy b
S[ b] /d .%'(280 bé? dal Q(D—l)

acYcalaa”deﬂ) : (2.67)

In order to analyse the gauge invariances of the action, it is sufficient to use only a
decomposition of the various fields under GL(D) and not under O(1,D — 1). Thus, we
decompose

yall, = xobl, 4 gloz8 - xatl =0, (2.68)

The invariance of the Maxwell action under the gauge transformation §d A, = 9y A is inher-
ited by the new action (2.67), whereby the field Z transforms as 0Z, = 9, A, with Xabl,
staying unchanged, i.e. the action (2.67) can be shown to be invariant under

5\Y P, = glaghix . (2.69)
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On the other hand, from the fact that the field V!, enters the action (2.67) only through
its divergence 8,Y ey, the action is manifestly invariant under the following gauge trans-

formation
5TYab|c — 8d’rdab|c , Tdab‘c = T[dabHC X (270)

Using the invariant antisymmetric symbol of SL(D) to dualise the first two indices of Y%!,.,
the decomposition (2.68) is tantamount to the following GL(D)-irreducible decomposition

Yap-2)jc =Tup-2)|c + Zajp-2)c » Lap—-2]jla =0, Zap-2)c = Zja[D-2)c] »

1 al2 . 1 al2 174 . 1 b
Ya[D—Z]”c = iea[D}Y [ ]IC ) Ta[D—Q]Hc = iea[D]X [ ]IC ) Za[D—Z]c = iecba[D—Q}Z 3
(2.71)

while the gauge parameter Y is similarly dualised into

Tap-3)jc = AL

@ @
(hos 0, X =\

a[D—3]c [a[D—-3]¢] *

et A AW (2.72)

a[D—2]c "’ a[D—-3]|la

At this stage, without losing any of the tensorial fields involved, we set D = 4 for the
sake of clarity and to further explain the gauge structure of the new action in terms of
the GL(4)-irreducible dual fields Tjyj and Zj;). The gauge transformations leaving the
action (2.67) invariant, with D = 4 and keeping the vector field Z, instead of its Hodge
dual Za[g] , now read

0T e = 2 0A Ve = 200X e + 200 (2.73)

Y N 1
52‘1 = 8a)\ + 8b>\(2)ab ) )\(z)ab = §6abcd>\(2)6d )

where A, = A ) and A3, = A@) ).
In terms of the fields X%, and Z, that we keep for the moment, the equations of
motion derived from (2.67) are

1
0=Gyo = 5 (0"Fuc(Z2) + 200X 0a") . FaclZ) =202, . (2.74)

When the field X is expressed in terms of its dual 7', in four dimensions, we have the field
equations

1
abFaC(Z) + —

12 6oLduvac quv”b - 6cduvaa quv”b} =0 ) FabCHd = 3a[aTbC]Hd ’ (275)

where we note that the curvature Fi.q of T is invariant under the MY gauge symmetry.
Dualising on the indices ac gives

~ ~ 1
204F"(Z) — 8. F®l; =0, where F®(Z):= 3 el p (2) . (2.76)

Antisymmetrising the left-hand side of the equations of motion (2.75) in its free indices,
one finds
Dy F¥ll, =0 . (2.77)
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In this equation, only the GL(4)-irreducible field T}y appears and all the symmetries
in (2.73) are preserved. The above field equation is nothing but the equation
Gl ama (2.78)

aiazc||

presented in (2.27), in the case where D = 4. We note that, using the Hodge decomposition
whereby a differential p-form can be written as the sum of three terms, one d-exact, one
xd+x-exact and the last one harmonic:

Wip) = dp[p_l] + xd * A1) + T[] 5 {*dx, d}r[p} =0, (2.79)

the field Z, can be set to zero using the A and A?) gauge parameters, while its harmonic
piece can be obtained by integrating equation (2.75), thereby expressing it in terms of the
physical components of 7. In the gauge where the closed and co-closed parts of Z, vanish,
one cannot use any A% gauge parameters anymore and the remaining action and field
equations are only invariant under the A() gauge symmetry.

3 The three form in eleven dimensions

The eleven dimensional supergravity theory as originally formulated contains the graviton
and the three form as its bosonic sector [33]. How to formulate the eleven dimensional
action with a six form was discussed in reference [34, 35]. The E1; non-linear realisation in
eleven dimensions includes the usual fields for the graviton and three form as well as the
six form and a field which is the dual of the graviton, but in addition it contains an infinite
number of fields with blocks of height nine added, see equation (1.1). Among these fields
are the hjgg 951 . In this section we will repeat the considerations of the sections two,
but for the three form. We will show how the alternative dual descriptions of the degrees of
freedom usually encoded in the three form arise naturally within the unfolded formulation.
We find the equations of motion of the theory when described by any of these dual gauge
fields and we will find an infinite set of duality relations that are first order in space-time
derivatives and encode the dynamics. As we will discuss in the Conclusions, these relations
should be contained in the non-linear realisation based on Fjqj.

3.1 The unfolded representation of the three-form

In what follows we will construct the unfolded representation of the three-form, that is
both SO(1,10) and gauge invariant. We recall that this representation is indecomposable,
but can be mapped via harmonic expansion to Wigner’s irreducible unitary representation
of ISO(1, 10) for the three form. It can be found following the unfolding procedure given
in [22, 23], see also [24, 26] and references therein. Unlike in the previous section where
we presented the unfolded formulation of Maxwell’s theory using standard tensor calculus,
in this section we give a more formal and compact account of the unfolded representation
using differential form calculus and stress its conceptual basis.

