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1 Introduction
In this paper, we study a class of Volterra-Fredholm type difference equation with the

following form

2’ (m, n) =g, (m, n) + Z 2(s,n)2 (s,n)

s=m+1
N %) oo 0o 0o
YT Fuls tomnz(s, 1) + Y Y FaiE,nomun, z(&, )
i=1 s=m+1 t=n+1 &=s n=t
I o0 oo oo 0o
+ Z Z Gli(sl t,m, n/Z(SI t)) + ZZGZI'(SI n,m, n/Z(EI 77)) ’
i=1 s=M+1 t=N+1 E=s n=t

where z(m, n), g,(m, n), go(m, n) are R-valued functions defined on Q, Fy;, Fy;, i = 1,
2,..., I and Gy;, Gop, i = 1, 2,..., I, are R-valued functions defined on Q% x R, p > 1 is
an odd number.

Volterra-Fredholm type difference equations can be considered as the discrete analog
of classical Volterra-Fredholm type integral equations, which arise in the theory of
parabolic boundary value problems, the mathematical modeling of the spatio-temporal
development of an epidemic, and various physical and biological problems. For Eq. (1),
if we take 1 = [, = 1, F51(& n, m, n, z2(& M) = Goy(E 0, m, m, 2(E M) =0, then Eq. (1)
becomes the discrete version with infinite sum upper limit of [[1], Eq. (3.1)]. Some
concrete forms of Eq. (1) are also variations of some known difference equations in the

literature to infinite sum upper limit. For example, If [} = [, = 1, F5; (& 1, m, n, z(& N))
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= Gy (& M, m, n, z(& M) =0, then Eq. (1) becomes the variation of [[2,3], Eq. (3.1)]. If
ly=1,=1,F(s, t, mn z(s, t)) = F (s, t, m, n, z(s, t)) + H(s, t, m, n, z(s, t)), Fo1 (& N,
m, n, (& M) = Gua(s, &, m, n, z(s, ) = Goy (&, 1, m, n, 2(& n)) =0, then Eq. (1)
becomes the variation of [[4], Eq. (4.1)].

In the research of solutions of certain difference equations, if the solutions are
unknown, then it is necessary to study their qualitative and quantitative properties
such as boundedness, uniqueness, and continuous dependence on initial data. The
Gronwall-Bellman inequality [5,6] and its various generalizations that provide explicit
bounds play a fundamental role in the research of this domain. Many such generalized
inequalities (for example, see [7-16] and the references therein) have been established
in the literature including the known Ou-lang’s inequality [7], which provide handy
tools in the study of qualitative and quantitative properties of solutions of certain dif-
ference equations. In [2], Ma generalized the discrete version of Ou-lang’s inequality in
two variables to Volterra-Fredholm form for the first time, which has proved to be
very useful in the study of properties of solutions of certain Volterra-Fredholm type
difference equations. But since then, few results on Volterra-Fredholm type discrete
inequalities have been established. Recent result in this direction only includes the
work of Ma [3] to our knowledge. We note in order to fulfill the analysis of qualitative
and quantitative properties of the solutions of Eq. (1), which has more complicated
form than the example presented in [3], the results provided by the earlier inequalities
are inadequate and it is necessary to seek some new Volterra-Fredholm type discrete
inequalities so as to obtain desired results.

This paper is organized as follows. First, we establish some new Volterra-Fredholm
type discrete inequalities, based on which we derive explicit bounds for the solutions
of Eq. (1) under some suitable conditions. Then, some results about the uniqueness
and continuous dependence on the functions g1, Fy;, Fy;, Gi;, Go; of the solutions of
Eq. (1) are established using the presented inequalities.

Throughout this paper, R denotes the set of real numbers and R, = [0, «), while Z
denotes the set of integers. Let Q := ([M, =] x [N, ]) N Z?, where M, N € 7 are two
constants. p > 1 is an odd number. /;, [, € Z, K; € R, i =1, 2, 3, 4 are constants with
L >1,1, =21, K; >0. If U is a lattice, then we denote the set of all R-valued functions
on U by ¢(U), and denote the set of all R,-valued functions on U by ¢, (U ). As usual,
the collection of all continuous functions of a topological space X into another topolo-
gical space Y is denoted by C(X, Y ). Finally, for a R,-valued function such as fe ¢
+(Q), we note % f(s,n) = 0 provided m, > m,, and lim io: f(s,n) =0.

s=my Mm=00 s_m+1
2 Some new Volterra-Fredholm type discrete inequalities
Lemma 2:1. Suppose u(m, n), a(m, n), b(m, n) € ¢ ,(Q). If a(m, n) is nonincreasing in
the first variable, then for (m, n) € Q,

u(m,n) < a(m,n) + i b(s, n)u(s, n)

s=m+1
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implies

o0
u(m,n) <a(m,n) [T [1+b(sn)l.
s=m+1

Remark 1. Lemma 2.1 is a direct variation of [[13], Lemma 2.5 (8,)], and we note a
(m, n) = 0 here.

