Metadata, citation and similar papers at core.ac.uk

Provided by Springer - Publisher Connector

PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: September 3, 2015
AcCCEPTED: October 21, 2015
PUBLISHED: November 20, 2015

O(D, D) covariant Noether currents and global
charges in double field theory

Jeong-Hyuck Park,” Soo-Jong Rey,"¢ Woohyun Rim® and Yuho Sakatani®
@ Department of Physics, Sogang University,
Seoul, 04107 Korea
bSchool of Physics and Astronomy, Seoul National University,
Seoul, 08862 Korea
¢Fields, Gravity & Strings, Center for Theoretical Physics of the Universe,
Institute for Basic Sciences, Daejeon, 34047 Korea
E-mail: park@sogang.ac.kr, sjrey@snu.ac.kr, w890702@snu.ac.kr,
yuho@cc.kyoto-su.ac. jp

ABSTRACT: Double field theory is an approach for massless modes of string theory, uni-
fying and geometrizing all gauge invariance in manifest O(D, D) covariant manner. In
this approach, we derive off-shell conserved Noether current and corresponding Noether
potential associated with unified gauge invariance. We add Wald-type counter two-form
to the Noether potential and define conserved global charges as surface integral. We check
our O(D, D) covariant formula against various string backgrounds, both geometric and
non-geometric. In all cases we examined, we find perfect agreements with previous results.
Our formula facilitates to evaluate momenta along not only ordinary spacetime directions
but also dual spacetime directions on equal footing. From this, we confirm recent asser-
tion that null wave in doubled spacetime is the same as macroscopic fundamental string in
ordinary spacetime.
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For out of olde feldes, aas men seith,
Cometh al this newe corn fro yeer to yere;
And out of olde bokes, in good feith,
Cometh al this newe science that men lere.
— Geoffrey Chaucer

1 Introduction and summary

String theory is known to possess enormous (possibly infinite-dimensional) symmetry that
goes beyond the scope of conventional field theories. Double Field Theory (DFT) [1-5] is a
new approach for keeping manifest the (R-valued extension of) O(D, D) T-duality symme-
tries as well as unifying and geometrizing all gauge invariance of the massless fields in string
theory. It dispenses full-fledged string theory while retaining theory’s most salient features,



so the approach offers a novel and effective method for investigating stringy characters and
gaining physical insights to intricacies of the string theory.

The novelty of DF'T is doubling the spacetime dimensions at the benefit of geometrizing
all gauge invariance of the graviton, Kalb-Ramond, and Yang-Mills fields (further the
equations of motion are invariant under a constant shift in the dilaton field). These massless
fields live in this doubled spacetime; not only vacuum configuration but also physical
excitations above the vacuum extend through the doubled spacetime. Yet, the theory
should be constrained such that actual mechanical degrees of freedom live on a middle-
dimensional subspace of the doubled spacetime. Therefore, the DFT poses a novel question
for how Noether currents associated with asymptotic symmetries of the massless fields
and global charges associated with their physical excitations are measured in the doubled
spacetime in O(D, D) covariant manner.! This work constitutes the answer we found for
this question.

To be specific, we shall proceed with the Lagrangian formulation of the ‘heterotic’
DFT, whose field contents include the NS-NS sector coupled to Yang-Mills [6, 7] (cf. [8-
10]). Our main result is summarized by the O(D, D)-covariant expression of a generic
conserved global charge, spelled in eq. (3.56), which we copy here:

Qrotal[X] = f dP 2z ap e 2 | KP4 ox1ApB] 4 21Tr{12(P.7-"P)[ABVC]XC}] :
oM

9ym

(1.1)
The first two terms in the integrand correspond to the NS-NS sector DFT version of the
Noether (or Komar) potential and its counter-correction a la Wald [11-13]. The last term
is the contribution of the Yang-Mills sector that is coupled minimally to the DFT. Using
this formula, we can compute conserved global charges such as mass, doubled translational
momenta, and angular momenta. We could also study the asymptotic symmetry algebra,
which we relegate to a future work.

In gauge and gravity theories, symmetry currents and conserved charges play important
roles in analyzing classical and quantum dynamics. In the Hamiltonian formulation, the
Arnowitt-Deser-Misner (ADM) [14] approach constructs these conserved charges, which are
related to Hamiltonian surface terms that should be added to constraints for well-defined
Hamiltonian generators. Using this approach, their algebras were studied in a variety of
contexts [15-18].

In Lagrangian formulation with a well-defined action functional, which was developed
after the Hamiltonian formulation, the conserved currents are derived by the Noether the-
orem and the global charges are obtained as hypersurface integral of the current densities.
However, proper Lagrangian formulation of symmetry currents and conserved charges are
often complicated by the background vacuum configuration and also by fall-off behaviour
of dynamical excitations. This is because global symmetry is defined by the asymptotic
symmetry set by the orbit of gauge or diffeomorphism transformations at infinity with the
common asymptotic behaviour. In other words, a specific choice of the asymptotic bound-
ary condition puts the true local symmetries to a subset of the full gauge or diffeomorphism

!By the O(D, D) covariance of DFT, we just mean the counterpart to the GL(D) covariance of gravity.



group. If the quotient of the full gauge or diffeomorphism transformation by this subset
is nontrivial, it defines the asymptotic symmetries associated with the chosen boundary
conditions. For some representative works that touch on these issues in various dimensions
and that deals with physical implications, see, for example, [19]-[23].

The Lagrangian formulation for the symmetry currents and conserved charges [24-26]
has the advantage of manifest covariance. In this formulation, however, the action may in
general contain boundary terms, which play an important role. Though not contributing
to the equations of motion, the surface terms contribute to setting boundary conditions.
Accordingly, the asymptotic symmetries depend sensitively on the boundary terms in the
action. Here is a good place to recall them in the context of the ordinary metric formulation
of gravity. The well-defined variational principle that yields the Einstein’s equation is
provided by the Einstein-Hilbert action,

1
I= g [ [ v=omi) +2 A VIRl K| (1.2)

Here, ¥4 is a general pseudo-Riemannian manifold with metric g as the second fundamental
form, 0%, is a (spacelike, lightlike or timelike) boundary of ¥; with induced metric h. The
surface term, the Gibbons-Hawking term,? allows its variation to counter off variations of
the derivative of the metric so that Dirichlet boundary condition for the metric suffices.

The action is not just for facilitating equations of motion as the condition for station-
ary configuration. Associated with large diffeomorphism gauge transformations, one can
construct conserved Noether currents and global charges from the action. The global gauge
transformations have support at asymptotic boundary 0M;_1 of a timelike or lightlike hy-
persurface My 1 in 3. However, in order to be able to express them as surface integrals
at 0My_1, the metric should additionally obey Dirichlet boundary condition at Mg 1.
For instance, in asymptotically flat spacetime, the action must maintain the property that
a physical excitation belongs to stationary configuration under all possible variations pre-
serving asymptotic flatness.

With the Gibbons-Hawking surface term alone, the action renders its on-shell variation
a non-zero surface term. However, the hypersurface where the requisite counterterm is
embedded is forced to fluctuate and so its variation is no longer well-defined. This difficulty
can be lifted by replacing the Gibbons-Hawking term by a new counterterm which is a
local function of boundary metric and Ricci curvature only and hence independent of an
embedding. A concrete proposal along this direction was put forward in asymptotic flat
spacetime [27]-[29] and in asymptotic (anti) de Sitter spacetime [30]. Such counterterm
renders a well-posed variational principle for all deformations of the metric consistent with
asymptotic flatness. Furthermore, such a counterterm also facilitates the computation of
conserved global charges in a procedure similar to that of Brown and York [32].

