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1 Introduction
Suppose (X, || - ||) is a normed linear space over the field K, real or complex. X is said to
be strictly convex iff every element of the unit sphere Sx = {x € X : ||x|| = 1} is an extreme
point of the unit ball By = {x € X : ||x|| <1}. There are many equivalent characterizations
of the strict convexity of a normed space, some of them given in [1, 2] are as follows.
(i) Ifx,y € Sx, then we have ||x + y|| < 2.
(ii) Every non-zero continuous linear functional attains a maximum on at most one
point of the unit sphere.
(iii) If [le + 9|l = [Ix]l + ll¥ll, # # O, then y = cx for some ¢ > 0.
The notion of strict convexity plays an important role in the studies of the geometry of
Banach spaces. One may go through [1-11] for more information related to strictly convex
spaces.
An element x is said to be orthogonal to y in X in the sense of Birkhoff-James [1, 8, 12],

written as, x Lp y, iff
x|l < |l + Ay|| for all scalars A.

If X is an inner product space, then x L g y implies ||x| < |x + Ay|| for all scalars A # 0.
Motivated by this fact, we here introduce the notion of strong orthogonality as follows.

Strongly orthogonal in the sense of Birkhoff-James: In anormed linear space X, an element
x is said to be strongly orthogonal to another element y in the sense of Birkhoff-James,
written as x Lgp y, iff

llx|l < l¢ + Ay|| for all scalars A #O0.
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If x Lsgy, then x L y, but the converse is not true. In [,,(R?) the element (1, 0) is orthog-
onal to (0,1) in the sense of Birkhoff-James, but not strongly orthogonal.

Strongly orthogonal set relative to an element: A finite set of elements S = {x1,xy,...,%,}
is said to be a strongly orthogonal set relative to an element x;, contained in S in the sense
of Birkhoff-James iff

n
Xig T E )ij]'

J=L, j#io

llio II <

whenever not all A;’s are 0.

An infinite set of elements is said to be a strongly orthogonal set relative to an element
contained in the set in the sense of Birkhoff-James iff every finite subset containing that
element is strongly orthogonal relative to that element in the sense of Birkhoff-James.

Strongly orthogonal set: A finite set of elements {x1,x,,...,%,} is said to be a strongly
orthogonal set in the sense of Birkhoff-James iff for each i € {1,2,..., n}

llxill <

n
X; + E )\/x]'

jLii

whenever not all A;’s are 0.

An infinite set of elements is said to be a strongly orthogonal set in the sense of Birkhoft-
James iff every finite subset of the set is a strongly orthogonal set in the sense of Birkhoff-
James.

Clearly if a set is strongly orthogonal in the sense of Birkhoff-James, then it is strongly
orthogonal relative to every element of the set in the sense of Birkhoff-James. If X has a
Hamel basis which is strongly orthogonal in the sense of Birkhoff-James, then we call the
Hamel basis a strongly orthogonal Hamel basis in the sense of Birkhoft-James, and if X has
a Hamel basis which is strongly orthogonal relative to an element of the basis in the sense
of Birkhoft-James, then we call the Hamel basis a strongly orthogonal Hamel basis relative
to that element of the basis in the sense of Birkhoff-James. If, in addition, the norm of each
element of a strongly orthogonal set is 1, then accordingly we call them orthonormal.

As, for example, the set {(1,0,...,0),(0,1,0,...,0),...,(0,0,...,1)} isa strongly orthonor-
mal Hamel basis in the sense of Birkhoff-James in /; (R"), but not in /o, (R").

In [,(R®) the set {(1,0,0),(0,1,0),(0,1,1)} is strongly orthogonal relative to (1,0,0) in the
sense of Birkhoff-James, but not relative to (0,1, 1).

In this paper we give another characterization of strictly convex normed linear spaces by
using the Hahn-Banach theorem and the notion of a strongly orthogonal Hamel basis rel-
ative to an element in the sense of Birkhoff-James. More precisely, we explore the relation
between the existence of a strongly orthogonal Hamel basis relative to an element with the
unit norm in the sense of Birkhoff-James in a normed space and that of an extreme point
of the unit ball in the space. We also prove that a normed linear space is strictly convex iff
for each point x of the unit sphere, there exists a bounded linear operator A on X which
attains its norm only at the points of the form Ax with A € Sk.

2 Main results
We first obtain a sufficient condition for an element in the unit sphere to be an extreme
point of the unit ball in an arbitrary normed linear space.
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Theorem 2.1 Let X be a normed linear space and x, € Sx. If there exists a Hamel basis of
X containing xo which is strongly orthonormal relative to x, in the sense of Birkhoff-James,
then xy is an extreme point of Bx.

Proof Let D = {x9,%, : o« € A} be a strongly orthonormal Hamel basis relative to x¢ in the
sense of Birkhoff-James.

