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1 Introduction

Given a set of n momentum vectors p1, . . . , pn corresponding to a scattering event of n

massless particles the scattering equations are a set of n equations involving these momen-

tum vectors and n complex numbers σ1, . . . , σn such that

n
∑

j=1,j 6=i

2pi · pj
σi − σj

= 0 , (1.1)

for all i ∈ {1, 2, . . . , n}. The scattering equations originate from the work of Cachazo, He

and Yuan [1, 2]. Solutions of the scattering equations are n-tuples of complex numbers

(σ1, . . . , σn), which satisfy these equations. Given a solution we can obtain another solution

of the scattering equations by acting with an element g ∈ SL(2,C) on the former solution.

The precise definition of the group action will be given later on. Solutions, which are

related by a SL(2,C)-transformation are called equivalent solutions. One is interested in

the set of all inequivalent solutions of the scattering equations. It is known that for n

external particles there are (n− 3)! inequivalent solutions and this number is independent

of the space-time dimension [1]. Solutions for special kinematical configurations have been

discussed in [3].
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The scattering equations may look quite innocent, but the set of inequivalent solutions

contains significant information on the Born n-gluon partial amplitude and the n-graviton

amplitude [2, 4]. In fact, both amplitudes may be written in a closed form involving a sum

over all inequivalent solutions.

In addition, there is a close relation to the BCJ-decomposition of the amplitudes. The

BCJ-decomposition states, that Born amplitudes in massless gauge theories can always be

put into a form of a pole expansion, such that the kinematical numerators of this form sat-

isfy anti-symmetry and Jacobi-like relations, whenever the associated colour factors do [5].

These numerators are not unique and the non-uniqueness is attributed to a generalised

gauge freedom. This raises immediately the question, what a convenient generalised gauge

choice for the BCJ-numerators would be. Recently, Monteiro and O’Connell have shown

that the inequivalent solutions of the scattering solutions define a canonical set of BCJ

numerators [6].

The scattering equations are also closely related to twistor string theories [7–9].

Given the importance of the set of inequivalent solutions of the scattering equations

brings us to the question on how to find all inequivalent solutions. Cachazo, He and Yuan

have given in [1] an algorithm to find these solutions numerically.

In this paper we investigate if the scattering equations can be solved analytically, at

least for small n. Our main focus is hereby on four space-time dimensions, which is the most

relevant case for practical applications. In particular we address the question if the solutions

are rational functions of the input data. The nmomenta p1, . . . , pn are not a particular good

parametrisation of the input data. The momentum vectors satisfy momentum conservation

and the on-shell conditions, which implies non-trivial relations among them. In four space-

time dimensions a better parametrisation is given by n momentum twistors Z1, . . . , Zn

with no constraints among them. It is easy to see that in four space-time dimensions and

for any n there are always at least two solutions of the scattering equations, which are

rational functions of the momentum twistor variables. These two solutions follow from the

factorisation of the Lorentz invariants into spinor products: 2pi ·pj = 〈pipj〉[pjpi]. For n = 3

and n = 4 these two solutions are related by a SL(2,C)-transformation, for n ≥ 5 they

are inequivalent (for a generic non-degenerate kinematical configuration). The number of

inequivalent solutions is 1 for n = 3, 4 and 2 for n = 5. Therefore, these two solutions

exhaust the full set of inequivalent solutions for n ≤ 5.

The problem gets more interesting starting from n = 6. For six external particles

we have 3! = 6 inequivalent solutions. Taking into account the two rational solutions

from above, we have four additional inequivalent solutions. We will show that these four

solutions can be obtained from the zeros of a quartic polynomial. Being of degree 4, the

roots of this polynomial can still be given in terms of radicals, involving square roots and

third roots. Such a solution would reduce to a rational function, if all arguments of the

square roots and third roots are squares or third powers, respectively. However, we will

show that in the general case they are not. Thus, the four additional solutions are algebraic

functions of the twistor variables, but not rational functions.

This paper is organised as follows: in section 2 we introduce the notation and the

set-up. In section 3 we discuss the two rational solutions in the case of four space-time
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dimensions. All inequivalent solutions for n ≤ 6 are discussed in section 4. In particular,

the four additional solutions for n = 6 are constructed in section 4.4. Finally, section 5

contains our conclusions. In an appendix we collected useful information on conformal

mappings, spinors and momentum twistors.

