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1 Introduction

The intersection numbers for p-spin curves appear in the generalized Kontsevich matrix
model [1-3]. The generating function for p-spin intersection number obeys the p-th KdV
equation or Gelfand-Dikii equation. In a random matrix theory, the correlation functions
at the edges of the spectrum, where one can tune a degeneracy of order p, are expressed
through intersection numbers [4-7]. In conformal field theory, the p-spin curve intersection
theory is related to N'=2 superconformal minimal theory for Lie algebra A,_; type. It
has been pointed out that it corresponds to a gauged Wess-Zumino-Witten (WZW) model
of SU(2);/U(1), where k = p — 2 is the level of the Kac-Moody algebra of Lie group
SU(2) [8, 9], and is related to SL(2,R)/U(1) black hole sigma model when k becomes
negative [10].

The free energy for the p-spin curve satisfies interesting universal equations, such as a
string equation, dilaton equation, and WDV'V equation, so called tautological equations or
universal equations, and has been studied in the connection to Gromov-Witten theory [11-
13]. Although the p-spin curve intersection numbers can be obtained through tautological
equations in a recursive way, the actual computation for higher genuses is limitted [14-16].

In previous papers, we have derived explicit integral formula for the p-spin curve in-
tersection numbers of the moduli space M, valid for all order of genus g. We have shown
that they are obtained analytically for a fixed number n of marked points. Our formulation
starts from simple Gaussian matrix models with an external matrix source and based upon
a duality relation [5-7], from which one recovers a generalized Kontsevich matrix model.

The intersection numbers for the spin moduli spaces with n-marked points are obtained
from the n n-point correlation functions U(sy,...,s,) of Gaussian random matrices in a
scaling limit at critical edges [17, 18]. In a previous article [19], we have computed explicitly



the intersection numbers of moduli space of p-spin curves with one marked point, for
arbitrary values of p, as polynomials in p. This allowed us to consider continuations in
p; in particular the limit p — —1 exhibits an interesting relation between the intersection
numbers, and the orbifold Euler characteristics x(My1) = ((1 — 2g), where ((z) is the
Riemann zeta function) [21, 22].

In this paper, we extend the evaluation of the intersection numbers beyond the one
marked point (n = 1) for arbitrary p. The obtained intersection numbers are consistent
with previously known results [14-16] for small values of p. We pursue the large p behavior,
p — oo limit. The p-spin curve intersection theory is equivalent to gauged WZW model.
For this gauged WZW theory, in which k = p— 2 appears as overall factor, the large k limit
may give a semi-classical solution [10, 24]. In the negative k, the gauged WZW model on
SU(2)/U(1) is changed to WZW model on non-compact SL(2, R)/U(1), which is relevant
to a black hole o model [10]. We will discuss the relation between the intersection numbers
and the density of state of SL(2, R)/U(1) black hole sigma model [25, 26, 28].

2 Generating function for p-spin intersection numbers

The mathematical definition of the intersection numbers of the moduli space of p-spin
curves with s-marked points is given by [3]

1

<71, (Uj,) -, (Uj,) >= —
W) @) >= g

Cr(v) H(Cl (Li)"™ (2.1)

where Uj is an operator for the primary matter field (tachyon), related to top Chern class
Cr(v), and 7, is a gravitational operator, related to the first Chern class ¢; of the line
bundle £; at the ith-marked point. We denote 7,(U;) by 7, ;, and j represents the spin
index (j=0,...,p-1). The problem of definition (2.1) has been discussed extensively [12].
In a previous paper [19], we have shown that those intersection numbers (2.1) are
expressed through the correlation functions U(sy,...,s,) as coefficients of powers of s;,

U(s1,82,...,8,) = < trestMepes2M .. gpesnM -
m ) m
= /Hd)\lezm’\l <[ trs(r; — M) > (2.2)
=1 1

where s; = it;; M is an N x N Hermitian random matrix. The bracket stands for averages
with the Gaussian probability measure

1
<X >= / dMe™ T TM*HNuMA x (A7) (2.3)

in which A is an N x N external Hermitian matrix source. By an appropriate tuning of
the external source matrix A, we may obtain the desired singularity, which generates the
p-spin curves. The relation to the generalized Kontsevich model is discussed in § 3,4 of [19].



