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1 Introduction

The study of conformal field theories has continued to be a major field of research ever

since the AdS/CFT correspondence was realised as a potentially powerful tool in studying

real-life systems. Mainly these studies have been based on the theories having conformal

symmetry in relativistic spacetime. Non relativistic versions of conformal symmetry have

been somewhat studied in the context of the so-called Schrodinger symmetry [1–4] , which

is an enhanced symmetry that arises in taking the nonrelativistic limit of the massive
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Klein-Gordon equation. In d spacetime dimensions, this group has, in addition to the
d(d+1)

2 parameters of the Galilean group, a nonrelativistic dilatation xi → λxi, t → λ2t

and one more conformal generator. Recently, there has been considerable work involving

nonrelativistic limits of the full SO(d, 2) conformal invariance. In fact, a non-relativistic

group contraction of SO(d, 2) gives rise to a (d+1)(d+2)
2 parameter group (see, e.g., [5, 6]

and in an AdS context [7]). This contains the Galilean symmetries together with a uniform

dilatation xi → λxi , t→ λt and d other generators which are the analogues of the special

conformal transformations.

It has been shown in [8] that the actual set of conformal isometries of nonrelativistic

spacetime is much larger than the above contracted version of SO(d, 2) . In every space-

time dimension it is actually an infinite dimensional algebra which was dubbed the Galilean

Conformal Algebra (GCA). This algebra consists of local conformal transformations acting

on time (generating a single copy of the Virasoro algebra), together with a current algebra

for rotations as well as arbitrary time-dependent boosts in the spatial directions. A math-

ematically identical infinite dimensional algebra (called altv1) in the case of one spatial

dimension had also appeared independently in [9] in the context of statistical mechanics.

It was also noted in [10] that altv1 arises mathematically as a contraction of (two copies of)

the Virasoro algebra. It was shown in [15] that the infinite dimensional algebra in [8] can

also be obtained by considering the natural nonrelativistic limit of the relativistic confor-

mal killing equations and is the maximal set of such nonrelativistic conformal isometries.1

The situation is very analogous to that in the relativistic d = 2 case, where one has two

copies of the Virasoro algebra generating the maximal set of local conformal isometries.

The analysis in [8] was entirely classical, whereas in [17] (see also [16, 18]) the two

and three point correlation functions (of primary fields) were obtained as solutions of the

Ward identities for the finite part of the GCA (which arises as the contraction of SO(d, 2)).

Finally in [24], the quantum mechanical realisation of the GCA in two dimensions was

studied in great detail, where 2d GCFTs with nonzero central charges were obtained by

considering a somewhat unusual limit of non-unitary 2d CFTs.

Recently, supersymmetric extension of GCA in 4d was considered in [19] and [20].

In [21], SuperGCA in 3, 4 and 6 dimensions was studied. In the present paper, we study

the N = (1, 1) supersymmetric extension of GCFTs in 2d, dubbed “SGCFT”. Most of the

algebraic structures of the 2d CFTs can be extended to their supersymmetric extensions,

and the associated representation theory can also be developed along similar lines. The

superconformal symmetries are also relevant for the superstring theory and the Tricritical

Ising Model. We refer the reader to [25]–[31] (and references therein) for an extensive study

of the 2d superconformal theories.

As in [24], the families of 2d SCFTs we will need to consider are rather unusual in that

their left and right central charges, c and c̄, are scaled (as we take the nonrelativistic limit)

such that their magnitudes go to infinity but are opposite in sign. The parent theories

are thus necessarily non-unitary and, not unsurprisingly, this non-unitariness is inherited

by the daughter GCFTs. Since non-unitary 2d CFTs arise in a number of contexts in

1For related work on various aspects of the GCA, see [11]–[23].
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statistical mechanics as well as string theory, one might expect that the 2d GCFTs realised

here would also be interesting objects to study.

In the present work, we focus our attention on the Neveu-Schwarz (NS) sector. Our

study of 2d SGCAs in this paper proceeds along two parallel lines. The first line of de-

velopment is as described above and consists of taking carefully the nonrelativistic scaling

limit of the parent 2d SCFT. We find that this limit, while unusual, appears to give sen-

sible answers. Specifically, we will study in this way, the representation theory (including

null vectors), the Ward identities, fusion rules, and finally the equations for correlation

functions following from the existence of level 3
2 null states. In all these cases we find that

a non-trivial scaling limit of the 2d SCFTs exists. This is not a priori obvious, since the

limit involves keeping terms both of O(1
ǫ ) and of O(1) (where ǫ is the scaling parameter

which is taken to zero). The second line of development obtains many of these same re-

sults by carrying out an autonomous analysis of the SGCA, i.e., independent of the above

limiting procedure.