Lemma 2.2. Suppose u(m, n), a(m, n) € ©,(Q), bs, t, m, n) € .,(Q?), and a(m, n)
is nonincreasing in every variable with a(m, n) >0, while b(s, t, m, n) is nonincreasing
in the third variable. ¢ € C(R,, R,) is nondecreasing with ¢(r) >0 for r >0. If for (m,
n) € Q, u(m, n) satisfies the following inequality

[ee]

u(m,n) < a(m,n) + Z i b(s, t,m, n)w(u;’(s, t)), (2)

s=m+1 t=n+1

then we have

u(m,n) < G |:G(a(m, n))+ > > b(stm, n)i|, 3)
s=m+1 t=n+1
where
G(z) =fz 11 dz, z>2z9 > 0. (4)

© g(zr)

Proof. Fix (m;, n;) € Q, and let (m, n) € ([m;, ] x [n, =]) N Q. Then, we have

o]

u(m,n) < a(my,n) + Z i b(s, t,m, n)go(uil’ (s, 1)). (5)

s=m+1 t=n+1

Let the right side of (5) be v(m, n). Then,
u(m,n) <v(m,n), (m,n) € ([my, oo] x [nl,oo])ﬂ Q, (6)
and

i b(s,t,m—1, n)(p(ul’(s ) — Z Z b(s,t, m, n)(p(uﬂ(s 1)

m s=m+1 t=n+1

i b(s,t,m—1, n)w(uf’(s 1) — Z Z b(s,t,m—1, n)q;(uﬂ(s 1)

s=m+1 t=n+1

i i b(s,t,m—1, n)w(uﬂ(s 0) — Z Z b(s, t, m, n)go(ul’(s 1)

=m+1 t=n+1 s=m+1 t=n+1

v(m—1,n) —v(m,n) =

Mg ”MS

T
3

i b(m, t,m—1, n)(p(uﬁ’(m 0)+ Z Z[b(s t,m—1,n)—b(s t,m, n)]w(ul’(s 1)

s=m+1 t=n+l

=)

b(m, t,m— 1, n)¢(uﬂ (m, 1)) + Z Z [b(s,t,m — 1,n) — b(s, t, m, n)]:p(vp (s,1))
t=n+1 s=m+1 t=n+1

ib(m,z,mq,npz i[b(s,t,mf1,n)7b(5,l,m,n)] <p(v;’(m,n)),

t=n+1 s=m+1 t=n+l
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that is,
v(m — 1,n) —v(m, n) > g
| < Z b(m,t,m—1,n) + Z Z[b(s,t,mf 1,n) —b(s, t, m,n)|

(p(vﬂ (m, n)) t=n+1 s=m+1l t=n+1

=Y Y bstm—1,m) = Y Y b(stm—1,m)+ Y Y [b(s,t,m—1,n) = b(s,t,m,n)] (7)
s=m t=n+1 s=m+1 t=n+1 s=m+1 t=n+1
oo e e} o) o

=Z Zb(s,t,m—l,n)— Z Zb(s,t,m,n).
s=m t=n+1 s=m+1 t=n+1

On the other hand, according to the Mean Value Theorem for integrals, there exists
¢ such that v(m, n) < & < v(m - 1, n), and

V(M*L") 11 dz _ U(m _ 1’ n) 1_ U(m, n) S U(m — ]_,ln) —_ V(m, n) ) (8)
v(m,n) ‘P(zp) (,0($ 4 ) (P(vp (m, n))

So, combining (7) and (8), we have

v(m—1,n)
. dz=G(v(m — 1,n)) — G(v(m, n))
v(m,n) ‘/)(ZP) (9)
< Z Z b(s,t, m—1,n) — Z Z b(s, t, m, n),
s=m t=n+1 s=m+1 t=n+1

where G is defined in (4). Setting m = 1 in (9), and a summary with respect to n
from m + 1 to oo yields

G(v(m,n)) — G(v(co,n)) < i i b(s,t,m,n) — 0 = i i b(s, t, m, n).

s=m+1 t=n+1 s=m+1 t=n+1

Noticing v(e, n) = a(m, n;), and G is increasing, it follows

o]

v(m,n) < G |:G(a(m1,n1)) Y b(s,tm, n)i|. (10)

s=m+1 t=n+1
Combining (6) and (10), we obtain

u(m,n) < G7! |:G(a(m1,n1)) + i i b(s,t, m, n)j| , (m,n) e ([ml,oo]x[nl,oo])ﬂﬂ. (11)

s=m+1 t=n+1

Setting m = my, n = np in (11), yields

o0 o0
u(my,n) <G! |:G(a(m1,n1)) Y b(s, t,ml,nl):| . (12)
s=mi+1 t=ny+1
Since (m1;, n;) is selected from Q arbitrarily, then substituting (m1;, n;) with (m, n) in
(12), we get the desired inequality (3).
Corollary 2. 3. Under the conditions of Lemma 2.2, and furthermore assume a(m, n)
> 0. If for (m, n) € Q, u(m, n) satisfies the following inequality

u(m,n) <a(m,n) + i i b(s, t, m,n)u(s, t), (13)

s=m+1 t=n+1
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then we have

u(m, n) < a(m, n)exp[ > S bsum n)}, (14)

s=m+1 t=n+1

Proof. Suppose a(m, n) >0. By Theorem 2.1 (with (p(ull’) - 1) we have

u(m,n) <G7! |:G(a(m, n)) + exp i i i b(s, t, m,n) H , (15)

s=m+1 t=n+1

Where G(z) = fzzo i dz = Inz — Inzy, z > z;, >0. Then, a simplification of (15) yields the
desired inequality (14).

