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1 Introduction

A viscosity approximation method for finding fixed points of nonexpansive mappings was
first proposed by Moudafi in 2000 [1]. He proved the convergence of the sequence gen-
erated by the proposed method. In 2004, Xu [2] proved the strong convergence of the
sequence generated by the viscosity approximation method to a unique solution of a cer-
tain variational inequality problem defined on the set of fixed points of a nonexpansive
map.

It is well known that the iterative methods for finding fixed points of nonexpansive map-
pings can also be used to solve a convex minimization problem; see, for example, [3—5] and
the references therein. In 2003, Xu [4] introduced an iterative method for computing the
approximate solutions of a quadratic minimization problem over the set of fixed points of
anonexpansive mapping defined on a real Hilbert space. He proved that the sequence gen-
erated by the proposed method converges strongly to the unique solution of the quadratic
minimization problem. By combining the iterative schemes proposed by Moudafi [1] and
Xu [4], Marino and Xu [6] considered a general iterative method and proved that the se-
quence generated by the method converges strongly to a unique solution of a certain varia-
tional inequality problem, which is the optimality condition for a particular minimization
problem. Liu [7] and Qin et al. [8] also studied some applications of the iterative method

considered in [6]. Yamada [5] introduced the so-called hybrid steepest-descent method

©2013 Naraghirad; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


https://core.ac.uk/display/81631621?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.journalofinequalitiesandapplications.com/content/2013/1/546
mailto:eskandarrad@gmail.com
http://creativecommons.org/licenses/by/2.0

Naraghirad Journal of Inequalities and Applications 2013, 2013:546 Page 2 of 30
http://www_.journalofinequalitiesandapplications.com/content/2013/1/546

for solving the variational inequality problem and also studied the convergence of the se-
quence generated by the proposed method. Very recently, Tian [9] combined the iterative
methods of [5, 6] in order to propose implicit and explicit schemes for constructing a fixed
point of a nonexpansive mapping 7 defined on a real Hilbert space. He also proved the
strong convergence of these two schemes to a fixed point of T" under appropriate condi-
tions. Related iterative methods for solving fixed point problems, variational inequalities
and optimization problems can be found in [10-15] and the references therein.

On the other hand, the gradient-projection method for finding the approximate solu-
tions of the constrained convex minimization problem is well known; see, for example, [16]
and the references therein. The convergence of the sequence generated by this method
depends on the behavior of the gradient of the objective function. If the gradient fails
to be strongly monotone, then the strong convergence of the sequence generated by the
gradient-projection method may fail. Very recently, Xu [17] gave an operator-oriented ap-
proach as an alternative to the gradient-projection method and to the relaxed gradient-
projection algorithm, namely, an averaged mapping approach. Moreover, he constructed
a counterexample which shows that the sequence generated by the gradient-projection
method does not converge strongly in the setting of an infinite-dimensional space. He
also presented two modifications of gradient-projection algorithms which are shown to
have strong convergence. Further, he regularized the minimization problem to derive an
iterative scheme that generates a sequence converging in norm to the minimum-norm so-
lution of the constrained convex minimization problem in the consistent case. The related
methods and results can be found in [18—26] and the references therein. By virtue of pro-
jections, the authors in [27] extended the implicit and explicit iterative schemes proposed
in [9].

The purpose of this paper is to introduce a general algorithm to approximate com-
mon fixed points for a countable family of nonexpansive mappings in a real Hilbert space.
We prove the strong convergence theorems for the sequences produced by the methods
to a common fixed point of a countable family of nonexpansive mappings which is the
unique solution of a corresponding variational inequality. We also propose explicit itera-
tive schemes for finding the approximate minimizer of a constrained convex minimization
problem and prove that the sequences generated by our schemes converge strongly to a
solution of the constrained convex minimization problem. Our results improve and gen-
eralize some known results in the current literature, see, for example, [27, 28].

2 Preliminaries

Throughout this paper, we denote the set of real numbers and the set of positive integers
by R and N, respectively. Let H be a real Hilbert space, and let C be a nonempty subset
of H. Let T : C — C be a mapping. We denote by F(T) the set of fixed points of T, i.e.,
F(T)={xe C: Tx =x}.

Definition 2.1 (i) A mapping T : C — C is said to be nonexpansive if || Tx — Ty|| < |lx —y||
for all x, y in C. T is said to be quasi-nonexpansive if F(T) # @ and || Tx — y|| < ||x — y|| for
allx in C and y in F(T).

(ii) A mapping T : H — H is said to be an averaged mapping [29] if it can be written as
the average of the identity I and a nonexpansive mapping; that is,

T=0-a)l+as, (2.1)
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where « is a number in (0,1), and S : H — H is nonexpansive. More precisely, when (2.1),
holds, we say that T is a-averaged.

(iii) A mapping B: C — H is said to be L-Lipschitzian if | Bx — By|| < L|lx—y||, Vx,y € C,
where L > 0 is a constant. In particular, if L € [0,1), then B is called a contraction on C; if
L =1, then B is nonexpansive.

(iv) A mapping V : D(V) C H — H is called firmly nonexpansive [30] if

(x—y, Ve—Vy) > |Va—-Vy|?, Vx,yeD(V),
where D(V) is the domain of V.
Clearly, a firmly nonexpansive mapping is a %-averaged map.
Proposition 2.1 [31, 32] Let H be a real Hilbert space, and let S, T,B: H — H be map-
pings.
(@ IfT=Q0-a)S+aB forsome a in (0,1), and if S is averaged, and B is nonexpansive,
then T is averaged.
(b) T is firmly nonexpansive if and only if the complement (I — T) is firmly nonexpansive.
() If T =(1-a)S+aB for some o in (0,1), and if S is firmly nonexpansive, and B is
nonexpansive, then T is averaged.

Recall that the metric (or nearest point) projection from H onto C is the mapping P¢ :
H — C, which assigns to each point x in H the unique point Pcx in C satisfying the property

lx = Pex|l = d(x, C) := inf ||lx — y]|.
yeC

Lemma 2.1 [30] Let H be a real Hilbert space. For given x in H:
(@) z=Pcx ifand only if

(z—x,z-y) <0, VyeC.
(b) z = Pcx if and only if

lx—zl* < llx =y - lly-zlI>, VyeC.

(Pcx —Pcy,x —y) > |[Pcx — Pcyll®>,  Va,y € H.
Consequently, Pc is nonexpansive and monotone.
In general, a projection mapping is firmly nonexpansive, and, thus, a 1/2-averaged map.

Lemma 2.2 The following inequality holds in an inner product space X:

I +y1% < llxll* + 2,2+ 9),  Va,y € X.


http://www.journalofinequalitiesandapplications.com/content/2013/1/546

Naraghirad Journal of Inequalities and Applications 2013, 2013:546 Page 4 of 30
http://www_.journalofinequalitiesandapplications.com/content/2013/1/546

Lemma 2.3 [33] In a Hilbert space H, we have
|2+ =2y ]” = Allell> + @ = A)lIyI2 - 2@ W)llx=yI%,  Vx,y € Hand 1 € [0,1].

Lemma 2.4 (Demiclosedness principle [33]) Let T : C — C be a nonexpansive mapping
with F(T) # @. If {x,} is a sequence in C that converges weakly to x, and if {(I — T)x,}
converges strongly to y, then (I — T)x = y; in particular, if y = 0, then x € F(T).

Definition 2.2 Let H be a real Hilbert space. A nonlinear operator 7, whose domain
D(T) C H and range R(T) C H is said to be:
(a) monotone if

(x—yTx—Ty) >0, Vx,ye€D(T),

(b) n-strongly monotone if there exists n > 0 such that
(x—y, Tx—-Ty) = nllx-ylI>, Vx,yeD(T),

(c) a-inverse strongly monotone (for short, «-ism) if there exists & > 0 such that
(x—y, Tx = Ty) > a| Tx — Ty||?, Vx,y € D(T).