The structure of the paper is as follows: In the next section, we discuss how the

generators of the 2d SGCA arise from a group contraction of (combinations of) the usual

holomorphic and anti-holomorphic superconformal sectors. In section 3, we proceed to

construct representations of the 2d SGCA in a manner analogous to the NS sector of the

SuperVirasoro representation theory, defining primaries and descendants. The primaries

are labelled by a conformal weight ∆ and a boost eigenvalue ξ. We also show that the state

space is generically non-unitary. Section 4 deals with the non-relativistic Ward identities

focussing on the case of two and three point functions.

We go back to the representation theory in section 5 to consider null vectors of the

SGCA. We explicitly find the conditions for having null states at level 3
2 and check the

corresponding conditions derivable from the scaling limit of the SuperVirasoro algebra.

We also take the scaling limit of the Kac table for null states at arbitrary level. From

section 6 onwards, we focus on SGCA primaries taking values in the nonrelativistic Kac

table. We derive the general differential equations for an n-point correlator which follow

from the existence of level 3
2 null states in section 6. Finally in section 7, using the

differential equations of section 6, we proceed to derive the SGCA fusion rules that follow

from the SGCA three point functions. Appendix A discusses some issues regarding SGCA

descendants and their conformal blocks.

2 2d SGCA from group contraction

In this section, we derive the supersymmetric extension of the GCA in 2d, by performing

group contraction on the 2d superconformal algebra studied in [25]–[31].

2.1 Review of GCA in arbitrary dimensions

The maximal set of conformal isometries of Galilean spacetime generates the infinite di-

mensional Galilean Conformal Algebra [8]. The notion of Galilean spacetime is a little

subtle since the spacetime metric degenerates into a spatial part and a temporal part.

Nevertheless there is a definite limiting sense (of the relativistic spacetime) in which one
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can define the conformal isometries (see [15]) of the nonrelativistic geometry. Algebraically,

the set of vector fields generating these symmetries are given by:

L(n) = −(n+ 1)tnxi∂i − tn+1∂t ,

M
(n)
i = tn+1∂i ,

J (n)
a ≡ J

(n)
ij = −tn(xi∂j − xj∂i) , (2.1)

for n ∈ Z. Here i = 1, 2, . . . , (d− 1) range over the spatial directions. These vector fields

obey the algebra:

[L(m), L(n)] = (m− n)L(m+n), [L(m), J (n)
a ] = −nJ (m+n)

a ,

[J (n)
a , J

(m)
b ] = fabcJ

(n+m)
c , [L(m),M

(n)
i ] = (m− n)M

(m+n)
i . (2.2)

2.2 SGCA from superVirasoro in 2d

The finite dimensional subalgebra of the GCA (also sometimes referred to as the GCA),

which consists of taking n = 0,±1 for the L(n),M
(n)
i together with J

(0)
a , is obtained by

considering the nonrelativistic contraction of the usual (finite dimensional) global conformal

algebra SO(d, 2) (in d > 2 spacetime dimensions) (see for example [5]–[8]).

However, in two spacetime dimensions, as is well known, the situation is special. The

relativistic conformal algebra is infinite dimensional and consists of two copies of the Vi-

rasoro algebra. In [24], GCA with central charges was realised by taking a special limit of

a non-unitary relativistic 2d CFT.

Here we take a similar limit on the 2d relativistic superconformal algebra, which is

also infinite dimensional and consists of two copies of the SuperVirasoro algebra.

The two copies of the SuperVirasoro algebra are given by:

[Lm,Ln] = (m− n)Lm+n +
c

8
m(m2 − 1)δm+n,0 ,

[Lm,Gr] =

(

1

2
m− r

)

Gm+r

{Gr,Gs} = 2Lr+s +
c

2

(

r2 − 1

4

)

δr+s,0 ,

[L̄m, L̄n] = (m− n)L̄m+n +
c̄

8
m(m2 − 1)δm+n,0 ,

[L̄m, Ḡr] =

(

1

2
m− r

)

Ḡm+r ,

{Ḡr, Ḡs} = 2L̄r+s +
c̄

2

(

r2 − 1

4

)

δr+s,0 , (2.3)

where m,n ∈ Z and either r, s ∈ Z [Ramond case] or r, s ∈ Z + 1
2 [Neveu-Schwarz case].