If a(m, n) = 0, then we can carry out the process above with a(m, n) replaced by a
(m, n)+e, where ¢ >0. After letting ¢ — 0, we also obtain the desired inequality (14).

Lemma 2.4 [[17]]. Assume that a > 0, p > g > 0, and p = 0, then for any K >0

ag < qKqua+ p_qKZ.

Theorem 2:5. Suppose, u(m, n), wim, n) € ©.(Q), b(s, t, m, n), ¢ci(s, t, m, n) €
(O, i=1,2,., 1, ds, t, m, n), efs, t, m, n) € 9, (Q),i=1,2,., L with b, c; d,, e;
nonincreasing in the last two variables, and there is at least one function among d;, e;,
i =1, 2,., [, not equivalent to zero. ¢ € C(R,, R,) is nondecreasing with ¢(r) >0 for r
>0, and ¢ is submultiplicative, that is, ¢(of ) < p(e)p(B ) for Vo, B € R,. If for (m, n)
€ Q, u(m, n) satisfies the following inequality

oo I oo oo
w(m,n) < Z w(s, n)u’ (s, n) + Z Z Z [bi(s, t, m, n)g(u(s, 1))
s=m+1 i=1 s=m+1 t=n+1

E=s n=t i=1 s=M+1 t=N+1

o0 00 I, 00 o)
+chi(s,n,m,n)¢(u(s,n))}+ZZ > laGumm s (16)

vt

Zei(é,n, m, n)u”(éfn)} ,

s n=t

oy
I

then we have

u(m, n) < (G- [GU (C(M, N)Y) + Clm, m)]@(m, ), a7)

provided that 0 <x < 1 and ] is increasing, where

z

G(z) = , dz, z2>20 >0, (18)
20 Qo(zp)

1) =G )~ G, x =0 19)

w(m,n) = [ [1+w(sn), (20)

s=m+1

Page 5 of 16
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C(m,n)= > > B(s,t,m,n), (21)

s=m+1 t=n+1

i=1 E=s n=t

I 1 S INeS) 1
B(s,t,mn) =) |:bl-(s, tom,n)p(@? (s,0) + Y ci(€,n,mn)p(w? (& n))} . (22)

I 00 00 0o 00
=Y Y dils M NY(s ) + Y elE 0 MN)D(E ) [ (23)
i=1 s=M+1 t=N+1 E=s n=t

o0
Proof. Denote the right side of (16) be v(m,n) + > w(s, n)uf(s, n). Then, v(m, n) is

s=m+1
nonincreasing in every variable, and by Lemma 2.1, we obtain

u’(m,n) < v(m,n) H [1+w(s, n)] =v(m, n)iw(m,n), (24)

s=m+1

where w(m, n) is defined in (20). Furthermore, by (24), we deduce

I oo oo
vimn) <Y > Y [bils tom, n)go(v}’(s, t)full’(s, 1)

i=1 s=m+l t=n+1

+ Y > e m, n)w(vp(éln)@”(éfn))}
E=s =t

E=s =t

+y D7 | dils tomm)iv(s, (s €) + Y Y eilE m,m, n)iw(E, n)v(E, n)}

00 00 1 1 00 00 1 1
SIDD bz(slrrm,n)w(w(s,z))w(w(s,zn+ZZ@-(€~Lm,n)w(m(s,n))«z(w(s,n))}
i=1 s=m+1 t=n+1 E=s n=t

Y di(s,z,m/n)w(s/z)v(s/r)+Zzei(s,n,m/n)w(s,n)v(s/n)}

i=1 s=M+1 t=N+ E=s n=t

=3y b,(s,t,m,n)w(ﬁ)ﬂ(s,t))+chi(é,ﬂ,mr")‘ﬁ(‘z’p(frﬂ))}W(Vp(srl))

i=1 s=m+1 t=n+1 E=s n=t

n Z Z |:di(s,t,m,n)12/(s,t)v(s,t)+ZZE{(S,H,WL")@(?:'7)”(5:ﬂ)i|

E=s n=t

3

oo

=H(m,n) + Z Z B(s, t,m, n)rp(v;’(s, 1),
s=m+1 t=n+1
where  H(m,n) = le D it Do it m ), vl 04 Y S e, mm m)n(E vl m))
and B(s, t, m, n) is defined in (22).
As we can see, H(m, n) is nonincreasing in every variable. Considering m > M, n >
N, it follows

v(m,n) < HM,N) + i i B(s, t, m, n)tp(vll’ (s, 1)).

s=m+1 t=n+1

Since there is at least one function among d,, ¢;, i = 1, 2,..., [, not equivalent to zero,
then H(M, N') >O0.