It can be easily seen that (i) if 7 is nonexpansive, then I — T is monotone; (ii) the pro-
jection map Pc is a 1-ism. The inverse strongly monotone (also referred to as co-coercive)
operators have been widely used to solve practical problems in various fields, for instance,
in traffic assignment problems; see, for example, [34, 35] and the references therein.

Proposition 2.2 [31] Let T : H — H be an operator.
(a) T is nonexpansive if and only if the complement I — T is %—ism.
(b) If T is v-ism, then y T is 5—ismfor v>0.
(b) T is averaged if and only if the complement I — T is v-ism for some v > % Indeed, for

a in (0,1), T is a-averaged if and only if - T is %—ism.

Lemma 2.5 [27] Let B: C — H be an L-Lipschitzian mapping with constant L > 0, and let
A : C — H be a k-Lipschitzian and n-strongly monotone operator with constants «,n > 0.
Then for 0 < yL < un, we have

(=9, (LA - yB)x — (WA - yB)y) = (un - yL)|x -y VxyeC.
That is, uA — y B is strongly monotone with coefficient jun — y L.

The following lemma plays a key role in proving strong convergence of our iterative
schemes.

Lemma 2.6 [5, Lemma 3.1] Suppose that A € (0,1) and u,k,n>0. Let A: C — H be an
L-Lipschitzian and n-strongly monotone operator on C. In association with a nonexpansive
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mapping T : C — C, define the mapping T* : C — H by
T x = Tx - \uA(Tx), VxeC.

Then T* is a contraction provided u < i—g, that is,
|T7% - T*y|| < @ =2r7)lx—yl, VxeC,

wheret =1—/1-u(2n - ux?) €(0,1].

Let A: C — H be a «-Lipschitzian and 5-strongly monotone operator with constants
k,n > 0. Let B: C — E be an L-Lipschitzian mapping with constant L > 0. Assume that
T : C — C is a nonexpansive mapping with F(7T) # @. Let 0 < u < i—g and 0 < yL <,

where T =1-/1 — (21 — ux?). Let the net {x;},c(0,1) be generated by the following implicit

scheme:
x; =Pc [tyth +( - t/LA)Tx[]. (2.2)

Then {x;};e(0,1) converges strongly to a fixed point ¥ of T, which solves the variational

inequality

((yB-uA)x,x-z)<0, VzeF(T). (2.3)
Let the sequence {x,},cn be generated by the following explicit scheme:

Xns1 = Pc [oe,,yan + (- oz,,,uA)Txn]. (2.4)

Then {x,},cn converges strongly to a fixed point x of T, which is also a solution of the
variational inequality (2.3), see, for more details, [27].
Consider a self-mapping S; on C defined by

Swx = Pc[tyBx, + (I - tnA)Tx], VxeC. (2.5)

Then, S; is a contraction, and it has a unique fixed point in C, which uniquely solves the
fixed point equation (2.2), see [27] for more details.

Proposition 2.3 [27, Proposition 3.1] Let H be a real Hilbert space, and let C be a
nonempty, closed and convex subset of H. Let A : C — H be a k -Lipschitzian and n-strongly
accretive operator with constants k,n > 0. Let B: C — H be an L-Lipschitzian mapping
with constant L > 0. Assume that T : C — C is a nonexpansive mapping with F(T) # @.
LetO< < i—g and 0 < yL <t,wheret =1-— m For each t in (0,1), let x;
denote a unique solution of the fixed point equation (2.2). Then, the following properties
hold for the net {x;};e(0,1):

(1) {xe}eeo,) is bounded,;

(2) limyo |l%; — Txs|| = O;

(3) t > x; defines a continuous curve from (0,1) into C.
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Theorem 2.1 [27, Theorem 3.1] Let H be a real Hilbert space, and let C be a nonempty,
closed and convex subset of H. Let A : C — H be an « -Lipschitzian and n-strongly accretive
operator with constants «,n > 0. Let B: C — H be an L-Lipschitzian mapping with con-
stant L > 0. Assume T : C — C is a nonexpansive mapping with F(T) # &. Let 0 < 1 < i—g

and 0 <yL<t, wheret =1- m For each t in (0,1), let {x;} denote the
unique solution of the fixed point equation (2.2). Then the net {x.;} converges strongly, as
t — 0, to a fixed point x of T, which solves the variational inequality (2.3), or equivalently,
Prry(I— A+ yB)X =X.

Lemma 2.7 [36] Let {s,}, {v.} be sequences of nonnegative real numbers satisfying the
inequality:

Sn+l S (1 - Vn)sn + Vn‘sm V}’l Z 0.

Suppose that {y,} and {3,} satisfy the conditions:

(i) {ya) C [0, and Y .2 vn = 00, or equivalently, [[)-(1 - y,) = 0;
(ii) limsup,_, .8, <0,o0r
(i) Zzio Y8, < 00.

Then lim,_, o S, = 0.
Lemma 2.8 [37] Let {B,} be a sequence of real numbers with

0 <liminf B, <limsup B, < 1.
n—0oQ

n—00

Let {x,} and {z,} be two sequences in a Banach space E such that
Xn+l = (1 - ,Bn)xn + ,annr n>1
If

lim Sup(”xnﬂ = zZull = I%ns1 _xn”) =<0,
n—0o0

then lim,,_, o ||%, — 24| = 0.

Let C be a subset of a real Banach space E, and let {T,}3°, be a family of mappings of
C such that (2, F(T,) # @. Then {T,}7°, is said to satisfy the AKTT-condition [38] if for
each bounded subset D of C, we have

oo
Zsup{ll Tpnz - Tyzll :z € D} < o0.

n=1

Lemma 2.9 [38] Let C be a nonempty subset of a real Banach space E, and let {T,};°, be
a family of mappings of C into itself, which satisfies the AKTT-condition. Then for each x
in C, we have that {T,x}32, converges strongly to a point in C. Moreover, let the mapping T
be defined by

Tx= lim T,x, VxeC.

n—0o0
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Then for each bounded subset D of C, we have

lim sup{||T,,z— Tz||:z € D} =0.

n—00

In the sequel, we will write that ({T,}2,, T) satisfies the AKKT-condition if {T,}32, satisfies
the AKKT-condition, and T is defined by Lemma 2.9.

We end this section with the following simple examples of mappings satisfying the
AKTT-condition (see also Lemma 5.2).

Example 2.1 (i) Let E be any Banach space. For any n € N, let a mapping 7, : E — E be
defined by

T, () = ;—“ (x<cE).

Then, T}, is a nonexpansive mapping for each n € N. It could easily be seen that ({T},}°;, T)
satisfies the AKKT-condition, where T'(x) = 0 for all x € E.
(i) Let E = [2, where

n=1

00 00 %
12_ _ . 2 _ 2 V. lZ
= G—(01:62¢'--:6n’---)' loull” <o0g, llofl= llowl , VO €17,
n=1

o0
(o,m) = Zo,,nn, V8 =(01,02,000,00,...),1=M11020 003Ny .) € 2.

n=1

Let {x,}nenujoy C E be a sequence defined by

X0 = (1:01 OyO;"')x
x =(1,1,0,0,0,...),
X = (11 0711 0) 07 01---))

%3=(1,0,0,1,0,0,0,...),

cey

Xp = (U}'l,lr 01,25+ ++30nks -+ -);
.
where
1 ifk=1n+1,
Ouk =

0 ifk#Lk#n+1,

for all n € N. It is clear that the sequence {x,},cn converges weakly to x,. Indeed, for any
A=A k.. ) € = (%)%, we have

o0
Ay —%0) = (%n — %0, A) = D MeOx = 0
k=2
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as n — o0. It is also obvious that ||x, — x,,|| = ~/2 for any # # m with n, m sufficiently
large. Thus, {%,},en is not a Cauchy sequence. We define a countable family of mappings
T;:E— Eby

" .
Lx, ifx=x,
n+l”? n

Tiw={"1"

A% if x # x,,

forall j > 1 and n > 0. It is clear that F(T;) = {0} for all j > 1. It is obvious that T} is a
quasi-nonexpansive mapping for each j € N. Thus, {T}};cy is a countable family of quasi-
nonexpansive mappings.