To explain the Noether currents and conserved global charges, i.e. (1.1), in a self-
contained manner and to apply them to various known string theory backgrounds, we
organized this paper as follows. In section 2, we first review the semi-covariant formulation
of DFT, closely following the formulation developed in [33-36]. The formalism based on the

2See [31] for a DFT extension of Gibbons-Hawking term.



semi-covariant derivative and its complete covariantization is essential to decode our results.
Section 3 contains main results of this paper. We first derive an off-shell conserved Noether
current, J4 (3.26), and corresponding Noether potential, K47 (3.27), which originates from
the generalized diffeomorphism invariance of DFT. Meanwhile, we also identify the DFT
extension of the off-shell conserved Einstein curvature tensor, VaG4P = 0 (3.13). We then
follow the prescription by Wald [11-13] (see also [37, 38]). Introducing counter corrections,
we modify the off-shell conserved Noether current and the potential, J4 (3.37), KAB (3.38).
The integration of the modified Noether current defines the O(D, D)-covariant conserved
global charge. After finishing our analysis on the pure NS-NS sector DF'T, we generalize to
include Yang-Mills [6, 7] as well as cosmological constant. In section 4, we apply our general
result to various known backgrounds, which include fundamental string [39], Reissner-
Nordstrém black hole, black five-brane [40] and linear dilaton background [41]. We find
perfect agreement. We further consider genuine DFT (or stringy) backgrounds such as null-
wave in doubled spacetime [42] and non-Riemannian background [36]. We evaluate their
momenta along not only ordinary spatial or temporal directions but also dual directions.
We confirm the assertion of Berkeley, Berman and Rudolph [42] that a massless null wave
in doubled spacetime is identifiable with a macroscopic fundamental string in ordinary
spacetime.

In the appendix, we relegated some useful technical formulae and detailed analysis of
the asymptotic fall-off behaviour at infinity.

Note added. While we were finishing this paper, we became aware of the work by
C. Blair [43], which also studies conserved charges in DFT.

2 Review: semi-covariant formulation of double field theory

We begin with self-contained review of the semi-covariant formulation of the bosonic DFT
for the NS-NS sector [33, 34] and also the Yang-Mills sector [6, 7]. They constitute the
massless modes of string theory at leading order in string coupling perturbation theory. For
further extensions beyond the leading order, we refer readers to [44] for fermions, [45] for
the R-R sector, and [46-48] for the (gauged) maximal and half-maximal supersymmetric

completions.3
The DFT is defined over the doubled, (D + D)-dimensional spacetime. Denote the
O(D, D) vector indices by capital Latin letters, A, B,C,---=1,2,--- , D+D. There exists

a unique O(D, D) invariant constant metric,

m={1 4] )

Using this invariant metric, we freely raise and lower the O(D, D) tensor indices.

3In particular, thanks to the twofold spin groups, i.c. Spin(1,9) x Spin(9,1), the distinction between
ITA and IIB disappears [46], and the maximal D = 10 supersymmetric double field theory unifies ITA and
IIB supergravities.



The actual physics is realized in D-dimensional subspace. As the DFT starts with
doubled (D + D)-dimensional spacetime, this doubled spacetime must be projected appro-
priately. We do this by imposing the property that the doubled coordinate system satisfies
local equivalence relations [35, 36],

2t~ 2 4 p(x)d%(x), (2.2)

which was termed as ‘coordinate gauge symmetry’. In (2.2), ¢(x) and p(x) are arbitrary
smooth functions in DFT. Each equivalence class or each gauge orbit defined by the equiva-
lence relation (2.2) represents a single physical point, and diffeomorphism invariance refers
to a symmetry under arbitrary reparametrizations of the gauge orbits.

The equivalence relation (2.2) is realized in DFT by enforcing that arbitrary functions
and their arbitrary derivatives, denoted here collectively by ®, are invariant under the
coordinate gauge transformations shift,

O(r+ A) = d(x), A = g0t (2.3)

The coordinate gauge symmetry can be also realized as a local Noether symmetry on a
string worldsheet [36].

The symmetry under the coordinate gauge transformation (2.3) is equivalent (i.e. nec-
essary [35] and sufficient [36]) to the section condition [5],

404 =0. (2.4)
Acting on arbitrary functions, ®, ®', and their products, the section condition leads to
0404® =0 (weak constraint), 0AP04®" =0 (strong constraint) . (2.5)

Diffeomorphism transformation in the doubled-yet-gauged coordinate system is gener-
ated by a generalized Lie derivative [1, 49, 50]. Acting on n-indexed field, it is defined by

n
EXTAlmAn = XBagTAl...An —+ W 8BXBTA1...An +Z(8AiXB — aBXAi)TAI"'Ai—lBAi+1"'An .
i=1
(2.6)
Here, w; denotes the weight of the T field. In particular, the generalized Lie derivative of

the O(D, D) invariant metric is trivial,
LxTap=0. (2.7)
The commutator of the generalized Lie derivatives is closed by the C-bracket [1, 3],
Lxily|=Lpvie, X VIE = XP0pY A — Y PopxA 4 %YBaAXB - %XBaAYB .
(2.8)

In the NS-NS sector, dynamical contents of the DFT consist of the dilaton, d(x), and
a pair of the projection fields Pap, Pap, obeying the properties

Pap = Ppa, Pap = Ppa, PyBpPg© =P,C, PyBpg© =P (2.9)



Further, the projection fields are orthogonal and complementary:
PABPp¢ =0, PAPPg¢ =0, Pap + Pap = Jas. (2.10)
The two projection fields are not independent, since
PaB 4+ PyB = J4B. (2.11)

The dynamical contents are contained (in addition to the dilaton) in the difference of the
projection fields

Pap — Pap = Hap. (2.12)

This is the well-known generalized metric [5], which can be also independently defined as
a symmetric O(D, D) element having the properties

Hap = Hia and ’HAB'HBC = 5AC. (2.13)

The projection fields and dilaton are naturally in the string frame. To facilitate the
O(D, D) invariant integral calculus, we assign the scaling weight of these fields as

w[P] =w[P] =0, wle 2] =1. (2.14)

The central construction of the DFT starts with the semi-covariant derivative, defined
by [33, 34]

n
B B
VeTa aga, = 00Tay aser, —wr TP BoTay g, + > T, BTy a  BA A, > (2.15)
=1

The connection is defined by [34]:

Toap =2 (P@CPP) [AB] + 2 (p[ADPB]E — P[ADPB]E) OpPrc
4 o, b - (2.16)
— 51 (PoiaP)” + PeaPp”) (Opd + (PO PP)zp))
Below, we shall elaborate the uniqueness of this connection. The semi-covariant derivative
obeys the Leibniz rule and annihilates the O(D, D) invariant constant metric:

Vadee =0. (2.17)

Unlike the Levi-Civita connection in the Riemannian Einstein gravity, the diffeomor-
phism transformation (2.6) cannot put the connection (2.16) to vanish pointwise in doubled
spacetime. One may view this as failure of the equivalence principle. This is not surprising
since it is know that in string theory the equivalence principle no longer holds due to the
Kalb-Ramond field and the dilaton field.

“In this review of the bosonic DFT, we focus on the above ‘torsionless’ connection (2.16). Yet, in
supersymmetric DFT, it is necessary to include torsions in order to ensure the ‘1.5 formalism’ [45-47].



The semi-covariant Riemann curvature calculates the field strength of the connec-
tion (2.16):

1
SaBcp = 5 (Rapep + Repas — TP apTeep) - (2.18)
Here, Rapcp denotes the ordinary Riemann curvature associated with the connection:
Repap = 0alsep — 0T acp + Tac®Teep — Tec"Taen . (2.19)

A crucial defining property of the semi-covariant Riemann curvature is that, under
arbitrary variation of the connection (2.16), its variation takes the form total derivative [34],

0Sapcp = Vadl'piep + Vicdl'pjap - (2.20)

Further, the semi-covariant Riemann curvature satisfies precisely the same symmetric prop-
erties as the ordinary Riemann curvature, including the Bianchi identity,

Sapcp = SaBjicp) = ScpaB Siapcip = 0. (2.21)

In addition, when projected by P, P, the semi-covariant Riemann curvature obeys identi-
ties [34],

PrAP;P P PLPSapep =0, PP PP PP Sapep =0,
(PABPCP + PAB PO Syopp =0, (2.22)
_ o 1 _
PrAP;YPPP S pop = P P9 PPPS apep = §P1APJCSAC-

As in the Riemannian case, we also define the semi-covariant Ricci curvature as the
trace part of the semi-covariant Riemann curvature,

Sac = Sapcp I PP = Sapc”, (2.23)

However, unlike the Riemannian case, the above Bianchi identities imply that the Ricci
curvature is traceless
Sah =548 ,5=0. (2.24)

The alluded connection (2.16) turns out to be the unique solution to the following five
requirements [34]:

VaPpc =0, VAPBC =0, (2.25)
1 1
Vad = —§e2dvA(6_2d) = Oud + iFBBA =0, (2.26)
F'apc +Tacs =0, (2.27)
F'apc +T'Boca+Tcag =0, (2.28)
PapcPE Tppr =0,  Papc?P Tppr=0. (2.29)

