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ABSTRACT: We construct an exact time-dependent solution in D = 4, N/ = 4 gauged
supergravity, where the gauge fields of the U(1) x U(1) subgroup of the SO(4) carry in-
dependent conserved charges. The solution describes a decaying white hole that settles
down to the final state as a static charged black hole. We analyze the global structure and
lift the solution back to D = 11 supergravity. We further extend the theory by adding
an extra term in the scalar potential and obtain a more general class of collapse solutions.
The result constitutes a charged generalization of the Roberts solution and the dynamical
scalar-hairy black hole solutions that have been very recently found by us. The generalized
Roberts solutions demonstrate that a scalar coupled to gravity can be unstable even when
it is confined by a scalar potential with a fixed point.
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1 Introduction

The problem of gravitational collapse is of fundamental importance in general relativity [1].
The study of black hole formation, as a principal outcome of such collapses, can shed
light on a better understanding of spacetime singularities, cosmic censorship, critical phe-
nomenon and gravitational waves (see recent reviews [2—4] and references therein). For
matter sources that have been considered for collapse, two types of constructions exist.
One is from certain generically specified matter energy-momentum tensor, with perhaps
the most well-known example of Vaidya’s metric and its various generalizations [5-7]. The
other is from Lagrangians of Einstein gravity coupled with fundamental matter fields such
as scalars or vectors (see, e.g., [8, 9]). For the past few decades, much effort has been given
to inspecting the collapse of a scalar field from both analytical and numerical aspects [3].
In particular, exact solutions from a Lagrangian are much harder to come by.

Parallel to this development of general relativity, many new solutions of charged static
or stationary black holes have been constructed in supergravities. Supergravities are the
low-energy effective theories of strings, which have been proposed as promising candidates
for quantum gravity. However, very little is known regarding the dynamical process of
continuous formation of these black holes. This paper is an attempt to fill this gap.

Recently, we have made some progress in finding exact (uncharged) solutions describing
black hole formation in Einstein gravity minimally coupled to a scalar field with a specific
self-interacting scalar potential [10]. The potential is supergravity-inspired, carrying two
non-trivial parameters, the cosmological constant A and an additional parameter . If « is
turned off, we can embed the theory into D = 4, N’ = 4 gauged supergravity. Prior to our
result, an example of charged dynamical black hole solutions was first presented by Giiven



and Yoriik [9] in an Einstein-Maxwell-dilaton theory (without a scalar potential) that can
be embedded in Poincaré supergravity. It is thus of interest to search for more non-static
solutions that can arise in gauged supergravities.

In this paper, we consider the U(1) x U(1) truncation of the SO(4) gauge fields of
D = 4, N = 4 gauged supergravity [11] along with related generalizations. In section 2, we
present a time-dependent solution with conserved U(1)? charges. We study its properties,
particularly, the static limit as charged black holes. Furthermore, the solution is lifted
back to D = 11, and thereby represents time-evolving M2-branes with conserved angular
momenta. In section 3, we push beyond the supergravity regime and include an extra a-
term in the scalar potential. A general class of charged solutions is derived, which contains
as special cases both the supergravity solution and the time-dependent scalar-hairy black
hole solutions found in [10]. We conclude the paper in section 4.

2 Dynamic white/black hole formation

2.1 D =4, N = 4 (gauged) supergravity

The bosonic sector of D = 4, N' = 4 supergravity consists of one metric, one complex
scalar 7 = x +ie? that forms an SL(2,RR)/U(1) coset and six abelian gauge fields, which,
together with their Hodge duals, form six pairs of SL(2,R)-doublets. The theory can be
gauged, giving rise to a scalar potential and SO(4) ~ SU(2) x SU(2) local gauged fields [11].
Adopting the notation in [12], the Lagrangian for the bosonic sector is given by
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where (F i F Z) are the field strengths of the two SU(2) gauge fields and “x+” denotes
the Hodge dual. The parameter g is the gauge coupling constant that yields an effective
cosmological constant A = —3¢? for AdS; vacuum solutions.