Let Tx = lim;_, o, Tjx for all x € E. It is easy to see that

n s — .
T() = sax, ifx =
—X, if x # x,,.

Then, we obtain that T is a quasi-nonexpansive mapping with F(T) = {0} = F(T). Let D be
a bounded subset of E. Then there exists r > 0 such that D C B, = {z € E: ||z|| < r}. On the
other hand, for any j € N, we have

o0 o0 . .
-j-1_ -
;sup{IIT,ﬂz—szH :zeD} :Zsup{H [ Z_j+—lz

:ZED}
j=1

=1
:;msup{llzllzzeDko@.

Furthermore, we have

1irnsup{||T,z— Tz|| : z € D} =0.

j—00
Therefore, ({T,,}52,, T') satisfies the AKKT-condition.

3 Fixed point and convergence theorems
Let C be a nonempty, closed and convex subset of a real Hilbert space H, and let P¢ be the
metric (or nearest point) projection from H onto C.

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Assume {T,}°, is a sequence of nonexpansive mappings from C into itself such that
Mooy F(T,) # @. Suppose, in addition, that T : C — C is a nonexpansive mapping such
that ({T,}32,, T) satisfies the AKTT-condition, and S : C — C is a nonexpansive mapping
with F := (oo, F(T,) NF(S) # @. Let A : C — E be a k-Lipschitzian and n-strongly mono-
tone operator with constants k,n > 0. Let B: C — E be an L-Lipschitzian mapping with
constant L > 0. Let 0 < pu < i—g and 0 <yL<t,wheret=1-/1-u2n- ux?).
For arbitrarily given x; in C, let the sequence {x,} be generated iteratively by

Yn = PC[Oth/an + (I - an:U“A)xn]:
K = (1 - ﬁn)xn + B TnSym neN,

(3.1)


http://www.journalofinequalitiesandapplications.com/content/2013/1/546

Naraghirad Journal of Inequalities and Applications 2013, 2013:546 Page 9 of 30
http://www_.journalofinequalitiesandapplications.com/content/2013/1/546

where {a,}, {B,} are two real sequences in (0,1) satisfying the following control conditions:

[o¢]
(a) lima,=0 and Zan = 00;

n—0oQ
n=1 (3.2)
(b) 0<liminfg, <limsupg, <1.
n—>00 n—00

Then the sequence {x,} converges strongly to x* € F(TS), which solves the variational in-

equality
(A - yBx*,x* —2) <0, zeF(TS). (3.3)

Proof We divide the proof into several steps.
Step I. We claim that the sequence {x,} is bounded. Let p in F be fixed. In view of

Lemma 2.6 we conclude that
|7 - puA)xy = (I = eupeA)p| < 1 - @y0)lls = pll,  VneN.
This together with (3.1)-(3.3) implies that

lyn = pll = | Pcletny By + (I = aupuA)x, ) - Pep)|
< |ty Bru + (I = ayiA)x, - p |
= (v Brn = nA®)) + ( - aupA)x, — (I - cuuA)p|
< ayLl|x, = pll + aul|(yB = pA)p| + (1 - a,7) %, - pll

= (1-au(t - yD)%s - pll + o | (B - nA)p|

B—-uA
< max{nxn ~pl, M} (3.4)
Since T, is nonexpansive, for all # in N, it follows from (3.1) and (3.4) that
%ni1 = pIl = ” (1 = Bu)xn = p) + Bu(TuSyn — p) ”
< (1= B)lxn = pll + Bull TuSyn — Pl
< (= Bllxn = pll + Bullyn =Pl
(yB—pnA)pl
s(1—ﬂn)||xn—p||+ﬂnmax{||xn—p||,—y P
T—yL
B-uA
< max{||xn—p||,w}. (3.5)
4

By induction, we have that {x,} is bounded. This implies that the sequences {Ax,}, {Bx,},
{yu}, {Syn} and {T,,Sy,} are bounded too. Let

M = sup{ [l ], 1A%l 1B |, 1511 1Sy ll, | TSyl : 1 € N} < 00,
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and set
D={z€E: |zl <M}.

Then we have D is a bounded subset of E and {x,}, {Ax,}, {Bx,}, {yu}, {TxSy,} C D.
Step II. We claim that lim,, o |y, — TSy, || = 0. In view of (3.1), we obtain

9 = %nll = | Pc[otny B + (I = otytA)x, ]| — Pclxa]
=< HanVan + (I - ayA)x, — %, H
= |y Bxy + Xy — ot plAxy — x|

= | (v B — nA)an . (3.6)
Since lim,,_, o a;, = 0, it follows from (3.6) that
lim |y, —x,| = 0. (3.7)
n—0oQ
In view of Lemma 2.6, we conclude that
”(1 — Q1 A X1 — (I — Qi A, ” < -apat) % —xall, VYmeN.
This implies that

1Yne1 = Yull = | Pe[nny Brn + (I = o1 jtA)kna | = Peany Bay + (I — ayptA), | |
< |1y Bnar + (I = 1 pA)nsr — oty Bty + (I — tyyft A |
< | etna1y By — Bxn) + v (ts1 — o) By
+ (I = i1 ppA)sr — (I = 0lps1 A)y — Oy (LAXy |
< @pa1y Ll = xnll + (1 = 1) 16041 — 25l
+ Yo — a1 Bxall + o1 || Ay ||
< (1- ap1(t = YD) 1%ns1 — Xull + y Mleni1 — ot + pMotni

= ”xn+1 _xn” + ]/M|0l,,+1 - O[,,| + l’LMal’l+1' (38)

Next, we show that lim,,_, » ||%,+1 — %,|| = 0. For this purpose, we denote a sequence {z,}
by z, = T,Sy,. It follows from (3.8) that

21 = zull = | Tns18Yne1 = TuSynll
S W TwaSynat = TurSyull + 1 Trs18Yn — TuSynll
< Myms1 = Yull + 1 718y = TSyl
< % =l + Y Mlotpn — tul + Moty

+ sup{[| Tz — Tyzll : z € D}. (3.9)
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This implies that
”ZVH-I - Zn” - ||xn+l _xn” = M|an+1 - an| + SUP{ ” Tn+1Z - TnZ” FAS D} (310)
Since lim,,_, o o, = 0, in view of the AKTT-condition and (3.2)(a), we conclude that

lim sup(||zns1 — Zall = [1%ne1 = %4l1) <O.

n— 00

Utilizing Lemma 2.8, we deduce that

lim ||z, —x,]|| =0.

n—0oQ
It follows from (3.1) and (3.2)(b) that

lim [|xy1 —%ull = lim Bz, — %, = 0. (3.11)
On the other hand, we have

Iyn = TuSyull < 13n = %ull + 10 = Xt | + %041 — TSyl
=< ”yn = Xl + 1% = X || + (L = ,Bn)”xn - TnSyn”

< Nyn = xall + 1125 = 20 | + (1 - ,Bn)[”xn = Yull + lyn = TnSyn”]~
This implies that
1
17n = TuSyull < ﬁ—[2||yn = %] + || _xn+1||]' (3.12)
In view of (3.7) and (3.11)-(3.12), we obtain
nlirlgo lyn = TuSyall = 0. (3.13)
By the triangle inequality, we obtain

”yn - TSyn” =< ”yn - TnSyn” + ||TnSyn - TSyn”
< lyn = TuSyull + sup{ll Tpz — Tz| : z € D}. (3.14)

In view of the AKTT-condition and (3.13)-(3.14), we deduce that
lim ||y, — TSy, = 0.
n—00
Step III. We prove that there exists x* in F(TS) such that
lim sup((pLA — yB)x*,x* —y,,) <0.
n—00

