-

View metadata, citation and similar papers at core.ac.uk brought to you byﬁ CORE

provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: February 9, 2015
ACCEPTED: March 21, 2015
PUBLISHED: April 8, 2015

NN = 1 superfield description of vector-tensor
couplings in six dimensions

Hiroyuki Abe,* Yutaka Sakamura’ and Yusuke Yamada®

@ Department of Physics, Waseda University,
Tokyo 169-8555, Japan

YKEK Theory Center, Institute of Particle and Nuclear Studies, KEK,
Tsukuba, Ibaraki 305-0801, Japan

¢Department of Particles and Nuclear Physics,
The Graduate University for Advanced Studies (Sokendai),
Tsukuba, Ibaraki 305-0801, Japan
E-mail: abe@waseda. jp, sakamura@post.kek. jp,
yuusuke-yamada@asagi.waseda. jp

ABSTRACT: We express supersymmetric couplings among the vector and the tensor mul-
tiplets in six dimensions (6D) in terms of N = 1 superfields. The superfield description is
derived from the invariant action in the projective superspace. The obtained expression is
consistent with the known superfield actions of 6D supersymmetric gauge theory and 5D
Chern-Simons theory after the dimensional reduction. Our result provides a crutial clue
to the N = 1 superfield description of 6D supergravity.

KEYWORDS: Extended Supersymmetry, Superspaces

ARX1v EPRINT: 1501.07642

OPEN AcCESs, (© The Authors. .
Article funded by SCOAP?. doi:10.1007/JHEP04(2015)035


https://core.ac.uk/display/81632886?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:abe@waseda.jp
mailto:sakamura@post.kek.jp
mailto:yuusuke-yamada@asagi.waseda.jp
http://arxiv.org/abs/1501.07642
http://dx.doi.org/10.1007/JHEP04(2015)035

Contents

1 Introduction 1
2 Invariant action in projective superspace 3
2.1 Action formula 3
2.2 Explicit forms of Lagrangians 4
3 N =1 superfield description 5
3.1 Superfield action formula 5
3.2 Decomposition into N = 1 superfields 7
3.3 N =1 description of tensor multiplet 9
3.4 N =1 description of vector multiplet 10
3.5 Vector-tensor couplings 11
3.6 Dimensional reduction to 5D 14
3.7 Bilinear terms in tensor multiplets 15
3.8 Identification of component fields 16
4 Summary 17
A Notations for spinors 17
A.1 Gamma matrices 17
A.2 Conjugation matrices 19
A.3 Covariant spinor derivatives 20
B Constraints on ®7 and W$ 21
C Derivation of 5D Lagrangian 22

1 Introduction

The N = 1 superfield description! of higher dimensional supersymmetric (SUSY) theories
is quite useful when we discuss phenomenological SUSY models with extra dimensions. It
makes the derivation of 4-dimensional (4D) effective theories easier since the Kaluza-Klein
mode expansion can be performed keeping the N = 1 off-shell structure. Besides, the
action is expressed compactly, and general setups can be treated. Since higher-dimensional
SUSY theories have extended SUSY, the full off-shell formulations are complicated and
less familiar, or do not even exist for theories higher than 6 dimensions (6D). In contrast,
the N = 1 superfield description is always possible because it only respects part of the

L4«N = 1" denotes supersymmetry with four supercharges in this paper.



full off-shell SUSY structure. Hence it is powerful especially when we describe interactions
between sectors whose dimensions are different, such as the bulk-boundary couplings in 5D
theories compactified on S'/Z,. For the above reasons, a lot of works along this direction
have been published [1]-[9].

When we discuss a realistic extra-dimensional models, the moduli play important roles.
They have to be stabilized to finite values by some mechanism, and are often relevant to the
mediation of SUSY-breaking to the visible sector. In order to treat the moduli properly, we
need to consider supergravity (SUGRA). The N = 1 superfield description of 5-dimensional
(5D) SUGRA is already obtained in refs. [5]-][9]. Making use of it, the moduli dependence
of the 4D effective action can systematically be derived [10]-[13]. Our aim is to extend
the 5D superfield action to 6D. Since the minimal number of SUSY is the same in the
5D and 6D cases, the desired N = 1 description is expected to be similar to that of 5D
theories. However, there is an obstacle to a straightforward extension of the 5D result. In
contrast to the 5D case, the 6D superconformal Weyl multiplet contains an anti-self-dual
antisymmetric tensor 1,5, (M, N, L: 6D Lorentz indices) [14]. This leads to a difficulty
for the Lagrangian formulation, similar to that for type IIB SUGRA. This difficulty can be
evaded by introducing a tensor multiplet, which contains an antisymmetric tensor Bj\} N
whose field strength Fy,y, = G[MB]J{,L} is subject to the self-dual constraint [14]. Com-
bining this multiplet with the Weyl multiplet, we obtain a new multiplet? that contains
an unconstrained antisymmetric tensor By, whose field strength is given by the sum of
Ty and F J\J/tf ~z- Namely, the off-shell formulation of 6D SUGRA requires the existence
of the tensor field Bj;y, which is not a necessary ingredient in 5D SUGRA.3

The off-shell action of 6D SUGRA is provided in refs. [14, 15]. In that action, the
tensor field Bysy is coupled to the vector fields. Thus, in this paper, we clarify how the
vector-tensor couplings are expressed in terms of NV = 1 superfields. Since we focus on these
couplings, we do not consider the gravitational couplings in this paper. In this sense, this
work is the generalization of ref. [1] including the vector-tensor couplings. For our purpose,
the projective superspace formulation [16-18] is useful. In fact, the N = 1 superfield
description of 5D SUGRA can be derived from the action in the projective superspace [8].
As for 6D SUGRA, the off-shell action in this formulation is provided in ref. [19].* We
derive the N = 1 superfield action from it.