Wigner’s unitary irreducible representation of the Poincaré group ISO(1,10) corre-
sponding to the free, dynamical three-form in eleven dimensions can be mapped to an
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unfolded module consisting of an infinite set 7 of SO(1, 10)-irreducible tensors

T ={Fou Fappp» Fapgp2) > Fapav) > -4 (3.1)

where the notation Fgy ) indicates a tensor that is separately antisymmetric in its
four indices {a1,a2,as,a4} and totally symmetric in its n indices {b1,ba,...,b,}. The
SO(1, 10)-irreducibility of the tensors {Fa[wb(n) ,n=0,1,.. } means that, besides being
Young-projected, the tensors are traceless, viz.

_ a1b _
Fopg)abn-1) =05 0" Fapgpn) =0, (3.2)

where we recall our convention that indices at the same position (covariant or contravariant)
and with the same Latin label are implicitly symmetrised, or antisymmetrised, according to
the context. We note that the difference between an GL(11) and an SO(1, 10)-irreducible
tensor is given by the tracelessness property, here the second identity of (3.2).

In terms of Young tableau, the tensor Fjyjp(n) 18 represented by

ap | by |...]D
1 1 n (33)
a2
as
a4
The action of the Poincaré group on the infinite set of tensors in (3.1) is given by
PyFog) = Fapgp s PooFafagoy = Fapjiorbe > PosFaja)brby = Fafa]brbsbs » - (3.4)

while the Lorentz generators M, act diagonally in 7 by the usual action. Up to this stage,
although we have talked of tensors, we have used no notion of spacetime.

Introducing a spacetime , the action of the translation generators of the Poincaré group
on the representation can be explicitly realised by taking them to be differentiation with
respect to the space-time coordinates, that is, P, = J,, whereupon equations (3.4) take
the form

O Fya) = Fapp »
Oy Fapayv, = Fa)|vivs »

Obs Fapa)1b1bs = Fafa]||pibobs »

The infinite set of differential equations (3.5)—(3.7) can be compactly written upon
introducing Grassmann odd (resp. even) vector oscillators 6% (resp. u®) and forming the
master field

= 1
F(.%'; 9, u) = Z m Fa[4]||b(n)(a:) P ... 0% ubl N ub" . (3.8)
e =T
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It is also advantageous to write everything in terms of differential forms, by using the total
exterior derivative d = dz#d,,, taking the F,ypn) to be zero forms and introducing the
one-form

he = dat 58 (3.9)

for Minkowski spacetime in Cartesian coordinates. In this setting, the infinite set of differ-
ential equations (3.5)—(3.7) given above can be written in the form

[d—1ih%p (P,)]F(x;0,u) =0, (3.10)

where the translation generators are now represented on the master field as follows:

N
pr(Pa) = (—i)5— (3.11)
Explicitly, equations (3.62)—(3.7) now read
dFa[4] = h Fa[4]||c s (312)
dFaqe = h° Fapapoe » (3.13)
dEaap) = 1 Fapp)e - (3.14)

Taking into account the GL(11) irreducibility conditions, given in equation (3.2), of
the tensor on the right-hand side of equation (3.5), one derives the relation

OuFyy =0, (3.15)

which is locally solved, as usual, by Fjy = dA3), introducing a three-form potential and
its four-form field strength

1 a a a 1 a a
A[3}:6h1/\h2/\h3Aa[3], Fa[4}::ﬂh1/\~--/\h4Fa[4]- (3.16)

We are using the notation that a number in square brackets without being accompanied
by a letter denotes the degree of the form that the field belongs to, that is, A is a form
of degree three. The zero-form tensor F,y are thus the components of the four-form field
strength Fy = dA[3;. As usual the gauge field A3 is defined up to the exterior derivative
of a two-form potential, namely

A[g} ~ A[g} + dA[Q] . (3.17)

On the other hand, recalling that F,4; obeys trace constraints as given in equation (3.2),
one derives the equation
O Foy =0, (3.18)

which together with equation (3.16), is the field equation of a dynamical three-form. We
also not that the other equations (3.13), (3.14) etc. can be solved one after the others. They
express the tensors Fyyp(n) as the higher gradients of the tensors Fypp(m) for m < n and
so in terms of the on-shell dynamical three-form Ap:

Fufa)b(n) = 406, Obs - - - 95,001 Ausagay] - (3.19)
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We note that the SO(1,10) properties of Fy4|s(n) are ensured by the equations of motion
of the three form and the fact that partial derivatives commute.

To summarise, the irreducible unitary representation of equation (3.1) contains com-
ponents that are individually subject to SO(1, D — 1) irreducibility conditions and once we
take the space-time translations to be realised by space-time differentiation these condi-
tions imply the well known equation of motion for a three form. This is a purely algebraic
way of encoding the field equations and Bianchi identities of a dynamical three-form, a
characteristic of unfolded dynamics.

The underlying algebraic structure, captured by (3.12)-(3.14) together with dA3 =
ih‘“ Ao AR Fyy and dh® = 0, is known as a free differential algebra and makes sense
on a base manifold of arbitrary dimension. Its initial data is given by the gauge functions
for Aj3 and the vielbeins h® together with the infinite set of constants provided by the
zero-forms at a given point pg of the manifold. In particular, in eleven dimensions, the
infinite set of zero-forms in 7 at a point py with Cartesian coordinates zf , together with
the differential equations (3.10), give the necessary data that enables one to reconstruct
an on-shell, dynamical three-form around that point pg using the Taylor expansion

(o.9]
A () = Agpz)(20) an (z —20)™ ... (x — 20)"" Fypppjpn—1)(%0) - (3.20)

We would like to make some comments on gauge fixing. In the light-cone coordinates
z# = (z7,2",2") we can choose the Lorentz frame in which the momentum is k, =
(k—,ky = 0,k; = 0). Then at the point py, the components A_j, and A_,; can be
set to zero by fixing the gauge in equation (3.17) using the gauge parameters );; and
Ayi . Furthermore, the components A;; are gauge-invariant and zero on-shell as the field
equation is given by k_A,;; = 0. As a result one finds that the three-form potential has
all its components vanishing except for the purely transverse ones, for which