For our purpose, we focus on the U(1) x U(1) Cartan-subgroup truncation of the SO(4)
gauge group and the reduced Lagrangian reads
1
4
with F; = dA;. The truncation is consistent provided that

1 1
e 'L=R- 5(8@5)2 — —e?F? — Ze_qSFQQ +2¢*(2 + cosh ¢) (2.2)

F,AF, =0, i=1,2. (2.3)

This condition is required for setting the axion x = 0. Note that the truncated theory
can also be derived from the gauged STU supergravity model by setting the gauge fields
pairwise equal. The equations of motion for (2.2) are
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where FZQW = Fju,F;” and FZ-2 = FiWFiW, with the labeling index i = 1,2. Moreover,
the theory can be further truncated consistently to Einstein-Maxwell gravity with the
cosmological constant A if one sets F; = F5 and ¢ = 0.

To construct time-dependent solutions, we start with the following ansatz in Eddington-

Finkelstein-like coordinates:

ds* = 2dudr — H(r,u)du® + R(r, u)2dQ%7k , (2.5)
where
402, = _de? + (1 — ka®) dy? (2.6)
kT — ka2 ’ '

with k = (1,0, —1), is the metric for the unit 2-sphere S2, 2-torus 72 and hyperbolic 2-
space H? respectively. The dilaton scalar ¢ is assumed to be a function of both u and
r, and the null coordinate u is an advanced time which can be converted into a retarded
time by a simple reversion © — —u. In the paper, we will choose a time direction in which
the dynamical solutions approach static black holes. It follows that a specific solution may
involve either the advanced or retarded time, depending on properties of the solution.

We consider the case when both (Fy, Fy) carry only electric charges so that the con-
straint (2.3) is straightforwardly satisfied. (The specific dilaton couplings of F; imply that
solutions with only magnetic charges can be equally obtained by interchanging F; and Fb.)
The equations of motion and the Bianchi identities of F; yield

4Q1€_¢
T RT

40Q-e?
du A dr, Fy = 612%226 du Adr, (2.7)

I

where )1 and Q)2 are two conserved electric charges defined by

1
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1
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In this definition, we have implicitly assumed the principal orbits to be S2, with the area
wo =1 = 4m. For k = 0,—1, we may also assume for simplicity that the principal orbits
are some suitable Riemannian surfaces with wy ), = 4.
The Einstein equation E,, = 0 gives us
Tl

—+ ¢ =0, 2.9

. (29)
where a prime denotes the derivative with respect to r. This equation is identical to its
static counterpart except for the extra u-dependence. Hence we can solve it with known

static solutions, but with the non-trivial integration constant replaced by a function of w.

This leads to
e¢:1+M, R=+/r(r+a(u)). (2.10)

,
The unknown functions H(r,u) and a(u) can then be fully determined by the remaining
equations of motion. We will put forth a general class of solutions later in section 3, when
the theory is augmented by additional terms in the scalar potential.



2.2 Time-dependent local solution

Our time-dependent charged solution in D = 4, N’ = 4 gauged supergravity is given by

H
ds? = — h3dudr Edu —i—r(r—i—a)dQ%k,
4Q1 4Qs a
A= ——d Ay = —2du $=14—
YT r+a)h? w 2T ‘ T
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T r+a 21
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As before, Q;’s are the two electric charges associated with the two field strengths. The
solution assumes @1 > Q2. As we will see later, the apparent asymmetry between ()
and Q2 in the metric is due to the choice of coordinates, and there is no loss of generality
assuming 1 > Q2. (The time-dependent 1 = @2 solution can be obtained through some
subtle limit and will be discussed later.)

To avoid having an implicit function in the metric (cf. section 3), we have made a
coordinate transformation du = —dii/h® with h = g/a. In terms of the original null
coordinate u, the function a(u) satisfies

a’i—16 (Qf — Q3)a =0, (2.12)

where a dot denotes the derivative with respect to u. More details on this equation will be
given in section 3.

An important difference between the solution (2.11) and the one we found in [10] is
that the coordinate u here is an retarded time, rather than an advanced time coordinate
as was used in [10]. We have picked this time direction in order that the solution may have
a physically reasonable end state (4 — +00) as a static black hole.