An exact and useful integral representation for U(sy,...,s,) is known in presence of
an arbitrary external matrix source A with eigenvalues a, [20]:

1
U(s1,++,8p) = N(treslM .- -tres“M> (2.4)
" du N s 1
S D E LT uisi 1 ¢ det
) %H%ie ogqu< “a—“i> Ui — uj + i

This representation involves contour integrals around u; = a,. In the large N limit, it
is convenient to express the factors in the determinant as additional integrals. For instance,
in the case of the two point correlation (n=2), after the shift w; — u; — %, s; — %, in the
two point function, we have

1 1
up — ug + g (14 s2) ur — uz — gy (s1 4 s2)
= N /oo dpe*(—u2)gp i(81 + s2) (2.5)
S1 + S9 0 2N '

Tuning now the a,’s, and taking the large N limit, we obtain

2N 1 e 1
U = ———— | dz [ dujdugsh( -— ~(m—uz)e 2.6
(s1,52) P (27ri)2/0 x/ u1dugs <2Nx(31 +82)>€ (2.6)

N 1 1 p+l 1 p+l
Xexp[‘puZagH@(“”zzvSZ) ‘2(““%'52‘) )]

For the three and four point correlations, similar useful formulae for the determinant part
of (2.4) may be found in the appendices A and B of [19].

3 Intersection numbers for p = 3 with two marked points

The intersection numbers are obtained as coefficients of the power series in s1, s3 of U(s1, s2).
In a previous paper [19], for p=3, we have computed the intersection numbers with two
marked points or genus one case (g=1) starting from (2.6). As an example, we compute
the p = 3 case up to genus 3. The general expansion

14+ 14+ /
U(Sl, 82) = Z < Tmi,j1Tma,jo g F(l — +]1>F(1 — +‘72> 81m1$2m2/ (3.1)
g,m,j p p

with the condition,

S

(P+1)(29—2+n)=> (pmi+ji+1), mj=my+
i=1

14 j%

(k=1,2)  (3.2)

is applied to the special case n = 2,p = 3 The gamma functions in (3.1) represent the
spin factors.



After rescaling of the parameters,

2 e S1 + 59 1/3 1 8/3
U = dysh| ——(3 Aily —
(51,22) (s1+ 52)(3s2)1/3 /0 " ( 2 (8s1)" RVRETVERE

1 8/3
><Ai<—ay—4.31/332 ) (3.3)
in which a = (s1/s2)'/3, and the Airy function is
T du i,
Aily) = —ezui iy A4
W= [ et (3.4

The Airy function satisfies the differential equation

Al (y) = yAi(y), Af(—ay) = —a’yAi(—ay) (3.5)

The genus one case (g=1) has been studied in [7].
If one expands the hyperbolic sine function and the Airy functions in (3.3) up to
relevant orders, we find a sum of six terms which, for g = 2, involve the following integrals:

f= [ dnP A o) b= [ dyal A,
Iy= /0 " dyyAi(y) Al (—ay) Iy = /0 " dyy AL (y) Al —ay).
= [ ai(0) A=), = [T awtamai-a)  G0)
A repeated use of (3.5) plus integrations by parts allows us to write all these integrals in
terms of
—-2/3 -1/3
A4:(0) = 1?(2/3) = zw:)l,l/sr<:1s>’ 43(0) = _1?(1/3) = _217rr(§> (3:7)

plus the integral

7= [ dyast) i) (3.8)
which cannot be reduced to A;(0) or A}(0). For instance one finds

(1+ a1, = 4;(0)2 — 2T (3.9)

and so on. However, all the T-dependence cancels when we sum up all the terms relevant
16

to g =2 in U(sy, s2). For instance the sum of all terms of order s’ is given by

L1 43 3\4. 5.5 1 1 ? 173
51763 (1+a°)*a’s, 11+§ e I
1/ 1 \* 1 1 \? g1
+2<4‘31/3> a 523 Ig— <4.31/3> a 823 I4
11 16 11 16
—— 38301+ a®)%aMsy I + = —3Y3a2(1 + )25 Is (3.10)

3116 3116



and we add up the six terms and expand in powers of s; to the relevant orders we find