L P ula) (3.21)

Aiji (o) = p

Consequently, all the derivatives of the three-form, when evaluated in momentum space
and in the chosen Lorentz frame, are therefore given by all the powers of k_ times the
Fourier transform of A;j;(x) and they transform in the following representation

(3.22)

J
k

These coincide with all the non-vanishing on-shell derivatives of the field strength. This
discussion follows the general arguments given in references [19-21] (for related discussions,
see [32]) and it is the equivalent, for the three-form, of the Petrov decomposition of a metric

in Riemannian geometry.
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We next note how the gauge-for-gauge transformations, dAp = dCpyj, act. In our
chosen Lorentz frame the only gauge transformations that have a non-trivial gauge-for-
gauge transformation are A\_; and A_; . These are also the only gauge parameters which
we did not use so far. They are subject to transformations that involve the components C;
and C; and these can be used to set these gauge parameters to zero, that is set A_; =0 =
A_1 . We note that the component C_ can be set to zero by the gauge-for-gauge-for-gauge
parameter.

Another, alternative and Lorentz-covariant way of analysing the physical content of the
equations consists in Taylor expanding the gauge (and higher reducibility) parameters, the
three-form components as well as the field strength, all evaluated on-shell, and comparing
all the coefficients of the various powers of (z — xg) at the point py. One sees that the
constants Agpc(z0) can be set to zero by the constants Jj,A\y(wo) (the latter not being
constrained by the reducibility transformations). Similarly, at first order in the derivatives
of the three-form, the constants d, Ap)cq(70) can be set to zero by the constants 9,9 Acq) +
Op0jaAcqy Whereas the constants i, Apeq (7o) are identified (up to a constant, irrelevant
factor) with the constants Fypeq(zo), etc. The outcome of this procedure is that all the
derivatives Oc,, . . . O, Aq[3)(20) of the three-form at the point po are set equal to the on-shell
derivatives Oy, - - - Oc, Fe))aj3)(0) , thereby explaining (3.20). This way of counting physical
degrees of freedom on-shell is the one adopted in unfolded dynamics [22, 23].

It is well known that rather than describe the degrees of freedom by a three form one
can use a 6-form potential and we now explain this from the unfolded viewpoint. We begin
with the relation 1

Felll = el By (3.23)

and transfer the properties of the unfolded dynamics of the three form given in equa-
tions (3.5)—(3.7) to corresponding equations for the six form. The first unfolded equa-
tion (3.5) transforms in the [4, 1]-irrep of SO(1,10) and the resulting divergenceless prop-
erty of Fyy) implies that F' al7l is d-closed:

0=0"F,p & 0Fll=0, (3.24)

while the GL(11)-irreducibility of F,4, that is the Bianchi identity of Fy ), implies that
Fol7 is divergenceless:
OoFuy =0, & F"=0. (3.25)

By the usual Poincaré lemma, equation (3.24) implies that F' a[7] can locally be written as
FalTl = 79 Al6] (3.26)

Thus we find the usual exchange the equations of motion with the Bianchi identities in
equations (3.24) and (3.25).
We now define Fame by
Fa[7]||b = abFam . (327)

By virtue of equations (3.24) and (3.25), Fy[7) is an irreducible SO(1,10) tensor as it is
GL(11)-irreducible (Fy7). = 0) and traceless (Fa[G]b”b = 0). Completing the unfolding of
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the dual linearised 6-form yields the following tower of tensors
T ={Fupjotny . n=0,1,....}. (3.28)
The action of the Poincaré generators P, on the tensors in T is given by
Pe Fanipn) = Fafrlebn) = e Faf)|p(n) - (3.29)

It follows from (3.23) and the above conventions for the action of the Poincaré translations
that the tensors in 7 of equation (3.28) and those in 7 of equation (3.1) are related by
1
Faminen = g€ Feaoes n=1,2,.. (3-30)

The tensors in % are traceless as result of the relation

1
al6]c al6lcd[4
Follell 1y = ke Bled] Fyajeb(n_1) = 0, (3.31)

and are GL(11)-irreducible as a consequence of
1
a8d3F a[8]d[3 Fc4 Fd3a
€ [8)d(3] al7]|lab(n—1) — 4'6 8l }Ea[7]c[4} [ ]Hab(b—l) =T 13 ”ab(n—l) =0. (332)

Hence the tensors 7 of equation (3.28) belong to the SO(1,10) Young tableau

b1 |...| bn
il e (3.33)
ag
azy
We can collect the tensors 7 into a single object
- 1 a a
F(z;0,u) =) 7 Falmy () 077 09T (3.34)
n=0
for which equation (3.29) takes the form
a N 0
[d—ih p%(Pa)]F(l'; 0,u) =0, where pf;(Pa) = (—1) ous pr(Fa) - (3.35)

Although action principles are usually part of the definition of an unfolded system, it
is nevertheless instructive to consider a parent action from which one can find both the
action for the three gauge form and that for the six form gauge field:

1
S[A[3],F[7]] = / (dA[3] A Fm 3 Fm A *Fm) , (3.36)

where Fj7; and A3 are independent fields. Extremising it with respect to A3 gives dFj; =
0 and so Fj; = dAjg); substituting this back in S[Aj5), Fl7]], gives the standard action
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S[A[g)] o i dAg AxdAjg . The equation of motion for F7 gives F7 o< xdA3 and substituting
back we find the standard action for the three form.
Alternatively, one can start from the Palatini formulation for the 3-form,

1 1
S[A[3], FCL[4]] = / ﬁ 65[4]0[7} ey Avo o A hc7 <dA[3} + 8h01h02h03hc4Fc[4]> Fb[4], (337)
where F®* is a zero-form and is an independent field and we recall that h. is defined in
equation (3.9). Defining

]' C
Fipy o= oy W By ey A Aher (3.38)

the Palatini action (3.37) becomes identical to the action (3.36). The latter action will be
used in section 3.3 where we shall generalise the action principle given above for Maxwell
theory to the case of the three form in eleven dimension and in the frame-like formulation.