The paper is organized as follows. In section 2, we provide a brief review of N = 2
supersymmetric actions in the projective superspace. In section 3, we decompose N = 2
superfields into N = 1 superfields, and express the vector-tensor couplings in terms of the
latter. We also clarify the relation between our result and the known N = 1 superfield
description of 6D SUSY gauge theory or 5D SUSY Chern-Simons theory through the
dimensional reduction. Section 4 is devoted to the summary. In the appendices, we list
our notations for spinors, and show explicit derivations of some of the results in the text.

>This is called the “Weyl 2 multiplet” in ref. [15], and the “type-IT Weyl multiplet” in ref. [19].
3Note also that an antisymmetric rank-2 tensor field is dual to a vector field in 5 dimensions.
4The 6D action in the harmonic superspace is provided in ref. [20].



2 Invariant action in projective superspace

2.1 Action formula

An N = 2 off-shell action can be constructed by using the projective superspace formu-
lation [16-18]. We consider 6D (1,0) SUSY theories. The 6D projective superspace is
parametrized by the spacetime coodinates ™ (M = 0,1,--- ,5), the Grassmannian coor-
dinates @iQ (i=1,2; a =1,2,3,4),> which form an SU(2)-Majorana-Weyl spinor, and the
complex coordinate ¢ of CP'. A projective superfield =(z,0,() is a holomorphic function
in ¢ that satisfies®

Pz = (—¢(DL+D})==0, (2.1)

o3

where the spinor derivatives are defined in (A.26). It can be expanded as

o0
E(2,0,0)= Y En(z,0)", (2:2)
n=-—00
where N = 2 superfields =,, satisfy
DYEn = D2En1. (2.3)

The constraint (2.3) fixes the dependence of =,, on half of the Grassmann coordinates @ig,
and thus =, can be considered as superfields which effectively live on an N = 1 superspace.

The natural conjugate operation in the projective superspace is the combination of the
complex conjugate and the antipodal map on CP! (¢* — —1/¢), which is called the smile

conjugate denoted as
(e.0)

E(2,0,0) = Y (=1)"E n(z,0)¢". (2.4)

n=—0oo

Then the N =2 SUSY invariant action formula is given by [19, 22]

where C' is a contour surrounding the origin ¢ = 0, the “Lagrangian superfield” L(z, ©, ()

5 dﬁx{ 7{ X pL(r,0,0)
C
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is a smile-real projective superfield (Iv/ = L), and

1 _ _
4 aBys =1 = pn[—1]m=1]
pl4 = _%e—@—l)& Ipl-pl-tpp,
1
D[—l] _ Dl D2
a 1 CT] ( a n ﬁ) . (26)

The complex number 7 is chosen arbitrarily as long as 1+ (n # 0. In fact, the action (2.5)
is independent of 7.

5In this paper, a, B, -+ denote the 4-component spinor indices, and «, 3,--- and &, B, --- are used as
the 2-component indices of 4D SL(2,C) spinors.

5The index [k] indicates the weight-k quantity. It coincides with the superconformal weight in the
superconformal theories [21].



2.2 Explicit forms of Lagrangians

A 6D hypermultiplet is described by an arctic superfield T, which is a projective superfield
that is non-singular at the north pole of CP! (¢ = 0). Namely, it is expanded as

0,() =) Talz,0)C". (2.7)
n=0
A 6D vector multiplet is described by a tropical superfield V', which is a smile-real projective
superfield,
V(2,0,0) = V(2,0,0). (2.8)
Namely, it is expanded as
(2,0,¢) = Z Vi (z,0)¢ Ven = (=1)"V,. (2.9)

Using these projective superfields, the Lagrangian superfield L in the hypermultiplet sector
is given by
Liyper = Te VY. (2.10)

In the following, we consider Abelian gauge theories, for simplicity.

In contrast to the above multiplets, a 6D tensor multiplet is not described by a pro-
jective superfield. As first shown in ref. [23], it can be described by a constrained real
superfield ® that satisfies

DiD)® = 0. (2.11)

or equivalently described by an SU(2)-Majorana-Weyl spinor superfield 7% constrained by
plris _ L5 Speqin — g (2.12)
[e% - 4 [e% ok - — Y. .

where the parentheses denote the symmetrization for the indices. We can identify these
superfields as
O = DT = ;DL T, (2.13)

but we can also regard them as independent tensor multiplets. From these two superfields,
we can construct a projective composite superfield,

T = < {mglq))Tmfx + i¢pg1T[l1a} , (2.14)

where T2 = —¢T'e 4 722 This certainly satisfies the condition DE]T = 0 due to the
constraints (2.11) and (2.12). For an SU(2)-Majorana-Weyl spinor ¥*¢, a quantity wltle =
—(Wla 4 W2a g transformed by the smile conjugation as

1\11[112, (2.15)

*_)_




where the overline denotes the covariant conjugation defined by (A.20), and we have
used (A.23). Using this property, it is shown that 71! is smile-real (712 = 711), and
thus it can be the Lagrangian superfield for the tensor multiplets.

Ltensor = T[2] (216)

Besides the description by the tropical superfield, a 6D vector multiplet is also described
by a superfield F'® subject to the same constraint as (2.12) if it is further constrained by

D; F™@ = 0. (2.17)

As we will see later, this superfield contains the field strength of the gauge field, and thus
gauge-invariant. Using F'® with ® and V', we can construct the Lagrangian superfield for
the vector-tensor couplings as

Lyt = VF, (2.18)
where
2 = &) pllgy plile o Lepl plile
Fia = C{(Da )F1e 4~ eDIF }
plle = _¢pley p2a (2.19)

The action constructed from the above Lagrangian superfields (2.10), (2.16) and (2.18)
is invariant under the following gauge transformations.