2 The scattering equations

Let D be the dimension of space-time. We are mainly interested in the case D = 4. In

the following we will always indicate, which statements are valid for general D and which

statements hold only for D = 4. We denote by CM the complexified Minkowski space, i.e. a

complex vector space of dimension D. The Minkowski metric gµν = diag(1,−1,−1,−1, . . .)

is extended by linearity. We further denote by Φn the (momentum) configuration space of

n external massless particles:

Φn =
{

(p1, p2, . . . , pn) ∈ (CM)n|p1 + p2 + . . .+ pn = 0, p21 = p22 = . . . = p2n = 0
}

. (2.1)

In other words, a set (p1, p2, . . . , pn) of nmomentum vectors belongs to Φn if this set satisfies

momentum conservation and the mass-shell conditions p2i = 0 for massless particles. We

will use the notation

sij = (pi + pj)
2 = 2pi · pj , sijk = (pi + pj + pk)

2, (2.2)

where (pi + pj)
2 = 2pi · pj holds for massless particles.

We further denote by Ĉ = C ∪ {∞}. The space Ĉ is equivalent to the complex pro-

jective space CP
1. Let us state the scattering equations: given a momentum configuration

(p1, p2, . . . , pn) ∈ Φn we look for n complex numbers (σ1, σ2, . . . , σn) ∈ Ĉ
n such that the n

scattering equations
n
∑

j=1,j 6=i

2pi · pj
σi − σj

= 0 , i ∈ {1, 2, . . . , n} (2.3)

are satisfied. These equations appeared in the work of Cachazo, He and Yuan [1, 2].

In general, the solution to these equations is not unique. We are interested in finding

all solutions to the scattering equations. The scattering equations are invariant under

GL(2,C). Let

g =

(

a b

c d

)

∈ GL(2,C) . (2.4)

Each g ∈ GL(2,C) defines an automorphism of Ĉ as follows:

g · σ =
aσ + b

cσ + d
, σ ∈ Ĉ . (2.5)

In other words, we have a group homomorphism

GL(2,C) → Aut(Ĉ) , (2.6)

– 3 –



J
H
E
P
0
4
(
2
0
1
4
)
0
9
2

where we denoted by Aut(Ĉ) the automorphism group of Ĉ. The kernel in eq. (2.6) is given

by elements of the form

g =

(

a 0

0 a

)

, a ∈ C
∗. (2.7)

We could therefore in addition impose det g = 1 and restrict our attention to group elements

g ∈ SL(2,C). However, in this paper it will be more convenient to work with g ∈ GL(2,C).

We further set

g · (σ1, σ2, . . . , σn) = (g · σ1, g · σ2, . . . , g · σn) . (2.8)

If (σ1, σ2, . . . , σn) is a solution of eq. (2.3), then also (σ′
1, σ

′
2, . . . , σ

′
n) = g · (σ1, σ2, . . . , σn)

is a solution. In order to see this, we note that

1

σ′
i − σ′

j

=
A

σi − σj
+B , A =

(cσi + d)2

ad− bc
, B = −c(cσi + d)

ad− bc
. (2.9)

A and B are independent of σj . When eq. (2.9) is inserted into the scattering equa-

tions, the terms proportional to A vanish due to our assumption that the unprimed values

(σ1, σ2, . . . , σn) are a solution of the scattering equations, the terms proportional to B van-

ish due to momentum conservation and the on-shell condition p2i = 0. We call two solutions

which are related by a GL(2,C)-transformation equivalent solutions.

We are in particular interested in the set of all inequivalent solutions of the scattering

equations. As shown in [1, 10], there are (n − 3)! different solutions not related by a

GL(2,C)-transformation.

We can check if two solutions (σ1, . . . , σn) and (σ′
1, . . . , σ

′
n) are related by a GL(2,C)-

transformation as follows: we define g ∈ GL(2,C) by

g · σn−2 = 0 , g · σn−1 = 1 , g · σn = ∞ , (2.10)

and g′ ∈ GL(2,C) by

g′ · σ′
n−2 = 0 , g′ · σ′

n−1 = 1 , g′ · σ′
n = ∞ . (2.11)

Then the two sets of solutions are related by a GL(2,C)-transformation if and only if

g · σj = g′ · σ′
j , for all j ∈ {1, 2, . . . , n− 3} . (2.12)

In this case we have

σ′
j = (g′)−1 · g · σj , j ∈ {1, 2, . . . , n} . (2.13)

The n scattering equations in eq. (2.3) are not all independent, only (n− 3) equations are

independent. There are three trivial relations among them, whose origins are as follows:

first of all, if we sum up the left-hand sides of all equations we find

n
∑

i=1

n
∑

j=1,j 6=i

2pi · pj
σi − σj

= 0 , (2.14)
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due to the antisymmetry of the denominators 1/(σi − σj). Secondly, using momentum

conservation, the on-shell conditions and σi = (σi − σj) + σj we find

n
∑

i=1

σi

n
∑

j=1,j 6=i

2pi · pj
σi − σj

= −
n
∑

i=1

σi

n
∑

j=1,j 6=i

2pi · pj
σi − σj

(2.15)

and hence
n
∑

i=1

σi

n
∑

j=1,j 6=i

2pi · pj
σi − σj

= 0 . (2.16)

The third relation comes from the GL(2,C)-invariance. This is most easily seen by using

the freedom of GL(2,C)-transformations to transform one value (let’s say the i-th value)

to σi = ∞. The i-th equations reads then 0 = 0.