The first two relations, (2.25), (2.26), are the compatibility conditions with all the geometric
objects — or the NS-NS sector — in DFT. The third constraint (2.27) is the compatibility



condition with the O(D, D) invariant constant metric, (2.17), which is also consistent
with (2.10) and (2.25). The next cyclic property, (2.28), makes the semi-covariant derivative
compatible with the generalized Lie derivative as well as with the C-bracket,

Lx(0)=Lx(V),  [X,Y]c(d) = [X,Y]e(V), (2:30)
The last conditions (2.29) assert that the connection belongs to the kernel of the triple-
projection fields PopcPEF, PapcPEF. They are properties of the connection (2.16) which
completes to ensure the uniqueness.
The triple-projection fields carrying six indices,Papc”FF, PapcPFF, used in (2.29),
are explicitly given by

2
Poap?Pr = PCDP[A[EPB}F} 5o 1PC[APB} [Eprb

2.31
ﬁCABDEF — pCDp[A[EpB}F} + D2_ 1PC[APB} [E pF|D ’ ( )
which satisfy the ‘projection’ properties,
PapcPPEPpprt! = Papc“H, PapcPPE PpoprH! = Papc©H!. (2.32)
They are symmetric and traceless,
Papcoer = PperaBsc Papcper = PaBC|DIEF) ; PABPapcppr =0,
Papcper = PpEFABC PaBcpEF = 75A[BC]D[EF} ) PABPapcpEr :((2) -33)

The triple-projection fields describe anomalous part of the semi-covariant derivative
and the semi-covariant Riemann curvature under the generalized diffeomorphism transfor-

mations. From
(Ox—Lx)Tcap =2[(P+P)cap"P¥ = 646,04 0r0p X, (2.34)

it is straightforward to see that the generalized diffeomorphism anomalies are all given by
the triple-projection fields,

(6x—Lx)VeTa,..n, = 22(P+75)CAiBDEFaDaEXF Tay Ay 1\ BAj 1Ay s
1=1
(0x — Lx)Sapcp = 2Via ((P+75)B][CD]EFG3E3FXG> + 2V ((7’+75)D] [AB] EFGaEaFXG)-
(2.35)
Hence, one can easily project out the anomalies through appropriate contractions with the
triple-projection fields.
The fully covariant derivatives are obtainable by further projections,

PoP Py, Pr--- Po, PN pTp, .., , PoP Py Bt Py, PV pTp,..B,,
PABPo Py Po, PrN ATgp, ..p,, PABPo v Po, PV aTgp,..p,  (divergences),
PABPo, Pr... Po, PrV 4V Tp,..p, , PABPo,Pv---Po, PrVaVETp,..p, (Laplacians),

(2.36)



Correspondingly, fully covariant Ricci curvature and fully covariant curvature scalar are®

Sap = Pa“PsPScrpp® = PA“PPScp = (PSP) g (Ricci curvature) , (237
o 2.37
S:=(PYPPP — PAYPPP)S e (scalar curvature).

Because of the triviality of the semi-covariant scalar curvature, Sy = S g8 = 0 (2.24),
hereafter we use the calligraphic font to denote the nontrivial Ricci curvature and scalar
curvature, ‘Sap, S’.

A remark is in order at this point. As an alternative to the semi-covariant approach
described above, from the outset, one may wish to postulate a perfectly well-behaving”
connection, say FCAB, such that it would transform as (dx— »CX)FCAB = —20c04Xp
instead of (2.34) and hence there would be no diffeomorphism anomalies like (2.35). Yet,
this is most likely not true in generic DFT, since such a “perfect” connection cannot
always be constructed solely out of the NS-NS sector. It requires extra unphysical degrees
of freedom or “undetermined” part [52]. After projecting them out, the final results would
be reduced to the semi-covariant formalism.

We now extend the semi-covariant DFT formulation to YM sector. For a given Lie
algebra-valued vector potential, V4, the semi-covariant YM field strength is defined by [6, 7]

Fap:=VaVp —VpVs—ilVa,VB]. (2.38)

Unlike the Riemannian torsionless case, the connections above are not cancelled but yields
non-derivative and non-commutator contribution.

As seen from the generic formula (2.35), the semi-covariant YM field strength is not
completely covariant but rather semi-covariant under diffeomorphisms. Again, the anoma-
lous part is parametrized by the triple-projection fields,

(5X — ﬁx)fAB = —2(7) + 'ﬁ)CABDEFapa[EXF]Vc. (2.39)

Thus, following the general prescription (2.36), the completely covariant YM field
strength is

(PFP)ap = —(PFP)pa = PA°PpP Fep. (2.40)
The YM gauge transformation is realized by the action

Va—gVag ' —i(0ag)g ",

Fap — gFapg ' +il%4p(0cg)g™!, (2.41)
(PFP)sp — g(PFP) pg™*

One finds that a two-derivative scalar fully invariant with respect to both the diffeomor-
phism and the YM gauge transformations is

Tr [(PFP)ap(PFP)*P| = Tr [PA“PPP FupFep) (2.42)
®For the torsionless connection (2.16), the following identities hold as for the completely covariant scalar
curvature,
PAPPPSacep = PP Sacs® = —P*P PP Sucpp = —P*PSacs”

However, it is the expression in (2.37) that ensures the ‘1.5 formalism’ in the supersymmetric DFTs with
torsions [46, 47].



Clearly, there appear doubled off-shell degrees of freedom in the (D+D)-component gauge
potential. In order to halve them, if wanted, we may impose the ‘gauged section condi-
tion’ [7]:

(D4 —iVA)(0A —iVA) =0, (2.43)

which, along with the original section condition (2.4), implies V404=0, 9,VA=0,
VaVA=0. Here, it is implicit that the connections are in an irreducible representation
of the fields that the covariant derivative acts on.

For consistency, the condition (2.43) is preserved under all the symmetry transfor-
mations: O(D, D) rotations, diffeomorphisms (2.6) and the Yang-Mills gauge symme-
try (2.41).

We can construct the DFT action Ipgpr for the NS-NS sector coupled to YM sector and
cosmological constant as

Ippr = ﬁDFT ; CDFT = £NSNS + EYM - 2Ae_2d ’ (2-44)
¥p
where the integral is taken over a D-dimensional section or their ‘manifold-like’ patch,
Y p. Here, A denotes the DFT-cosmological constant [34]. The fully invariant Lagrangian
densities are given for each sector by

Lusns = ¢ 24(PACPBD _ pACHBDYg oo =25

2 —2d AC HBD (2.45)
Lov = gyme ¢ Tr [PA“PPP FapFep]

At the outset, one needs to impose appropriate section condition. Up to O(D, D) du-
ality rotations, the solution to the section condition is locally unique. It is a D-dimensional
section, . p, characterized by the independence of the dual “winding” coordinates,

0

0,

0. (2.46)

Here, the Greek letters are D-dimensional indices on the section Y p. In this foliation, the
whole doubled coordinates are given by

et = (Z,,2"). (2.47)

To perform the ‘Riemannian’ reduction onto the D-dimensional section, ¥ p, one only
needs to parametrize the projection fields and the dilaton in terms of a D-dimensional
Riemannian metric, G, an ordinary dilaton, ®, and a Kalb-Ramond two-form potential,
B 224 [5]7

G! -G B

Hap = Pap = Pap = (BGl G- BG'B

) , e 24 = \/|Gle ?®. (2.48)

The DFT scalar curvature (2.37) reduces upon the section condition to
1
Sls, = Re + 448 — 40,80"® — - N HM (2.49)
where H)y,, = 38[/\BW}.

,10,



Up to field redefinitions, eq. (2.48) is the most general parametrization of the “gener-
alized metric”, Hap = Pap — Pag, of which the upper left D x D block is non-degenerate.
The parametrization of the doubled YM vector potential reads from [6],

SD)\
Vi = , 2.50
A7\ A, + By (2:50)

of which the D-dimensional vector, ¢*, which is in the YM adjoint representation can be
put trivial upon the ‘gauged section condition’ (2.43) [7]. For the consequent expression
of the completely covariant YM field strength in terms of ¢* and A, we refer readers to
(3.19) and (3.21) of [6].

When the upper left (D x D) block of the generalized metric is degenerate — where
G~! is positioned in (2.48) — the Riemannian metric ceases to exist upon the section,
Yp (2.46). Nevertheless, the O(D,D) DFT and a doubled sigma model [36] have no
problem with describing such a non-Riemannian background, as long as the generalized
metric is a symmetric O(D, D) element, satisfying Hap = Hpa and HAPHRC = 5AC. We
refer readers to [36] for a concrete example (see also a math literature [51]).