On the other hand, as b,(s, ¢, m, n), ¢(s, t, m, n) are nonincreasing in the last two
variables, then one can see B(s, £, m, n) is also nonincreasing in the last two variables.
So, a suitable application of Lemma 2.2 yields
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v(m,n) <G [G(H(M,N)) + > Y B(stm, n):| =G [G(H(M, N))+C(m,n)],  (25)
s=m+1 t=n+1
where G, C(m, n) are defined in (18) and (21), respectively. On the other hand, we
have

lz 00 00 [e el
HMN) =Y Y 3 |:d,-(s, t, M, N (s, 6)u(s, t)+ZZei(s,n,M,N)w(s,n)v(E,n)}. (26)

i=1 s=M+1 t=N+1 §=s n=t

Then, considering v(m, 1) is nonincreasing in every variable, using (25) in (26) yields

lz &) (o] [elee]
H(M,N) <v(M,N) Y " )" |:di(s, t, M, N)io(s, t) + ZZei(s,n,M,N)ﬁ/(s,n)}

i=1 s=M+1 t=N+1 E=s n=t
1

< C‘I[G(H(M,N))+C(M,N)]22: i i [di(s, t, M, N)io(s, £)

i=1 s=M+1 (=N+1

+ YD il n M, N)i(&, n)} = uG 7 [G(H(M, N)) + C(M, N)],
E=s n=t

where 4 is a constant defined in (23).

According to 0 <y < 1, and G is increasing, we obtain

HMNY _ a1 Ny) + o, N,

and

G(

H(Ai' N)) < G(H(M,N)) + C(M, N).

which is rewritten by
J(HM,N)) < C(M,N),
where J is defined in (19). Since / is increasing, we have
H(M,N) <J1(C(M,N)). (27)

Combining (24), (25), and (27), we get the desired result.

Theorem 2.6. Suppose, u(m, n), a(m, n), wim, n) € o.(Q), bds, t, m, n), c(s, t, m, n)
€ 9. (Q%,i=1,2,.,1,dds t, m n), els, t, m, n) € p.(Q?),i=1,2,., 1, with b, c;
d;, e; nonincreasing in the last two variables. ¢;, r; are nonnegative constants with p >
qs p =2 1,i=1,2,.., 1, while &, j; are nonnegative constants with p > h;, p 2 j, i = 1,
2,y . If for (m, n) € Q, u(m, n) satisfies the following inequality

[o°]

uP(m,n) <a(m,n) + Z w(s, n)uP (s, n)

s=m+1

M2 gMz
WK

M2

[bi(s, o)t (s,6) + 32 3 GlEn m (é,n)} (28)

1 t=n+1 &=mg n=no

¥

n-

ol

T
i
<
t
T
Z

+1 E=mgy N=no

{di(s, Lo (5,0) + 0D elE o m, )i (&, n)} ,

Page 7 of 16
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then

1
u(m,n) < { [a(m, n) + (1 _[Z) C(m, n)j| w(m, n)} ’ (29)

provided that &t < 1, where

—p qi
f(m,n) = ZZ Z{b(s,tm,n)|: K P a(s,0) + p;quf}

i=1 s=m+1 t=n+1

Ti*P Ti
+ ZZ@(E n,mrn)[ P a(& )+ pr f}

E=s n=t

P h;
ZZ Z {d(s,tm,n)|: a(s,t)+p;hiK3p}

i=1 s=M+1t=N+1

‘i* i
+Zzel(%‘ n,mn){ 4 a(E,n)+pp]1Kf} ,

E=s n=t

(30)

- qi Ti
Bis, t,m, n) = bi(s, &, m, n)(@(s, 0)) P, &(s, t,m, m) = (s, £, m, n)(@(s, )P, = 1,2,..., L, (31

~ _ hi _
di(s, t, m,n) =d;(s, t, m,n)(w(s, t));J ,ei(s, t,m,n) (32)
=ei(s, t,mn)(w(s, )P, i=1,2,..., 1,
w(m,n) = [ [1+w(sn), (33)
s=m+1
i = Z Z{d(s,tMN) K” C(s, 1)
i=1 s=M+1 t=N+1
(34)

cY aE M, N)”K el
E=s

n=t

C(m,n) = exp{ i i B(s, t, m, n)} , (35)

s=m+1 t=n+l

kL

B(s,t,m,n) = Z bi(s, t, m, n) Z Zc,(é n,m, n) K p . (36)

i=1 E=mq n=ng

oo
Proof. Denote the right side of (28) be F(m, n) + Y w(s, n)u(m, n). Then, we have

s=m+1
w’(m,n) < F(m, n) + Z w(s, n)u’ (m, n). (37)

s=m+1

Page 8 of 16
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Obviously F(m, n) is nonincreasing in the first variable. So, by Lemma 2.1, we obtain

uP(m, n) < F(m,n) i [1+w(s,n)] = F(m, n)w(m, n),

s=m+1

where w(m, n) = [[,,.1 [1 + w(s, n)]. Define F (m, n) = a(m, n) + v(m, n). Then

1

u(m, n) < [(a(m, n) + v(m, n))i(m, n)]?. (38)