AV =A+A, AT =AY, SAD = 6, T = 0,
bcT™® = G, 6cV =6aY =650 =0, (2.20)

where the transformation parameters A and G are an arctic superfield and a constrained
superfield that satisfies the same constraints as (2.12) and (2.17), respectively.

3 N =1 superfield description

In this section, we express the N = 2 invariant action in the previous section in terms of

N = 1 superfields. For this purpose, it is convenient to devide the bosonic coordinates x

into the 4D part z* (1 = 0,1,2,3) and the extra-dimensional part z = %(;104 +iz°) and Zz.
As for the fermionic coordinates ©, they are decomposed into (%, 0,) that describes the
N = 1 subsuperspace we focus on and the rest part (6, 6,) as shown in (A.28). We follow

the notations of ref. [24] for the 2-component spinor indices.

3.1 Superfield action formula

Since the action (2.5) is independent of the choice of 7, we choose it as n = 0 in the
following. Then, D=4 becomes

1 1 =
pl-4 — —%e@léDéDéDiDé = 1—6D2D’2, (3.1)



where D, and D'® are defined in (A.30), and we have used (A.8) and (A.29). Since the
Lagrangian superfield L is a projective superfield, it satisfies DE 'L = 0. From (A.29), this
is rewritten as

(=¢Do—D,)L =0, (=¢D"*+ D% L=0. (3.2)

Thus, D=4 L is rewritten as
pp = L2 (1ppr —DQ 1p_dy (3.3)
16 ¢ ¢? ¢
where 0 = 9, = 04 — 05, and we have used (A.32). Therefore, the action (2.5) becomes
¢ 1 _
S = [d }[ < L pepe
27TZC 16 0—0'=0

:/d%{f zdfg d49L|} /deL‘. (3.4)

where a total derivative term is dropped, and the symbol | denotes the projection 6’ = 0.

For a given projective superfield Z(z, ©, (), its expansion coefficients =,,(z, ©) in (2.2)
satisfy

DoZn = —D.Z,11, Ds=, = DLZ, 1, (3.5)

/
e
which comes from the constraint (2.1). Note that =, (x, ©) is decomposed into the following
N =1 superfields.

Enl, DLE.|, DiEn|, D"Z.|, DLDiE.,
D?z,|, D*D.Z,, D?DLZ,, D?D"?zZ,|. (3.6)
The condition (3.5) provides constraints on these N = 1 superfields. The action for-

mula (3.4) is expressed in terms of them. Although each projective superfield contains
infinite number of N = 1 superfields, only a finite small number of them survive in the
final expression of the action as we will see below.

As a simple example, let us consider a free hypermultiplet. The Lagrangian is given by

Ligp = /d4 ]§2m< ‘ /d46 {i(—wmy?}‘. (3.7)

n=0

Since the arctic superfield T does not have terms with negative power in ¢ (i.e., ¥, = 0
for n < 0), the constraint (3.5) becomes

DaTn == —D;Tn+1 (n 2 0), D;To == 0,
DdTn = D/o}’rn—l (n > 1), DdTO =0. (38)

Thus the constraints on Y| and Y1| are isolated from the other N = 1 superfields.

DsYo| =0, D?*Yy| =49Y|. (3.9)



We have used (A.32). Note that Y,| (n > 2) are unconstrained superfields.” Hence they
can be easily integrated out and obtain

Luyp = /d49 {|T0’2 - \T1\2H . (3.10)
This is further rewritten as
Liyp = /d49 (1012 = 1) + { (D% — 46@) + hc.} |, (3.11)

where ® = Y| is a chiral superfield, and £ and k are unconstrained N = 1 superfields. In
fact, integrating out x and &, this reduces to (3.10) with £ = T1|. On the other hand, if
we integrate out ¢ and &, we obtain [22]

Lhyp = /d49 {@!2 + ’D2/€|2 — (4kOP + h.c.)}

_ /d49 (12 +18P) + {/d2¢9 BOD + h.c.} , (3.12)

where ® = D%k is another chiral superfield, up to total derivatives. This is consistent
with (2.3) in ref. [1].

3.2 Decomposition into N = 1 superfields

The constraint (2.12) is rewritten as
plirs _ L5 Epmpiy _ (3.13)
a - 4 a Ty - : :

Since {D([Xl ], g]} = 0, the solution of this constraint is expressed as [23]

o _ b aprspllpilpll pl-2
Tl — 3 2Dy plipg P, (3.14)
where the prepotential Pl s a (-independent N = 2 superfield, which is a real scalar.
The overall (-dependence is determined so that T2 satisfy
o 1
TMe — _Zplle (3.15)
¢
(See (2.15).) In the 2-component-spinor notation, (3.14) is rewritten as
T[l]a — i o D/ D 2 _ Da _ Dloc P[—Q}
oo (6D + D)? (=D = D) P,
7t = é (=¢D = D) (=¢D} + Dy) P2, (3.16)

We have used (A.8) and (A.29).

"From (3.8), each Y,| (n > 2) is related to D'Y,11|. However, since the latter does not appear in the
action, the former can be regarded as an unconstrained superfield.