3 Off-shell Noether current, Noether potential and global charge

In this section, we take the DFT of NS-NS sector coupled to YM sector and system-
atically derive off-shell conserved Noether current as well as the corresponding Noether
potential which originate from the generalized diffeomorphism gauge invariance. We then
construct global charges, expressed in terms of surface integral of modified Noether current
that follows from appropriate surface term in the DFT action. We shall first present the
construction for the NS-NS sector and later incorporate the YM sector.

3.1 Noether analysis on DFT of NS-NS sector

Recall that dynamical field contents of the NS-NS sector DFT are the projection field
P4p and the dilaton field d. Under variation of these fields, variation of the DFT La-
grangian (2.45) takes the structure®

§Lasns = —20d e~22S + 4e=2(PSPPYAB(PSP) o + 0 [e—%@ﬂ , (3.1)
where ©4 in the last surface term denotes
04 .= 2(PACPBP _ pACPBD)sTpep . (3.2)

For infinitesimal variations, (3.1) yields the equations of motion for the projection field,
respectively, the dilaton field:”

S = (PACPBD — pACPBDY S pop ~ 0, (PSP)ap) = Pa®PpyPScp ~0. (3.3)

5Note that 6Pap = (P(SPP)AB + (]55PP)AB.
7Note the equivalence, PACPBDSCD ~0 & P(ACPB)DSCD ~ 0.

— 11 —



So, on the shell, the Lagrangian vanishes: the on-shell action would be given entirely by a
surface term one may add to it.
The variation of the connection in (3.2) is given by [34],

SToap = 2P Py VodPpp + 2(P 0 Py — P Pl ) Vo Prc

4 _ _
— ﬁ(PC[APBI]7 + PeaPy))(0pdd + Prig V96 P) (3.4)

— FFDE (5(7) + ﬁ)CABFDE .

The last line does not contribute to (3.2) as, from (2.29) and (2.33), the following projection
properties follow:

PCBTrppd(P 4+ P)oap"™PE = —PCB(P + P)oap"™PéTrpr =0,

_ _ _ _ 3.5
PCBFFDE5(P + P)CABFDE = —PCB('P +P)CABFDE5PFDE =0. (8:5)

Using also the relations

PBPST pep = 2P-P0pdd — VP Pge PBP§T gop = 2P-P0pdd + VB Pye
6Toap Pt PBC = (PW)E(P§PP) A% + (PV) A(PSPP)YY — (PV)S(PsPP)Y 4,

oTcap Pt PBE = (P9 (PsPP) o — (PV)E(PSPP)Y 4 — (PV)A(PSPP)Y
(3.6)
we can simplify ©4 into the form

©4(d, P,6d,5P) = 4(P — P)*Bapdd — 2V s PAE . (3.7)

Consider now arbitrary generalized diffeomorphism gauge transformations. They are
generated by the generalized Lie derivatives, so

R 1 1
dxd=Lxd=Xsd — 5aAXA = —§VAXA,

OxPap = LxPap = X0cPap + (04XC — 0°X 1) Pop + (0pXC — 0°XpB)Pac

3.8
= (VaX% =V X4)Pep + (VXY — VOXp)Pac .
= 2(PV)a(PX)p) — 2(PV)4(PX)p) .
These equations give the O(D, D)-covariant Killing equations in DFT:
VaX4=0 and (PV)a(PX)p— (PV)p(PX)4=0. (3.9)
From (3.8), it also follows that the connection transforms as [34]
5xToap = LxToap +2[(P+P)oap™F — 646,004 0r0p X - (3.10)

This is in fact the generic variation (3.4) when restricted to the generalized diffeomorphism
gauge transformations.
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To derive off-shell conserved Noether current, we start with the covariance of the

weight-one Lagrangian under the general diffeomorphism gauge transformation:
5X£NSNS — aA (XA,CNSNS) . (311)
It gives the identity:
o (XA672d8) = e XXV, [4(PAC]3BD _ PACPBD)SCD _ JABS]
404 [4672d(pACPDE . PACPDE)SCDXE + 2672d(PACPBD . pACPBD)(;XFBCD]
T 04 (XAe*”s) ,

(3.12)
implying that the sum of the first line and the second line should vanish identically. Ac-
tually, the above identity (3.12) holds not just for generalized gauge transformations but
also for arbitrary local transformations generated by the vector field, X4. Therefore, the
first line and the second line of (3.12) ought to vanish independently.® Consequently, we

obtain an off-shell, covariantly conserved two-index curvature field G 45, which we propose
as the DF'T counterpart of the Einstein curvature tensor:

GAB .= o(pACPBD _ pACPBDYG ., — %jABS obeying VA4GAZ =0, (3.13)
and an off-shell, covariantly conserved Noether current,

JA .= 4(PACPD ;, — PACPD VX BG4 2(PACPBD — PACPBDY§ T pep, (319
obeying VJA =0, da(e 24T =0.

We can further decompose the conservation law of the generalized Einstein curvature
G ap by projecting V4GAB = 0 with P or P. We obtain a pair of conservation relations:

V4 (4PA°PBPSop — PABS) =0, V4 (4PA“PBPScp + PABS) =0,  (3.15)
which can be re-expressed as
4(PV)A(PSP)AE — (PV)BS =0,  4(PV)A(PSP)AE + (PV)BS =0. (3.16)

We see that these conservation relations are precisely the ‘differential Bianchi identities’
obtained previously in [52]. While the difference of the two projected curvatures in (3.15)
yields back the generalized Einstein tensor (3.13), their sum leads to nothing new. Rather,

it yields the conservation relation of ‘symmetric’ Einstein curvature tensor:
_ 1
Va [g“‘B)} =0  where GWP) .= GAU P = —4(PSP)AP) — 5%“5. (3.17)

Note also that the equations of motion (3.3) are equivalent to the vanishing of the gener-
alized Einstein curvature,

GAB ~0. (3.18)

8For those readers not convinced, consider the case where the vector field X is a distribution on an
arbitrary point as a Dirac delta function and integrate (3.12) over a section. This will confirm that the first
line vanishes by itself.
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Note that the off-shell, conserved Noether current is expressible as
_ _ _ 1
JA =8(PSP)ABIXp4+4vp |(PV)A(PX)B) — (PV)A(PX)B) — §”HABVCXC . (3.19)

and, also in terms of the Einstein curvature tensor and the ©-term (3.7), as
JA = 2648 Xp 4+ ©4(d, P,6xd, 6x P) — SX*. (3.20)
This then leads to the on-shell Noether current:
HA := 04(d, P,6xd,0xP) — SX*. (3.21)
Taking the divergence, we obtain
VAHA = 2G4V 4 Xp = 2S0xd — 4(PSP)AP6x Pap ~ 0. (3.22)

Indeed, the right-hand side vanishes either on-shell or, alternatively, for a Killing vector,
X4, satisfying (3.9). We would like to further re-express the Noether current such that
conservation relation is manifest. We do so by searching for a skew-symmetric Noether
potential, KB, in terms of which the off-shell conserved Noether current is given by

e 2 JA = 9p(eKAB) + 9949,  KAB = KB4, (3.23)

In this form, the conservation relation is manifest up to the section condition. Note that
$OA®’ takes the generic form of a ‘derivative-index-valued vector’ [35] which generates
the coordinate gauge symmetry (2.3). As such, upon imposing the section condition, it
is automatically conserved. Moreover, it will not contribute to the global charge in the
next subsection, which is defined on a given choice of the section by the spatial integral of
the conserved charge density. Hence, we may freely drop off such derivative-index-valued
vectors and take the Noether current up to the derivative-index-valued-vectors as

e 24 = gp(e 2 KAP) (3.24)

To find explicit expression of the Noether potential, we utilize the projection field
identities (2.22) and commutator relations:

[(PV)5,(PV)a] XB = (PSP)apX?, [(PV)B,(PV)a] X8 = (PSP)apX?,
(3.25)
and rewrite the off-shell conserved current J4 in the form

JA = 4vp [(PV)[A(PX)Bl - (PV)[A(PX)Bl} +204 [(P— P)POVEXo] . (3.26)
This expression naturally suggests to define the skew-symmetric Noether potential as
KAB .= 4(PV)A(PX)Bl — 4(PV)A(PX)PI. (3.27)
With this definition, we finally get
e 24 = (e 2 KIAPl) 4 2¢ 72194 [(P — P)POVpX(]

—2d( paA pp\BC [( B p (3.28)
+ 2¢*4(PO*PP)° [(PV)c(PX)p + (PV)p(PX)c] .
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In going from (3.26) to (3.28), one needs to take care of the semi-covariant derivative
connections. It turns out that they merely yield derivative-index-valued vectors, as in the
second line of (3.28). For this, it is worth to note that I 5o PP pPYy = (POAPP)pgE is
a derivative-index-valued vector as well.