(A;i(0))? 14/3 273 11 1173 5/3
U(51732)‘g=2 = m — 51 Sy —gsl S9
17 11
T Wi gigas) )
5 5
From these results, we obtain the intersection numbers
1
< T70,1T4,1 >g=2 = 364
11
< T1173,1 >g=2 = 1320
< >g—0 = 17 (3.12)
T2172,1 Zg=2 = 55 .
16/3

Rather than computing the exact dependence in a of the terms proportional to s,
and then re-expand in a to obtain the various terms of (3.11), we may proceed in a simpler
way by expanding A;(—ay), A} (—ay), A} (—ay) for small a:

(12
Ai(=ay) = Ai(0) — ayAj(0) + " A{(0) + -+ (3.13)

and we then recover (3.12).

In the genus- three case (g=3), we have again ten distinct integrals J; — Jio for the
terms of order s§a™, in the small s1, s2 expansion of (3.3).

7= /O " dyy" As(y) Ai(—ay), Iy = /0 " dyy A (y) As(—ay)
J3 = /Ooo dyy® Ai(y) Aj(—ay), Jy = /OOO dyy® Aj(y) Aj(—ay)
J5 = /0 h dyy® A7 (y) Ai(—ay), Jo = /0 h dyy® Ai(y) Af (—ay)
Jr = /O b dyy A} (y) Ai(—ay), Jg = /0 h dyyAi(y) A} (—ay)
Jo = /0 " dyy Al () 4)(—ay), Jio = /0 " dyy Al(y) AY (—ay) (3.14)

The genus 3 contribution for U(s, s9) is then expressed as the sum of four terms, U -
U@, The term UM, which is related to .Ji, is

9
U = 6451/3s§7/3(1 + a5,
=3 936 Osg(—15a7 — 42a® + 90a'® + 63a™

+63a'® 4 90a'* — 42a1® — 15a17) 4;(0)A%(0).  (3.15)
The term U?), which is related to Jy, is

1
Uv® = —256053a13(1 +a®)tJ,

1
= —25605§a13(30 + 72a — 120a® — 90a* + 12a°%) 4;(0) 4;(0). (3.16)




The term U®), which is related to Js, is
1
U(3) = Msgcfl(l —+ (13)4J3

1
= 256()53@5(712 +90a® 4 120a® — 72a° — 30a%) A;(0) A%(0). (3.17)

The term U® from the sum of the contributions of Jy to Jig. We have

1 3 3
JlO == 1+a3(2a K1 —Qa KQ)
Jg = =Ky — Jyo
T = a3+2a4—2a6—a7L
(14 a3)?
1
J? - 5&]8
6a>
Jg = ——=J
L PP
Js = L J,
5 — CLS 6
J4 = a3J5 — 3J9 (3.18)

with L = A;(0)AL(0), and K1,K» are given below. We have also the following relations
between Ji, Jo and J3,

1
= 12
J1 11 a3 (3OJ5 + Jg)
1
= — 4
Jo 1+a3( 5J5 + J4)
_ 3
J3 = 1 i a3 (—5a J5 — 4J4) (3.19)

Thus U™ becomes

1
U = Tmsg(a + 5a* — 20a” + 230" + 164"

—19a'% + 130" + 2a** + (24 + 13a® — 194°
+16a"t + 23a' — 20a'" + 5a*° + a**)) A;(0) A}(0). (3.20)

Since a = (81/82)1/3, the above expression for U(sy, s2) is a symmetric function in s; and
s9. Denoting

1+j5
st

tm.j (3.21)

and dividing U(s1, s2) by 1/gP, i.e. 1/27 in this case, we obtain the intersection numbers
< Ty i Tma,ja >g=3 as the coefficient of ¢y, j, tm, j, in U(s1,s2) taking into account the
spin factors. The following spin factor appears as a over all factor in U(sy, s2) at genus 3.

A;(0)AL(0) = _WF (;))r <§> (3.22)



where I’(%), F(%) are spin 1 and spin 2 factors, respectively, as (3.1). All the integrals

J1,...,J1g are expressed by (3.22), and there are no terms like (3.8), which appeared in
the integrals for the g=1,g=2 cases. Finally we have to compute the following terms

K, = / dy AL () Ai(~ay) = —A4(0) A4(0) — K.