If possible, suppose that x is not an extreme point of By, then xq = tz; + (1 — t)z, where
O<t<land |zl =z =1

So, there exists o1, o, ...,a, in A such that

n n
z1 = Boxo + E Bixe; and  z3 = yoxo + E V¥,

Jj=1 Jj=1

for some scalars g, ¥ (=0,1,2,...,n).
If Bp = 0 and yy = 0, then x¢ = £z + (1 — t)z, implies that

n

X0 = Z(tﬁf +(1- t)y,»)xa],,

j=1

which contradicts the fact that every finite subset of D is linearly independent. So, the case
Bo =0 and y, = 0 is ruled out.
If Bo #0, yo = 0, then as {x,Xa,,Xay, ..., %q,} is a strongly orthonormal set relative to x
in the sense of Birkhoff-James, so we get
n
B
Xo + —Xu;

L=zl = Bol = |Bol-

Now

%o = tBoxo + Z(tﬁ, + (1 - £)y)) %,

j-1

and so £, = 1, which is not possible as |8yp| <1and 0 < ¢ < 1.
Similarly Bo = 0, ¥y # 0 is also ruled out.
Thus we have 8y # 0 and y, # 0.
Our claim is that at least one of | 8y|, | 0| must be less than 1.
If possible, suppose that |8y| > 1. Then
n
B
X0 + FZI B Xoy

= [Bol > |Bol > 1.

n
Poxo + Z B
j=1

This contradicts ||z; || = 1. Thus |Bo| < 1. Similarly |yo| < 1. We next show that |8y| =1 and
[0 = 1 cannot hold simultaneously.
Case 1. X is a real normed linear space.
Then |By| =1 implies that
n
B
Xo + —Xu;

1=zl = Bol > [lxoll,

unless 8;=0Vi=1,2,...,n.
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Thus |By] =1 = 21 = Boxo = 21 = £x9 = X9 = 21 = zp or ¢t = 0, which is not possible.
Thus |Bo| # 1. Similarly |yo| #1.

Case 2. X is a complex normed linear space.

Then |By| =1 implies that

L=zl = Bol > [lxoll,

n
N
0 M
~ Bo

unless 8;=0Vi=1,2,...,n.

Thus |Bo] = 1 = 71 = Boxo = 21 = €90, similarly |yy| = 1 = 25 = €®xo. Then xo = te?xo +
(1 - t)e®xy = xo = z1 = 23, which is not possible. Thus || = 1 and |y,| = 1 cannot hold
simultaneously.

So, at least one of |Byl, |y is less than 1.

Now xg = tz1 + (1 — t)z, implies
tBo+(1—1t)yo =1, tBi+(1-0y;=0 Vj=12,...,n
But |Bo| <1 or |yo| <1 implies

1=tBo + (L= )yo| <tlBol + A= 1)lyol <1,

which is not possible.
Thus x is an extreme point of Bx. This completes the proof. O

The converse of the above theorem is, however, not always true. If xy is an extreme point
of By, then there may or may not exist a strongly orthonormal Hamel basis relative to x
in the sense of Birkhoft-James.

Example 2.2 (i) Consider (R?, || - |) where the unit sphere S is given by S = {(x,y) € R? : x =
+land -1<y<1}U{(xy) €eR*:x>-2y+y*=0andy > 1} U {(x,y) € R>: x> + 2y + y* =
0 and y < -1}. Then (1,1) is an extreme point of the unit ball, but there exists no strongly
orthonormal Hamel basis relative to (1,1) in the sense of Birkhoff-James.

(ii) Consider (R%,| - ||) where the unit sphere S is given by S = {(x,y) € R? : x =
+land -1 <y<1}U{(xy) eR2:x*+2y-3=0andy>1} U {(x,y) e R?: x> -2y -3 =
0 and y < —1}. Then (1,1) is an extreme point of the unit ball and {(1,1), (-1,1)} is a strongly
orthonormal basis relative to (1,1) in the sense of Birkhoff-James.

(iii) In [, (R®) the extreme points of the unit ball are of the form (41, 41, +1), and for the
extreme point (1,1,1), we can find a strongly orthonormal basis relative to (1,1,1) in the
sense of Birkhoff-James which is {(1,1,1),(1,0,-1),(0,1,-1)}.

In the first two examples, the extreme point (1,1) is such that every neighborhood of
(1,1) contains both extreme as well as non-extreme points, whereas in the third case the
extreme point (1,1,1) is an isolated extreme point.

An element x in the boundary of a convex set S is called an exposed point of S iff there
exists a hyperplane of support H to S through x such that H N S = {x}. The notion of
exposed points can be found in [5, 13-15]. We next prove that if the extreme point x is an
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exposed point of By, then there exists a Hamel basis of X containing x¢ which is strongly
orthonormal relative to x( in the sense of Birkhoff-James.

Theorem 2.3 Let X be a normed linear space and x € Sx be an exposed point of Bx. Then
there exists a Hamel basis of X containing x, which is strongly orthonormal relative to x
in the sense of Birkhoff-James.