3.2 Conserved global charges

We now proceed to construct conserved global charges, which will constitute generators
of asymptotic symmetry algebra. The starting point is the two-form Komar function.
While our Noether potential (3.27) can correctly reproduce the two-form Komar integrand,
it is well known that the Komar integrand itself needs to be further corrected [11-13]
(see also [37] and references therein). Here, we derive such a correction and define a
corresponding conserved global charge.

We start by rewriting the semi-covariant four-index Riemann curvature in terms of the
semi-covariant derivative acting on the connection:
1
2
+Vial'siep + Viel'pjag

Sapep = = (TP apTeep + Toa®Tope — Top®Tpap + Tac®Tepe — Tap®Tpcrk)

(3.29)
This enables us to isolate the two-derivative terms (‘accelerations’) from the one-derivative
terms (‘velocities’) in the DFT Lagrangian:

6_2d(PACPBD o PACPBD)SABCD

i 1
= ¢ 2d(pACpBD _ pAC pBD) <FACEFBDE —~Tus®Tpcr + 2FEABFECD)
4204 [6—2d(PACPBD _ pACpBD)FBCD] (3.30)
i 1
= ¢ 2d(pACpBD _ pACpBD) <FACEFBDE —Ta"TpoE + 2FEABFECD>

+ 4 [e‘Qd{él(P — PYABypd — 283PAB}] .
Motivated by this observation, we define a composite vector field:
BA .= 2(pACPBD _ pACPBDYL o (3.31)
= 4(P — P)"Bopd — 205 P15 . (3.32)

Note that this is not quite a diffeomorphism covariant vector: because of (2.34), B4 trans-
forms anomalously,

5xB* = LxB* + 4(PA°PPP — PACPEDYo50c Xy . (3.33)

Only if the vector field X4 can be restricted to satisfy dp0icXp) = 0, the composite
vector field B4 transforms covariantly under the generalized diffeomorphism gauge trans-
formations. We will see momentarily that this condition can be arranged by modifying the
Noether potential in a specific way.
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The idea is that we would like to remove the two-derivative terms. To do so, we
consider modifying the DFT Lagrangian with a specific surface term:

ZNSNS = Lnsns — 8A(€72dBA)

_ — _ 1
= ¢ 2d(pACpBD _ pAC pBD) (FACEFBDE —Tup®Tper + FEABFECD)

2
(3.34)
The idea is analogous to the modification of the Finstein-Hilbert action to the Schrédinger
action a la Dirac [53] that is free of two-derivative terms. While the equations of motion
remain intact, the theta term in the variation of the Lagrangian, (3.1), gets modified to

¢=2404(d, P,6d,0P) = e 2'0*(d, P,8d,5P) — 6(e~24B4) (3.35)

such that the new theta term, (:)A(d, P,dd,0P), no longer contains the derivative of the
variations. In particular, for the generalized diffeomorphism gauge transformations, we
have from (3.33) that

e 204 (d, P,6xd, x P) = e 204 (d, P,6xd, 5x P) + 205(e 2 XU BBl — ¢~ 24BppA X B

_ XAaB(edeBB) + 4672d<PACPBD - PACPBD)aBa[CXD] .
(3.36)
The off-shell Noether current (3.20) now receives extra contributions

e JA = =2 [ 2GABX 5 4 BA(d, P,Sxd, 5xP) — (S — VpBP)XA|
— e2d JA + 283(672dX[ABB}) _ e*degﬁAXB (3.37)
+4€—2d(PACPBD _ PACPBD)E?B@[CXD] .

Correspondingly, we have the modified Noether potential
KAB = gAB 4 ox[ABH] (3.38)

We need to ensure that the modified Noether current is conserved. Taking the diver-
gence, one finds that

Da(e721J4) = 4672 PAC PBD — PACPEDYY (95010 X ) - (3.39)

Thus, the modified off-shell Noether current is not always conserved. However, we can
ensure the conservation relation provided we impose the diffeomorphism vector field to
obey the condition

V[A(aB]a[CXD]) =0, (3.40)

or more strongly the condition
dp0icXp) =0. (3.41)

Wonderfully, the latter condition is precisely the condition we needed in order to ensure
the composite vector field B4 transform covariantly (3.33). The simplest example of such
restricted vector field is when X is a constant vector, corresponding to a rigid translation
in doubled spacetime.
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With the conserved modified Noether current at hand, we finally obtain the conserved
global charge as surface integral:

QX] := / APz, e 2 TA = }z{ AP 2z 45 e 2 <KAB + 2X[ABB}) : (3.42)
M oM

Here, M denotes a timelike hypersurface inside the section, ¥p = R; x M, while OM
corresponds to its asymptotic boundary.

Intuitively, we can also motivate the conserved global charge proposed above from the
method adopted by Wald [11-13]. Modulo the equations of motion, the variation of the
on-shell conserved Noether current (3.21) reads

§(e 2 HAY ~ e=210A(5, 5% ) — 20p (e_QdX[AGB]) t e 20,94X 5 (3.43)
where Q4 denotes the (Hamiltonian) symplectic structure defined by
e2QA(5,,6,) = & [e*%@f‘(d, P, 62, 5213)} 5 [e*Qd@A(d, P, é.d, 51P)] L (3.44)
The above variation (3.43) then reveals an on-shell relation
e240A(5, 5x) ~ 5 [5 <e—2dKAB) 42 (e_QdX[A@B]ﬂ _ e MepaAxB . (3.45)

Again, the last term is a derivative-index-valued vector and can be dropped off when
integrated over a section. Finally, by assuming proper asymptotic fall-off behaviour at
infinity, the left-hand side of (3.35) can be made to vanish at infinity.® This facilitates to
approximate

e24QA(5,5x) ~ 90 [e_Qd (KAB + 2X[ABB})} . (3.46)

The final expression then supports the validity of our proposed expression for the conserved
global charge (3.42).

3.3 Extension to Yang-Mills and cosmological constant sectors

A proper account of low-energy string theory requires inclusion of the Yang-Mills sector
and the cosmological constant in addition to the NS-NS sector. Here, we consider the DF'T
in which the NS-NS sector is coupled to Yang-Mills sector and the cosmological constant
is included (2.44),

Lopr =€ 2 [S = 2A + g2 Tr (PAYPPP FapFep)] (3.47)

and construct corresponding extension of the conserved global charges.
Consider arbitrary variations of the projection field and the vector potential,

8(Fap) = 2D40Vp — 6T a5Ve,  Da=Va—i[Va, ], 548)
PACPEPS(Fop) = 2PAIC PPYDe6V — VE (PSPP) AsVe . '

See appendix B for explicit demonstration of this for the asymptotically flat hypersurface.
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This induces variation of the YM part in the DFT Lagrangian as

6 Tx (PACPBP FypFop) = ~4Tr [VDy (PFP)

+2(PSPP)AB Tr [(PFHFP)ap + VC {(PFP)apVe}]
+VaTr [4(PFP)ABl§VE — 2VA(PFP)cpsPCP] .
(3.49)

For local variations, from the first line, we find the YM equation of motion:'°

AB]

DA (PFP)P ~ 0. (3.51)

From the second line in (3.49), we find that the equation of motion of the projection field
changes from (3.3) to

_ 1 _ _
(PSP)ap + 59va [(PFHFP)ap + Ve {(PFP)apV<}] ~ 0. (3.52)
We also recall that the equation of motion of the dilaton is now modified to
S —2A+ g2 Tr (PACPBP FopFop) ~0. (3.53)

Once again, the DFT Lagrangian vanishes on-shell. For consistency, from (2.39) and (2.41),
it is straightforward to check that

(PFHFP)ap + Ve [(PFP)apV] . (3.54)

is indeed fully covariant under both the generalized diffeomorphisms and the YM gauge
transformations.