Ko = [ dydify)Ai(-ay). (3.23)
For these integrals, we find
14+a a—a’
Ky =———A;(0)A4, Ky = A;(0)A] .24
1 1+ a3 (O) 1(0)7 2 1+ a3 (0) 'L(O) (3 )

and all the integrals reduces to the spin factor (3.22). Summing up the results of U(1) to
U(4), we obtain the intersection numbers for p = 3, g = 3,

1 1

< 70,07T7,1 >g=3 = < T0,1T7,0 >g=3 =

31104’ 15552
19

< T1,076,1 >g=3 = 31104° < T1,176,0 >g=3 = 77760
103 47

< >,—3 = ————— < > 9= —

T2OTSL Z9=3 = 5177987 TS0 Z9=8 = 77760
443 67

< T73,074,1 >g:3 = m, < 73,174,0 >g:3 = m (325)

The above results are in complete agreement with the previous results [14, 16], which were
obtained by recursion relations.

4 Intersection numbers for p > 3

For higher multicritical points the algebra is similar, except that we have to deal with
generalized Airy functions. For instance for p = 4 instead of A;(x) we have to work with
¢(x) defined as

o(x) = / dye—Tvi+vT (4.1)
0
which satifies
¢"(z) = 20. (4.2)
Then, similarly
2 o > s1+s
Ulsr, 22) = (514 s2)(4s2)1/4 /0 dx/o dvldvgsh<122(431)1/4:v> (4.3)

3
52 (1 y1/2,2 1 1
5 (452) / vy —Zvil—l—xvl—zvg—axm

3
S
~ - .

Xe 4sq
where a = (s1/s2)'/%. In complete analogy with the p = 3 case, a repeated use of integration
by parts and of (4.2) leads to the expansion of U(si,s2). In the genus one case,

LSO s 5
5 (51520451 4 52)(8(0))? (4.4)

U(s1,82)|g=1 =



with ¢”«D==2”2F<i)’ ¢UD==2_”2F<i> (4.5)

which provide the j = 0,7 = 2 spin factors respectively. Replacing s1,s2 by tn, 7,
(smt+)/p = tm.j)

9

1 3\\?
U(s1, 82)|g=1 = §(t2,0to,o +t1,0t1,0 + to,0t2,0) (F <4>>

1 1\ ?
— ' - 4.
—1-24 (t1,2t0,2 + to2t1,2) < <4>> (4.6)

L we obtain the intersection numbers as coefficients of (4.6) for

Multiplying by a factor o7

g
p =4 in the genus one case,

1 1
<0720 Zg=1= gy < TLOTLO Zg=1= g < T027T12 Zg=1= oo (4.7)
18 2
For g = 2, p = 4, from the term s,' s{', we have similarly
1
< T01T41 > g=2= ——= 4.8
01741 >g=2= o0 (4.8)

For general p we have to deal with the generalized Airy functions ¢(x) for p > 2, which
satisfy the differential equation,
¢ (x) = wo(x) (4.9)
where ¢®)(z) means the p-th derivative of ¢(z). The generalized Airy function has an
integral representation,

[e.e] uP
¢@:/ due” 7 TV, (4.10)
0
As examples of what the method can provide we give a few results: for the case p =5, we
obtain
1
< 71,3702 >g=1 = < T1270,3 >g=1 = 60
1
< T1,071,0 >g=1 = < T70,072,0 >g=1 = 6
< > T (4.11)
TOLT. —9 = . :
01741 >g=2 = 1555
For the case p = 6,
< T03T13 Dg=1= ==, < T02T14 Sg=1= —, < T04ATI2 >g=1= ——- 4.12
03713 >g=1= 35 02714 >g=1= 2 04712 >g=1 2 (4.12)
For the case p =7,
1
< T0,2T1,5 >g=1 = < T1,270,5 ~>g=1 = 19
1
< T0,4T1,3 >g=1 = < 70,3714 >g=1 — 23
1
< T1,07T1,0 >g=1 = < 70,072,0 >g=1 = Z (4.13)



5 The p dependence of the intersection numbers

In a previous article [19], we have considered the intersection numbers with one marked
point for arbitrary p, and found results such as