3.2 Further dualisation of the three form

It is well-known that rather than express the dynamics of the bosonic non-gravitational
degrees of freedom of eleven dimensional supergravity by a three-form gauge field one can
instead use a six-form gauge field A, whose curvature Fjz), at the linearised level, is
just the Hodge dual of Fjy. As explained in the introduction, the non-linear realisation
of the Kac-Moody algebra Fi; leads not only to the usual fields of eleven dimensional
supergravity as well as a six form and dual graviton field, but also to the infinite set of fields
of equation (1.1) which were proposed to be equivalent ways of describing the dynamics [7].
In this section we will show how the next field on the duality chain of equation (1.1), the
gauge field Ap 3, arises and we give its linearised dynamics. The duality relation involving
the fields in the gravity sector was sketched in reference [16] and some indications that one
might be able to do this for any massless particle were discuss in [36].

As we explained for Maxwell theory in the previous section, one can dualise any of
the curvature tensors that occur in the unfolded formulation. Hence, instead of dualising
the first tensor in the set 7 in (3.1), one may dualise the second tensor F [4,1] on its second

column:
Gb[lo}uam] = ¢l Fapjle » (3.39)

or equivalently
1 c[10
Fapap = —1g1€0e0G 1], g - (3.40)

We can now find what the constraints on Fjp, imply for Gypojas)- Taking the trace
of (3.40) and using the second equation in (3.2) we find that indeed,

Gyo)parz) = 0 (3.41)

af4]bd]

while using the first equation in (3.2) and acting with e 6 on equation (3.40) we find

the quartic trace constraint

Gb[G]aM]Ha[zL] = (TT12)4G[10,4] =0. (3.42)
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The presence of a higher order trace condition is unusual when compared to the standard
formulation of particle dynamics including Fronsdal’s higher-spin dynamics, but is never-
theless known in the context of duality, see section 6 of [31] and in particular equation (6.19)
therein. Equation (3.41) implies that the tensor Gy[iq)sj4 s an irreducible GL(11) tensor
of type [10,4]. Of course it cannot be traceless, as requiring this would imply its vanishing,
as is well-known in the representation theory of the orthogonal group, see e.g. the theorem
of section 10-6 in [29], which is equivalent to the special case m = 0 of Proposition 3 in [31]
or Lemma 1 in the more recent paper [37]. We note that, as usual, the Bianchi identities
and field equations get swopped under the dualisation.

We would now like to look at the differential constraints on Gyygj|jq4) that arise from
the differential constraints on F, ). of equations (3.5)—(3.7). The first of these equations
implies that 0,F, 4, = 0 which using equation (3.40) in turn implies that

3Gy =0 (3.43)

As we did for the Maxwell case we can continue taking more space-time derivatives of the
the field strength Gyiq)|qj4) to find an infinite set of tensors {Gpo)|pa)|pn), » = 0,1,...}.
Using similar arguments we can transfer the properties of Fa[4”|b(n) to those new tensors
to find that {G,po)ppajjp(n)s » = 0,1,...} are GL(11)-irreducible and obey the trace con-
straints

(TY12)4G[10,4,1,...,1] =0, TriGuogn,..1 ) =0=TraiGuoai,..1, €{3,...,n}. (3.44)

The notation (Tr;;)"™ used here means that one takes n traces on the columns i and j .
Equation (3.43), combined with the GL(11) irreducibility of Gb[lo]HaM implies, using
the generalised Poincaré lemma [31], That it can locally be written as

b[10 b Abl9
G" ]Ila[4} = 9,0"A" }Ha[B] 5 (3.45)
where the GL(11)-irreducible tensor gauge field Ayg)|q(3 is defined up to the gauge trans-
formation
9
5Aa[9]||b[3] =9 aaA(l)a[@Hb[?’} +3 (abA(Q)a[QHbm + ? GaA@)a[S]b”b[g]) , (3.46)

with the two gauge parameters being GL(11)-irreducible with type A(l)[873] and A(?) 0.2 -
We note that there are no algebraic trace constraints on Apg 3}, nor on its gauge parameters.

Remembering the expression Fy ), = 002 4,3] , the definition (3.39) of Gp10)p[4) and
the relation (3.45) give us the following duality relation:

9" A gy = €10 9, Ay + 9= My (3.47)

which is the analog of (2.57). We first note that Ea[m”b[g] decomposes into

Zel0ll ) = Salo] oy callo] =), (3.48)

2)

and that a gauge transformation Ay — Appz) + OpAypy) With Ay = —13,=®), enables

one to eliminate the Z() component of A. Having done that, the equation (3.47) is now
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understood with a field =,(1q)p2) obeying Zgiq)jap = 0. We can now reformulate this
equation in the same manner as we did for equation (2.57). By shifting the arbitrary field

Ea[lo]Hb[Q] in an appropriate way, we can recast the equation in the form

97 AN = B0 49, Ay + 0= 10y (3.49)

Multiplying by €9 and tracing on b; and e, we find that 6“5“[10”|b[2] = 0 implying that

E“UO]Hb[Q] = 8“5“[9]”1,[2]. Using this result equation (3.47) now becomes

8aAa[9]||b[3] — ¢all0]e 48[0141;[3]] + 8b8a5a[9”|b[2] ) (3.50)

We recognise the last term as a gauge transformation of the field Aa[gmb[g]. Alternatively,
the above equation can be made fully gauge invariant by giving a shift symmetry to the
field = under A(2)[972].