The last line in (3.49) is the YM contribution to ©4. Then, in steps completely parallel
to the analysis of the NS-NS sector DFT as carried out in section 3.1, we can straightfor-
wardly obtain the off-shell conserved Noether current associated with the diffeomorphism
transformation to the total DF'T. Modulo the part identifiable with derivative-index-valued-
vectors, we get

e_det‘gtal = 2JA 4 1293205 Tr (6_2d(P.7:]5)[ABVC}Xc) (3.55)
= 0p [e KB + 12¢35e 2 T {(PFP)ABVCIX(}] . ’
The conserved global charge is now generalized to
1 _
Qo X] = ¢ dzap e [K[AB] +oxUBPl 4 T {12(pr)[ABVC}XC}]
oM Iym
(3.56)

It is worth to note that the cosmological constant term does not contribute to the global
charges.

107¢ is useful to note

,18,



4 Applications

In this section, we apply the general formula of the conserved global charge (3.42) to various
asymptotically flat string backgrounds. In sections 4.2 and 4.3, we consider the null wave
solutions in DFT [42] and calculate their ADM 2D-momenta, which are the conserved
global charges associated with the global translations. In section 4.4, by performing further
dualities, we discuss the 2D-momentum for a non-Riemannian background reported in [36].
In section 4.5, as a demonstration for the YM-coupled DFT, we consider the Reissner-
Nordstrom black hole. In section 4.6, we consider the background of black 5-branes. Finally,
in section 4.7, as an application to a non-asymptotically flat background, we consider a
linear dilaton background and show that the known result can be correctly reproduced by
introducing an extra counterterm to the boundary.

Henceforth, we fix the D-dimensional section, Xp, to be independent of the winding
coordinates, &, as in (2.46). Further, we decompose the generalized metric into a constant
part and a fall-off part,

w by
Hap =HY +Aap,  HY) = b” LT (4.1)
up 71 Nuv

where 7, = diag(—1,1,...,1) = n*” is the flat Minkowski metric. The asymptotic values
of the B-field is denoted by b, and it is assumed to be constant. In this paper, we consider
two kinds of asymptotically flat backgrounds: (1) backgrounds with the topology, M =
RP~1 which include the (higher-dimensional) Schwarzschild solution; and (2) backgrounds
with M = TP x RP=P~1 where TP is a p-torus, which include backgrounds of p-branes
wrapped on the p-torus. For each background, we introduce the coordinates for the D-
dimensional section, >p, as

(1) : (aM) = (t, 2, i=1,...,D—1, (4.2)
(2) : (zM)=1(¢, 2%, y™), s=1,...,p, m=1,...,.D—-p—1, (4.3)

and define the radius respectively by

(1)« ri=y/dxtal, (2) : =\ Omnymy". (4.4)

Then, in terms of the radius, we assume a simple fall-off behaviour,
App =0(r%), e 2 =140, a<0. (4.5)

We have a = —(D — 3) for the Schwarzschild solution while « = —(D — p — 3) for p-brane
solutions.

Before considering examples, we make remarks on the conserved global charge defined
in (3.42). The charge consists of an integral of K% and 2X“ BBl. The explicit form of the
DFT-Noether potential is given in appendix A, and its urv components with a Riemannian
parametrization (2.48) become

K [X] = 260 — Hveg,, (4.6)
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where €% is the conventional Riemannian covariant derivative and X4 is parametrized in
a manner parallel to (2.50) by

xA G T Bu " (4.7)
¢ ) |
As this parametrization suggests, in this paper, we define the ADM 2D-momentum as
P E E o 4.8
A = Q[Ea], PR (4.8)

namely, the conserved global charge for X with constant £ or (,. We also replace B, by
b, since the global charge is evaluated as the surface integral at infinity. In section 4.3,
we discuss the importance of this definition of the ADM momentum.

A remark is in order. DFT is manifestly covariant under O(D,D) rotations which
act on both the tensor indices and the arguments of the tensor, i.e. coordinates. In this
case, the whole configuration including the section itself is rotated, and there should be
no change in physics. However, if a specific given background admits an isometry, there is
ambiguity of choosing the section. Without rotating the section, it is possible to rotate the
tensor indices only and this can generate a physically different configuration. Thus, while
our global charge is manifestly O(D,D) covariant, it may not transform covariantly if we
keep the section fixed and rotate only the tensor indices.

4.1 Pure Einstein gravity
Here, considering the pure Einstein gravity, i.e.
®=0, B, =0, (4.9)

we show that the ADM mass, P;, defined on (4.8), evaluated for a background with M =
RP~1 correctly reproduces the well-known ADM mass formula [54],

1 e
Expm = o /50’%‘2 A, 5 P20k G (0,Gyj — OkGyj) (4.10)

where 7%0;, = 0, is a radial vector that becomes a unit vector at infinity.
From B,, = 0, the DFT-Noether potential (4.6) is reduced to the standard Komar

potential:
KM [X] =2¢mv] (4.11)
On the other hand, B*, in the Cartesian coordinates, simply becomes
B = —2H" 9, In /|G| — &, H" = G" G* (9,Gro — 9, Gpo) - (4.12)

In particular, the identically conserved current, 8,,(5[“ \B” ]), corresponds to the Einstein
pseudo-tensor @ la Dirac [53].
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Our definition of the ADM mass is now

P, = Q[o] = /6 y APz, /|G| (K" [8,] + 2X* BY)
=2 / A2z, /|G| (K™ (0] + B"), (4.13)
sD=2

and we have as r goes to infinity,
K9] = —2G" G™ 0,G,; ~ —i" (0,Gy — 0,Get) (4.14)
B" ~ " (0,Gy — 0Grt) + 1 G (9;Gj — 0kGyj) - (4.15)

These precisely coincide with the known results of [12]. Finally, summing them up and
using the expression for the integral measure at the spatial infinity, we have

2/ d°Pay/IG| - :/ dQ, P2 ..., (4.16)
S22 sR-2

Recalling that we are choosing a unit 2x? = 1(= 167G ), we thus obtain the ADM mass
formula (4.10).

4.2 Null wave

We here consider the null-wave solution of DFT [42]
ds? = 1, do# da¥ + n d:i:u dz, + (H — 1) [(dt — dz)?* — (df + d2)?], (4.17)
e =1, H@r) =1+ D4, (4.18)

where v, is a certain constant which depends on the dimension, D. This is another purely
gravitational solution in D-dimensions:

ds? = (H —2)dt* = 2(H — 1)dtdz + H dz* + §pp dy™ dy", (4.19)
®=0, B, =0. (4.20)

Here, we compactified the z-direction with a radius R,, in order to make the value of the
global charge finite. The remaining 3™ directions are treated as non-compact.
In this background, using 9,d = 0 and K** = —2 Grle gl 0,&s, we have at infinity,

K'[0) ~ —0,H(r), K0, ~ 0,H(r), B"~0. (4.21)

Then, it is straightforward to show that the ADM energy and the momentum in the z-
direction becomes

Pt:Q[at]:Q/ dP~2zy, K9] = /dz/ dQ, sRP30,H
oM SD 3
(D —4)yp (27R,) Qp 5, (4.22)
PZ—Q[az]—2/ dP~'ay, K0 /dz/ dQ, s RP39,.H
oM -

—(D = 4)yp (27R.) Qp_s . (4.23)
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Here, OM is the surface of constant ¢ and r= R in the R — oo limit, and Q,_; is a surface
area of a (D — 3)-sphere with a unit radius; Qp_; = 27(P=2/2/I((D — 2)/2). As the
momenta in other directions are trivial, the 2D-momentum becomes

Py = (P!, P, P™; Py, P., Pp) =n,(0,...,05 +1,—1,0,...,0),  (4.24)
np = (D —4)vp (27R;) Qp_s, (4.25)

which is indeed a null vector at the flat spatial infinity:
(H(O))AB P[gwave) Péwave) —0. (426)

For D = 10, in our unit of 2k19 = 1, the constants become

1 7t

V0= 3 (27R.)?’ T= g nip =1/ (4.27)

Namely, the ADM energy and the momentum have just the expected values:
Py=1/R,=—-P,. (4.28)

4.3 Fundamental string

As it was pointed out in [42], the string background can be also constructed by considering
a null wave propagating in a winding direction Z. Starting from the doubled wave solution,
by performing a T-duality along the z direction, one can obtain

ds? = ny,, dat dz¥ + " di, dF, + (H — 1) [(dt — d2)? — (df + d=)?] (4.29)
—2d __ . b
e =1, H(r)—l—l—rD_4. (4.30)
This corresponds to the following D-dimensional Riemannian background:
ds? = H71(r) (—=dt? + dz?) + 0y dy™ dy™, (4.31)
By, =H'r)-1, ®=0, (4.32)

which recovers the fundamental string background originally found in [39], up to a constant
gauge shift in the B-field.