2.3 The static limit

Having acquired the time-dependent solution, we study the time evolution in details. First,
we take the long-time limit @ — +o00, for which we have h — 1 exponentially fast with the
characteristic relaxation time ug. This results in an electrically-charged static black hole

2
ds? = —fat + T p (0 ), dt = di+dr/f,

f
4 4
A =29 gy A2, =141
r—+q r r
Q3 Qi
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which has three independent parameters, i.e., two electric charges ); and the parameter ¢
that is related to mass. To examine the asymptotic structure at » — 400, we introduce



p=+/r(r+q). At large p, we have

gtt:—f:—ngz—/H—S(Q%_Q%)—4(Q%+Q%)+--~
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It follows that the mass of the black hole is given by

Mo= 2 (QF-0)). (2.15)

Thus for a positive ¢ that has been assumed for our solution, we must impose ()1 > @) for
a positive mass. The relaxation time can now be expressed as

2
4(Q1 - @3)
Uy = —————. 2.16
This means that a bigger mass of the final black hole is accompanied by a faster decay,
which is a feature that was also seen in [10]. The numerator here is somewhat intriguing
and we will comment on its significance later.

When ¢ = 2v/2(Q1 — Q2), we have
MEPPS = V2(Q1 + Qo) (2.17)

and the solution (2.13) becomes supersymmetric. For ungauged supergravity corresponding
to g = 0, the BPS (supersymmetric) limit coincides with the extremal limit, in which
the near-horizon geometry is AdS; x S2. The condition for a black hole to exist is ¢ <
2v/2(Q1 — Q2) such that My > MEPS. When this condition is satisfied, the horizon can be
found at » = r9 > 0 where f(rg) vanishes. In gauged supergravity with g # 0, the BPS
limit gives rise to superstar solutions with naked singularities. The extremal limit requires
that MS* be greater than MPFS.

The Reissner-Nordstrom (RN) black hole cannot be retrieved from (2.13) simply by
setting (1 = Q2. A more involved limiting procedure is needed. We first reparametrize
the solution as follows

Q mq Q mq

“=5Tsne PT A sag

and then take ¢ — 0. In this process, the dilaton vanishes and @)1 = )2, and the function

(2.18)

f turns into
2m  4Q?

f=gr+k-"—+—-. (2.19)
r r

Thus with this choice of parameters, the conserved charge (); has to take on an intricate
relation with ¢ before one performs the limit. Since the constant ¢ becomes a(u) in the
time-dependent solution, while (); remains conserved, our solution does not have a non-
static limit from the Einstein-Maxwell theory with a vanishing scalar. This is consistent
with the fact that the relaxation time vanishes when @1 = @2, as given in (2.16). This
implies that the RN black hole in our truncated theory without additional matter fields
may not be accessible from a dynamical process captured by our solution.



The asymmetrical way of @)1 and @2 entering the metric is due to our choice
of coordinates and parameters. Through the following coordinate transformation and

reparametrization
m sinh?(8y) m 9 9 m sinh(24;)
L G ) — ™ (sinh2(8;) — sinh2(6 = 20 (990
r— 7+ p . g k(sm (61) —sinh®(d2)) , Qi N (2.20)
the solution can be cast into
dr? H
ds? = —(HyHy) ' fdt? + Hy Hy (; + r2d02 k) L=t
’ 2
V2 h V2 h
A= k cos 51dt7 Ay = k cos 52dt,
H1 H2
m m sinh? §;
f=k=— 4 g (HiH)?, Hi=1+— . (221)

This form arises in the pairwise equal limit of the four-charged solutions in the gauged
STU supergravity [13] for & = 1 (see also [14] for & # 1). One can now understand the
apparent asymmetry of (Q1,@2) in the original coordinates. For Q% < Q%, the positivity
of the mass requires ¢ < 0. Let ¢ = —¢ > 0, and redefine the coordinate 7 = r — ¢, and
the solution becomes one with new parameters Q7 > Q2 and ¢ > 0. The transformation
has a net effect of switching A; <> A, and inverting ¢ — —¢, which leave the Lagrangian
invariant. Therefore without loss of generality, one can always assume ()1 > ()2 and ¢ > 0,
which we shall do throughout the paper.