Since T2 is a linear function of ¢, the prepotential P2 should satisfy
DaD?P2 = D?2p! P2 = 0. (3.17)

From the linear and constant terms in ¢, we can read off the components 7°¢ as

7' = ~(D'*D"” - 2D*DD’ + 40D*) P2,

L
2
T°" = —5 (D*D" — 2DD'D" + 49D"") P17,

Ty = —(13), T=(T,)" (3.18)
Then, ® constructed by (2.13) is calculated as

® = D, T?* + D'*T? + D, T'* — DT}
= D, T%* 4+ D/ T + h.c.
=i (-2D*DD'D), + 2DsDD'D'* + 490DD’ — 40DD’') P72 (3.19)

The N = 2 superfield P72 is decomposed into the following N = 1 superfields.

po = P, pf = DP|,
pga = D/leaP[—Z] ‘7 p3 = D/2P[—2} |’
ps = DD?pl| ps = D'“D"?D! P2, (3.20)

Then, (3.17) is translated into the following constraints.®

D*p} =0, Daps =0,
Ddﬁw -+ 26£w'8p3 =0, D2pga + 48de? =0,
Daps — 4ic" ;0,Dapy” +40piz = 0,
D? (p§ — 4ic"“8,p14) + 80Daps® — 160%p¢ = 0. (3.21)

When the spinor derivatives D, and D% act on N = 1 superfields, they are understood
as the 4D N = 1 ones, i.e., Do = 395 + i(0/0)a0,, and D% = % +i(5"0)¥9),. From the
second and the third constraints in (3.21), we obtain

D?*pg = 0. (3.22)
Namely, p§ is a complex anti-linear superfield and expressed as

Py = D%, (3.23)
where g4 is a complex scalar superfield. The fourth constraint in (3.21) indicates that

X* = Dap® — 20p} (3.24)

®The last four constraints are obtained by operating Dj orD% on (3.17) and putting 6’ = 0.



is a chiral superfield. Thus x® can be expressed as x® = D?U%

> where UY is a spinor

superfield. The sixth constraint in (3.21) is rewritten as
0 = D?(p§ +2{D" D%} p1a) + 89x™
= D? (p§ +2D*D%p14 + 80U, (3.25)
which indicates that ) -
¢ = §p2‘ — D Dypi + 40U7 (3.26)
is a complex linear superfield, i.e., D>Z® = 0.

3.3 N =1 description of tensor multiplet
From (3.18) and (3.20), we obtain

Tla‘ — % (pz _ 2D0¢Ddﬁ(1i + 48Dap0) — iDaX,
7% = —% (D*Dpy — 2D py™ + 40p}) = iD*Y®, (3.27)

where

X = %cm — Dgpf + 20po,
Yo =U2 - %Dapo. (3.28)

Using Z¢ defined in (3.26), (3.27) is also expressed as

T =i (2% - 40Y%), T?% =iD*Y*. (3.29)
From (3.18), we can calculate

plirlle — (_¢p, — D) T 4+ (—¢D'* + DY) T}/
=3 {42 <—48D2 - %D%’)D’ — 2i0".0,D*D'* +20D"” — 2DD’D’2>
+¢ (=D*D?*Dq + 1690 — 89DD' — 80DD'
+2D*DD'D), + 2D, DD'D'* — D'*D" D))

+ <45D2 — ;DzDD’ + 2ic",0,D*D'™ — 20D" + ;DD’D’Q) } P,
(3.30)
Thus,
. L
%Dg:ﬂﬂg = G+ Ao — 2 A, (3.31)
where
2 S2h.a_ Lin2 71 5~ 1 3 pa
A1 = 40D%po = 5D*Dapt — 5 [D*, Da] P = 20p3 + 5D pua
= D (p4oz - 2DaDézp? + 48Dap0)
= 2D (Z, — 40Y,,),
Ay = (D*D?D,, — 1600) po + 80D“p1a + 80Dep§
—QDQDd(pg)da — QDC',Da(ﬁg)ad + ps. (332)



Although Ag cannot be expressed in terms of only Y, and Z,, DgAg can. In fact, after
some calculations, we obtain

Dg Ay = —80 (Zs — 40Y;) + 2D* DYy,

— D, (—88)‘( - 4D5D2}75) , (3.33)
where we have used that Z¢ — 40Y® = DX (= —iT"®|). Thus, Ay is expressed as
Ag = —89X — 4Dy D*Y® + ¢, (3.34)

where ¢ is a chiral superfield that is determined so that Ay is real.
From (3.19), we have

®| = i (—2D*Dy(p2)®, + 2D D*(p2),* + 40D p1a — 40D455F)
= —2iD%q + 2iDg X"
= —2iD*D?Y,, + 2iDsD*Y*,
D\ ®| = —%DQszla + % (DaDg +2DaDy) Py — 4i0xa
= i (DaDe +2DsDy) (Z* — 40Y*) — 4i0D?Y,,. (3.35)

In summary, the 6D tensor multiplet is described by the spinor superfields Y, and Z,,
where the latter is constrained by D?Z, = 0.

3.4 N =1 description of vector multiplet

As mentioned in section 2.2, a 6D vector multiplet can also be described by the constrained
superfield F@. This is decomposed into N = 1 superfields in a similar way to the ten-
sor multiplet.