For this string background, in a manner similar to the null-wave case, we obtain, at
infinity,

K™o) ~—0.H(r), K" |~0d.H(r), B =~0. (4.33)
Therefore, the nontrivial momenta are

P = Qo] = — / dz / A9 RP=39,H= (D —4)yp 27R.)Qp_s =np, (4.34)

P* = Ql0*] = / dz / R RP=39,H=—(D —4)yp (27R.)Qp_3 = —np. (4.35)
S
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As these are the only non-zero components, the ADM momentum in the string background

becomes
P — ) (0,-1,0,...,0; +1,0,...,0). (4.36)

This is the expected result: our global charge formula is covariant under global O(D, D)
transformations, so the ADM momentum in the string background should be related to
that in the null-wave background by an O(D, D) rotation, A 42, which corresponds to the
T-duality along the z direction,

- 12

P{(:tring) _ AAB Pl(Bwave) : R, = B (4.37)

Further, from this duality relation, we identify njg = 1/R. = (27 R.) x (2x12)~! for D = 10,
which is the correct known mass for a fundamental string winding in the z direction.

Before proceeding further to the next example, let us comment on two aspects of the
ADM momentum.

e String winding charge. We can identify the well-known string winding charge (along
z direction) given by

Qr1 / e 5y H, (4.38)
s

as the global charge, Q[éz], for the winding direction z, i.e. ADM momentum along
the dual direction. Here, let us focus on a spacetime of toroidal topology, M =
S, x RP=2 such that a string is winding along the compactified z direction. The
momentum in the dual Z direction reads

]5z _ Q[éz] -9 /8M dD7233tr e—2¢) \/@K”[éz] ) (4.39)

By using the formula (4.6), the DFT-Noether potential becomes, restricted on the

section,
KM [9*] = —HM"* (4.40)
Therefore, the ADM momentum becomes
P* = Qo) = - / dz /S L 47 00,0, € VGG G G Hyg
= 27R, /S 47702 /Gl etangy ety G G G Hyy
=27R, / dQp_ e 2% «, H, (4.41)
s
where 0, (a = 1,...,D — 3) are angular coordinates. Namely, the well-known flux
integral for the string winding charge (in the z direction) precisely matches with the

quasi-local ADM momentum in the Z-direction. This supports the idea [42] that
strings are waves in doubled spacetimes.
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e Physical ADM momentum. Let us consider a constant shift of the B-field in the
string background (4.30); By, — B, + 1 + ¢ where ¢ is a constant. After this
O(D, D) rotation to a new solution, we can show that the conserved global charges,
Q[04], become

Q[04] = np (0,—-1,0,...,0; —¢,0,...,0). (4.42)

Then, if ¢ is positive, Q[0 is negative, and this suggests that Q[d;] is not physically
reasonable as a definition of the mass. On the other hand, we can show that the
ADM momentum, defined in (4.8), is independent of the parameter, c,

PErnE) — p (0,-1,0,...,05 +1,0,...,0), (4.43)
and the ADM energy, Pt(Strmg), is always positive.

4.4 Non-Riemannian geometry T-dual to fundamental string

Now, in order to obtain a non-Riemannian background, we further perform double T-
duality transformations along the isometric ¢- and z-directions (see (5.23) in [36] for the
explicit form). Through the O(D, D) rotations,'! the (t,z,%,%) part of the generalized
metric, H ap, has the following form:

c(2+4cH) 0 0 —(1+cH)
0 —c(24cH) —(14+cH) 0 (4.44)
0 ~(+ecH) —H 0

—(1+4cH) 0 0 H

Then, in the ¢ — 0 limit, the upper-left (2 x2) block vanishes which would correspond to the

inverse of the Riemannian metric. Namely, this background becomes singular in the con-

ventional Riemannian sense, and accordingly is called a non-Riemannian background [36].
In this background, from the asymptotic form

K"[0)) ~ —c0,.H(r), K0 ~ -2 8,H(r), B" ~0, (4.45)
we obtain the ADM 2D-momentum for the non-Riemannian (n-R) background,?
QU M[4] = np (0,¢%,0,...,0; ¢,0,0,...,0), (4.46)
(n-R) _ 2 L€
PAn =Np <0,C,O,...,O,2_’_070,0,...,0>. (447)

In this case, the ADM energy, which depends on the parameter, ¢, can have a negative
value.

UNote that the O(D, D) rotation here may not correspond to the traditional T-duality rotation. In
backgrounds with isometries, we can choose the coordinates, z = (Za,2% @i, 2') (¢ = 1,...,D — n,
i =D —n+1,...,D), such that the background fields are independent of #, and z' = (;,z'). In
such backgrounds, a global O(D, D) rotation, Hap — 04° 0P Hep with 048 = (é O?J) € O(D, D)
(keeping the coordinates fixed), transforms the equation of motion of DFT covariantly. We used this
rotation as a solution generating method. For discussions of related subtle issues, see [55, 56].

12For the non-Riemannian case, in order to calculate the ADM momentum explicitly, we need to use
a general formula (A.4), instead of (4.6). Further, since we cannot define by, for the non-Riemannian
case, the ADM momentum should be defined using a different parametrization the generalized metric, see
e.g. [57].
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4.5 Reissner-Nordstrom black hole

As a simplest example in the YM-coupled DFT, let us consider the Reissner-Nordstrom
black hole,

2

- 2p q
2 _ 2 1 2 23102 ._ —
ds* = —f(r)dt*+ f~ (r)dr* +r-dQy_,, f(r) '_1_TD*3+T2(D—3)’ ® =0,
(4.48)
2gym@ M 2 2(D —3)Q?
A = — dt B v = s = s = —
yD=3 0 S ? (D —2)
(4.49)

The doubled vector potential satisfies (2.43) and is parametrized by V4 = (0, A,). Conse-
quently, we have (PFP) = — fiv = —GreGY2(9,A, — Dy A,), see (3.18) of [6].
In this background, the global charge (3.56) becomes

QIX] =2 /8 y AP 2z, /|Gl (KU 4260 BT — 402 fi7 A, €Y. (4.50)

2D-5)

From the asymptotic behaviour, fA4; oc r—( , the last term does not contribute to

the surface integral. The nontrivial contributions come from

K"o) ~2(D—=3)ur~ P2 B a2ur P72 (4.51)
such that we can recover the correct ADM mass,
P,=Q[0]=2(D—-2)Qp yu=M. (4.52)
4.6 Black five-brane

Here, we consider the black 5-brane, whose background reads [40]:

(- 5) 5
ds? = —— L dr? + - S+ dOg+ Y (d2f)?, (4.53)
(R AT TTE
742
e =1-—5, dB=Qe, Q=71 (4.54)

where €3 is the volume element on the unit 3-sphere, satisfying f g3 €3 = 272, and 74 is the
radius of the outer and the inner horizons. In order to make the conserved charges finite,
we assumed that the z°-directions to be a five-torus with the volume, V5. In the extremal
limit, r4 — r_, this background approaches that of the NS5-brane.

In the Cartesian coordinates, we obtain the asymptotic form,

2(r2 —r?)

2 2
r’a3

r3

K9] ~ , B’ (4.55)

137f we make a constant shift in the gauge field, A, — A, + a,,, the f'" A, term also gives a contribution
to the ADM mass; Q[0:] — Q[0:] — 8(D — 3) Qp_» gym @ ar, which depends on the free parameter, a;.
Like the definition of the ADM momentum given in (4.8), we can define a gauge invariant combination,
Pi= P +8(D —3)Qp_ g7k Q Ay
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As it is expected, the only non-vanishing component of the ADM momentum is the ADM
energy,

P = Q[o] = / d’z / dQs (3r3 —r2) = Vs 272 (3rF — r2) (4.56)
5%

which reproduces the known result, (3.14) in [58], especially the mass of the NS5-brane
as the extremal limit, r4- — N 1/ 2],. Note that the ADM momentum is timelike in this
background,

(HONAB P, Pg < 0. (4.57)

As expected, unlike the case of the fundamental string, the charge of the NS5-brane does
not appear as the ADM momentum. The charge of the NS5-brane will appear as the NUT
charge in doubled spacetime since it is T-dual to the Kaluza-Klein monopole, which has
the NUT charge. Another possibility is that, as discussed in [59, 60], since monopoles
are simultaneously interpreted as null waves in the ‘Exceptional Field Theory’, it may be
possible to describe the charge of the NS5-brane as an ADM momentum in the extended
spacetime.