3 The two rational solutions

In D = 4 space-time dimensions two solutions of the scattering equations are easily found:

the scalar product of massless four-vectors factorises into spinor products

2pi · pj = 〈pipj〉[pjpi] . (3.1)

The spinor products are reviewed in appendix B. We will need here the following two

properties: first of all, the spinor products are anti-symmetric in the two arguments:

〈pipj〉 = −〈pjpi〉 , [pipj ] = −[pjpi] . (3.2)

Secondly, the spinors are only defined up to a scale. We can use this freedom to make one

spinor product to be linear in the momenta. One possibility, which takes [pjpi] to be linear

is given by

〈pipj〉(a) = 2

(

p⊥∗
j

p−j
− p⊥∗

i

p−i

)

, [pjpi]
(a) = (p−i p

⊥
j − p−j p

⊥
i ) . (3.3)

The superscript (a) indicates, that this is one possible definition of the spinor products. If

we set now
(

σ
(a)
1 , . . . , σ(a)

n

)

=

(

p⊥∗
1

p−1
, . . . ,

p⊥∗
n

p−n

)

, (3.4)

the scattering equations reduce to

n
∑

j=1,j 6=i

[pj , pi]
(a) = 0 , i ∈ {1, 2, . . . , n} . (3.5)

Due to momentum conservation and the linearity as well as anti-symmetry of [pjpi]
(a) these

equations are trivially satisfied. Thus, eq. (3.4) is a solution to the scattering equations.

A second possibility, which takes 〈pipj〉 to be linear is given by

〈pipj〉(b) = (p−i p
⊥∗
j − p−j p

⊥∗
i ) , [pjpi]

(b) = 2

(

p⊥j

p−j
− p⊥i

p−i

)

. (3.6)
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Setting
(

σ
(b)
1 , . . . , σ(b)

n

)

=

(

p⊥1
p−1

, . . . ,
p⊥n
p−n

)

(3.7)

gives a second solution of the scattering equations. The scattering equations reduce in this

case to
n
∑

j=1,j 6=i

〈pipj〉(b) = 0 , i ∈ {1, 2, . . . , n} , (3.8)

which are trivially satisfied due to momentum conservation and the linearity and anti-

symmetry of 〈pipj〉(b).
Using a GL(2,C)-transformation we can bring these solutions into a canonical form

where three variables take the values 0, 1 and ∞. This mapping is reviewed in appendix A.

Choosing σn−2 = 0, σn−1 = 1 and σn = ∞ we obtain

Σ(a) =

(〈p1pn−2〉〈pn−1pn〉
〈p1pn〉〈pn−1pn−2〉

,
〈p2pn−2〉〈pn−1pn〉
〈p2pn〉〈pn−1pn−2〉

, . . . ,
〈pn−3pn−2〉〈pn−1pn〉
〈pn−3pn〉〈pn−1pn−2〉

, 0, 1,∞
)

,

Σ(b) =

(

[p1pn−2][pn−1pn]

[p1pn][pn−1pn−2]
,
[p2pn−2][pn−1pn]

[p2pn][pn−1pn−2]
, . . . ,

[pn−3pn−2][pn−1pn]

[pn−3pn][pn−1pn−2]
, 0, 1,∞

)

. (3.9)

Note that any scale factors of the spinors drop out in the ratio, therefore we don’t need to

specify any superscript for the spinor products. Eq. (3.9) holds for any definition of the

spinor products. Eq. (3.9) gives two rational solutions for the scattering equations in the

case of four space-time dimensions.

It is often convenient to express the kinematical variables through momentum twistors.

Momentum twistors are reviewed in appendix C. Momentum twistor variables have the

advantage that they are not constrained by non-trivial relations. This is not the case for

usual Lorentz invariants sij , where momentum conservation and the on-shell conditions

lead to non-trivial relations among them. A momentum twistor Zα is a point in CP
3. In

homogeneous coordinates we write a momentum twistor as

Zα = (pA, µȦ) =
(

|p+〉, 〈µ+|
)

. (3.10)

The index α takes the values α ∈ {1, 2, 1̇, 2̇}. We call p1 p2, µ1̇ and µ2̇ “momentum twistor

variables”. As with momentum vectors, we will not always write the index α explicitly. A

configuration of nmomentum twistors Z1, Z2, . . . , Zn is a cyclic ordered set (Z1, Z2, . . . , Zn).