Furthermore, by (38) and Lemma 2.4, we have

Iy %)

v(m,n) < Z Z Z {b(s t,m,n)[(a(s, t) +v(s, t))iv(s, t)]P

i=1 s=m+1 t=n+1

£ 30D Gl mml(a(e, n) + (e, )i(e, )] ]
E=s n=t

o0

I 0 i
DI [di(s,t,m,n)[(a(s,t)+v(s, t))ﬁ/(s,t)];il’

i=1 s=M+1 t=N+1

+ Y eilEn mn)(a(s n) +v(& n))i(E, n)]"]
E=s n=t

I o0 oo

qi
Z > {h(s & m, ) (@(s, 1)) P [‘LK P (als, ) +v(s 1)) + p;""fq’]

+1 t=n+1

00 00 Ti—p Ti
P33 e nm ) (@E ) ? [ K" (a(e,n) +v(E )+ ) sz]]

00 -

hi hi qi —h hi
[di(s,t,m,n)(li/(s,t))ﬂ |:pK P (a(s, 1) + (s, t))+ " 1K3pi|

i=1 s=M+1 t=N+1
o0 o0 . ) ]"
" ZZE(S @t n)? [ K, o (a(&,n) +v(&, n))+”;1’z<f”
ad qi—p
=Z Z{Ei(s,t,m,n)[p}( P (a(s t) + v(s, t))+p i :|

[e S . Ti—p Ti
DI mn)L;KJ (alg, n) +v(&,m) + " ”K ”

E=s n=t

L o 00 ~ Iy qi—p I
+ Z Z {di(s,t,m,n)|: Ky ’ (a(s, t) +v(s 1)) + p—hi 3*’}

i=1 s=M+11=N+1 p p
+ZZ€(Enmn)|:p 4 (a(€,n) +v(&, '7))+ 417:”

E=s n=t

= H(m, n) + ZZ Z|:b(stmn)qll<” v(s t)

i=1 s=m+1 t=n+1

+ )Y GlEnm, n) K (é«n)]

n=t

s
)

. Jimp
where H(m, n) = J(m, n)+Z Z Z {di(s,t, m, n) K p v(s t) +Z Ze,(& n, m,n)];lgl‘J v(& )}

i=1 s=M+1 t=N+1 E=s n=t
and 7(m, n) bi, Cir di, ¢; are defined in (30)-(32), respectively. Then, using ﬁ(m, n) is

nonincreasing in every variable, we obtain

Page 9 of 16
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-p
v(m,n) < HM, N) + ZZ Z|:b(s,tm,n) K, » V(s t)

i=1 s=m+1 t=n+1
Ti—p

SN w0 m, n)';Kz P o8 )

qi—p

[o¢] o0
= H(M,N) + Z Z B(s, t, m, n)u(s, t),
s=m+1 t=n+1
where B(s, t, m, n) is defined in (36). Using B(s, t, m, n) is nonincreasing in the last
two variables, by a suitable application of Corollary 2.3, we obtain

v(m,n) < HM, N)exp i iB(s,t,m,n) = H(M, N)C(m, n), (40)

s=m+1 t=n+1

where C‘(m, n) is defined in (35). Furthermore, considering the definition of I:I(m, n)
and (40), we have

hi—p

H(M,N) =J(M,N) + ZZ Z{d(s,tMN) Ky " (s 1)

i=1 s=M+1 t=N+1

+ZZ&(€ n M, N) K v(s,n)}
E=s n=t
. I o) o h hi—p . _
SI(M,N)+Z Z Z{di(s,t,M,N) 'Ky P H(M,N)C(s, t)
i=1 s=M+1 t=N+1 p
0o 00 . jipr ;
Y Y (g n,ml,nl)]lsKﬁ H(M, N)C(&, 1)}

&=s n=t

@

=J(M,N) + FI(M, N)Z i Z{d(s,tM N) K v C(s,t)
i=1 s=M+1 t=N+1
. Ji—p
P aE M N)]’K C(&, ),

E=s n=t
=J(M,N) + H(M, N)z,

where [ is defined in (34). Then, according to i < 1, we have

H(M,N) < ](Af[\f) . (41)
From (40) and (41), we deduce
v(m, n) < (1 N) C(m, n). (42)
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Then, combining (38) and (42), we obtain the desired result.

Remark 2. As one can see, the established results above mainly deal with Volterra-
Fredholm type discrete inequalities with four iterated sums and infinite sum upper
limit, and they are different from the results presented in [3]. Furthermore, without
considering the slight difference in infinite sum upper limit, Theorem 2.6 is generaliza-
tion of [[3], Theorem 2.5]. If we take w(m, n) = 0, by(s, t, m, n) = by(s, t), c{& n, m, n)
=0,i=1,2,..,1,d(s, t, mn) =dfs, t), e (&N mmn=0,i=1,2,., [, then Theorem
2.6 reduces to [[3], Theorem 2.5].

3 Analysis of the properties of the solutions of Eq. (1)

In this section, we will present some results on the boundedness, uniqueness, and con-
tinuous dependence on initial data of the solutions of the Volterra-Fredholm type dif-
ference equation shown in (1).