4.7 Linear dilaton background

Finally, we demonstrate that our general formula (3.42) is also applicable for a non-

asymptotically flat background by adding a suitable counterterm as a boundary action.
As an example of a non-asymptotically flat background, consider the asymptotically

linear dilaton background, which can be obtained by taking a decoupling limit and per-

forming a coordinate transformation [41]:

2 5
ds®> = —f(r)d* + 7 (fr ) dr? + N12d03 + (dz*)?, (4.58)
s=1
N2 g
=3, dB=Qe.  f()=1- 3. (4.59)

Here, rg is the corresponds to the outer horizon and N corresponds to the number of the
five-branes.

In this case, we have
2

"0 f(r). (4.60)

o o
Nz

Kt?" [8t] = Nl2

4
of(r), B = —N—’l"g fr)

Since the constant term in B" gives a divergent value to the conserved charge, we add
the following boundary term to the action:

So = —/ \/Ee_2<I> bo. (4.61)
RtxaM

Here, h is the induced metric on the boundary, R; x dM, which is in our case a constant
r surface, and by is a function of h. This corresponds to the shift in B4 by

BA — BA:= B+ by, (4.62)
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where 74 := HAB n 4 and n4 denote the unit normal vector at the boundary, HABp anp =
1.' In the present case, its asymptotic form becomes 794 ~ 9,. Thus, the shift simply

changes B" component as
B" - B"=B"+bgy. (4.63)

Here, we simply choose by as the minus of the leading term in B", evaluated on the extremal
background, 79 = 0; by = 4/(N'/2l,). We then obtain

o 2rg 1

K[+ B" ~ 2 =. 4.64
[0 + N2 r (4.64)

Therefore, the ADM mass, which is the only non-vanishing component of the ADM mo-

mentum, becomes
Q[0 = / d°z / dQs e 2 (K [0;] + B") = 2r§ Q3 Vs . (4.65)
53,

This result matches with (138) in [61], where the mass was obtained from an approach of
Brown and York [32] as well as of Hawking and Horowitz [62]. See also (6.17) of [63], where
another approach was used.

5 Discussion

In this paper, we formulated the conserved Noether current and associated global charges
of the massless sector of string theory in the DFT approach. The result is manifestly
O(D, D)-covariant. We checked the result against various string theory backgrounds, not
only geometric but also non-geometric, and found that the result yields the right answers
in all cases.

There are further directions our result can be extended. One would like to include
the R-R sector fields and also to substantiate fermionic Noether currents and fermionic
global charges as odd-grading part of supersymmetric asymptotic symmetries in superstring
theories.

The most interesting and important applications of our result would be for non-
geometric backgrounds, either from exotic branes or exotic fluxes. As a step torward
this goal, we also apply our formula to the exotic 53-brane background [64-66],

ds?> = H(r) (dr2 + 72 d92) + H(r) K~ (r,0) dadq + dads -, H(r):=o In(r./r),
(5.1)
2 =H(r)K(r,0), Bgg=—-K (r,0)00, K(r,0) := H*(r) +026*, (5.2)

“Note that na is defined through Stokes’ theorem for an arbitrary vector, K,
/de 0a (e_QdKA) = %dD_lx e A K4

We note that n?* = 748 np is different from 74 appearing in (4.62). Similarly, the normal vector, A* oy,
appearing in (4.10) should be also understood as the D-dimensional components of 7.
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where o := RgRg/(2712) . In this background, we obtain
K"=0, B"=-0,H (r), (5.3)
and the ADM mass is obtained as

Qo = — / 47z / A0r H-Y(r) 0. H(r) = 270 Vi H-Nr) . (5.4)
T3456789

This agrees with the result in [65, 66], and can be viewed alternative derivation starting

from our manifestly O(D, D) covariant formulation. If we follow the ad hoc procedure

in [65, 66], H(r) — 1 as r — oo, we obtain the known ADM mass for the 53-brane

background,

__1 R3--- R7(RsRy)?

=1 29 .
9s bs

We intend to report our further progress in the above directions in future works.

Q[at] =2no VT3456789

(5.5)
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A  DFT-Noether potential

Here, we obtain explicit expressions for the DFT-Noether potential defined in (3.27):
KAP[X] = 4 (PO pBID _ pClA PBIDY (90X p + Topr XF). (A1)
Using the identity,
4 (pAC pBD _ pAC pBD) Tepp
=8 (P¢ PPP — PAC PED) [(POcPP) p + (Pp" Pr® — Pp" Py) 8pPac|

— 4[2P° (PoPP)”

p+2P°U(PocPP) P~ ¢ (PocPP) P 4 (PogpPP) )]
= 21U NHBIL ot pp + 209 HP gy — HC HIAD OcHPIP + HAD (A.2)
the DFT-Noether potential becomes
KAB[X] = —aHCHA (QCXB] i aB}Xc) — 2 qCAYBID 9 Uy XT
+ 20U XE — 1O HAL 0o HPIP XE (A.3)
Then, further using a parametrization (4.7) and the strong constraint, O = 0, we obtain
K" [X] = —2H ¥ (9, + 1P 9, Hpp XF) — Hp? HI p 9,1 X P . (A.4)

Lastly, from the parametrization of the generalized metric (2.48), we can obtain the ex-
pression of (4.6).

— 28 —



B Fall-off behaviour at infinity in the asymptotically flat case

Here, we show that the left-hand side of (3.35), e‘zd@A(d, P,éd,0P), indeed vanishes in
the asymptotically flat background. Using the fall-off behaviour (4.5) and the explicit form
of e7204(d, P,dd, 5 P),

e 2404(d, P,6d,0P) = —49p(e 2 HAB) 6d + e 2 T g §HPC (B.1)
we obtain
e 2104(d, P,8d,5P) = O(r2*1). (B.2)

Further, since the integral measure at the spatial infinity behaves as d”~2z 25 ~ O(rP~2)
for a background with coordinates (4.2) (which includes the Schwarzschild black hole),
assuming o = —(D — 3), we obtain

2 / d° 2z gp e XM OFN(d, P,6d,0P) = O(r= (7). (B.3)
oM

On the other hand, for a background with coordinates (4.3) (which includes the p-brane or

the null-wave background), we have d° 2z 45 ~ O(rP?=?=2). Assuming o = —(D —p — 3),

we get

2 / 4"z ap e 2 XM OP)(d, P, 6d, 6P) = O(r~(P7779). (B-4)
oM

Therefore, in both asymptotically flat backgrounds, e*Qd(:)A(d, P, dd, 6 P) does not give any
contribution to the global charge. This validates the approximation (3.46).

C Conserved global charge in Einstein frame

Our formula (3.42) for the conserved global charge, restricted on the section, can be sum-

marized as

Q[X]:/{?M dP2,,\/|Gl e 2% (KM [X] + 2X [ BY) (C.1)

K™[X] =2¢lwl —pvee,  Br=2G" (20,8 — 9, In/[G]) — 8,G" . (C.2)

where we parametrized the O(D, D)-covariant DFT field variables in terms of the conven-
tional Riemannian fields in string frame. In this appendix, we obtain the corresponding
expression in terms of the Einstein frame metric.

In order to obtain the expression, we use the definition of the Einstein frame metric,

Ggsﬁring) _ eﬁq)GS;j/) :

(C.3)

to rewrite the DFT-Noether potential, K**, and 2X[B*l. The DFT-Noether potential
can be rewritten as

3 (E)
_25[“8"]@ , (C.4)

el — rovnc,) ™ _ o=nta® [l o pravng, 4
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where an extra dilaton term appeared inside the bracket. On the other hand, rewriting of
2XB" also produces an additional dilaton term, and they are cancelled with each other.
We then obtain the expression of conserved global charge in the Einstein frame:

QLX) = [ a2 sn/[6)] (1 1) + 2XI B ). (€5)
v N2 -8 v E v v
Kl [X] = (2l — e~ D=2 pgpﬂ ) Bl = —2G(g) 0, In/|G®)] - 8,Gf) .
(C.6)
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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