We now perform group contraction with the new generators defined as:

Ln = lim
ǫ→0

(L̄n + Ln) , Mn = lim
ǫ→0

ǫ (L̄n − Ln) ,

Gn = lim
ǫ→0

(Ḡn + Gn) , Hn = lim
ǫ→0

ǫ (Ḡn − Gn) , (2.4)

where for the bosonic part we have followed [24], and for the fermionic part we have chosen

a limit so as to get all the bosonic generators as anticommutators of the fermionic ones

(here we have followed the scaling used in [21]).
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The above generators define the SGCA and obey the algebra:

[Lm, Ln] = (m− n)Lm+n + C1m(m2 − 1)δm+n,0 ,

[Lm,Mn] = (m− n)Mm+n + C2m(m2 − 1)δm+n,0 ,

[Mm,Mn] = 0 ,

{Gr, Gs} = 2Lr+s + 4C1

(

r2 − 1

4

)

δr+s,0 ,

{Hr,Hs} = 0 ,

{Gr,Hs} = 2Mr+s + 4C2

(

r2 − 1

4

)

δr+s,0 ,

[Lm, Gr] =

(

1

2
m− r

)

Gm+r , [Lm,Hr] =

(

1

2
m− r

)

Hm+r ,

[Mm, Gr] =

(

1

2
m− r

)

Hm+r , [Mm,Hr] = 0 , (2.5)

where the central charges are given by:

C1 = lim
ǫ→0

c̄+ c

8
, C2 = lim

ǫ→0
ǫ
c̄− c

8
. (2.6)

Thus, for a non-zero C2 in the limit ǫ → 0, we see that we need c̄ − c ∝ O(1
ǫ ). At the

same time, requiring C1 to be finite, we find that c + c̄ should be O(1). As in [24], we

will make the slightly stronger assumption that c̄ − c = O(1
ǫ ) + O(ǫ).) Actually this is

motivated by the fact that L̄n − Ln and Ḡr − Gr have vanishing O(1) pieces, when we

write their transformation-actions on supercoordinates and take the appropriate scalings

(see (2.9) and (2.11)). Thus (2.6) can hold only if c and c̄ are large and opposite in sign

(in the limit ǫ → 0). This immediately implies that the original 2d SCFT, on which we

take the nonrelativistic limit, cannot be unitary. This is of course not a problem, since

there are many statistical mechanical models which are described at a fixed point by non-

unitary CFTs.

2.3 Nonrelativistic superconformal transformations in the superspace

In the superspace formalism, for N = (1, 1) supersymmetry, we introduce the fermionic

coordinates θ, θ̄ for the holomorphic and the antiholomorphic sectors respectively.2 A

superfield is a function defined on superspace, and can be expanded as a power series

in θ, θ̄:

Φ(Z, Z̄) = φ(z, z̄) + θψ(z, z̄) + θ̄ψ̄(z, z̄) + θθ̄F (z, z̄) , (2.7)

where

Z ≡ (z, θ) , Z̄ ≡ (z̄, θ̄) . (2.8)

The superfields correspond to irreducible representations of the Neveu-Schwarz algebra.

The irreducible representations of the Ramond algebra correspond to conformal fields dis-

tinct from the superfields, which are in fact non-local (i.e., double-valued) with respect to

the fermionic parts of the superfields. These are called spin fields and they intertwine the

two sectors (see, e.g., [27]).

2More details can be found in [28].
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As in conformal transformations, in superconformal transformations too the unbarred

and the barred parts are independent. In superspace, the superconformal transformations

corresponding to the holomorphic sector are given by:

(z , θ)
δ′Ln−−−→

(

z − δ′ zn+1 , θ − δ′
n+ 1

2
zn θ

)

(z , θ)
η Gr−−→

(

z + η θ zr+ 1
2 , θ − η zr+ 1

2

)

, (2.9)

where η is an anticommuting parameter. Similarly, one can write down transformations

for the antiholomorphic sector.

In terms of spacetime coordinates, z = t + x, z̄ = t − x. Analogously, we take linear

combinations of θ, θ̄ and define the new anticommuting variables:

α =
θ + θ̄

2
, β =

θ − θ̄

2
. (2.10)

The nonrelativistic contraction corresponding to (2.4) consists of taking the scalings:

t→ t , x→ ǫx , α→ α , β → ǫβ , (2.11)

which immediately gives the coordinates in the nonrelativistic superspace transforming as:

δ δ′Ln
{t, x, α, β} = −δ′

{

tn+1 , (n+ 1) tn x ,
1

2
(n+ 1) tn α ,

1

2
(n+ 1)( tn β + n tn−1 xα)