Theorem 3.1. In Eq. (1), suppose g1(m, n) =0, |Fy; (s, t, m, n, 2)| < by(s, t, m, n)¢(|
z|), |Fails, t, m, n, 2)| < ci(s, t, m, n)é(|z]), i = 1, 2,..., Iy, |Gii(s, t, m, n, 2)| < di(s, t, m,
n)|z|?, |Gai(s, t, m, n, 2)| < els, t, m, n)|z|’, i = 1, 2,..., I, where b;, ¢;, d;, e;, ¢ are
defined as in Theorem 2.5, then we have the following estimate

()| < (G GO~ (C(M, N))) + Clm, m) 2 (m, m)) (43)

provided that 0 <y < 1, where G, J are defined as in Theorem 2.5, and

2a(mn) = [T [1+Ig(0s )]

s=m+1

C(m,n) = i i B(s,t,m,n),

s=m+1 t=n+1

i=1 E=s n=t

Iy 1 0 o0 1
B(s, t,m,n) =y |:bi(s, Lmn)eE) (s0)+ Y > al€ nmn)e] (&, n))} ,

u= Z Z Z |:d (st M,N)Z2 (s t) + Zzez(é M, N)82(§J7)i|

i=1 s=M+1 t=N+1 E=s n=t

Proof. Considering g,(m, n) = 0, from (1) we deduce

1) I %) oo
lz(m, )P < Z |g2(s,n)||z(s,n)|”+z Z Z [IF1i(s, &, m, n, z(s, 1))

s=m+1 i=1 s=m+1 t=n+1
[SSI

+ )Y IFai(E nmon, 2, )
E=s n=t

Z Z Z [IGu(s,t m, n,z(s, £))| +ZZIGzl($ n,m,n,z(§, n))l}

i=1 s=M+1 t=N+1 E=s =t

< Z |g2(s,n)||z(s,n)|ﬂ+z Z Z [bi(s, &, m, m)(12(s, 1))

s=m+1 i=1 s=m+1 t=n+1
[o¢] o0

+ 0D als tom,n)e(l2(&, )I)
E=s n=t

+Z Z Z [d (s, t,m, n)lz(s, r)|ﬂ+22el(s,t m, n)lz(&, n)l"}

i=1 s=M+1 t=N+1 E=s n=t
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Then, a suitable application of Theorem 2.5 yields the desired result.

Theorem 3.2. Suppose |F1i(s, t, m, n,z)| < bi(s, t, m, n)lz|%
|Fai(s, t,m,n,2)| <ci(s,t,mn)lzl", i = 1, 2,..., Iy, |Gyi(s, t,m,n,z)| <di(s, t, mn)z"
|Gai(s, t, m,n,z)| <e(s t,mmn)zl, i =1, 2,..., I, where b;, ¢;, d;, e;, qi, 1, hy, j; are
defined as in Theorem 2.6, then we have the following estimate

1
P

|z(m,n)| < { |:|g1(m, n)| + ](1M_'[Z) é(m, n)] 2(m, n)} , (44)

provided that i < 1, where

0o 0o

h o G
7(m,n)=Z Z Z {b,(s,t,m,n) |:t:;K1 4 |g1(s,t)\+p pqlKlpj|

i=1 s=m+1 t=n+1

00 00 TP T
+ZZa(s,n,m,n){;’Kz" Igl(E,n)Ipranzp”

E=s n=t

L o h hi=p p—hi By
+Z Z Z {di(s,t,m,n)|: 'K, P lgi(s )] + 1K3p:|
i=1 s=M+11=N+1 p p
00 00 i ji=p p—ji Ji
+ a(emmn) | K" Ig@E )+ K]
P—— p p

N gi i
bi(s, t, m,n) = bi(s, t,m,n)(Z2(s,t)) P, Ci(s, t,m,n) =ci(s, t,m,n)(Z2(s,t))P, i=1,2,..., 1L,
-~ hy Ji
di(s,t, m,n) = di(s, t, m,n)(82(s, 1)) P, &(s, t,m,n) =e(s, t,mn)(Z2(s, )P, i=1,2,...,1,

L0mn) = [] [1+1ga(sml,

s=m+1
hi—p Ji=p
1 ) oo B hi p . 0 00 ji b -
A=Y Y taseMmN) K P S+ Y Y aEnMN) K, P St
i=1 s=M+1 (=N+1 p E=s n=t P
C(m, n) = exp Z Z B(s,t,m,n) ¢,
s=m+1 t=n+1
qi—p Ti—p
- N . X s t -
B(s,t,m,n) = Z bi(s, t, m,rz)qll(1 L Z Za-(g,r;, mn) 'K, P
i=1 p £=mo n=no p

Proof. From (1), we deduce

z(m,n)lP < Ig1(m,n) + Y 1825 n)llz(s, )"

s=m+1

o0 [ee] [ee] o0

Y [ IFuls tmonz(s, ) + Y Y 1Fai(€,n,mon,z(&,m))]
i=1 s=m+1 t=n+1 E=s n=t

[o¢]

oo o0

D 1Gu(s tmnz(s, )+ Y Y 1Gail& 0, m,m, 2(&, )

i=1 s=M+1 t=N+1 E=s 1=t

s=m+1

o0 o0 o0

Z Z bi(s, t, m, nlz(s, t)|% + Z Z ci(s, t, m,n)|z(§, )"
i=1 s=m+1 t=n+1 E=s n=t

o0

Z di(s,t, m, n)|z(s, 0" + Z Z ei(s, t, m,n)|z(&, n)"

i=1 s=M+1 t=N+1 §=s 1=t

Then, a suitable application of Theorem 2.6 yields the desired result.
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The following theorem deals with the uniqueness of the solutions of Eq. (1).