F' =i (Z% —40YP) =iD*Xp, F?*| =iD*Yg,

1
DY FMe) = CApy + Apo — ¢ 17

7

I

Apy = 2D (Zpy — 40YE,)
Apo = —80Xp — 4DdD2Y}?‘ + ¢ ro,
Dio F'| = —2iD®D*Yp, + 2iDs D?Y 2, (3.36)

where Z% and ¢pq are a complex linear and a chiral superfields, respectively. In contrast
to the tensor multiplet, F is further constrained by (2.17), which indicates that

D®D?*Yp, = DgD*YE. (3.37)

,10,



This is regarded as the Bianchi identity, and solved as
(o3 1 «
Yi = _ED V, (3.38)
where V' is an unconstrained real superfield. Then, Z is expressed as
Zp =40YF + D Xp = —D°%, (3.39)
where X = 9V — Xp. Since D?Z% =0, X is a chiral superfield. Thus, (3.36) becomes
Fle| =D (9V ~ %), F* = —2D’D"V,
Ap1 =2D*(0V - %), Apo = =80 (0V — £) + Dy D*D*V + ¢pp. (3.40)
As mentioned in section 2.2, F'@ are invariant under the gauge transformation,

Vo V+A+A X I +0A, (3.41)

where A is a chiral superfield. Especially, F? is proportional to the field strength superfield,
1 _
o= —ZD2DC“V. (3.42)

Since ¢ is a chiral superfield and Ap is real, we find that ¢rg = 89%. Namely,

Apg =38 {— (D4PT + 35) V + 0% + 82} , (3.43)
where 0y = 0,0, and
D¢ D?D%
=_—o7 = .44
Pr ap (3.44)

is the projection operator [24].
In summary, the 6D vector multiplet is described by a chiral superfield 3 and a real
superfield V', which are independent of each other.

3.5 Vector-tensor couplings

Now we consider the vector-tensor couplings. Note that F?I defined in (2.19) is an O(2)
multiplet, i.e.,

1
Fo = R R - Ly (3.45)

(2]

where F;” is real. Since

% (Plo) Flle = ic {Dy@F' - (D, 0F>)"}
+i { D, OF'* — D, ®F** — (D, ®F'*)* + (Do ®F?*)*}

—% {DL®F> — (D, ®F')*}, (3.46)

— 11 —



we can calculate ]:1[2]| and .7-"(%2]| after some calculations by using the results in the previous
subsections as

1 o
Fll = D {@r 9V — )} - WrW,
FA = {-WeD, (0V — ) — D*®;W, +h.c.}
207 {(04Pr +80) V — 9% — 05}, (3.47)
where
b = ®| = —2iDD?Y,, + 2iDs D>V,
Wro = iD? (Do X + 40Yy,)
= —i (DoaDs + 2DsDy) (Z* — 40Y®) + 4i0D?Y,,. (3.48)

Note that the real linear superfield ®7 and and the chiral superfield W% are not indepen-
dent. As shown in appendix B, they are related through

D“Wr, = —20®7,
D?D®p = —49WE. (3.49)

From these relations, we obtain
(O4+00) @r =0, (04 +00) Wi =0, (3.50)

where we have used that Pr®7 = &1 and DQDQW% = 1600, W3 . Namely, &7 and Wi are
on-shell. This stems from the fact that the 6D tensor multiplet contains a self-dual tensor
field B:[V. In the 6D global SUSY theories, the tensor multiplet cannot be described as off-
shell superfields,” and thus should be treated as external fields. As shown in refs. [14, 15],
the off-shell description of the tensor multiplet becomes possible by combining the Weyl
multiplet when the theory is promoted to SUGRA.

Therefore, from (2.18), the Lagrangian in the vector-tensor sector is

d¢ 4
_ 4 95
Lyt }Ii omic d*0 Ly

= /d40 (@) + Al -y
= fat Hv@? (B7 (OV —5)) + ViV

Vol (WD, (0V — X) + D*®rW,, + h.c.}
—2Vp| @7 {(O4Pr + 09) V — 0% — 95}

1. o
—§V1|D2 {®p (8V—E)}+V1‘WTW:| , (3.51)

“This fact is explicitly shown in the harmonic superspace formulation in ref. [23].

— 12 —



where V) and V; are the coefficient superfields in the tropical superfield (2.9). Using
d’0 = —%DQ and performing the partial integrals, the above Lagrangian is rewritten as

Lyt = — / d*0 SWrW + hec.
- / 4 {2i<1>T OV — %) + VWD, (V — ) + VDB W, + h.c.}
- /d46 2B,V {(DuPr + 00) V — 05 — 05} (3.52)
where
D?Vy|. (3.53)
The second line in (3.52) is further rewritten as
- /d49 (2507 (9V — ) + VWED, OV — ) + VD@ W, + e}
- 1_ N -
S /d29 {EWWT + ZD2 (@TDavwa + aVDaVWTa) } +h.c.
+ / d*0 @7V {4 (04Pr + 00) V — 20 — 205}
+ /d49 {2<I>T(5I7 — %) (0V — %) + h.c.} : (3.54)
where we have used (3.49). Thus, Ly becomes
- - 1_ - -
Lyt = — / d*6 {(EW + EW) Wr + ZD2 (CI)TDO‘VWQ + aVDavaa)} +h.c.
+ / d*0 27V (O4Pr + 00) V

+ /d49 {Q@T(éf/ — D)V - %) + h.c.} , (3.55)

where W, = —%DZDQV. When the 6D vector multiplets (V, %) and (V,%) are identi-
cal, (3.55) is simplified as

Lyr = — / a6 {QZWWT + EDZ (DrD*VW, + 8VDaVWTa)} +h.c.

+ /d40 207 [V (DuPr +00) V +2(3V — 5) 0V — %)} (3.56)

This is our main result. This contains the result in ref. [1] as a special case: ®p = 1 and
Wi = 0, which corresponds to the case where the tensor multiplet is absent. In such a
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case, (3.56) becomes
Lyt = /d20 W? + hec.
+ /d49 {VDW, +2V80V +4(0V — %) (V — %)}

= /d29 %WQ +h.c.

+ /d40 2{2(3V — ) (V — %) — dVav'), (3.57)
where we have used d?0 = —iDQ, and dropped total derivative terms. This agrees
with (2.17) in ref. [1] after rescaling the superfields as V' — f%gv and X — 2—1g¢.