We now give an action principle for the Ay[g)) 43 Potential that correctly describes the
degrees of freedom of a massless three-form. The procedure was proposed in [16], which
itself was inspired from [6,9]. We start with the three-form and follow the analog of the
procedure for the Maxwell field spelled out in section 2.3. To this end, we take the usual
action S[Ag] for a three form and integrate by parts, ignoring boundary terms:

1
D a Aal3] _ D b ral3 b cal2
= [ 47 0aAy0n AT = —?)!/d x (abAa[g}a ABl 4+ 30° A0 A H) . (351)
We then introduce the following parent action, that features two independent fields, P43
and Y?b[2llal3].

1
SIPY] =~ / 4P Py 0y M 4 Py PO 4 3PV Pyce) (352

Varying the action S[P,Y] with respect to the field Y@2IPB] gives the equation Pyylaz) =
0 which implies that Ppyqp3 = 0pAg[3. Substituted inside the action, we reproduce the
action (3.51). On the other hand, as the field P43 is auxiliary one can express it in terms
of Y via its equation of motion, namely

3

2Pb|a[3] — 7acycb|a[3] . ﬁ nbaacycd|da[2] 7 (353)

and substitute for it into the parent action, thereby yielding a daughter action S [Yb[z”am]
expressed solely in terms of the field Y :

1
S[YCbIa[3]] ) /dDﬂf (Pbla[S}acYCng] + acch|a[3]aeYeb‘a[3}

3(6D? — 11D +7 . exr da
M ST oyt 0w ) . 3

Setting D = 11, one can then dualise Y“m‘b[g] on its first two indices, and decompose

v 1 c[2
Yaalls) = 5 €alslefz Y “Pois) = Aafoliets) + Baloipizl + caloiziCo (3.55)
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so as to produce the GL(11)-irreducible field A, p(3) satisfying Agjg)japjz) = 0, as well
as Byo)pjz) (satisfying Bgjiojjas = 0) and C, which are analogs of the field Z in equa-
tion (2.71). Because the field Y¢l9[3] enters the action only through its divergence 9, Y 13l
the action is invariant under the following gauge transformations

where the gauge parameter T is antisymmetric in its two groups of indices. Upon dualising
the parameter T, one gets the following GL(11) -irreducible gauge parameters

1

5 66[3]Tc[3]|a[3] _ {A(l) A®)

3) (4)
alsllefa) * Aoz > A A } (3.57)

a[10]||b ?

The field Agjg|pi3) Will then transform as in (3.46), while the gauge transformation of the
field Bgig)pj2) Will involve the gradient of the parameters A® and A®) . Finally, the vector
field C, will transform with the gradient of A®) .

We note that the action also possesses the gauge symmetry involving the two-form
gauge parameter A,y inherited from the original three-form A, . This will be discussed
in the next section 3.3, where we use the frame-like formalism that brings in a better insight
into the gauge structure. On-shell, the gauge field A,jg)p3 Will obey the equation (3.42)
discussed above.

3.3 Unfolded description containing the Ajg 3 form

In this section we wish to construct the unfolded formulation of the dynamics for the A 3
form, that is a set of first order differential equations that contain the gauge field A, g3
and that assumes the form of a free differential algebra. This will contain the manifestly
Lorentz covariant and gauge-invariant infinite-dimensional representation of ISO(1, D — 1)
constructed from the field strength, G[1)p[4] , and all of its higher on-shell derivatives. It
also contains the gauge field A,gjp3) through an appropriate frame-like, or Cartan-like,
connection. In the next subsection 3.4, we will build an action principle for the A,gj 3
potential, but this time facilitated by the use of the frame-like description that we first
derive on-shell in the present subsection.
We first introduce, following [24], the connection-like objects

{ej ™, w0} . (3.58)

The indices in square brackets without a label, i.e. [3] and [9], denote the form degree of the
objects, for example 6[910'[3] is a nine form that carries three antisymmetrised tangent indices
and so can be written in more usual notation as & RPv A LU hb9ebl.._b9a1a2a3 . The field
w[3]a[10} is a three form that carries ten antisymmetrised tangent indices. It is important
to note that the objects of equation (3.58) are not subject to any GL(D) irreducibility
conditions. By analogy with the vielbein formulation of general relativity, we may think of

10] a5 a generalised spin-connection. As the field

e[g]“[?’] as a generalised vielbein and W[g]a[
6[9](1[3] is not GL(D) irreducible, only one of its irreducible components can be identified
with the gauge potential Aygj|4[3 that we considered in section 3.2; the precise identification

will be discussed below.
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The differential forms of equation (3.58) are required to satisfy the differential equations

dE[g]a[B] + hb1 AL A hb7 A w[3]‘1[3]b[7} =0, (359)
dw[3]a[10] RN LA R Ga[10]HC[4} =0, (3.60)

where by assumption Ga[lomcw is the zero-form that appeared in (3.39). It obeys the GL(D)
irreducibility conditions and the higher-trace constraints of equations (3.41), (3.42). As
discussed (3.43), this zero-form is the first member of an infinite set of zero-forms obeying
the following first-order differential constraints:

AGelOIB] .y altolibille — g (3.61)
dGelolblle 4, Galolbidlle _ ¢ (3.62)
AGelOlIBllet) 4 py Gallollbllen1) — o 93 (3.63)

The equations (3.59)—(3.63) together with dh* = 0 form a free differential algebra and
provides the unfolded description of the dual Ay 3 metric-like gauge field.
The gauge transformations of the system (3.59)—(3.60) are

566[9](1[3] = de[g}a[g} + ha1 VANAN ha7 A 6[2](1[10] =0, (3.64)
Sewi) M0 = depg 0. (3.65)

The algebraic, Stiickelberg-like, gauge transformations on e[g}“[‘g}

a[10]

, that is those contained in
€[2) , can be used to gauge away certain components of 6[9}“[3}. The GL(11)-irreducible

decompositions of 6[9](1[

3 and 6[2]“[10] are respectively given by
O] ®[3] = [11,1] @ [10,2]® ]9, 3], (3.66)
and