Such a configuration defines bra- and ket-spinors as follows: the spinor piA = |pi+〉 is just
the one appearing in the first two components of Zi. The spinor piȦ = 〈pi + | is defined by

piȦ = − 〈pipi+1〉
〈pi−1pi〉〈pipi+1〉

µ(i−1)Ȧ−
〈pi+1pi−1〉

〈pi−1pi〉〈pipi+1〉
µiȦ−

〈pi−1pi〉
〈pi−1pi〉〈pipi+1〉

µ(i+1)Ȧ . (3.11)

In eq. (3.11) all indices are understood modulo n. Note that the definition of piȦ depends

on the cyclic order. Spinor products are defined as usual through

〈pipj〉 = −εABpiApjB , [piqj ] = εȦḂpiȦpjḂ . (3.12)

It is clear from eq. (3.11) that the spinors piA and piȦ are rational functions of the mo-

mentum twistor variables. Hence also the solutions in eq. (3.9) are rational functions of

the momentum twistor variables.
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4 Explicit solutions for n ≤ 6

In this section we discuss the explicit solutions in the case where the number of external

particles satisfies n ≤ 6. As the number of GL(2,C)-inequivalent solutions is (n − 3)!,

we have one solution for n = 3 and n = 4, two solutions for n = 5 and six solutions for

n = 6. We recall that in four space-time dimensions we have from eq. (3.9) for all n two

rational solutions of the scattering equations. Of particular interest is therefore the case

n = 6, where for the first time the number of solutions exceeds the number of easily known

solutions.

4.1 The case n = 3

The case n = 3 is trivial. Given a momentum configuration (p1, p2, p3) ∈ Φ3 it follows from

p1 + p2 + p3 = 0 , p21 = 0 , p22 = 0 , p23 = 0 , (4.1)

that also

2p1 · p2 = 0 , 2p2 · p3 = 0 , 2p3 · p1 = 0 . (4.2)

Therefore we have three equations 0 = 0, which are satisfied by any triple Σ = (σ1, σ2, σ3) ∈
C
3 with σi 6= σj . Any two solutions Σ′ = (σ′

1, σ
′
2, σ

′
3) and Σ = (σ1, σ2, σ3) are related by a

GL(2,C)-transformation

(σ′
1, σ

′
2, σ

′
3) = g · (σ1, σ2, σ3) . (4.3)

The statements made above are true for a D-dimensional space-time. Now let us specialise

to four space-time dimensions. It follows that the two rational solutions of eq. (3.4) and

eq. (3.7) are related by a GL(2,C)-transformation. This is evident from eq. (3.9), where

both solutions have the canonical form (0, 1,∞).

4.2 The case n = 4

Due to the GL(2,C)-invariance we can make the choice σ2 = 0, σ3 = 1 and σ4 = ∞. With

this choice the scattering equations reduce to

2p1 · p2
σ1

− 2p1 · p3
1− σ1

= 0 ,

−2p1 · p2
σ1

− 2p2 · p3 = 0 ,

2p1 · p3
1− σ1

+ 2p2 · p3 = 0 . (4.4)

As already noted in section 2, these equations are not independent. Only one equation out

of the three equations is independent. The equations are (uniquely) solved by

σ1 = −2p1 · p2
2p2 · p3

= −s

t
, (4.5)

where we used the usual definitions s = (p1 + p2)
2 and t = (p2 + p3)

2 of the Mandelstam

variables for processes with four external particles. All other solutions are obtained from

(σ1, σ2, σ3, σ4) =

(

− s

t
, 0, 1,∞

)

(4.6)

– 7 –



J
H
E
P
0
4
(
2
0
1
4
)
0
9
2

by a GL(2,C)-transformation. Now let us consider the case of four space-time dimensions.

Following the argumentation above, the two rational solutions Σ(a) and Σ(b) should be

identical. The canonical form of Σ(a) and Σ(b) is

Σ(a) =
(

σ
(a)
1 , 0, 1,∞

)

=

(〈p1p2〉〈p3p4〉
〈p1p4〉〈p3p2〉

, 0, 1,∞
)

,

Σ(b) =
(

σ
(b)
1 , 0, 1,∞

)

=

(

[p1p2][p3p4]

[p1p4][p3p2]
, 0, 1,∞

)

. (4.7)

We have to show

σ
(a)
1 = σ

(b)
1 = −s

t
. (4.8)

We start with σ
(a)
1 . Multiplying numerator and denominator with [p4p1][p2p3] we obtain

σ
(a)
1 =

〈p1p2〉[p2p3]〈p3p4〉[p4p1]
(2p2 · p3)(2p4 · p1)

=
1

t2
Tr−(p/1p/2p/3p/4) , (4.9)

with p/ = pµγµ and Tr−(p/ . . .) indicates that a projector 1
2(1 − γ5) is inserted before p/.