2.4 Global structure and singularity

The global structure of the static charged black hole is well understood. As mentioned
earlier, we prefer a time direction such that a static black hole emerges at & — +oo. This
can be done for our solution only when @ is a retarded time (as already chosen as such).
For the non-static solution, it is useful to adopt the luminosity coordinate R, defined as
the radius of dQ% - In this radial coordinate, the metric reads

ds® =

4R dud H
fidudlt — di® + R2O3,

2@+ AR IS

4(Q1+Q3) ¢ (4" +2(W* +)R?)

H=¢R*+k+ : 2.22
! R? 4iigR?\/q% + 4R2D2 (2:22)
For large R, we have
- oM7)  4(Q%+Q3)
H=g¢R*+k-— e 2.23
gR + T R R (2:23)
where the “Vaidya mass” M (@) is
L l4de 4,
M(a) = Moy, Moy = 4 (@1 —Q@3) . (2.24)
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As 4 runs from —oo to 400, M () monotonically decreases from 400 to a finite positive
constant My. Therefore the solution can be interpreted as a white hole that radiates
matter away while keeping the electric charges conserved till it settles down to the static
limit that corresponds to a charged black hole. The metric has a naked power-law curvature
singularity at R = 0 and an apparent horizon at H(R, @) = 0 for some Ry(@) > 0. As
u — 00, the apparent horizon approaches the event horizon. The analysis is analogous to
that of [10] and we will omit the details.

25 Q1=Q2

As we have commented earlier, for the time-dependent solution, one can choose without
loss of generality @1 > (2. The solution (2.11) was given for @1 > Q2. When Q1 = Q2,
the solution (2.11) appears to be static. In fact, we can take a special limit and still obtain
a time-dependent solution (cf. section 3); it is given by

ds® = 2dudr — Hdu® + r(r + a)dQ23

4 4
A = @1 du, AQZ&dU, e¢:1—|—9,
(r+a) T r
H = 2r(r+a)+k—q+8%Q% a=qu (2.25)
g r(r+a)’ ' '

Although one has two equal charges, the solution is not of Einstein-Maxwell gravity due
to the non-vanishing of the dilaton. As we discussed before, the RN black hole cannot
be obtained as a static limit of our time-evolving solution. Instead, the solution (2.25) is
a charged supergravity generalization of the Roberts solution [8]. The “running” dilaton
in the Roberts solution is not unexpected since a free scalar is involved. The situation
is more puzzling in our case where the scalar potential has a stationary point at ¢ = 0.
More specifically, the u-dependence of the dilaton in our solution is identical to that in the
Roberts solution, regardless of the scalar potential. This suggests that the dilaton can still
be unstable even under a confining scalar potential with a stationary point.

2.6 Lifting the solution to D = 11

D = 4, N = 4 gauged supergravity can be embedded in eleven-dimensional supergravity.
The explicit reduction ansatz for the bosonic sector was given in [12] (see also [14]). This
allows us to obtain the corresponding metric in D = 11:
4
ds?, = A3 [dsi + 2 <d§2 +

2 2 L2 552
p— <rcos £dQs + (r + a)sin §d§23>)} ,

1 2
02 = (dw + cosO0d¢ + gAg) + d6? + sin? 0d¢?
V2

_ _ 1 2 _ -
dQ2 = (dw + cos 0dg + \/ig/h) + df* + sin? 0dp? (2.26)
where the conformal factor is given by

2
Ao THacosTE (2.27)
r(r+a)



The solution depicts decaying, rotating M2-branes with two conserved angular momenta
(Q1,Q2) along the two S3 transverse directions.

3 Generalizations

In this section, we discuss a more general theory by modifying the scalar potential with an
additional term:

_ 1 1 1 _
e 'L=R- 5(&;5)2 — ZaﬁFf - € F+V(9), (3.1)

with
V = —2¢%(2 + cosh ¢) — 20*(2¢ + ¢ cosh ¢ — 3sinh ¢) . (3.2)

The a-term was first introduced in [15] for the pure scalar sector. It was later re-derived for
the construction of neutral or charged scalar-hairy black holes [16-19], and also appeared
in the time-dependent scalar-hairy black hole in [10].