}

,

δ δ′Mn{t, x, α, β} = δ′
{

0 , tn+1 , 0 ,
1

2
(n+ 1) tn α

}

,

δ ηGr{t, x, α, β} = η

{

tr+
1
2 α , tr+

1
2 β +

(

r +
1

2

)

tr−
1
2 xα ,−tr+ 1

2 ,−
(

r +
1

2

)

tr−
1
2 x

}

,

δ ηHr{t, x, α, β} = η
{

0 ,−tr+ 1
2 α , 0 , tr+

1
2

}

. (2.12)

3 Representations of the 2d SGCA

We now turn to the representations of the 2d SGCA. In all our subsequent discussions, we

consider the NS sector and hence r, s ∈ Z + 1
2 in all formulae and equations that follow.

We will be guided in this by the representation theory of the SuperVirasoro algebra.

3.1 Primary states and descendants

We will construct the representations by considering states having definite scal-

ing dimensions:

L0|∆〉 = ∆|∆〉 . (3.1)

Using the commutation relations (2.5), we obtain

L0Ln|∆〉 = (∆ − n)Ln|∆〉, L0Mn|∆〉 = (∆ − n)Mn|∆〉. (3.2)

Then the Ln,Mn with n > 0 lower the value of the scaling dimension, while those with

n < 0 raise it. If we demand that the dimensions of the states be bounded from below,

then we are led to defining primary states in the theory with the properties:

Ln|∆〉p = 0 , Mn|∆〉p = 0 , Gr|∆〉p = 0 , Hr|∆〉p = 0 (for all n > 0 and r > 0) .

(3.3)

– 6 –
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Since the conditions (3.3) are compatible with M0 in the sense

LnM0|∆〉p = 0 , MnM0|∆〉p = 0 , (3.4)

and also since L0 and M0 commute, we may introduce an additional label, which we will

call “rapidity” ξ:

M0|∆, ξ〉p = ξ|∆, ξ〉p . (3.5)

Starting with a primary state |∆, ξ〉p , one can build up a tower of operators by the

action of L−n , M−n , G−r , H−r with n, r > 0. These will be called the SGCA descendants

of the primary. The primary state together with its SGCA descendants form a representa-

tion of SGCA. As in the SuperVirasoro case, we have to be careful about the presence of

null states. We will look at these in some detail later in section 5.

The above construction is quite analogous to that of the relativistic 2d SCFT. In fact,

from the viewpoint of the limit (2.4), we see that the two labels ∆ and ξ are related to the

conformal weights in the 2d SCFT as

∆ = lim
ǫ→0

(h+ h̄) , ξ = lim
ǫ→0

ǫ(h̄− h) , (3.6)

where h and h̄ are the eigenvalues of L0 and L̄0, respectively. We will proceed to assume

that such a scaling limit (as ǫ → 0) of the 2d SCFT exists. In particular, we will assume

that the operator-state correspondence in the 2d SCFT gives a similar correspondence

between the states and the operators in the SGCA:3

O(t, x) ↔ O(0, 0) |0〉 , (3.7)

where |0〉 would be the vacuum state which is invariant under the generators L0, L±1,

M0,M±1. Indeed in the rest of the paper, we will offer several pieces of evidence that the

scaling limit gives a consistent quantum mechanical system.

3.2 Transformation laws of superprimary fields

We consider the transformation laws of SGCA primary superfields arising from the trans-

formation laws of primary superfields in 2d SCFT, which are given by (following [28]):

[Ln,Φ(z, z̄, θ, θ̄) ] =

[

zn+1∂z +
1

2
(n+ 1)znθ∂θ + h(n+ 1)zn

]

Φ(z, z̄, θ, θ̄) ,

[ η Gr,Φ(z, z̄, θ, θ̄) ] = η

[

zr+ 1
2 (∂θ − θ∂z) − 2h

(

r +
1

2

)

zr− 1
2 θ

]

Φ(z, z̄, θ, θ̄) ; (3.8)

the transformations corresponding to L̄n , Ḡr are given by replacing z → z̄, θ → θ̄ and

h→ h̄. We should note here that (h, h̄) corresponds to the conformal weights of the lowest

component φ of the superfield Φ in (2.7).