Evaluating the trace we obtain

Tr−(p/1p/2p/3p/4) = 2
[

(p1 · p2)(p3 · p4)−(p1 · p3)(p2 · p4)+(p1 · p4)(p2 · p3)
]

= −st . (4.10)

A term proportional to εµνρσp
µ
1p

ν
2p

ρ
3p

σ
4 is absent, since the four momenta p1, p2, p3 and p4

are linear dependent. Thus we find

σ
(a)
1 = −s

t
. (4.11)

The argumentation for σ
(b)
1 is similar and we equally find

σ
(b)
1 =

[p1p2][p3p4]

[p1p4][p3p2]
=

1

t2
Tr+(p/1p/2p/3p/4) = −s

t
. (4.12)

4.3 The case n = 5

In this case we make the choice σ3 = 0, σ4 = 1, σ5 = ∞. With this choice the scattering

equations read

s12
σ1 − σ2

+
s13
σ1

− s14
1− σ1

= 0 ,

s12
σ2 − σ1

+
s23
σ2

− s24
1− σ2

= 0 ,

−s13
σ1

− s23
σ2

− s34 = 0 ,

s14
1− σ1

+
s24

1− σ2
+ s34 = 0 . (4.13)

Only two of these equations are independent and it is convenient to take the third and the

fourth equation as the independent equations. We can use the third equation in order to

express σ2 in terms of σ1:

σ2 = − s23σ1
s34σ1 + s13

. (4.14)
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Substituting this expression for σ2 in the fourth equation yields a quadratic equation for σ1:

s15s34σ
2
1 + [s14s35 − s13s45 − s15s34]σ1 + s13s45 = 0 . (4.15)

We therefore obtain two solutions for σ1, given by

σ
(1)
1 =

s13s45−s14s35+s15s34−
√
D

2s15s34
, σ

(2)
1 =

s13s45−s14s35+s15s34+
√
D

2s15s34
, (4.16)

where the discriminant D is given by the 4× 4-Gram determinant

D = Gram(p1, p3, p4, p5) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 s13 s14 s15
s13 0 s34 s35
s14 s34 0 s45
s15 s35 s45 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (4.17)

Each of the two values for σ1 determines through eq. (4.14) a corresponding value for σ2.

We find

σ
(1)
2 =

s23s45−s24s35+s25s34+
√
D

2s25s34
, σ

(2)
2 =

s23s45−s24s35+s25s34−
√
D

2s25s34
. (4.18)

We thus have the two solutions

Σ(1) =
(

σ
(1)
1 , σ

(1)
2 , 0, 1,∞

)

, Σ(2) =
(

σ
(2)
1 , σ

(2)
2 , 0, 1,∞

)

. (4.19)

Eq. (4.19) is valid in D dimensions. Now let us specialise to D = 4 dimensions. From the

spinor products we obtain the two solutions

Σ(a) =
(

σ
(a)
1 , σ

(a)
2 , 0, 1,∞

)

=

(〈p1p3〉〈p4p5〉
〈p1p5〉〈p4p3〉

,
〈p2p3〉〈p4p5〉
〈p2p5〉〈p4p3〉

, 0, 1,∞
)

,

Σ(b) =
(

σ
(b)
1 , σ

(b)
2 , 0, 1,∞

)

=

(

[p1p3][p4p5]

[p1p5][p4p3]
,
[p2p3][p4p5]

[p2p5][p4p3]
, 0, 1,∞

)

. (4.20)

The solutions Σ(a) and Σ(b) are identical to Σ(1) and Σ(2). In order to see this, we look at

σ
(a)
1 . We have

σ
(a)
1 =

〈p1p3〉〈p4p5〉
〈p1p5〉〈p4p3〉

=
1

s15s34
Tr−(p/1p/3p/4p/5)

=
1

2s15s34

(

s13s45 − s14s35 + s15s34 − 4iε(p1, p3, p4, p5)
)

, (4.21)

with ε(p1, p2, p3, p4) = εµνρσp
µ
1p

ν
2p

ρ
3p

σ
4 . We further have

(

4iε(p1, p3, p4, p5)
)2

= D . (4.22)

Taking
√
D = 4iε(p1, p3, p4, p5) we thus have

Σ(a) = Σ(1), Σ(b) = Σ(2). (4.23)

Let us further note that in the case where the external momenta p1, . . . , p5 are real, the

two solutions Σ(1) and Σ(2) are related by complex conjugation.
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4.4 The case n = 6