For each ¢ in (0,1), we define the mapping S; : C — C by

Si(x) = Pc[tyBx + (I - t,uA)TSx], VxeC.
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Since S, T and I — tiuA are nonexpansive mappings for each ¢ in (0, 1), in view of (2.5), we
conclude that S; is a contraction for each ¢ in (0,1), and hence by the Banach contraction

principle, there exists a unique fixed point x; in C such that S;(x;) = x;. Thus, we have
x; =Pc [tyth + (- tMA)TSxt]. (3.15)

Next, we show that lim;_, g x; := x* exists. We first show that {x;} is bounded. To this end,

let p in F be fixed. In view of Lemma 2.7, we obtain
llxe = pll = || Pe[ty Bx, + (I - tuA) TSx:] - Pep||
< ||tyth + (I — tuA)TSx, —p||
< | t(yBx, - nAPp)) + (I - tnA)TSx, - (I - tuA)p|

= (1-tlz —yD))lx —pl +t|(yB- nA)p|.
This implies that

I(yB— pnAp|l

— <
I =pll = ==

Thus, we have that {x;};c(0,) is bounded and so are {ATSx;};c(0,1) and {(y B — wA)x;}te(0,1)-

In view of (3.15), we obtain

ll, — TS|l = ||Pc[ty B + (I — tnA) TSx, | = Pe(TSx) |
< “L‘)/th + (I —tpA)TSx; — TSxt”

<t (yB - nA)x|.

This implies that
li%l lloe; — T'Sx:|| = 0. (3.16)
t—0t

Using the techniques in the proof of Theorem 2.1, we see that the variational inequality
(3.3) has a unique solution x € F(TS). We show that x; — x as t — 0. To this end, set

ye = tyBxy + (I —tuA)TSx,, Vte (0,1).

Then we have x; = Pcy;, and for any given z in F(TS),

X —2=Pcye—ye+y:—2

=Pcy, —y; + t(yBxy — uAz) + (I — tuA)TSx, — ([ — tnA)TSz. (3.17)

Since Pc is the metric projection from E onto C, for each z in F(TS), we have

(Pcy: —ye,Pcy: —z) < 0.

Page 12 of 30
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Exploiting Lemma 2.1 and (3.17), we obtain

llac; — 2|
= (X —2,% — 2)
= (Pcy: — yu Pcyr — 2) + (I titA) TSx, — (I — tpuA)z, o, — 2) + t(y B, — pAz, %, — z)

<@ -tr)|lx — 2| + t{yBx; — uAz,x; — z). (3.18)

It follows from (3.18) that

1
ll, — zI|* < = (yBx; — nAz,x; — z)
1
< —[(yBx; — yBz,x; — 2) + (y Bz — uAz,x, — z)|
T
1 2
< ;[yLIIxz —z|* + (yBz - nAzx, - z)].
This implies that
9 1
llx: — z||° < 7 (yBz — nAz,x; - z). (3.19)

Let {t,} C (0,1) be such that ¢, — 0* as n — oc. Let & := x,,. It follows from (3.16) that
lim,,_, o |6}, — TSx}|| = 0. The boundedness of {x;} implies that there exists x* in C such
that &% — %%, i.e., converges weakly, as # — 00. In view of Lemma 2.4, we deduce that
x* € F(TS).Sincex}, — x* as n — 00, it follows from (3.19) that lim,,_, c [}, —x*|| = 0. Thus,
we have that lim,_, ¢+ x; = x* is well defined. Next, we show that x* solves the variational
inequality (3.3). Observe that

x¢ = Pcyy = Peye — v + ty Bxy + (I — tnA) TSx;,.
Thus, we have
1 1
(LA —yB)x, = ;(PCyt — 1) - ;(1 - TS)x; + u(Ax, — ATSx,).

Since TS is nonexpansive, we conclude that I — TS is monotone. The property of metric
projection implies that

((VB — A)xs, x5 — Z)

1 1
= Z(Pcy[ — VX —2Z) — Z((l —TS)x; — (I - TS)z, %, — z) + W(Ax; — ATSxy, % — 2)
< /L(Axt —ATSxt,xt - Z)
< pLllxe = TSx |l — 2|l (3.20)

Replacing ¢ by ¢, in (3.20), letting » — 00, and noticing that {x; — z};¢(0,1) is bounded for z
in F(TS), with (3.16), we have

((yB-pA)u*,x* -2 <0. (3.21)
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Thus, we have that x* in F(TS) is a solution of the variational inequality (3.3). Conse-
quently, x* = X by uniqueness. Therefore, x, — x as t — 0. The variational inequality (3.3)
can be written as

(I-pA+yB)x-x%-2)>0, VzeF(TS).
So, in terms of Lemma 2.1, it is equivalent to the following fixed point equation:

PF(TS)(I - /LA + )/B)JE =X
Since {y,} is bounded, for any subsequence of {y,}, there exists a further subsequence {y,, }
such that y,, = uin C. In view of Lemma 2.4 and Step I, we conclude that « € F(TS). This

together with (3.21) implies that

lim sup(,qu* — yBx*,x* —y,,) = lim (qu* — yBx*,x* —y,,i>

n—00 11— 00

<,qu* — yBx*,x* — u)
<0.

Step IV. We claim that lim,,_, o, ||x,, — x*|| = 0.
For each # in NU {0}, we set

Vu =,y Bxy + (I — ayuA)TSx,
and observe that y, = Pcv,. Then, by Lemmas 2.1 and 2.5, we obtain

[ =2 = {yu =", 30 - °)
= (PcVn = Vi Pcvy — &%) + (v — &%, 9 — &%)
< (vu—a*, 30 — %)
= au{y By — HA(x"), 3 — 27)
+ (U — uptA) TSy — (I — pptA) TSK*, yyy — x*)
= o,y (Bxy — Bx*, y, — x*)
+an((yB - pA)x*, y, — x*)
+(U = autA) TSy — (I — 0ty uA) TSK*, y, — %)
< oy L] = 2| [y = 2| + ctu((y B - nA)x*, 3, - x*)
+ (=) = 2" [ - 27
= (L=an(r = yL) [ =" |y - 7]
+ay((y B = pA)X*, y, — x%)
< (-t = yD) g (o =o'+ =)

+ oz,,((yB - nA)X*, y, — x*) (3.22)

Page 14 of 30
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This implies that

2 _ (L-an(t-yL)

P
T A+ au(r-yL))

Tty VB A=

e -

[y — 2|

20,

< (-an(e =y D), |4 |

(yB - nA)x*,y, — x*)

= (1=t —yL)) |0 — 2| + @ubns (3.23)

where

2 * *
frmt vk and b I D) B AR )

In view of (3.22) and (3.23), we conclude that

[ = * = [ (L= B + B TuSyn |
< (@= B =" + B TuSyn - ||
< (1= B)|n=*|* + Bullyw -
< (1= Bo)|xn =2*|” + Bu[ (1~ (T = L) |2 — 27| * + 0005

< (1 — Buay(t — yL)) Hx,, —x* H2 + Bna,0,.E,
1

)
= (1—,3n05n(T—VL))”xn—x || +,3nan(T_J/L)T_yL

01> (3.24)

where y, = Ba,(t — yL). It is easy to show that lim,e ¥y = 0, Y oo Vs = 00 and
limsup,,_, ., &, < 0.Hence, in view of Lemma 2.7 and (3.24), we conclude that the sequence
{x,} converges strongly to x* in F(TS). O

Remark 3.1 Theorem 3.1 improves and extends [28, Theorems 3.1 and 3.2] in the follow-
ing aspects.
(i) The identity mapping I is extended to the case of  —A: C — E, where A: C — E is
a k-Lipschitzian and n-strongly monotone (possibly nonself-) mapping.

(ii) In order to find a common fixed point of a countable family of nonexpansive
self-mappings T, : C — C, the Mann-type iterations in [28, Theorem 3.2] are
extended to develop the new Mann-type iteration (3.1).