[10] ® [2] = [11,1] & [10,2] . (3.67)

Therefore, after using all the algebraic gauge symmetries, the remaining components in
e[g]a[?’] are contained in the GL(11)-irreducible gauge field A, sz . Thus we make the
connection with the equations of motion of section 3.2 which involved the GL(D)-irreducible

gauge field Agg)p3- The connection W[g]a[lo}

possesses two GL(11)-irreducible pieces:
[10,3] @ [11,2]. However, it is determined from the “zero-torsion” equation (3.59) by the
first derivatives of the components of 6[9]‘1[3] that can be reduced (or gauge-fixed) to its
Agpoyp[3) Part. As a result we find that only the [10,3] irreducible component of w[3]“[10]
remains that we denote by w,10]|[p[3]-

In summary, so far, equations (3.61)—(3.63) constrain a tower of manifestly Lorentz-
covariant and gauge-invariant zero forms {G(") ,n = 0,1,...} such that these can be
expanded in terms of the unitary and irreducible massless representation of ISO(1, D — 1)

that describes the degrees of freedom propagated by the original three form gauge field.
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(L0114 s by assumption

This is simply a consequence of the fact that the field strength G
expressed in terms of the field strength Fyjy via (3.39), so the representation appearing
in (3.61)-(3.63) is equivalent to the representation built on the field strength F7, 4 contained
in equation (3.1). Equations (3.59) and (3.60) glue the zero-form tower to the gauge field
6[9]“[3] thanks to the introduction of the generalised spin connection w[3]“[10} so as to write
the full system as a free differential algebra. We will show later in this section how to
reproduce an equivalent dynamics from an action principle involving the fields in (3.58)
with some additional zero-forms.

In order to make contact with the gauge parameters of the metric-like A3 gauge
fields, we note that, as is typical for p-form systems such as a nine-form and a 3-form,
the gauge transformations admit reducibility transformations. The complete family of

gauge-for-gauge p-form parameters, which are not GL(D) irreducible, is given by:

{ep—g™®}, i=1,2,...,9 (3.68)
and
{ep—g™™}, =123 (3.69)
with transformation rules
al3] 1 al3] a[10] al3] 7 al3] a[10]
56[8} = dem +hoy Ao ANhg, A S (56(—:[7] = de[6] +hoy Ao A hg, A o]
(3.70)
al10] 7 a[10] a[10] 7 a[10] all0]
56[2] = dem , 56[1] = de[o] , 56[0} =0, (3.71)
and
56[%%3] = de[‘;giﬂ , 56[(;)%3] = de[‘ig?’] ey 56&%3] = de[(égs] , 56[%%3] =0. (3.72)

The gauge-for-gauge parameter e‘[ll[]l O can be used to gauge away parts of the parameter

6{;53]. Both are GL(11) reducible and can be decomposed into the GL(11) representations

as follows
[10] ® [1] = [11]) @ [10,1], [8]® [3] = [11] @ [10,1] & [9,2] @ [8, 3] (3.73)

As this decomposition makes clear we can gauge away two components leaving the gauge
parameter 6%13 ! to contain only the GL(11)-irreducible representation [9, 2] & [8, 3]. Making
the appropriate GL(11) projection on equation (3.64), we find that the gauge transforma-

tion of the A 3 potential takes the form:
9
O Aufo)) ") = 9 Ducargy " + 3 (ab%wn "+ - abea[s}b””a> : (3.74)

thereby making contact with (3.46).
When equations (3.59)—(3.60) are reduced to the remaining GL(11)-irreducible com-

ponents Aa[g]”b[g] and Da[10]b[3] of e[g]a[S] and w[gla[lo}’ they become
Daf10)(1[3] = PaAafo)jjp[3) » (3.75)
O @apro) ™ = Gaprop ™. (3.76)
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The expression of the field strength in terms of the gauge field is given by
abaaAa{g]”b[g] = Ga[10]||b[4] , (3.77)

which agrees with equation (3.45). It is easy to see that it is invariant under the gauge
transformations (3.74).

3.4 First-order frame-like action for the A[g 3 field

We now follow the general procedure explained in [36], whose discussion for the spin-2 case
was already given in [38]. The action, just like the one given at the end of section 3.3, is a
parent action in the sense that it contains both the three form and the Ay 3 gauge field.
The difference between this action and the one presented in section 3.3 is that we will now
use the frame-like vantage point developed above for the gauge field A, 3. We start
from the action principle for the three-form, written in the Palatini formulation presented
at the end of section 3.1 and that we repeat here for convenience:

1 1
S[A[), Foll) = /M o ST B AN e, <dA[3} + §hCl heyheghe, Fc[4}> Fyy,  (3.78)
11 :

where A3 and Fyjy are independent fields. We next introduce the parent action

a a 1 c
SP[A[3],FCL[4],tm [3], €[g] [3}] = /M [ il ebldlel?] hey Ao A he, (3.79)
11 :

1
A (dA[g} + ghcl heyheshe, P+t Wb, hczhcg)Fbm + b1y apz deg P

al3]

that contains the additional independent fields ¢1}43 and e The field equations

derived from the parent action are given by

1
dA[3] + th e, hc3 hC4FC[4] + t[l}C[B]hq h02h03 =0, (3‘80)
d# (A% ... A% Fuy) =0, (3.81)
dtp® =0, (3.82)
1
det[lg[]g] + ﬁ ha1 a2 a3 Fb[4] 61)[4]0[7] hq A... N h07 =0. (3.83)