In this case we make the choice σ4 = 0, σ5 = 1, σ6 = ∞. The scattering equations read then

s12
σ1 − σ2

+
s13

σ1 − σ3
+

s14
σ1

− s15
1− σ1

= 0 ,

− s12
σ1 − σ2

+
s23

σ2 − σ3
+

s24
σ2

− s25
1− σ2

= 0 ,

− s13
σ1 − σ3

− s23
σ2 − σ3

+
s34
σ3

− s35
1− σ3

= 0 ,

−s14
σ1

− s24
σ2

− s34
σ3

− s45 = 0 ,

s15
1− σ1

+
s25

1− σ2
+

s35
1− σ3

+ s45 = 0 . (4.24)

Again, only three out these five equations are independent and it will be convenient to

choose the third, the fourth and the fifth equation as the independent ones. We can use

the fourth equation to solve for σ3:

σ3 = − s34σ1σ2
s24σ1 + s14σ2 + s45σ1σ2

. (4.25)

We then plug this expression into the third and fifth equations. The third equations turns

into a cubic equation with respect to σ2, the fifth equation turns into a quadratic equation

with respect to σ2. The latter equation reads

[

s45s345σ
2
1 +

(

s14s35 − s15s34 + (s14 − s34 + s25 + s56)s45
)

σ1 + s14(s25 + s56)
]

σ2
2

+
[(

s24s35 − s25s34 + (s24 − s34 + s15 + s56)s45
)

σ2
1 +

(

s15(s34 − s24) + s25(s34 − s14)

−s35(s14 + s24)− s45(s14 + s24 − s34 + s56)
)

σ1 − s14s56
]

σ2

+s24(s15 + s56)σ
2
1 − s24s56σ1 = 0 .

(4.26)

In the next step one solves this quadratic equation for σ2 and one inserts the expression for

σ2 into the third equation. Note that a quadratic equation has two solutions. Each solution

corresponds to a relation between σ1 and σ2. The final solution of the scattering equations

has to satisfy only one of these two relations, not both. The third equation contains now

only the unknown variable σ1. However, the equation involves a square root. Squaring the

equation eliminates the square root, but looses the information on the sign of the square

root. We thus arrive at a polynomial equation for σ1. Dividing out several trivial factors,

one obtains a polynomial equation of order 6 for σ1:

Aσ6
1 +Bσ5

1 + Cσ4
1 +Dσ3

1 + Eσ2
1 + Fσ1 +G = 0 . (4.27)

The coefficients are rather lengthy expressions of the kinematical invariants sij . For n =

6 external particles there are 1
2n(n − 3) = 9 independent kinematical invariants sij for

general D. The coefficients can be found in a separate file attached to this publication.

Alternatively this file can be obtained by request from the author. The roots of eq. (4.27)

are in general distinct and we can label them by σ
(1)
1 , σ

(2)
1 , . . . , σ

(6)
1 . Each root σ

(i)
1 of

– 10 –
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eq. (4.27) will yield — when inserted into eq. (4.26) — two solutions for σ2. However only

one of them will satisfy the original third equation before squaring. Once σ1 and σ2 are

known, σ3 is uniquely given by eq. (4.25). Thus there are in total six distinct three-tuples

(σ
(i)
1 , σ

(i)
2 , σ

(i)
3 ), as expected.

Let us now specialise to D = 4 space-time dimensions. Then there is an additional

constraint: all momenta lie in a four-dimensional space and thus the 5×5 Gram determinant

Gram(p1, p2, p3, p4, p5) = 0 (4.28)

vanishes. From the spinor products we obtain the two solutions

Σ(a) =

(〈p1p4〉〈p5p6〉
〈p1p6〉〈p5p4〉

,
〈p2p4〉〈p5p6〉
〈p2p6〉〈p5p4〉

,
〈p3p4〉〈p5p6〉
〈p3p6〉〈p5p4〉

, 0, 1,∞
)

,

Σ(b) =

(

[p1p4][p5p6]

[p1p6][p5p4]
,
[p2p4][p5p6]

[p2p6][p5p4]
,
[p3p4][p5p6]

[p3p6][p5p4]
, 0, 1,∞

)

. (4.29)

This implies that in four space-time dimensions the values

σ
(a)
1 =

〈p1p4〉〈p5p6〉
〈p1p6〉〈p5p4〉

and σ
(b)
1 =

[p1p4][p5p6]

[p1p6][p5p4]
(4.30)

are roots of eq. (4.27). Since

(

σ1 − σ
(a)
1

)(

σ1 − σ
(b)
1

)