(iii) The new technique of an argument is applied in deriving Theorem 3.1. For instance,
the characteristic properties (Lemma 2.1) of metric projection P¢ play an important
role in proving the strong convergence of the net {x;};¢(,1) in Theorem 3.1.

(iv) Whenever we have C = E, B =0, A = I, the identity mapping on C and p = 1, then
Theorem 3.1 reduces to [28, Theorem 3.2]. Thus, Theorem 3.1 covers [28,
Theorems 3.1 and 3.2] as special cases.

Remark 3.2 In Theorem 3.1, it is shown that any sequence generated by the iterative step
(3.1) converges strongly to the unique solution of the variational inequality problem (3.3).
This variational inequality problem is more general than many variational inequality prob-
lems (see, for example, [27]) due to the fact that S is an arbitrary nonexpansive mapping,
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and due to the well-known relations between fixed points of nonexpansive mappings and
variational inequalities, the solution of (3.3) can be seen as a fixed point set of some non-
expansive mapping V, and then this mapping could be added to countable family of non-
expansive mappings T,. In addition, the feasible set of the variational inequality problem
(3.3) is Fix(T'S), with T and S being nonexpansive mappings. For several sub-sets of nonex-
pansive mapping, Fix(TS) = Fix(T) NFix(S) hold (see, e.g., [31, 32] for averaged mappings).

4 Constrained convex minimization problems
Let H be a real Hilbert space, and let C be a nonempty, closed and convex subset of H.
Consider the following constrained convex minimization problem:

minimize{f(x) (X € C}, (4.1)

where f : C — R is a real-valued convex function. If f is Fréchet differentiable, then the
gradient-projection method (for short, GPM) generates a sequence {x,} using the follow-

ing recursive formula:

%ni1 = Pc (%, — AVf(x,)), Vn=0, (4.2)
or more generally,

Xpi1 = Pe (% — AnVf (%)), Vn >0, (4.3)

where in both (4.2) and (4.3), the initial guess x is taken from C arbitrary, and the param-
eters, A or A,, are positive real numbers. The convergence of algorithms (4.2) and (4.3)
depends on the behavior of the gradient Vf. As a matter of fact, it is known that if Vf is
a-strongly monotone and L-Lipschitzian with constants «, L > 0, then the operator

T := Pc(I - AVf) (4.4)

is a contraction; hence, the sequence {x,} defined by algorithm (4.2) converges in norm
to the unique solution of the minimization problem (4.1). More generally, if the sequence
{1} is chosen to satisfy the property

0 <liminfA, <limsup X, < 2_01’ (4.5)
n—>00 Hs 00 L?
then the sequence {x,} defined by algorithm (4.2) converges in norm to the unique mini-
mizer of (4.1).

However, if the gradient Vf fails to be strongly monotone, the operator 7' defined by
(4.4) would fail to be contractive; consequently, the sequence {x,} generated by algorithm
(4.2) may fail to converge strongly (see [17, Section 4]). If Vf is Lipschitzian, then algo-
rithms (4.2) and (4.3) can still converge in the weak topology under certain conditions.

Very recently, Xu [17] gave an alternative operator-oriented approach to algorithm (4.3);
namely, an averaged mapping approach. He gave his averaged mapping approach to the
gradient-projection algorithm (4.3) and the relaxed gradient-projection algorithm. More-
over, he constructed a counterexample, which shows that algorithm (4.2) does not con-
verge in norm in an infinite-dimensional space, and also presented two modifications of


http://www.journalofinequalitiesandapplications.com/content/2013/1/546

Naraghirad Journal of Inequalities and Applications 2013, 2013:546 Page 17 of 30
http://www_.journalofinequalitiesandapplications.com/content/2013/1/546

gradient-projection algorithms, which are shown to have strong convergence. Further, he
regularized the minimization problem (4.1) to devise an iterative scheme that generates
a sequence converging in norm to the minimum-norm solution of (4.1) in the consistent
case.

Let A: C — H be a «-Lipschitzian and n-strongly monotone operator with constants
k,n>0,andlet B: C — H bean /-Lipschitzian mapping with constant / > 0. Suppose that
O<pu< i—g and 0 < y/ < 7, where 7 = m Suppose that the minimization
problem (4.1) is consistent, and let Q denote its solution set. Assume that the gradient
Vf is L-Lipschitzian with constant L > 0. Motivated by the work of Xu [17], the authors of
[27] introduced the following implicit scheme that generates a net {x:}, ., 2) in an implicit
way:

X = Pc[syBxk + (- suA)T;\x,\], (4.6)

where T and s satisfy the following conditions:

(i) s:=s(A) = % for each A € (O,% ;

(i) Pc(I - AVf)=sI+(1-s)T; for each A € (0, 2).
They proved that {x;},, 2) converges strongly to a minimizer x* in Q of (4.1), which
solves the variational inequality (2.3).

For a given arbitrary initial guess xo in C and a sequence {,} C (0, %) with A, — %, they
also proposed the following explicit scheme that generates a sequence {x,} in an explicit
way:

Xyl = Pc[snyBx,, + (- snuA)Tnx,,], Vn>0, (4.7)

where r, = # and Pc(I — A, Vf) =s,l +(1-s,)T, for each n > 0. It is proven in [27] that
the sequence {x,} strongly converges to a minimizer x* in Q of (4.1).

On the other hand, we know that x* in C solves the minimization problem (4.1) if and
only if x* solves the fixed point equation

x* =Pc(I — AVf)x™,

where A > 0 is any fixed positive number. Note that Vf being Lipschitzian implies that the
gradient Vf is %—ism [39], which then implies that AV is ﬁ -ism. So by Proposition 2.2(c),
I-)\Vfis %—averaged. Now since the projection Pc is %—averaged, we know from Propo-
sition 2.2(c) that I — AVf is %-averaged for each X € (0, %). Hence, we can write

2-AL_ 2+AL

Pe(l=aNf) = =1+

T)\ =sl + (1 —S)TA,

_ 2-AL

where T is nonexpansive, and s := s(A) 4

that

€ (0, %) for each A € (0, %). It is easy to see

2
)»—)Z — s—0".

For each fixed A € (0, %), we now consider the self-mapping

Qyx =Pc¢ [syBxA +( - S;LA)T,\x], VxeC.
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It is easy to see that Q; is a contraction, see [27] for more details. Thus, there exists a
unique fixed point x; in C, which uniquely solves the fixed point equation (4.6).

The following two results, which summarize the properties of the net {x}, 2) have
been proved in [27].

Proposition 4.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let A: C — H be a k-Lipschitzian and n-strongly monotone operator with constants
k,n >0, and let B: C — H be an l-Lipschitzian mapping with constant | > 0. Suppose
that 0 < u < i—’; and 0 <yl<t,wheret = m Suppose that the minimiza-
tion problem (4.1) is consistent, and let Q denote its solution set. Assume that the gradient
Vf is L-Lipschitzian with constant L > 0. For each A in (0, %), let x; denote a unique solution
of the fixed point equation (4.6), where T, and s satisfy the following conditions:

(i) s:=s(A) = %for each A in (0, %);

(i) Pc(I —AVf)=sl+(1-s)T) foreach A in (0, %).
Then, the following properties for the net {x}, 2 hold:

(a) {xk}xe(o,%) is bounded,

(b) lim, 2 [l = Toxa |l = 05

(c) x; defines a continuous curve from (0, %) into C.

Theorem 4.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let A : C — H be a «k-Lipschitzian and n-strongly monotone operator with constants
k,n >0, and let B: C — H be an [-Lipschitzian mapping with constant | > 0. Suppose
that 0 < u < i—g and 0 <yl < 1, where t = \/1— u(2n — ux?). Suppose that the minimiza-
tion problem (4.1) is consistent, and let Q denote its solution set. Assume that the gradient
Vf is L-Lipschitzian with constant L > 0. For each A in (0, %), let x; denote a unique solution
of the fixed point equation (4.6), where T, and r satisfy the following conditions:

(i) s:=s(A) = %for each X in (0, %);

(ii) Pc( - AVf)=sI+(1-s)T; for each 1 in (0, 2).
Then the net {xk},\e(o,%) converges strongly, as A — %, to a minimizer x* of (4.1), which solves
the variational inequality (2.3); equivalently, we have Pc(I — nA + y B)x™ = x*.