< T >g=1 = %
< Ty Sy = L= D@ =30+ 2p) (1 —1?
p-5l-42.3 I( _TJ)
< Tnj >g=3 = (p—5)(p —1)(1 +2p)(8p* —13p —13) T(1 - g)
, p2.7!.43,32 F( _%)
< Tnj >g=t = (p—T)(p — 1)(1 + 2p)(72p" — 298p° — 17p* + 562p + 281)
| p3-9!-44.15
ra- 119)
T ) (5.1)
p

withn =2¢g—1+ %. In the large p limit, the intersection numbers < 7,, ; >, behave as
BQ (] g—1
< Tnj >g= 29)(29)7 +O0(p?") (5:2)

2
with By is a Bernouilli number, By = %, By = & B3 =L By= %. Note the well known

relation to ((2g) as

B, B 1
(29)!(29) (27r)2gg<(29) (5.3)

We have derived (5.2) from U(s) in the large p limit. The one point function U(s) has
the following expression [17],

0o [ B (B (o B)T))

With s = £, and uPTt = 22, we have

- 2 d$ ,1+2 _ 61x2(60/27670/2)
U(S) = ]\M’/erx re pt (55)
Thus we obtain y
2 2 2c o\ /P
-7z h—
=N (p> <p+ 1 2> >0

This may be written as

-3 (@) ) e

and expanding the exponent in %, we find

Ule) = f\ifr<129> <p%rcl>_

N[
N
o Q
~_

&1
7 N

—
|
%\_‘H
o
o
N
w0
—~| =
Q|
~ [N]Q
~_
~__
—
ot
o
N~—



If we use the expansion

shZ > on
log< h2> = Z(—1)“1% (5.9)

a
2 n=1

and drop the factors (p%fl)fi, and (0/2)~1/? which are close to one in the large p limit,
we obtain
1 o B 2
=(1-=-> ()t i1+ 1
v < pg;( ) (2n)'2n” >NU ( p> (510
Since the intersection numbers < 7, ; >, are related to U(s) by [17]
1 147 jeo1+]), g1
= i —Ir({1—-— g A1
%:<T,J>9N7r < D >5 P'p (5.11)

with (p 4+ 1)(2g — 1) = pn + j + 1, we have rederived the large p behavior of (5.2).
From (5.9), taking a derivative with respect to o, gives,

1 B
1 [ Z n 1 0_277,—]., (512)

Using this relation one obtains

d 1 1 1

- 1
o) =—-5-—=— (5.13)
The di-gamma function ¢ (z) has the following expression,
d 1 o 1 1 1
= Zlogl(2) = logz — — — = oz, 14
0(e) = togl () =togs — 5= [ ao( - 2+ e (5.14)
From (5.13) and (5.14) we find thus in the large p limit,
ilo I'(z) = logz — 1 + /OO do i(UU(J)) e 7* (5.15)
dz 8 TS, 0 do ’
1
= logz — % Zdiz doU(o)e 77

The last integral is related to the density of states. In (2.2), s is replaced by s = it, and
if we replace z by iF, and take the imaginary part, we obtain the density of states p(E).
After integration by parts, we obtain

d T 1

We will discuss this expression in connection to the density of states of the SL(2, R)/U(1)
black hole sigma model in the next section.

Next we consider the two point correlation function U(sy, s2). For general p, U(s1, s2)
is expressed as

2 > > 81+ 82 1/p
U(sy,82) = G135 (s o dx ; dvydvash T(psl) (5.17)
Xe—%—i—xvl—ip(gzl)s?(psl)2;%1;{72—&—...6—é—am}g—ip(gzl)s%(pSQ)Q_Tpv572+...