Theorem 3.3. Suppose, |Fi,(s, t, m, n, u) - Fi,(s, t, m, n, v)| < b(s, t, m, n)|u?” - V*|, |
Fo(s, t, m, n, u) - Fol(s, t, m, n, v)| < ¢i(s, t, m, n)|u -V°|, i =1, 2,..., L1, |Gis, £, m, n,
u) - Gis, t, m, n, v)| < dys, t, m, n)|u? - VP|, |Gas, t, m, n, u) - Gols, t, m, n, v)| < e

(s, t, m, n)|uf - V|, i =1, 2,.., Il hold for Yu, v e R, where b, ¢;, d;, e; are defined as in

Theorem 2.6, and

L, o 0o - N ~
a=3 > X2 {di(s t M,N)C(s, 1) + > i ¢i(&,n,M,N)C(&,n)} < 1, where

i=1 s=M+1 t=N+1 &=mq n=no

di(s,t,m,n) = d (s, t,m,n)ga(s 1), e(s. t,mn) =ei(s t,mn)g(st), i=12,...,1,
&2 (m,n) = ﬂ [1+182(s,m)l],

s=m+1

Clmm)=expl > B(s,t,m,m)),

s=m+1 t=n+1

B(s, t, m, n)—2|:b(s,tm n) + ZZQ(S n,m, n):|

E=s =t

bi(s, t, m,n) = bi(s,t, m,n)3a(s, 1), &i(s, t, m,n) = ci(s, t, m,n)Za (s, t), i=1,2,...,1,

then Eq. (1) has at most one solution.

Proof. Suppose, z,(m, n), z,(m, n) are two solutions of Eq. (1). Then

& (m,n) =25 (mn)l < ) Iga(s, m)lI2] (s, m) = 25 (s, )|

s=m+1

I 00 o
N> [IFu(s tomon 21 (s, 1)) — Fu(s, £, m, n, 22(s, 1))

i=1 s=m+1 t=n+1

+ Z Z |F2i(§/ n,m,n z; (§, 7])) - FZi(EI n,m, n/ZZ(SI 77))|i|

E=s n=t

1 o) [e'9]

Z Z |Gi(s, t,m,n,z1(s, 1)) — Gui(s, t,m, n, 22 (s, )]
i=1 s=M+1 t=N+1

(o]

Z Gzl(é n.m,n,z1(§,n)) — Gai(§,m.mn, 22 (8, n))l}

oy

=S

3

< Y Iga(s I (s, n) — (s, n)l

s=m+1

1 o0 o]
+ Z Z Z [bi(s, t, m, n)|z} (s, t) — Z5(s, 1)
i=1 s=m+1 t=n+1

+) > a5 mm )2} (5 ) — 25 (€, )|

E=s n=t

1, )
Z Z Z d(stm,n)lzl(s,t)—z2 s, t)]
i=1 s=m+1 t=n+1

oo 00

+ ei(&,n7,m,n)|z} (&, n) — 25 (&, )|

E=s 1=

-

4

Treat |2 (m, n) — 25(m, n)| as one variable, and a suitable application of Theorem 2.6
yields |z€ (m,n) — zg(m, n)| < 0, which implies zq(m, n) = zg(m, n). Since p is an odd
number, then we have z1(m, n) = z;(m, n), and the proof is complete.
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Finally, we study the continuous dependence of the solutions of Eq. (1) on the func-
tions gy, Fi;, F»;, Gy Gos

Theorem 3:4. Suppose, g(m, n) =0, z(m, n) is a solution of Eq. (1), |Fys, t, m, n, u)

- Fh(s, t, m, n, v)| < bs, t, m, n)|uf’ - V7|, |Fai(s, t, m, n, u) - Fals, t, m, n, v)| < ¢s, ¢,

m|u? - VP, i =1, 2,..., I, |Gu(s, t, m, n, u) - Gy(s, t, m, n, v)| < dys, t, m, n)|u? -

V’”|, |Gails, t, m, n, u) - Gas, t, m, n, v)| < es, t, m, n)|u?’ - V°|, i = 1, 2,..., I, hold for