Now, we are ready to propose explicit iterative schemes for finding the approximate
minimizer of a constrained convex minimization problem and prove that the sequences
generated by our schemes converge strongly to a solution of the constrained convex min-

imization problem.

Theorem 4.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Assume that {S,}52, is a sequence of nonexpansive mappings from C into itself such that
Mooy F(Sy) # . Suppose, in addition, that S : C — C is a nonexpansive mapping such that
({81152, S) satisfies the AKTT-condition. Let A : C — H be a k -Lipschitzian and n-strongly
monotone operator with constants k,n > 0, and let B: C — H be an l-Lipschitzian mapping
with constant | > 0. Suppose that 0 < u < i—g and 0 < yl<t,wheret =/1- (21 — ux?).
Suppose that the minimization problem (4.1) is consistent, and let Q2 denote its solution set.
Assume that the gradient Vf is L-Lipschitzian with constant L > 0. Let {),,} be a sequence
in the interval (0, %) such that {T,} and {s,} satisfy the following conditions:
(i) s, = 2=2uk foreach n> 0;

3
(i) Pc( =1y Vf) =540+ (1 —35,)T, for each n > 0;
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(iii) s, — 0;

(iv) D020 su =00;

w) ZZZI |41 = Anl < 00.
Suppose that {a,}, {Bn} are two sequences of real numbers in (0,1) satisfying the following
control conditions:

o0
(a) nlingoan =0 and Zan = 00;
n=1

(b) O0<liminfp, <limsupg, <1. (4.8)
n— 00

n—00

For given x, in C arbitrarily, let the sequence {x,} be generated by

Yn =Pcla,yBx, + (I — o, puA)x,],
X1 = (1 - ﬁn)xn + B TnSnym neN.

(4.9)

Iflimy, o0 |90 = Syull = 0 and (2, F(T,,) NF(S) # &, then there exists a nonexpansive map-
ping T : C — C such that ({T,}32,, T) satisfies the AKTT-condition, and {x,} converges

n=1’

strongly to a common element x* in F(TS) N Q, which solves the variational inequality
(A - yBx*,x* —2) <0, zeF(TS). (4.10)

Proof We divide the proof into several steps.
First, we note that
(1) % in C solves the minimization problem (4.1) if and only if for each fixed A > 0, ¥
solves the fixed point equation

X =Pc(I - AVf)X;
(2) Pc(I - AVf)is 2L _averaged for each A in (0, %); in particular, the following relation

L
holds:

2-i L 2+ AL
Pc(l — 1, Vf) = 4”1+ 4” T,=sd+(1-s,)T, VYn=>O0.

Step I. We claim that the sequence {7} satisfies the AKTT-condition.

From the proof of Theorem 3.1, {x,} is bounded and so are {Bx,} and {T),x,}. Let D be a
bounded subset of C such that {Bx,, T,x, : n € N} C D. Since Vf is %—ism, Pc(I— 2, Vf)is
nonexpansive. It follows that for any given z in D and v in €,

|Pct =2, Vf)z| < | Pcd =3,V )z =v| + V]
< |Pct = %,¥f)z = Pl = 1, Nf)v| + IIvl
Slz=vi+vl

=< llzll + 2{vl.
This implies that

sup{ HPC(I— Aan)z|| :neN,ze D} < 00.
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On the other hand, we have for any z in D and u in 2 that

ATzl < |AT,u — Azl + ||Au]|
<kl Tuz - Tpv| + [|AvV]|
= kllz—v|l +[lAv]]

< llzll + 2[|Av]|.
Therefore,
sup{[|AT,z|| : n € N,z € D} < 0.

This shows that {AT,z: n € N,z € D} is bounded. We also obtain, for any z in D, that

” Tn+lz - TnZ”
_ 4PC(1 - )Ln+lvf) - (2 - )LHHL)IZ— 4PC(I_ )\nvf) - (2 - )\nL)IZ
2+ Ayl 2+ A,L
_ |[4Pcll - A Vf) — 4Pc( — A, Vf) 2- )\nL)IZ Q- M+1L)1Z
- 24 Apl 2+ A,L 2+ A,L 2+ Ayl
4@ + AL)Pell = 3y V)2 = 42 + hpa )Pl - 2, Vf)z
- (2 + Apa1L)(2 + A, L)
4L|)"n+l - )"n|

+ zZ
@+ anl)2 + hiD)

H 4L()\n+1 - )\n)PC(I - )\n+lvf)z

- (2+ X, L)(2 + A,L)
" 4‘(2 + )\n+1L)PC(I - )"n+lvf)z - (2 + )"n+1L)PC(I - )\an)Z
(2 + A1 L)(2 + A,L)
4L|)‘-n+1 - )Ln|

+ zZ
@1 i)+ hD)

< 4L|()\n+1 —)\n)|||PC(1— )\n+lvf)z||

- 2+ ApL)(2 + A,L)
+ 42 + Ay L) || Pc(I - )\‘}’l+lvf)z —Pc(I - Anvf)zll AL Ay — Ayl Izl
(2 + A1 L)(2 + AuL) (2 + A L)(2 + AyirL)

< Aps1 = Ml [L| Pcl = 2 V2| + 4| VF@)|| + Li2ll]

= M|)"n+l - )"n|y
for some appropriate constant M > 0 such that
L|Pc(I = 2uaVf)z| + 4| Vf@)| + Lllz| <M, V¥n=>0.

Thus, we get

[e¢] 9]
Y sup{lI Tz = Tuzll :2 € DY MY kst =kl < 000

n=1 n=1
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Now, define a mapping 7': C — C by

Tx = lim T,x, VxeC.

n— 00

Then T is a nonexpansive mapping. Since the minimization problem (4.1) is consistent,
we conclude that (2, F(T,) # @. Consequently, the sequence ({T,,}0%,, T) satisfies the
AKTT-condition.

Step II. We claim that lim,, o |, — TSy, || = 0. In view of (4.8), we obtain

lyn = %ull = || QcletnyBxu + (I = auprA)xn] — Qclxl |
< |lotwy By + (I — st Ay — x|

= |layy By + %y — aty lAx, — % ||

llay Bxy + %y — 0t lAXy, — %4 |

o, || (yB - uA)x, || (4.11)

Since lim,,_, o o, = 0, it follows from (4.11) that
lim |y, — %]l = 0. (4.12)
n— o

In view of Lemma 2.6, we conclude that
”(1 — Q1 A X1 — (I = Qi A, ” < -apat) % —xall, VmeN.