,10,



The exponent of (5.17) follows from the binomial expansion,

s p+1 S 1 S 2
(u + 2) =u" + (p+ )P <2> + @+ 1)p§Up_1 <2> +.. (5.18)

and we use ¢(p+ 1) = 1, uPs = vP/p. As in the case of p=3, polynomials in a (3.15) give
the intersection numbers. Therefore we expand (5.17) in power series of a. At lowest order
in a, we obtain two terms from (5.17),

1 (ps1)?
0 = glor+o 22y [ e ota)ot-an
0= 2B () o) [ dsootoyo D an)-aP 7 G19)

2

2+
From U; we find a term proportional to as, * , namely

-1 2 242
Aty =2 Lphas, 7 (6072 0) (5.20)
with
00 P
oP=2(0) = / duuP~2e” v
0
1 1
=p PF(l = > (5.21)
p
242 1
Since s, "s{ = t20to0, we obtain
< sy=Pt (5.22)
70,0720 >g=1= 5, .
: 2+2 :
From U; and Us, we collect terms proportional to a3s2 P and obtain
p—3
_ = .2
< T0,2T1,p—2 >g=1 2p (5.23)

This result agrees with those obtained previously for p = 4,5,6 and 7 in (4.7), (4.11),
(4.12) and (4.13). The intersection number (5.23) can be neglected in the large p limit in

comparison with (5.22).
4

4+
Similarly one obtains the g=2 terms from the coefficients of a™s, ” (m=1,2,3),

(p—1)(p—3)(2p+1)

< 70,0742 >g=2 =

5760p
(p—1D(p—-2)(p+2)
< T0,1T4,1 >g=2 =
g 2880p
—Dp—3)2p+11
< T0,2T4,0 >g=2 = (p )(p5760)p§ p ) (5.24)

— 11 —



For the particular values of p = 3,4,5, the above expressions agree with the previous
results (3.12), (4.8) and (4.11) for the genus two case.

4+2
From the a552 ? term, one finds

2p3 4+ 13p% — 158p + 215
5760p?

< T0,4T3,p—2 >g=2= (5.25)
which is valid for p > 6.

In the large p limit, the three terms of (5.24) become equal, and coincide with the
result for the one point intersection number (5.2).

Bap®
< To,mT4,2—m > g=2= ﬂ (p — OO) (526)

Note that (5.25) is order p, and is negligible compared to (5.24).

6

6+
From the terms a™s, ” in the small a expansion of U(sy, s2), we obtain the g=3 (genus
3) terms. In the case m=1, we have

(p—1)(p—5)(2p+1)(8p* — 13p — 13)
p? - 714332

< 70,076,4 >g=3= (p>5) (5.27)
This is identical to < 754 >4—3 in (5.1). The identity follows from the string equation, in
which the insertion of 7y reduces the intersection number from s to s — 1 marked points:

S S S
<700 [[ s >e= D <t [] meii >0 (5.28)
i=1 =1 i=1,i#l

In our formulation, this string equation follows from the integral representation for the
intersection numbers, when one collects the terms proportional to a. By explicit calculation
of two marked points, we verified this string equation. It might be possible to verify this
string equation for n-marked points by the taking account of the term of a.

2

6+
From a®s, *, we have for p > 5,

(p—Dp—-2)p—4)(p+2)(2p+1)

< 70,176,3 >g=3= D278 32 (5.29)
6+ 8
From a352+”,

~(p—1)(p—3)(16p® + 34p® — 155p — 129)
< 70,276,2 >g=3= 0271643 (5.30)
In the large p limit, these g=3 terms exhibit same behavior as in (5.2),
_ B3 5 2
< T0,mT6,4—m >g=3= 7P + O(p ) (p — OO) (531)

6!-6
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6 Analytic continuation to negative p

One may analytically continue the integral representations of the correlation functions to
negative values of p. This continuation was already examined in [19], and we recall some

of the results here:

Uls) = - [ e lee o) (6.1)

where ¢ = pgj\il > aplﬂ.
Expanding the Céxponent, we obtain

U(s) = / %exp [—c(su’q—p(];!; D Sgup_2+p(p — 1)(2)!4_22)@ —3) sSuP™ .. )] . (6.2)

This integrals yield Gamma functions after the replacement v = (é)l/ P,

0 = s L [Tt S st
Nsp (es)l/? )
1 1 p—1:2 1\ (-DE-3)(1+2p) , 3
= : - r(1--= r(1-=2
Nsp (cs)l/l’[ 24 Y ( p) + 51.42.3 4 P
(p—5)(p —1)(1 +2p)(8p° —13p —13) 4 5
— (1 —-=
714332
+(p—T7)(p — 1)(1 + 2p)(72p* — 298p> — 17p? + 562p + 281)
— (1) 6.3
914415 < p> } (63)
with y = c% 82+%.