The gauge symmetries of the action are

5 A = g — heyheshey o,
§F"™ =0,
5t P = dupyg P
66[9]“[3] - dg[g]a[cﬂ .

The equation (3.82) results from extremising with respect to e[g]a[3]. It implies that t?l[]g [

dC*Bl and substituting this into the action we can absorb C*?! into Az and the action
becomes that of equation (3.78).
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In order to descend on a different child action, we note that by using the Stiickelberg-

like gauge symmetry of A3 with gauge parameter w[o]a[i’)]

, one can completely gauge A
away, so that it disappears from the action (3.79). One can still perform differential gauge
transformations with the two-form gauge parameter Ajg), but in order to stay in the gauge
where Aj) is zero, one has to compensate it with a residual transformation with parameter
dja[?;} — 8[a1)\a2a3] )

We are thus left with a child action containing the fields, ejg”
af3]

3] af3]

s Fa[4] and tm , Or
better, containing only e[g]“[?’] and [y as Fyj4 can be expressed in terms of the totally
antisymmetric part of t[l]“[S] via (3.79). Note that under 675[1]“[3] = dw[o]c[?’] and in the
gauge where A3 = 0, we have that B3l = a3l = glar \a203] apq therefore Ol fblarazas] =
0, as it should. The field t[l]a[3] plays the role of the connection w[3]“[10] introduced
in (3.58), upon dualisation of t[l]“[?’] on its form index and exchanging the role of form
and frame indices. The equations of motion (3.82) imply that (i) #(pa,asa3] = 9pCarasas] >
thereby re-introducing a three form on-shell, and (ii) the mixed-symmetric part ¢, azas|b =
3 Op0)q; Aagay] - But this is precisely in the form of its residual gauge transformations in the
gauge where Az = 0, so that £, is pure gauge and does not carry any local degree
of freedom.

Let us demonstrate that the above action makes contact with the unfolded formalism

given earlier in this section. Equation (3.83) can be written as

deﬁg[]g} Fhy Ao Nhy A 5)[3]@[3]1)[7} =0. (3.88)
where 1
@[310[10] = RO h2 RS Fyy eelmel4] (3.89)

plays the role of the connection appearing in (3.59). More precisely, it is the part of
wc[3]“[3]b[7] that is antisymmetrised in its ten indices that are written as the two index
blocks ¢[3] and b[7] that appears is (3.59), therefore, we rewrite

37!
[3}6[7] = o elns Ffal3] ’ (3.90)

Wepz)”
while performing the antisymmetrisation over the ten indices a[10] on the right-hand side
of (3.89) explicitly gives

~ a 4l a
wc[g] [10] = 170' € [10]b Fbc[S] . (391)

Note that the component of eyjg4(3 that transforms in the tensor product [10] ® [2] of
GL(11) is pure gauge on-shell, as can be seen by suitably projecting (3.83) and using (3.87).
Thus, it is only the GL(11)-irreducible component Ayg)q3 of e that is glued to the
zero-forms on-shell. To repeat, the components e, pg|biojara, ar€ pure gauge on-shell
and can therefore be eliminated in a gauge, leaving only the component Aygj,3 With a
differential gauge invariance in terms of the sole GL(11)-irreducible component & gjs(3):
OS¢ Apjg)|ja3) = O Ep[s)|laf3) - In this gauge, the field equations (3.83) then reduce to

417!

b[3
8(1A’4a[9]|| 8 = TO' €al10]c

FeBl (3.92)
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gallll,

which we recognise as equation (3.50) in the gauge where ="/, is set to zero. Upon

acting with 9° and antisymmetrising over the four b indices, we get

417!

3b0aAa[9]||b[3] = o1 Calloe

el Abzbabal (3.93)
which is nothing but the equation (3.39) up to an inessential coefficient.

3.5 Higher dualisations on-shell

In this section we will dualise the higher level components of the representation space T
given in equation (3.1). We consider a generic tensor in the list, say Fy4)|p(n) , and dualise
it on all n indices b so as to define
b
G e10])1 /10 al4] = €c{10]b1 €at0]bs - - - €710]6 Fara "™ - (3.94)
Using the symmetries of Fyyp(n) We now show that the G(n)C[lﬂ]H---Hf[lU]Ha[Ax} is GL(11)-
irreducible. Explicitly, we find that

c n b(n
MO GO o soliaiay = (=10 67F eqpuops, - - €4, progbn Fapa "™
= 10! €d[10]bg - - - €£[9]b1bn a[4}|| b(n) =0 y (395)
and
O G 1011110 ata) = (—101) 85 €qpiojvy - - - €f10jp, Fapay”™
= (—101) €410t - - - €110 Forapay 0> = 0. (3.96)

(n)
[10,...,10,4] °
where the number of columns of height 10 is n. This object satisfies the trace conditions

n) _
10,...,10,4] — 0,
n

)
10,...,10,4] =0,

We adopt the short-hand notation in which G(n)c[10}||...||f[10}|Ha[4] is denoted by G

Tr)G 1<i<j<n (3.97)

(
[
Tt +1GE 1<i<n (3.98)

where we recall that the symbols T, means that one takes an n trace between indices in
the ¢ and jth column. To show the first relation we note that

b(n)

8t 00 GOy ooy = —pH(10 = ) 8 s - Fogy " (3.99)

where § d% =94 [Cl .(5CP]dp , so that the expression on the left-hand side vanishes only if
the antlsymmetrlsed product of Kronecker deltas on the right-hand side of the equation
contains d°*;, , namely only when p = 10.