Proof As x is an exposed point of By, so there exists a hyperplane of support H to By
through x¢ such that H N Bx = {x9}. Then we can find a linear functional f on X such
that H = {x € X : f(x) = 1}. Let Hyp = {x € X : f(x) = 0}. Then H, is a subspace of X. Let
D = {x, : @ € A} be a Hamel basis of Hy with |x,|| = 1. Clearly {xo} U D is a Hamel basis
of X. We claim that {x¢} U D is a strongly orthonormal set relative to x¢ in the sense of
Birkhoff-James.

Consider a finite subset {xy,,%a,,..., %4, ,} of D and let (A1,Az,...,4,.1) #(0,0,...,0).
Now if z = xo + Z;':_ll Ajxe;, then

n-1
f@ =f<xo + ijxa,) =f(xo) =1
j=1
= z€H,

= z¢Byx, asHNByx={xy}.

So ||xg + Zl':ll Axell > 1 = [lxoll. Thus {xo} U D is a Hamel basis containing x¢ which is
strongly orthonormal relative to x in the sense of Birkhoff-James.

This completes the proof. O
We next prove the following theorem.

Theorem 2.4 Let X be a normed linear space and x, € Sx. If there exists a Hamel basis of
X containing xy which is strongly orthonormal relative to x, in the sense of Birkhoff-James,

then there exists a bounded invertible linear operator A on X such that | A|| = ||Axo|| > | Ay||

forall yin Sx withy # Ax, X € Sk.

Proof Let {xo,%, : o« € A} be a Hamel basis of X which is strongly orthonormal relative to
xo in the sense of Birkhoff-James.

Define a linear operator A on X by A(xy) = x9 and A(x,) = %xa Ya € A.

Clearly A is invertible. Take any z € X such that ||z|| =1. Then z = doxo + Z;:ll Ao for
some scalars A;’s and A.

If g =0, then Az = %z and so

1
A%l =1> = = [|Az].

If Xo # 0, then as {xo,%, : @ € A} is a strongly orthonormal Hamel basis relative to x, in
the sense of Birkhoff-James, so we get

n-1

)Lox0+ E A/xaj
j=1

1=zl = > |20l
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Hence we get

n-1

1
)LQJC() + E Zl)\,/xaj
j=

1 — 1
5 ()LQ?C() + Z )»,vxa/> + E)Lox()

j=1

Azl =

1
<=zl + =|A
= Slizll+ 1ol

1
2
1

This proves that ||A|| < 1. Also ||Az|| =1iff [A¢|=1and A; =0 Vj=1,2,...,n - 1.
Thus [|Az|| = 1iff z = Aoxp with Xy € Sk. This completes the proof. O

We now prove the following theorem.

Theorem 2.5 Let X be a normed linear space and x, € Sx. If there exists a bounded linear
operator A : X — X which attains its norm only at the points of the form Axy with A € Sk,
then x is an exposed point of Bx.

Proof Assume, without loss of generality, that ||A|| = 1 and by the Hahn-Banach theorem,
there exists f € Sy such that f(A(x)) = 1. Clearly ||[foA| = 1asf € Sy and ||A]|| = ||Axo || = 1.
If y € Sy is such that |[foA(y)| = 1, then ||Ay|| = 1.

Now ||A|| =1 and A attains its norm only at the points of the form Ax, with A € Sk, so
y € {Axo: A € Sk}

Thus foA attains its norm only at the points of the form Axy with A € Sk. Considering
the hyperplane H = {x € X : foA(x) = 1}, it is easy to verify that H N By = {x¢} and so x is
an exposed point of By. O

Thus we obtained complete characterizations of exposed points, which is stated clearly
in the following theorem.

Theorem 2.6 For a normed linear space X and a point x € Sx, the following are equiva-
lent:
1. xisan exposed point of Bx.
2. There exists a Hamel basis of X containing x which is strongly orthonormal relative
to x in the sense of Birkhoff-James.
3. There exists a bounded linear operator A on X which attains its norm only at the
points of the form \x with A € Sk.

We next give a characterization of a strictly convex space as follows.

Theorem 2.7 For a normed linear space X, the following are equivalent:
1. X isstrictly convex.
2. Foreach x € Sx, there exists a Hamel basis of X containing x which is strongly
orthonormal relative to x in the sense of Birkhoff-James.
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3. Foreach x € Sy, there exists a bounded linear operator A on X which attains its
norm only at the points of the form lx with A € Sk.

Proof The proof follows from previous theorem and the fact that a normed linear space
X is strictly convex iff every element of Sy is an exposed point of By. g

Remark 2.8 Even though the notions of strong Birkhoff-James orthogonality and
Birkhoff-James orthogonality coincide in a Hilbert space, they do not characterize Hilbert
spaces as (R”, ] - ||,) (1 <p < 00, p #2) is not a Hilbert space, but the notions of strong
Birkhoff-James orthogonality and Birkhoff-James orthogonality coincide there.
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