From this expansion, we obtain the intersection numbers for one marked point as (5.1).
The intersection number < 7, ; >, is obtained from the term y9I'(1 — % - 1%) in (6.3).

The continuation to p < 0 is straightforward. The ¢-integral in (6.3) can be changed
to v by t = % ,(0 < v < o), and one obtains the small s expansion for negative p.
Therefore the expression for the intersection numbers (5.1) can be analytically continued
to negative p. This analytic continuation can also be done for two marked points, since we
have computed them in the previous sections for general p. For instance, from (5.1), we

have the intersection numbers for p = —3,
1 1
< T1,0 >g=1 = —6, < 73,2 >g=2= m
35
= 6.4
ST6LZ0=3 = T 31902 (64)

In a previous article [19], we have computed the intersection numbers < 71 >, for
the case of p = —1 from U(s), which provides the orbifold Euler characteristics x(Mg1)
with one marked point,

B
<70 >g= X(Mg1) = ¢(1 —29) = —7; (6.5)

,13,



with the Bernoulli number By, (B1 = Bg 30, B3 = é, ...). The s-point orbifold Euler

characteristics x(My,s) may be Obtalned from the dilaton equation:
< TL0Tnign " Togjk ~ 9= (29—2+k) < Tnigi " Tngde g (6.6)

Since the Euler characteristics with s marked points is < 719 -- 71,0 >4, the dilaton equa-
tion yields from (6.5),

V(M) =< (110)* >4= —2(’;;)!1 (29 +5 - 3)B, (6.7)

This agrees with previous results obtained in [21-23].
For p = —2, we have considered previously the equivalence with the unitary matrix
model in a matrix source [27].
The central charge of the gauged Wess-Zumino-Witten model with symmetry
(2)r/U(1) is
6
cC=2- ) (6.8)
Changing p to p = —p/, k to k = =k (p < 0,k < 0), we have p’ = k' — 2, and the central
charge C' is given by
6
kK —2

C=2+ (6.9)

The analytic continuation to negative p yields a gauged WZW model for SL(2, R);//U(1).
It is known that this model represents a black hole o model [10], in particular for the value
K = (p = —f) for which the central charge C' becomes 26.

The density of states for the SL(2, R)/U(1) black hole has been studied in [25, 26, 28],

1 1 d., T(—iE+L-mID(~iE+L+n
p(E) = —loge + ——log (= 2 m)L( 2 ) (6.10)
dridE CT(+iE + 5 + m)T(+iE + 5 —m)
in which e is a regularization factor, and m = (n — kw), /m = —1(kw + n) are eigenvalues

of J§ and J§ in CFT (J§ — J3 = n, J§ + J3 = —kw). If we neglect m , 7, and the 1 terms
in the large E limit, we obtain

p(E) = —loge + QL%I grg_ig; (6.11)
o(B) = 2L i log T(—iE) (6.12)

mdE

This expression agrees with (5.16), obtained from the intersection numbers for large
p. We have scaled s = o/p, and the expression (5.16) is valid for small s. Therefore, the
Fourier transform of U(s) gives the large E behavior, in which the terms m,m and 1/2
in (6.10) can be neglected.

— 14 —



7 Discussion

In this article, we have shown that the correlation functions U(sy, s2,- -, $5,) of a Gaussian
matrix model in a tuned external source, provide the intersection numbers for p-spin curves.
For instance, from the two point function U(sy, s2), in the case of p=3, the intersection
numbers are computed up to genus 3,

We have also computecll the intersection numbers for general p. They are given by
power series in a, a = (%)5 Then we have considered the large p behavior for the two
point functions. The density of states p(F) becomes a di-gamma function in the large
p limit, and this expression agrees with the density of states of a SL(2, R);/U(1) WZW
model, which has been studied in the context of two dimensional black hole solutions.
The n-point correlation functions U(sy,---,s,) are known through the determinant of a
kernel for the p-spin curve case. It will be interesting to investigate further the detailed
comparison of those correlation functions, between SL(2, R);/U(1) WZW theory and the
intersection numbers for negative p-spin curves.
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