Yu, ve R, where b;, ¢;, d;, e; are defined as in Theorem 2.6, and furthermore,

x oo

I o0 o0
[81(m,m) =ga(m,m)[+ 3 Y D7 [l tom,m, 2(s, 1) = Fuils, tom, m2(s, )| + Y7 Y 1Fai(&,mm,m,2(8, m)) = Fail, m, m,m, 25, m))1]
i=1 s=m+1 t=n+1 E=s n=t

e -, , where &
“3 2 2 lGus mn (s, 00) = Cuils &, m,m 2(s, ) + Y 3 |Gail€, mm, m, 2(€,m)) = Cai(s,n,m,n, 25 )] < &

io1 s=M+1 (=N+1 £=s 0=t
>0 is a constant, and z(m, n) € () is the solution of the following difference equa-
tion

N %) %) 00 0o
F(mn) =g (mn)+y Y Y |:I_:1,~(5, LmnZ(s, 1) + Y > Fai(€,m,m,n, Z(E, n))}

i=1 s=m+1 t=n+1 &=s n=t

(45)

+Z Z Z [Gh(s,t m,n, (s, 1)) + ZZsz(é n,m,n,Z(§, n))}

i=1 s=M+1 t=N+1 E=s n=t

where Z1(m,n) € (), Fypp Fai € (22 x R), i =1, 2,.., 1; and Gy Goj € (22 x R),
i=1,2,.. 1, then we have

12 (m, n) — 2’ (m,n)| <e { {1 + ](IM_[Z) C(m, n):| w(m, n)}, (46)

provided that fi < 1, where

I oo oo S )
7(m,n) = Z Z Z bi(s, t, m, n) +ZZci($,n, m,n)
i=1 s=m+1 t=n+1

E=s 9=t

+Z Z Z d(s,tm,n) Zzel(é W/m«”)

i=1 s=M+1t=N+1 E=s n=t
L oo ) 00 oo i
L=y Y D 1dils M N)C(s 1) + D) ei(€,n, M, N)C(E, n)
i=1 s=M+1t=N+1 £=s n=t

C(m,n) = exp i i B(s,t, m,n)},

s=m+1 t=n+1

kL

N t
B(s, t,mn) = Z bi(s,t,m,n) + Z Zci(‘g‘,n, m,n

i=1 E=mg N=ng
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Proof. From (1) and (45), we deduce

| (m,n) —2(m,n)| < |gi(m,n)— g (mn)|

Treat |2”(m, n) — 2°(m, n)| as one variable, and a suitable application of Theorem 2.6

(with w(m, n) =0, Ww(m,n) =1, b, = by Ci = ¢» d; = dp & = e; there) yields the desired

result.

Remark 3. We note that the results in [5-17] are not available here to establish the

analysis for Theorems 3.1-3.4.

Author's contributions

<

<

=<

oo oo

I
YT UFu(s tomn,2(s, 1)) — Fu(s £ m,n Z(s, 1))

i=1 s=m+1 t=n+1

+ Y Y AEw(E momon,2(Em)) = Fail&, mm, n,Z(E, n))l}

E=s n=t

L oo oo
+Z Z Z [1G1i(s, t, m, n,2(s, ) — Gui(s, t, m, n, Z(s, 1))

i=1 s=M+1 t=N+1

E=s n=t

+ D 1GailE mom n,2(&,m)) — GaiE,m,m, n,i(é‘,n))}
g1 (m, n) — g1 (m, n)|

L o0 o0
+ Z Z Z [I1F1i(s, t, m, n, z(s, 1)) — Fri(s, t, m, n,Z(s, £))]

i=1 s=m+1 t=n+1

Iy oo oo
3 S B tom 25 0) — Euis tom, n,Z(s, D)

i=1 s=m+1 t=n+1

+ Z [F2i(§,n,m,n,2(§, 1)) — Fai(§,n,m, n, 2(§, n))}

£=:

=
ik

e
e

|F2,‘(-’;:, n,m, T’l/i(&:, n)) - FZi(Er n,m, ”12(%" 77)):|

Nm
=
5
i

[1G1i(s, &, m, n, z(s, 1)) — Gui(s, t, m, n, Z(s, 1)) |
1

[IG1i(s, t, m, n,z(s, t)) — Cli(s, t,m,n,z(s,t))|

M 2

T
MM 20

e
e

1Gai (&, m,m,n,2(8, 1)) — Gai(§, n,m, n, 2(&, ﬂ))i|

o
o
=
ik

+ > 1GailE mom,n,2(8,n)) = Gai(€, n, myn, Z(E, n)):|

E=s n=t

L 00 o0
e+ Y S [IFu(s tomnz(s, 1) — Fi(s,t,m,n, Z(s, 1)

i=1 s=m+1 t=n+1

+ D (& mmon,2(E, 1)) = Fail&, momon, Z(E, n))}

E=s n=t

L, oo =S}
+Z Z Z [1G1i(s, &, m, n, z(s, 1)) — Gui(s, t, m, n, Z(s, 1)) |

i=1 s=M+1 t=N+1

+ 20> 1G5 mom,n2(&,m)) — Gail&,m,m,n,Z(E, n))}

E=s n=t

1 o) oo
s+2 Z Z [bi(s, t, m, n)|zP(s, t) — ZP(s, t)|

i=1 s=m+1t=n+1

+Y Y g n,m )| n) — 2P (& n)}

§=s n=t

BZ finished the whole paper from the beginning to the end.
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