= σ2
1 −

s14s56 − s15s46 + s16s45
s16s45

σ1 +
s14s56
s16s45

(4.31)

one might wonder if the right-hand side is a factor of eq. (4.27) for general D. This is not

the case. The right-hand side of the above equation is a factor of eq. (4.27) only on the

sub-space defined by the vanishing of the Gram determinant in eq. (4.28). In other words,

carrying out a polynomial division with remainder we find that the remainder vanishes for

D = 4 and is non-zero for D 6= 4. However, in four space-time dimensions we may divide

out the factor of eq. (4.31) and we can reduce the equation for the remaining values of σ1
to a quartic polynomial:

aσ4
1 + bσ3

1 + cσ2
1 + dσ1 + e = 0 . (4.32)

The coefficients a, b, . . . , e are again rather lengthy expressions in the kinematical invariants

sij . They can be found in the additional file attached to this publication. Alternatively the

file can be obtained by request from the author. The quartic equation has the solutions

σ
(1)
1 =

1

4a

(

− b+
√

D1 +
√

D−
2

)

, σ
(2)
1 =

1

4a

(

− b+
√

D1 −
√

D−
2

)

,

σ
(3)
1 =

1

4a

(

− b−
√

D1 +
√

D+
2

)

, σ
(4)
1 =

1

4a

(

− b−
√

D1 −
√

D+
2

)

, (4.33)

with

D1 = b2 − 8

3
ac+

2

3
aR+

8

3
(c2 − 3bd+ 12ae)

a

R
1 ,

D±
2 = 3b2 − 8ac−D1 ± 2

(b3 − 4abc+ 8a2d)√
D1

, (4.34)
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and

R =
(

R1 + 12
√

R2

) 1

3 ,

R1 = −288ace− 36bcd+ 108ad2 + 108b2e+ 8c3,

R2 = 240abdc2e+ 18ab2d2e+ 576a2bde2 − 54abcd3 − 54b3cde− 432a2cd2e− 432ab2ce2

−3b2c2d2 + 384a2c2e2 − 48ac4e+ 12b3d3 − 768a3e3 + 81a2d4 + 81b4e2 + 12ac3d2

+12b2c3e . (4.35)

Together with

σ
(5)
1 = σ

(a)
1 , σ

(6)
1 = σ

(b)
1 (4.36)

from eq. (4.30) we thus have all six solutions for σ1. For each σ
(i)
1 the corresponding σ

(i)
2

is obtained from eq. (4.26), for σ
(5)
2 and σ

(6)
2 it is of course simpler to use eq. (4.29). The

value σ
(i)
3 is given by eq. (4.25). Again σ

(5)
3 and σ

(6)
3 can be read off directly from eq. (4.29).

It is now relatively easy to verify that the solutions of the quartic equation (4.33)

are not rational functions of the momentum twistor variables. Choosing for example the

momentum twistor configuration



















Z11 Z12 Z11̇ Z12̇

Z21 Z22 Z21̇ Z22̇

Z31 Z32 Z31̇ Z32̇

Z41 Z42 Z41̇ Z42̇

Z51 Z52 Z51̇ Z52̇

Z61 Z62 Z61̇ Z62̇



















=



















5 1 7 11

13 1 17 19

23 1 29 31

37 1 41 43

47 1 53 59

61 1 67 71



















(4.37)

one easily sees that σ
(1)
1 , σ

(2)
1 , σ

(3)
1 and σ

(4)
1 are not rational numbers. We recall that a

momentum twistor Zi is a point in CP
3, and therefore we may choose Zi2 = 1 for all

i = 1, . . . , 6. For all other components we have chosen distinct prime numbers. We have

not included the prime number 3 in the list of numerical values. This allows us to exclude a

trivial dependence on the irrational number
√
3, related to the third or sixth root of unity.

5 Conclusions

In this paper we derived the analytic solutions of the scattering equations in four space-time

dimensions for up to six external particles. The solutions for n ≤ 5 are rational functions of

the momentum twistor variables. The factorisation of the Lorentz scalar product in spinor

products implies that there are always for any n at least two solutions, which are rational

functions of the momentum twistor variables (for n = 3 and n = 4 these two solutions

are related by an SL(2,C)-transformation and thus equivalent). The main result of this

paper is the discussion of the case n = 6. For six external particles there are (n− 3)! = 6

inequivalent solutions, two of them are rational. We constructed the analytic expressions

for the remaining four solutions and showed that they are in general not rational functions

of the momentum twistor variables.
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A Conformal mapping

In this appendix we review the standard form of a conformal mapping. An automorphism

of Ĉ is uniquely specified by three distinct points of Ĉ and their images. Let σn−2, σn−1

and σn be three distinct points of Ĉ. The standard automorphism of Ĉ with

g · σn−2 = 0 , g · σn−1 = 1 , g · σn = ∞ , (A.1)

is given by

g · σ =
(σn−1 − σn)(σ − σn−2)