To show equation (3.98) we note that

G (™) alple[10—p] alple[10—p]by

[10]] .| £10]]|afa] = € €d[10jbs -+ €£10Jb, Fafan, > (3.100)

which only gives zero when p = 4, i.e. when all the four indices a’s of Fy )5, b2--bn are an-
tisymmetrised with one of the n indices in the set b(n) . Obviously, the result is unchanged

if one took four traces involving any another of the n columns of length 10 in Gﬁlg 104]
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We now consider the derivatives acting on G(n)c[10]||..l|| £[10]||af4]- In particular we observe
that

Oy GO NONAIONL-IF10) - cliOl 02 SO0 g b — 0, (3.101)

2...a5]||

which is a consequence of the differential equations (3.10) obeyed by the hierarchy of tensors
in the set 7 in (3.1) together with the GL(11)-irreducible symmetry properties (3.3) of these
tensors. Whereupon using the generalised Poincare lemma [31] the GL(11)-irreducible

tensors G") can be expressed as generalised curvature tensors of GL(11)-irreducible

[10,...,10,4]
potentials:
G™ 0]t 110).ag) = 4(10)"0e - .. Dy 0 A o110 af3] » (3.102)
The tensors G (A() are invariant under the following gauge transformations
(n) _ q{n}y() n+1} y (n+1)
5/\‘4[5,...,9,3} = dt })‘[9,...,9,8,3} +alnt }/\[9,...,9,2] : (3.103)

where

(n)
dPING o5 = 90 Matjo))Jjen-1ig]lien8lllafs) T 9T D1 Acifg]|__jien-1(s)ep e 8]as]
9

+ ...+ 9.’L‘ 801Acl[8}014‘WHCnfl[QH|cn[8ma[3} s xr = _é . (3.104)
The first term on the right-hand side of equation (3.87) can be depicted by the Young
tableau
il R L (3.105)
co | ... do | ay
co | ... f2 a9
cg | ... | co
Finally, the curvatures G™, n=0,1,... are related by
n 1 b[10 n+1
3G o suollota) = ~qg7¢e” " G optolicol..itolat (3.106)

leading to a corresponding duality relation for the first differentials of the various potentials:

n n+1 1
egvi10] O7A™ ol s0ll1ai3) = 10 DAV oy iciop 101 1ai3) + 39aAY gp1o cfol 1.1 £19]af3]
+ Y (97 A®) gj10) clol... 18 af3]) (3.107)

where the symbol Y means the projection of the 9n + 3 indices {c[9]||...||f[9]||a[3]} on
the GL(11) Young tableau with n columns of height 9 and one of height 3. Drawing
from the experience we gained from the frame-like formulation of the gauge field Ay 3,
we expect that the first-order duality relation (3.107) become free of inhomogeneous term
when expressed in terms of the frame-like frame fields and connections.
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4 Discussion

In this paper we have shown how the manifestly Lorentz and gauge covariant formulation
of the irreducible representations of the Poincaré group leads naturally to a description
of the dynamics of the massless point particle in terms of an infinite number of gauge
fields which obey first order duality relations. Gauge fields of this type were automatically
contained within the F1; non-linear realisation which is conjectured to be a symmetry of
the underlying theory of strings and branes. The F1; symmetry acts on the infinite number
of gauge fields rotating them into each other and this part of the symmetry can be thought
of as an extension of what we usually regard as a duality symmetry.

Duality symmetries have played an important part in theoretical physics and one may
hope that the extension of the symmetry given in this paper may prove useful in future
work. Certainly it will act as a very useful guide when formulating the equations of motion
that follow from the F1; non-linear realisation. The precise way the duality relations found
here are realised in the Fq1 approach will be published in a future paper.

An important aspect of the present paper is that the whole analysis concerns massless
gauge fields freely propagating in Minkowski background. We expect important conceptual
changes as the AdS background is considered instead. Indeed, in AdS gauge fields are
characterised by mass terms that all degenerate to zero in the flat limit. As a matter
of fact, manifest electric-magnetic duality-invariant unfolded equations for massless fields
freely propagating in AdS; background have been given in [39]. In this formulation, the
rigid group of transformation Sp(8, R) preserves the unfolded equations, since the left-hand
side of the field equations transforms covariantly with respect to this group. As discussed
in [39], the Sp(8,R) covariant formulation experiences a degeneracy when the flat limit is
considered, thereby indicating that electric-magnetic duality acts very differently depending
on the curvature of the background. A very appealing aspect of the unfolded formulation
for massless gauge fields in AdSy presented in [39] is that a u(1) subalgebra of sp(8,R)
acts on the fields as the electric-magnetic transformation, through an explicit doubling
of the set of fields related by the action of the u(1) symmetry. This feature is linked to
the dimensionality of AdS4 and the use of appropriate spinor variables. It would be very
interesting to investigate whether such a manifest duality symmetry could be extended to
unfolded systems in higher spacetime dimensions.

Finally, it would also be interesting to see if the duality relations found in this paper
could be extended to the Yang-Mills case. A discussion of the usual electro-magnetic
duality transformations in the context of Yang-Mills theory was given in [40].
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A Notation

In this appendix we give some of the notation used in this paper. While these definitions
are given in the text it may not always be easy for the reader to find them and so we
collect them here for easy reference. The first few sections of the paper are written without
using elaborate notation so that the reader can get used to the subject, but as the paper
progresses we need more and more indices and so we introduce a shorthand notation.

We separate blocks of antisymmetrised or symmetrised indices on the fields by putting
a double bar, for example A, qya05)p;...a9- We eventually use a shorthand for blocks of
antisymmetric and symmetric indices by denoting A, = Aq,...a,] = Aay...a, for blocks of
antisymmetric indices and Sy () = S(q;...an) = Say...a, fOor symmetrised indices. We use the
strength-one (anti)symmetrisation convention.

In the early sections of the paper we denote antisymmetrisation in the usual way that
i Fuyazasas = 40/, Aazazas)- However, once we have more indices to cope with we adopt
the convention that when an index with the same Latin label occurs in the same up, or
down, position in an equation, it is automatically antisymmetrised. For example, when we
write Fyy = 4 0qA,3 we automatically mean Fi,asa3as = 40[0; Aazagaa)-

When we are discussing forms we label the degree of the form by a number in square
brackets written as a subscript, for example A3 = % dz® A dx® N dx® Agiagas-

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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