This implies that

1¥ns1 = yull = | Pc[niry Brnes + (I = o1 jtA)xnir | = Peny Bay + (I — autA)x, |
< |1y Bnir + I = ns1ptA)ns1 — otwy By + (I — A |
< | etnary By — Bxn) + v (ts1 — o) By
+ (I = 1 A1 — (= 1 LAy — Ot JLAK
< AV Llxn = %l + (1= a1 ) [1%001 — %4l
+ Yo — a1 Bxall + o1 || Ay ||
< (1- apa(r = yL)) 101 — Xl + ¥ Mleni1 — ot + pMoty
< %1 = xull + y Moty — otn| + Moty (4.13)

Next, we show that lim,,_,  [|%4+1 — %4|| = 0. To this end, denote a sequence {z,} by z, =
TS,y It follows from (4.14) that

”Zn+1 - Zn” = ” Tn+lsn+lyn+1 - TnSnyn”
S ” Tn+ISn+1yn+1 - Tn+lSn+1yn ||
+ ” Tn+15n+1yn - Tn+15nyn|| + ” Tn+lsnyn - TnSn_yn”
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< lyna = yull
+ [ Tw1Sni1dn = TuarSunll + 1 Tni1Sn¥n — TuSnynll
< lyna = yull
+ 1Sns1Yn = Suyull + 1 Tpi1SpYn — TuSnynll
< yner = yull
+ sup{ [1S:12— Szl iz € D} + sup{ | Tws1z—Tyz| :z € D}
< n1 = Zull + y Mlctng — tul + Moty

+ sup{ [|Sps12=Suzl|l : z € D} + sup{ N Ty1z—Tuz| : z € D}.
This implies that

n+l — 4nll — n+l —Aull = n+l — &pn n+l
1Zni1 = Zull = [%ns1 = %ull < y Ml oy | + uMor
+ sup{ ISpi1z =Szl : z € D}

+ sup{[| Tz — Tyzll : z € D}. (4.14)
Since lim,,_, « o, = 0, in view of Lemma 2.8 and (4.14), we conclude that

lim Sup(||zn+l = Zyl = 11 _xn”) <0.
n—00

Using Lemma 2.8, we deduce that
lim ||z, — x| = 0.
n—0o0
Thus, we have
lim |1 =%, = lim Bylz, — x| = 0. (4.15)
n—oQ n—oQ
On the other hand, we have

yn = TuSnyull < Nyn —xull + 1% = Xusa | + %011 = TSyl
< My —xall + 120 = %1l + %041 = TSyl
< Yn =%l + 1120 = X [l + @ = Bu) %0 = TSy ynll
S Yn = Zull + %60 = xpa |l

+ (1 - ,Bn)[”xn _yn” + "yn - Tnsnyn”]- (4-16)
It follows from (4.16) that
1
lyn = TuSnyull < ﬂ_ [2”%’1 = Xull + [l _xml”]' (4.17)
n
In view of (4.11) and (4.15), we obtain

lim ”yn - TnSnyn” =0. (418)

Page 22 of 30


http://www.journalofinequalitiesandapplications.com/content/2013/1/546

Naraghirad Journal of Inequalities and Applications 2013, 2013:546 Page 23 of 30
http://www_.journalofinequalitiesandapplications.com/content/2013/1/546

By the triangle inequality, we obtain

yn = TuSyull < 190 = TuSuYull + 1 TuSnyn — TuSynull
= ”yn - Tnsnyn” + ”Snyn - Syn”
< lyu = TuSuyull + sup{lIS,z - Sz| : z € D}. (4.19)
In view of Lemma 2.9, (4.18) and (4.19), we deduce that
lim [}y, — TSyl = 0. (4.20)
H—0Q

By the triangle inequality, we obtain

”yn - TSyn” =< ”yn - TnSyn” + ||TnSyn - TSyn”
< yn = TuSyull + sup{ll Tnz - Tz| : z € D}. (4.21)

In view of the AKTT-condition and (4.20)-(4.21), we deduce that
fim [y, — TSyl = 0.
Step III. We prove that

limsup((1A - yB)x*, 5 — y,) <0,

n—00

where x* € F(TS) is the same as in Theorem 3.1 and satisfies
((yB-pA)x*,x* -z} <0, zeF(TS). (4.22)
Let {y,, } be such that

limsup((1A — y B)x*, 5" — y,) = kli)rrolo((/LA — yB)x", %" =y ). (4.23)

n—o0

By the same manner as in the proof of Theorem 3.1 Step II, we can find u € F(TS) such
that y,, — u as k — co. In view of (ii), we have that

[Pt =25 )n =y = [snyn + A= 50) Toyn =y
+ (L= )1 Tnyn = yull
< I Twyn = yull
< NTwyn = TuSynll + 1 TnSyn — yull
< lyn = Syull + 1 TuSyn = yull, (4.24)

22l
4

we conclude that

where s, = for each n > 0. In view of (4.24) and taking into account ||y, — Sy,|| = 0,

Tim [|Pc( = 3 Vf ) =yu| = im {1y = T,yull =0
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Hence we have

‘Pc(l_%vf)yn_yn < Pc<1—%Vf>yn—Pc(1—Wf)yn
+ [ Pell = 2V Yy = |
< (1- %Vf)yn ~ = 2uVf)yn

+ [ Pc = 2V )y =y

2
<Z - }‘«n> “nyn” + ” Tnyn _yn||~

Thus, from the boundedness of {x,}, s, — 0 (<= A, — %) and || Ty, — yull = 0, we
conclude that

lim
n— o0

=0. (4.25)

2
PC(I_ va>yn ~In

Note that the gradient Vf is %-ism. Hence, it is known that Pc(I - %Vf ) is a nonexpan-
sive self-mapping on C. As a matter of fact, we have for each x, y in C (see the proof of
Theorem 4.1)

‘PC(I— %Vf)x—PC(I— %Vf)y

Since y,, — u, by Lemma 2.4, we obtain

2
2
< lx-l"

2
U= PC<I - ZVf)u
This shows that u# € Q. Consequently, from (3.22) and (4.23), it follows that

lim sup((yB — nA)x*, v, —x*) = ((yB — nA)X*, u— x*) <0.
n—0o0

As in the last part of the proof of Theorem 3.1, we obtain that x,, — x*, which completes
the proof. d

Corollary 4.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let A : C — H be a «k-Lipschitzian and n-strongly monotone operator with constants
k,n >0, and let B: C — H be an l-Lipschitzian mapping with constant | > 0. Suppose
that 0 < u < i—’; and 0 <yl<t,wheret = m Suppose that the minimiza-
tion problem (4.1) is consistent, and let Q denote its solution set. Assume that the gradient
Vf is L-Lipschitzian with constant L > 0. Let {},,} be a sequence in the interval (0, %) such
that {T,} and {s,} satisfy the following conditions:
(i) s, = #for each n > 0;

(i) Pc(I =1, Vf) =5, + (1 -s,)T, for each n > 0;

(iii) s, — O;

(iv) D02y sn = 00;

) Zzozl [Aps1 — Al < 00.
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Suppose that {,}, {B,} are two real sequences in (0,1) satisfying the following control con-
ditions:

o0
(a) nli)rrgoan =0 and Zan = 00;

n=1

(b) 0 <liminfpg, <limsupg, <1.
n— 00

n—00

For given x, in C arbitrarily, let the sequence {x,} be generated by

Yn =Pcla,yBx, + (I — o, uA)x,],
Xp1 = (1 - ﬁn)xn + By Tnym neN.

Then, there exists a nonexpansive mapping T : C — C such that ({T,}52,, T) satisfies the
AKTT-condition, and {x,} converges strongly to a common element x* € F(T) N Q, which
solves the variational inequality

((/LA —yB)x*,x* - z) <0, zeF(T).

We end this section by considering simple examples of sequences that fulfill the desired

conditions of our results.

Example 4.1 Let {«,}32, be a sequence defined by
1
oa,=——, VmeN,
n+1

Let L > 0 be any arbitrary real number, and let 7y € N be such that 7, > % We define the
sequence {1,}°°; as follows:

M=hy=-=hyy=1, if n < ng,

pyp— if n > ng.

Then the sequences {«,}:°, and {A,}3; satisfy all the aspects of the hypotheses of our
results.

5 Applications

Let H be a real Hilbert space, and let Q : H — 2/ be a mapping. The effective domain of
Q is denoted by dom(Q), that is, dom(Q) = {x € H : Qx # &}. The range of Q is denoted by
R(Q). A multi-valued mapping Q is said to be monotone if for all x,y e H, f € Qx and g

in Qy,
(x-yf-g=0.
A monotone mapping Q : H — 2 is said to be maximal if its graph G(Q) : {(x,f) : f € Q(x)}

is not properly contained in the graph of any other monotone mapping. It is well-known
that a monotone mapping Q : H — 2/ is maximal if and only if, for (x,f) in H x H, (x —
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y,f—g) = 0forevery (y,2) € G(Q) implies that f € Q(x). For a maximal monotone operator
Q on H and r > 0, we may define a single-valued operator J, = (I + Q)™ : H — dom(Q),
which is called the resolvent of Q for r > 0. Assume that Q10 = {x € H:0 € Qu}. It is
known that Q710 = F(J,) for all r > 0, and the resolvent J, is firmly nonexpansive, i.e.,

W =Jyl* < (=3, )2 = Jry),  Vx,y€H.
The following lemma has been proved in [40].