Adopting the same ansatz and following the same procedure as in section 2, we find
that the theory admits the following time-dependent solution:

ds* = 2dudr — H(r,u)du® + r(r + a) ng’k ,

4 4
A= Qldu, Agzﬁdu, e‘b:l—i—g,
r+a r T
2 2
H:k+92’f‘<7"+a)+§ <Q2—Ql> —a
a\r r+a
1
— §a2a(2r + a) 4+ o?r(r + a)log (1 + %) , (3.3)
where a is a function of u satisfying
16 (Q7 — Q3
i+ (aza—W)d:U (3.4)

Here a dot denotes the derivative with respect to u. It is worth pointing out that owing to
the special dilaton coupling of the two field strengths, the contribution of the two electric
charges to the Einstein and the scalar equations can be equivalently attributed to the
electric and magnetic charges of the same field strength. The related solution is the same
as (3.3) with the constraint (3.4) except that the field strengths are replaced by

4

Ay
r+a

du + 4Q2w(1) , ch)(l) = QgJﬁ ; Ay =0. (3.5)

However it should be emphasized that this is no longer a supergravity solution even when
a = 0, since the field strength F; does not satisfy (2.3).

The simplest solution of (3.4) is a being a constant (a = ¢), which corresponds to
static charged black holes. The supergravity solution with o = 0 has been discussed in the
previous section. Another noteworthy special case is when Q1 = Q2 = Q/ V2, and we have

1
a = g tanh <2a2q u> . (3.6)



(In fact, a = gcoth (%a2q u) and a = —qtan (%azq u) are also valid solutions of (3.4), as
one may check.) This function a does not depend on @) and was first obtained in [10] for the
uncharged solution (@ = 0). With the luminosity coordinate R? = r(r + a), the function
H (the coefficient of du?) at large distance R is given by

- 2M (u) ~ 4Q*
H=dR>+k— X 4. 3.7
g°R* + 2 TR T (3.7)
with the Vaidya mass
M(u) = ia (3& + a2a2) = i0z2q2 tanh 1042qu 3 — tanh? 1042qu (3.8)
12 24 2 2 ' )

which is independent of the electric charges.
We now move on to the general case of (3.4). First we can calculate the Vaidya mass as

1 4(Q-Q8) 1 4,4
M(u) =-aa + ———— 4+ — . .
(u) 194 + . + 15 @ (3.9)
It follows from the constraint (3.4) that
1,
M= 0?20, (3.10)

Thus in our solution, the mass increases with respect to the advanced time u (or decreases
with respect to the retarded time v = —u). This is consistent with the energy condition
that is guaranteed in our Lagrangian formalism.

One way to solve the general case of (3.4) is to note that it can be rewritten as
hi + a = 0 with

a3

o?at — 16 (Q% — Q%) )

We can make a coordinate transformation du = ﬁdﬂ, so that the function a can be solved

iL:

(3.11)

analytically as follows:

a() = al\/c +e i+ \/(c +e ) — 1602 (QF - Q3) . (3.12)

One may notice that for a = 0, the function his always negative, and hence the coordinate
4 is a retarded time. Consequently the solution describes a decaying white hole as discussed
before. If one has Q1 = Qs instead, h is positive with @ being an advanced time, and then
the solution captures gravitational collapse such as those in [10]. For a given solution with
@ running smoothly from —oo to +oo, the sign of h remains the same. If initially a*a* is
sufficiently large, then h is positive. With @ being the advanced time, the solution is of
gravitational collapsing and a grows bigger as @ increases, corresponding to the “+”-sign
of (3.12). On the other hand, if initially a*a? is small so that A is negative, @ becomes the
retarded time, in which case the solution is a white hole and a turns smaller as 4 increases,
corresponding to the “—”-sign of (3.12).