3.6 Dimensional reduction to 5D

Here we consider the dimensional reduction of (3.56) to five dimensions by neglecting the
x5-dependence of the N = 1 superfields. Then (3.49) becomes

D*Wrq = —204%7,
D?’Do®p = —49,V%. (3.58)

Since the right-hand-side of the first equation is now real, WW3 satisfies the Bianchi iden-
tity DWrq = DdV_\/%. Hence it is a field-strength superfield.

1_

WS = —ZDQDO‘VT, (3.59)
where Vp is a real superfield. Substituting this into the second constraint in (3.58), we
obtain

D?D® (®r — 04Vp) = 0, (3.60)
which indicates that
Op = 04Vy — B — X, (3.61)
where!? oo
DD
Xr= .62

is a chiral part of 94Vp. Then, the first constraint in (3.58) is rewritten as
(04 + 0F) PrVr = 0. (3.63)

Namely, the 6D tensor multiplet becomes an (on-shell) 5D vector multiplet after the di-

mensional reduction.!!

ONote that @1 is a real linear superfield, i.e., &1 = ProsVr.

1 Although there exists a 5D tensor field among the fields obtained from the 6D tensor field B by the
dimensional reduction, such a field is dual to a 5D vector field. The duality between the 5D tensor (gauge)
multiplet and the 5D vector multiplet is explicitly shown in component fields in ref. [25].
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As shown in appendix C, the Lagrangian (3.56) becomes the following expression after
the dimensional reduction.

8D — / 4?0 CrixSTWIWE 4+ hee.

+ / d' CI?;’K {(uVIDV? — VI DV ) WE 4 hie)
+ /d49 QC%VIVJVK, (3.64)

where (X1, V1, %2 V2) = (2, V, X7, Vr), the symmetric constant tensor C7f is defined as
Ch12 = (121 = C911 = 1 and the other components are zero, and
Vi=ogvli—xl %l (3.65)

This agrees with the 5D supersymmetric Chern-Simons terms [1, 26].

3.7 Bilinear terms in tensor multiplets

In this subsection, we consider the Lagrangian terms that consist of only tensor multiplets.
It is given by (2.16). The Lagrangian is expressed as

_ g 4 _ / 4 412]
ﬁtensor — %C’ 27”( a0 Ltensor - a0 76 ’7 (366)
where .
T = (7 4 7T Z(7-1[2])*_ (3.67)

Using the expressions in section 3.3, 76[2]] is calculated as
1. -
T = {—i(Da®)T? +i(DL®)T' + hoc.}| + o7 Ao
- - 1. -
- (—DO‘(I)TD2YQ ~WED.X + h.c.) + 101 o, (3.68)

where

Ay = —80X — 4Ds D2V + gy, (3.69)

Here we treat two tensor multiplets (&7, W$) originating from @ and (X,Y ) originating
from 7% as independent multiplets. The Lagrangian (3.66) is then expressed as

. - 1 N
Lionsor = / d*o {(@TDQDWQ + DWypro X + h.c.) + 4q>TAO}
1 - s _
— / d*o <8c1>TAO + &7 D*D?Y,, — 2007 X + h.c.)
a1 7 a P2V av
= [d'0 -or (AO 4 8DD%Y, + 169X + h.c.)

1 o~ _ o~
= /d40 P <2DC"D2YQ +0X + h.c.) : (3.70)
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We have used (3.49), and dropped total derivative terms. At the last step, we have used that
/ 419 o (/lo 4 4Da D2V ¢ 88):() - / 449 7y = 0. (3.71)
This Lagrangian can be further rewritten as
1 _ - L
Ltensor = / da*o <—2D2D°‘<I>TYa — 007X + h.c.>
4 1 N2 o \/ 1 « %
= [d°0 —iD D*®pY, — §WTDQX + h.c.
1 _ ~ - -
= /d49 {DQDC”(I)TYa WS (Za - 48Ya> + h.c.}
1 _ -
=3 /d49 {(D2D0‘<I>T +40WE) Yo, + h.c.} . (3.72)

At the last step, we have used the fact that W7 and Z® are a chiral and a linear superfields.
This Lagrangian vanishes due to the second constraint in (3.49). However we can relax
that constraint if we regard Y, as the Lagrange multiplier. In that case, the constraint
is obtained as the equation of motion for Y. As shown in appendix B, that constraint is
necessary in order for F12 defined in (2.19) to satisfy D&l I — 0, which is relevant to
the N = 2 SUSY invariance of the action. Thus, in such a case, the full N = 2 SUSY
invariance of the vector-tensor coupling terms (3.56) is ensured only at the on-shell level.!2
Nevertheless, (3.72) is expected to play an important role when we promote the theory to
SUGRA. Tt corresponds to (2.14) in ref. [23], which is described in the harmonic superspace.

3.8 Identification of component fields

Finally, we identify component fields of each N = 1 superfield. Here we focus on the
bosonic fields.
A 6D vector field Ay is embedded into V' and ¥ as [1]

V = —(00"0)A, + -,
1
5= 5 (As—id) 4o (3.73)

where the ellipses denote fermionic or auxiliary fields.
The 6D tensor multiplet contains a real scalar field o and a self-dual tensor field B]T/I N
which satisfy [23]
(044 00) o = 0,
1
8[MB?\_[L} == EGMNLPQR8PB+QR7 (374)
where eyrnrpgr is the antisymmetric constant tensor. From (3.29) and (3.40), the gauge
transformation for the tensor multiplet in (2.20) is expressed as

0c (Zo —40Yy) = Do (0Vg — Xq) ,
_ 1_
6aD?*Y, = —ZDQDan, (3.75)

2Half of the whole SUSY remains manifest at the off-shell level because the action is expressed in terms
of N =1 superfields.
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where the vector multiplet (X, Vz) is the transformation parameter that satisfies the
on-shell condition. Note that ®7 and Wy, are invariant under this transformation. In
components, this gauge transformation is expressed as

o — 0o, B]T/IN —>B]T/[N+8M)\N—0N)\M, (3.76)

where \j; are the transformation parameters. From the conditions D?®p = D?®p = 0
and (3.49), we find that o and B]T/[ y are embedded into ®7 and Wr, as

dp = 0 —2(05"0) {0, B} — Im (9C,)} — %92672540— SR
Wra = 0.00 + (6""0)o {0B,), + 0,C,, — 0,Cp} + - -, (3.77)

where C), = B:4 + iB/‘g, and Wr, is expressed in the chiral basis (z# + i00"0, 2, 2,0, 0).