Lemma 5.1 Let H be a real Hilbert space, and let Q be a maximal monotone operator
on H. Forr >0, let ], be the resolvent operator associated with Q and r. Then

lo—o]
IJpx = Jox|l <

llx = Jpxll
forall p,o >0andx e H.
We also know the following lemma from [38].

Lemma 5.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H, and
let Q be a maximal monotone operator on H such that Q710 # @ and cl(dom(Q)) C C C
(o0 RU + rQ), where cl(dom(Q)) stands for the closure of dom(Q). Suppose that {r,} is a
sequence of (0,00) such that inf{r, : n € N} > 0 and ZZZI |Fye1 — 1| < 00. Then

(i) Y2y sup{lly,..z —Jr,2ll : z € D} < 00 _for any bounded subset D of C.

(i) lim,— oo /r, 2 =Jrzforall zin C and F(J,) = ﬂ;ﬁl F(J,,), where r, — r as n — oo.

From Theorem 3.1 and Lemma 5.2, we obtain the following result.

Theorem 5.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let Q be a maximal monotone operator on H such that Q7'0 # &. Given real sequences
{a,}, {Bu) in (0,1) and {r,} in (0,00), assume that {«,}, {B,} satisfy the following control
conditions:

o0
(a) nlingoan =0 and Zoz,, = 00;
n=1

(b) 0 <liminfpB, <limsupg, <1;
n—00

n—oQ
o0
(¢) r,>¢, VYneN and E |Fe1 — | < 0O.
n=1

Suppose, in addition, that S : C — C is a nonexpansive mapping with F := ()2, F(J,,,) N
F(S) #@. Let A : C — E be a k-Lipschitzian and n-strongly monotone operator with con-
stants «k,n > 0, let B: C — E be an L-Lipschitzian mapping with constant L > 0. Let
O<u< i—;’ and 0 <yL<t,wheret =1- \/l—;L(Zn——;uﬂ) For given x, in C arbitrar-
ily, let the sequence {x,} be generated iteratively by

Yn = PC[Oth/an + (I - a,,,uA)x,,],

(5.1)
X1 = (1= Bu)xy + ﬁn]rnsym neN,
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Then the sequence {x,} defined by (5.1) converges strongly to x* in F(J,S), which solves the
variational inequality

(A - yBx*,x* —2) <0, z€F(,S). (5.2)
The following result is yet another easy consequence of Theorem 3.1 and Lemma 5.2.

Theorem 5.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let Q be a maximal monotone operator on H such that Q'0 # &. Given real sequences
{a,}, {Bu} in (0,1) and {r,} in (0,00), assume that {«,}, {B,} satisfy the following control
conditions:

o0
(a) nlingoan =0 and Zoz,, = 00;
n=1

(b) 0 <liminfpB, <limsupg, <1;
n—00

n—00

o0
(¢) rn,>¢, VYneN and Z|rn+1—rn < 00.

n=1

Let A : C — E be a k-Lipschitzian and n-strongly accretive operator with constants «,n > 0,
B:C — E be an L-Lipschitzian mapping with constant L > 0. Let 0 < u < i—g and 0 <yL<

7, where T =1 — /1 — u(2n — ux?). For given x1 in C arbitrarily, let the sequence {x,} be
generated iteratively by

Vn = PC[anVan + (1 - anMA)xn]i
Xn+l = (1 - lgn)xn + ﬁn]r,,yn: neN.

If o2, F(y,) # @, then the sequence {x,} converges strongly to x* in Q™'0, which solves the
variational inequality

((/,LA —yB)x*,x* —z) <0, ze€ ﬂF(],”).

n=1

The following results are easy consequences of Theorem 4.2 and Lemma 5.2.

Theorem 5.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Assume that {S,}50, is a sequence of nonexpansive mappings from C into itself such that
Mooy E(Sy) # @. Suppose, in addition, that S : C — C is a nonexpansive mapping such that
({81152, S) satisfies the AKTT-condition. Let A : C — H be a k-Lipschitzian and n-strongly
monotone operator with constants k,n > 0,and let B: C — H be an [-Lipschitzian mapping
with constant | > 0. Suppose that 0 < u < i—g and 0 < yl<t,where t = /1 - pu(2n — uk?).
Suppose that the minimization problem (4.1) is consistent, and let Q denote its solution set.
Assume that the gradient Vf is L-Lipschitzian with constant L > 0. Let {A,,} be a sequence
in the interval (0, %) such that {J,,} and {s,} satisfy the following conditions:

(i) s, = %for each n > 0;

(i) Pc =1y Vf) =540 + (1 —sy,)],, for each n > 0;
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(iii) s, — 0;

(iv) D02 sn = 00;

W) 23; [Ae1 = Anl < 00.
Suppose that {«,}, {Bu} are two real sequences in (0,1) satisfying the following control con-
ditions:

o0
(a) )E‘g‘o"‘n =0 and Z% = 00;
n=1

(b) 0 <liminfpB, <limsupg, <1.
n— 00

n—00

For given x, in C arbitrarily, let the sequence {x,} be generated by

Yn = PC[anVan + (1 - anMA)an
K1 = (1= lgn)xn + ﬁn]rnsnym neN.

Iflimy, o ||y — Syull = O, then the sequence {x,} converges strongly to a common element
x* in F(J.S) N Q, which solves the variational inequality

((,uA —yB)x*,x" - z) <0, ze€F(S).

Theorem 5.4 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Assume that {S,}5°, is a sequence of nonexpansive mappings from C into itself such that
Mooy E(Sy) # 9. Let A : C — H be a k-Lipschitzian and n-strongly monotone operator with
constants «,n > 0, and let B: C — H be an I-Lipschitzian mapping with constant | > 0.
Suppose that 0 < u < i—;’ and 0 < yl<t, where Tt = m Suppose that the
minimization problem (4.1) is consistent, and let Q denote its solution set. Assume that the
gradient Vf is L-Lipschitzian with constant L > 0. Let {A,} be a sequence in the interval
(o, %) such that {J,,} and {s,} satisfy the following conditions:

(i) su =222 for each n > 0;
(ii) Pc(I =AuVf) =50+ (1 —sy)],, foreach n > 0;
(iii) s, — O;

(iv) Z:io Sy = 00;
(V) Doy [Aner = A < 0.
Suppose that {a,,}, {B.} are two real sequences in (0,1) satisfying the following control con-

ditions:

o0
(a) nli)ngoa,, =0 and Zan = 00;
n=1

(b) 0 <liminfpg, <limsupg, <1.
n—00 n—00
For given x, in C arbitrarily, let the sequence {x,} be generated by
Yn = PC[Oth/an + (I - a,,,uA)x,,],
K = (1 - ﬁn)xn + ﬁn]rnym neN.
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Then the sequence {x,} converges strongly to a common element x* in Q0N K, which solves

the variational inequality

(uA - yBx*,x* -2) <0, ze€ ﬂF(],,,).

n=1

Remark 5.1 In Theorem 5.1, it is shown that any sequence generated by the iterative step
(5.1) converges strongly to the unique solution of the variational inequality problem (5.2).
This variational inequality problem is more general than many variational inequality prob-
lems (see, for example, [27]) due to the fact that S is an arbitrary nonexpansive mapping.
Indeed, in particular case, when S = I, the identity mapping on H, the corresponding re-
sults in current literature are special cases of our result (Theorem 5.1).
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