One may also keep using the null coordinate u for solutions, but the drawback is that
the function a(u) can only be expressed as an implicit function of u for the general range
of parameters. To see this, we integrate the equation (3.4) once and arrive at

G=——s—d®+d,  L=16(Q?-Q3), (3.13)

where ¢ is an integration constant. We can reparameterize this equation as

) La? [ 1 1 o? 2d

so that the general solution is given more conveniently by

tanh tanh 1
arctanh(cja) _ arctanh(cye) + §L (f—c3)u=0, c} # 3, (3.15)
cl 2
arctanh(cia) a 9 9 9
o Fa =1 — Leju =0, ] =¢5. (3.16)

Here we have omitted the trivial translation u — u + ¢p. Depending on the values of ¢/, a?

and L, the two constants ¢ 2 can become purely imaginary, in which case one may apply
the identity
arctanh(ix) = i arctan(x) . (3.17)

Moreover, changing any of the arctanh functions in (3.15)-(3.16) to arccoth still gives us
valid solutions to (3.4). This is due to the fact in the complex domain these two functions
are only different by an additive complex number.

From the solution (3.15), one can obtain the supergravity limit o? = 0 by taking
c1 — 0. The result read

1 1
a— 7 arctanh (v/ca) = §Lcu, c>0, (3.18)
1 1
a— N arctan (v/—ca) = §Lcu, c <0, (3.19)
3 1/3
a=— (2Lu> , c=0, (3.20)

where ¢ = 3 is a real-valued integration constant. In the limit ¢ — 0, the first two cases

above reduce to the last one by the relation a — % arctanh (y/ca) ~ —%ca®. The solution
given in section 2.2 corresponds to the case ¢ > 0. For the solution with ¢ < 0, we note
that the linear term of a will dominate over the arctan term for large u. Hence we have

1
a~ §Lcu, u — 00. (3.21)

This asymptotic linearity is quite similar to that of the Roberts solution [8]. In fact, if one
further takes the limit L — 0 (Q1 = @Q2) and ¢ — oo while keeping the product Le = 2¢
fixed, an exact linearity is acquired from (3.19), i.e., a = qu. This special case has been
discussed in section 2.5.

,10,



To conclude this section, we point out that the time evolutions of a(u) as given
in (3.18)—(3.20) are in fact identical to those found by Giiven and Yériik ([9], see egs.
(7.18-7.20)). However, their calculation is only for a single charge (Q2 = 0) and without a
scalar potential (¢> = 0 = o?).

4 Conclusions

In this paper, we have considered the U(1) x U(1) truncation of the D = 4, N' = 4 gauged
supergravity and constructed two-charged time-dependent solutions. We find that these
solutions describe decaying white holes with constant charges and they eventually settle
down to static and charged AdS black holes. The decaying process is exponentially fast
with the relaxation time depending on the charges and the final black hole mass. Our
solution can be easily generalized to give rise to solutions in the w-deformed gauged STU
supergravity [20]. Setting the gauge coupling constant to zero yields ungauged super-
gravity which contains the non-trivial global symmetry that allows one to generate the
time-dependent dyonic solutions with the two field strengths all carrying both electric and
magnetic charges. This procedure however breaks down in gauged supergravities. Never-
theless, dyonic generalization in gauged supergravities for static black holes were recently
obtained [21, 22]. We expect that this can be done for our time-dependent solutions as well.

We have also obtained the charged supergravity generalization of the Roberts solution.
In the landscape of string vacua, there can exist flat directions in the modulus space and
they lead to instability that manifests in the Roberts solution. Our solution (2.25) shows
that the dilaton can still be running even when it is confined by the potential with a
stationary point. Furthermore, the linear time dependence of the dilaton scalar charge in
our solution remains the same as the Roberts solution, in spite of the extra scalar potential.
Thus our construction may serve as a cautionary tale for the study of the modulus stability
of a vacuum.

We further examine theories beyond supergravity by adding an additional a-term in
the scalar potential. We obtain a more general class of charged time-dependent solutions
that are asymptotically flat or (A)dS. It generalizes our recently found neutral black hole
collapse solution [10], as well as the supergravity solutions from section 2. Depending on
the initial parameters, the general solutions can be decaying white holes or growing black
holes, but all settle down to some final static states.

The low-energy effective theories of strings, namely (gauged) supergravities admit large
classes of neutral or charged static and stationary black holes. Unlike in general relativity
where a black hole is a soliton of fundamental matter, some of these supergravity solutions
describe the non-perturbative spectrum of the strings and M-theory. They play a crucial
role in understanding the non-perturbative properties of the strings and M-theory. Our
results may provide a first step of unlocking the time-dependent origin of these solutions.
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