Note that these expressions are invariant under (3.76).

4 Summary

We have derived the N = 1 superfield description of supersymmetric coupling terms among
6D tensor and vector multiplets from the projective superspace action provided in ref. [19].
This is necessary to describe 6D SUGRA in terms of N = 1 superfields. Our result contains
the result in ref. [1] as a special case. It also reproduces the 5D supersymmetric Chern-
Simons terms after the dimensional reduction.

The tensor multiplet is described by two complex spinor superfields Y, and Z,, where
Z, is constrained as D?Z, = 0. They appear in the action in the forms of a real linear
superfield ®7 and a chiral spinor superfield Wy, defined by (3.48). These superfields
are constrained by (3.49), which leads to the on-shell conditions. Thus they should be
treated as external fields. This stems from the fact that the 6D tensor multiplet contains
a self-dual tensor field By, . As shown in ref. [14] in the component fields, the on-shell
condition for the tensor multiplet can be relaxed when the theory couples to the gravity.
Our result (3.56) provides a good starting point to obtain the N = 1 superfield description
of 6D SUGRA. We will discuss this issue in the subsequent paper.
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A Notations for spinors

A.1 Gamma matrices

The spacetime metric is
ds?* = nunde™da™ =y, detde? + (dat)? + (da®)?, (A.1)

where 7, = diag(—-1,1,1,1).
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M
M _ (v )as
= e ). o
where 4 x 4 matrices v and M satisfy
B B
(WY N 5 = 2NN
(FYAN + VM), = M6, (A.3)

and are defined as

evﬁ
FHAY ¢ B ’
—1i€ap 5 _ [€ap .
< —ZEa6> ('Y )O‘, - ( —€d5> 9

N
Yol .
B,
_Ecw g/wﬁ

\Q
(1SS
Il

\Q
(1S

_ _eoB
Ghee = (T , e ={"" SN
—i€s5 €4
where the antisymmetric tensors € and €ap are chosen as €' = = 1. These matrices
are anti-symmetric, i.e., (fyM)gé = —('yM)ﬁg and (M)« — ) Ba The 6D chirality

matrix 'y is defined by
1
I, = IOTIr2rserdrs = ( 4 ) > . (A.5)
—14
The antisymmetric tensors €aBys and €290 are given by

1 o 1 ~ (07 ~
caprs = 5 (V" )ap(n)as, €20 = S(FM)E ()2 (A.6)
Then it follows that

1, VPR S
S22 (M) = ML, Seaps(3M)2 = (1M )ap. (A7)

Since 1234 — 1 = —612612 and €1934 = 1 = —ep9e'?, these tensors are expressed in the

2-component notation as

ad D) Y

afyd . __af_ . ay,... AP T I e B
€E—— = € 6"75 € 655 € 6,37 60'4[3’6 604')/6 6d5€ s

56 56 34 % )
€apys = —€qB€° — €ary€ B eqse®’ — €vs — € 7esp — €€, (A.8)
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A.2 Conjugation matrices

An 8-component Dirac spinor U is decomposed into 4-component Weyl spinors as

R g

where the signs denote eigenvalues of I';. The Dirac conjugate of U is defined as
¥ =3ta, (A.10)

where A satisfies
ATM A=Y = (M), (A.11)

The explicit form of A is given by

A A
A= -

A%, = e ALl = “ap (A.12)
£ —€ap ’ R EE ' ’

where & denotes a 4-component spinor index of the complex conjugate of the Weyl spinors.
Since (T'M)* form an equivalent representation of the Clifford algebra, there exists an
invertible matrix B that satisfies

B(IrMy*Bt =M, (A.13)

An explicit form of B is given by

B (B BT> , (A.14)

These matrices satisfy

where

BB*=B*B=-14, B(HM)*B*=~M. (A.16)
The charge conjugation matrix C, which satisfies
CTMC— = —(rM)t, (A.17)

is constructed from A and B as

C) , (A.18)
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where

e ~ 5 B
a B ) 8 _ o
C 5= ( —(5dﬁ> , Co = ( _5dB> ) (A.19)

Thus the charge conjugation flips the 6D chirality.
The covariant conjugate of a spinor U is defined as

= BU*, (A.20)

This operation is not a Zy transformation since

U = BU* = B(BU*)* = BB*U = —U. (A.21)

For an SU(2)-doublet spinor W’ (i = 1,2), a Zo transformation is obtained by combining
the covariant conjugation with lowering the SU(2) index,
Ul s i = € B(PI)* (A.22)

Thus we can impose the SU(2)-Majorana condition,

A .