(σn−1 − σn−2)(σ − σn)
. (A.2)

The inverse mapping with

g−1 · 0 = σn−2 , g−1 · 1 = σn−1 , g−1 · ∞ = σn , (A.3)

is given by

g−1 · σ′ =
σn−2(σn − σn−1) + σn(σn−1 − σn−2)σ

′

σn − σn−1 + (σn−1 − σn−2)σ′
. (A.4)

B Spinor products

We define the light-cone coordinates by

p+ =
1√
2
(p0+p3) , p− =

1√
2
(p0−p3) , p⊥ =

1√
2
(p1+ip2) , p⊥∗ =

1√
2
(p1−ip2) .

The covariant light-cone coordinates are given by

x+=
1√
2
(x0+x3) , x−=

1√
2
(x0−x3) , x⊥=

1√
2
(x1−ix2) , x⊥∗=

1√
2
(x1+ix2) .

(B.1)

With this definition the Minkowski scalar product is given by

pµxµ = p+x+ + p−x− + p⊥x⊥ + p⊥∗x⊥∗ . (B.2)

Associated to a null vector pµ we have two Weyl spinors pA and pȦ. Spinor products are

defined by

〈pq〉 = −εABpAqB ,

[pq] = εȦḂpȦqḂ . (B.3)

We use the convention that ε12 = ε1̇2̇ = 1. The spinors pA and pȦ are only defined up to

a scaling

pA → λpA , pȦ → 1

λ
pȦ . (B.4)

Keeping the scaling freedom, we define the spinors as

pA = |p+〉 = λp2
1

4

√

p−

(

p⊥
∗

p−

)

, pȦ = |p−〉 = 2
1

4

λp

√

p−

(

p−

−p⊥

)

,

pȦ = 〈p+ | = 2
1

4

λp

√

p−
(p⊥, p−) , pA = 〈p− | = λp2

1

4

√

p−
(p−,−p⊥

∗

) . (B.5)
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The spinor products are then

〈pq〉 = 〈p− |q+〉 =
√
2λpλq

√

p−q−
(p−q⊥∗ − q−p⊥∗) ,

[qp] = 〈q + |p−〉 =
√
2

λpλq

√

p−q−
(p−q⊥ − q−p⊥) . (B.6)

We have

〈pq〉[qp] = 2pq . (B.7)

By a suitable choice of the scale factor λp we can make one spinor product to be linear in

the momenta. We consider the two specific choices

λp =
2

1

4

√

p−
: 〈pq〉 = 2

(

q⊥∗

q−
− p⊥∗

p−

)

, [qp] = (p−q⊥ − q−p⊥) ,

λp = 2−
1

4

√

p− : 〈pq〉 = (p−q⊥∗ − q−p⊥∗) , [qp] = 2

(

q⊥

q−
− p⊥

p−

)

. (B.8)

With these choices, one of the spinor products is linear in the momenta. The other spinor

product is given as the difference of two complex numbers, where each of the two complex

numbers depends only on one momentum. Other choices are related to these two cases.

For example

λp =
2

1

4

√

p−

p⊥∗
: 〈pq〉 = 2

(

p−

p⊥∗
− q−

q⊥∗

)

, [qp] = (p⊥∗q+ − q⊥∗p+) . (B.9)

The complex numbers appearing in 〈pq〉 are related by the transformation z → −1/z to

the ones of the first choice in eq. (B.8).

C Momentum twistors

We denote a momentum twistor by

Zα = (pA, µȦ) =
(

|p+〉, 〈µ+|
)

. (C.1)

The index α takes the values α ∈ {1, 2, 1̇, 2̇}. The scaling behaviour of a momentum

twistor is

(pA, µȦ) → (λpA, λµȦ) , (C.2)

and therefore Zα ∈ CP
3. As with momentum vectors, we will not always write the index

α explicitly. Let us now consider n momentum twistors Z1, Z2, . . . , Zn. The cyclic ordered

set (Z1, Z2, . . . , Zn) defines a configuration of n momentum vectors with associated spinors

as follows:

|pi+〉 = |pi+〉 ,

〈pi+| = − 〈pipi+1〉
〈pi−1pi〉〈pipi+1〉

〈µi−1+| − 〈pi+1pi−1〉
〈pi−1pi〉〈pipi+1〉

〈µi+| − 〈pi−1pi〉
〈pi−1pi〉〈pipi+1〉

〈µi+1+| ,

pµi =
1

2
〈pi + |σ̄µ|pi+〉 , (C.3)

with σ̄µȦB = (1, ~σ) and ~σ = (σ1, σ2, σ3) are the Pauli matrices.
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