12

Here the antisymmetric tensors € and €;; are chosen as €'“ = €21 = 1. Since the covariant

conjugation preserves the 6D chirality, we can impose this condition on 6D Weyl spinors.
Namely, the SU(2)-Majorana-Weyl condition is expressed in the 4-component-spinor nota-
tion as

(599, = B0 - ) = i,
(F07)" = (B, (@) = w0 = g utie
= (BN)*5(017)F = 078 = ¢ wlohe, (A.24)

In the two-component-spinor notation, the SU(2)-Majorana-Weyl spinors are expressed as

(++) (++)
gt — [ Xa P2 [ Tha
o e ) e |

(—)a — A
(e _ (X() ) gz ( " ) , (A.25)
A Xa

A.3 Covariant spinor derivatives
We introduce the Grassmann coordinates ©™, which form an SU(2)-Majorana-Weyl spinor

with the 6D chirality —. Then the covariant spinor derivatives are defined as

A 9
PR
Dg_e 907a

+i(vM)ap0C00 = — =5 +i(1™) 05000, (A.26)

00

2

which satisfies
{D;, Djé} = —2ic¥ (M) 4500 (A.27)
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In the 2-component-spinor notation, ©™ are expressed as

o Hla o 90{
e = (—%) , %= (94> : (A.28)

Then, the covariant spinor derivatives are expressed as
D -D!
Dl = <D’z> , Dl= ( DdQ) , (A.29)

d .
Do = o+ (00),, 0 + 040,

Dy = ag'a +i ("), 0 — a0,

o Oy g
DY = oo +i(0"60) 0+ 670,

D' = 82, +i(6"6')" 8, — 6%9, (A.30)

where

and 0 = 04 — i05. The algebra (A.27) is decomposed as

{Dde} = —2io}, O, {D&Dé} = —2io},, O,
{Da, Dy} = 2030, {D%, D7} = 2¢,
(Do, Dg}= {D;,D’ﬂ} = {D,, Da} = 0. (A.31)

We list some useful formulae following from this algebra.

(Do, D*] = —4ict,0,D%, [Dg, D?] = 4ic*.0,D*,
D'D = DD'" — 49, D'D = DD'" — 49,
1 - 1 -
DQD/g = §GQ5D2’ DdDB — _§€dﬁD2' (A32)

B Constraints on ®r and W4

Here we derive the constraints in (3.49).
From the definition (3.48),

DWro = iD*D? (Do X + 40Y,,)
= iD4D*D*X + 4i0D* D?*Y,
= iDaD? (Z% — 40Y*) + 4i0D*D*Y,,
= —20 (2D D*Y* — 2iD*D?Y,) = —20%r. (B.1)

We have used that D¥X = Z¢ — 49Y% and D?Z% = 0.
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The analyticity condition D([ll]}' 2] = 0 is translated in the 2-component-spinor nota-
tion as

D.F =0, DoFy +DLF =0,
DyFP =0, DsFI-DLFP =0 (B.2)

Thus the N = 1 superfields .7-"([)2]] and .7-"1[2]\ satisfy the following constraints.

D.FI =0,
D*FP| = —DD'FP| = — (D'D + 49) F| = —40F 7). (B.3)

From the explicit expressions in (3.47), we can see that the first constraint is satisfied. As
for the second constraint, we can show that

D2}_(gz]‘ = _45-7:{2}’ — (D*Da®r + 40Wrs) W (B.4)

We have used the constraint (B.1). Comparing this with the second constraint in (B.3),
we obtain

D?Dy®r = —40Wrg,. (B.5)

C Derivation of 5D Lagrangian

We derive (3.64) from (3.56) after the dimensional reduction to 5D. By using (3.58)
and (3.61), we can calculate

207 {V (OyPr+03) V +2(04V - £) (04V - ¥)}
= (04Vr = 37 — Z7) VD Wy — 2 (04®7V + PrdsV) 04V
+40r {(O4V)? — 04V (E+ ) + E5}
= {;84VTVD‘1W@ — SpVDW, + %DO‘WTQV&;V + h.c.}
+207 {(04V)? = 20,V (£ + %) + 285}
_ {—;DO‘ (04VEV) Wa + 50DV W, — %D"‘ (VOsV) Wra + h.c.}
1207 (94V — % = £) — 207 (82 + 52) (C.1)

We have also used D*W,, = DyW?, and dropped total derivative terms. Thus, after the
dimensional reduction to 5D, (3.56) becomes

1_
ﬁ$’$’ = - /d20 {2EWWT + ZDQ (PrD*V Wy + a4VDaVWTa)} +h.c.

+ /d49 207 {V (O4Pr+03) V +2(04V - ) (04V - %)}
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= - /d20 2XWWr + hc.
+ / d*0 {(04Vr — 21 — S7) D*VW, + 04V DV Wy, + h.c.}
+ /d49 { (—;D“ (O4VIV ) We + 7D VW, — %Da (VOLV) Wrq + h.c.)
1207 (04V - T - £)° - 207 (22 + 32) }
= - /d20 (2SWWr + SrW?) + hee.
+ / d*6 {; (04Vr DYV — 9, DV V) Wa+% (04V DYV — 9,D°VV) WTa+h_c.}
+ /d49 2 (Ve — S — S7) (A — % - %)% (C.2)
We have dropped total derivative terms, and used that
/d46? dry? = —i /d29 D*(drx?) = —% /d20 (D*®7)%% = 0. (C.3)
Using (A.31) and (A.32), we can show that

(84VTDQV — (94DQVTV) We + (84VDQV — 84DQVV) Wra + h.c.
=2 (84VDQVT — 84DQVVT) W, + h.c., (C4)

up to total derivatives. Thus, (C.2) is rewritten as
8D — /d29 (2SWWr + S2W?) + hec.
+ / d*e {:1)) (04Vr DOV — 9, DV V) W, + % (OVD*Vp — 04DV V) Wy
% (04V DV — 04D°VV) Wy, + h.c.}
+ /d49 24V — Sr — 1) (V-2 - %)%, (C.5)

If we relabel (3,V) and (X7, V) as (31, V1) and (X2, V?), this is expressed as (3.64).
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