3We thank the referee for emphasizing that this is an assumption we are making (without any justifica-

tion). Our approach here is to go ahead with this assumption and examine whether this leads to interesting

structures and whether the various algebraic considerations lead to a consistent picture.
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Motivated from the relation (2.4), we may define the transformations generated by

Ln,Mn, Gn,Hn as:

[Ln,Φ] = lim
ǫ→0

[ L̄n + Ln , Φ] , [Mn,Φ] = lim
ǫ→0

ǫ [ L̄n − Ln , Φ] ,

[Gr,Φ] = lim
ǫ→0

[ Ḡr + Gr , Φ] , [Hr,Φ] = lim
ǫ→0

ǫ [ Ḡr − Gr , Φ] , (3.9)

where the superfield Φ is now a function of {t, x, α, β} and is expanded as:

Φ(t, x, α, β) = φ1(t, x) + αψ1(t, x) + β ψ2(t, x) + αβ φ2(t, x) . (3.10)

Then by taking the limits on the superspace coordinates, we obtain:

[Ln ,Φ] =

[

tn+1 ∂t + (n + 1) tn x ∂x + (n+ 1) (∆ tn − n ξ tn−1 x)

+
1

2
(n+ 1) { tn (α∂α + β ∂β) + n tn−1 xα ∂β}

]

Φ ,

[Mn ,Φ] =

[

−tn+1 ∂x + (n+ 1) ξ tn − 1

2
(n+ 1) tn α∂β

]

Φ ,

[ηGGr ,Φ] = ηG

[

tr+
1
2 (−α∂t − β∂x + ∂α) +

(

r +
1

2

)

tr−
1
2 x (−α∂x + ∂β)

+ 2

(

r +
1

2

)

tr−
1
2 (ξ β − ∆α) + 2

(

r2 − 1

4

)

ξ tr−
3
2 xα

]

Φ ,

[ηH Hr ,Φ] = ηH

[

tr+
1
2 (α∂x − ∂β) − 2

(

r +
1

2

)

ξ tr−
1
2 α

]

Φ . (3.11)

where ηG, ηH are anticommuting parameters. Note that the part of the transformation

laws independent of ∆ and ξ , involving superspace derivatives, encodes the change due to

superspace coordinate dependence of Φ, and is in perfect agreement with (2.12).

Introducing the vacuum state |0〉 satisfying

Ln|0〉 = 0 , Mn|0〉 = 0 , (for n ≥ −1)

Gr|0〉 = 0 , Hr|0〉 = 0 , (for r ≥ −1
2) , (3.12)

one immediately finds from (3.11) that

G 1
2
|φ1〉 = 0 , G− 1

2
|φ1〉 = |ψ1〉 ,

H 1
2
|φ1〉 = 0 , H− 1

2
|φ1〉 = −|ψ2〉 ,

G− 1
2
G− 1

2
|φ1〉 = L−1|φ1〉 , H− 1

2
H− 1

2
|φ1〉 = 0 ,

H− 1
2
G− 1

2
|φ1〉 = M−1|φ1〉 − |φ2〉 , G− 1

2
H− 1

2
|φ1〉 = M−1|φ1〉 + |φ2〉 , (3.13)

where the state |φ1〉 = φ1(0, 0) |0〉 satisfies the conditions (3.3) for a primary state.

4 Non-relativistic ward identities and correlation functions

In [28], the two and three point functions for the 2d SCFT were found using the superspace

formalism. Here we take the appropriate limits of the those correlation functions to get the

SGCA correlation functions and check that these obey the Ward identities coming from

the global part comprising {L0, L±1, M0, M±1, G± 1
2
, H± 1

2
}. One can solve the differen-

tial equations coming from the Ward identities to find the correlation functions directly

– 8 –
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using (3.11). However, the calculation becomes cumbersome because here one cannot use

the nice property of the independence of holomorphic and antiholomorphic sectors of the

SCFT. We solve the differential equations for the two point functions directly with the

SGCA operators, whereas, for the three point function, we find the expression only by

taking the limit of the SCFT answer.

For the sake of completeness, we state here the differential equations that an n-

point function,

G
(n)
2d SGCA({ti, xi, αi, βi}) = 〈Φ1(t1, x1, α1, β1)Φ2(t2, x2, α2, β2) · · ·Φn(tn, xn, αn, βn)〉 ,

should satisfy:
[

n
∑

i=1

∂ti

]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

∂xi

]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{

ti∂ti + xi∂xi
+ ∆i +

1

2
(αi∂αi

+ βi∂βi
)

}

]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{

−ti∂xi
+ ξi −

1

2
αi∂βi

}

]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{t2i ∂ti + 2tixi∂xi
+ 2(∆iti − ξixi) + ti(αi∂αi

+ βi∂βi
) + xiαi∂βi

}
]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{−t2i ∂xi
+ 2ξiti − tiαi∂βi

}
]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{−αi∂ti − βi∂xi
+ ∂αi

}
]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{αi∂xi
− ∂βi

}
]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{ti(−αi∂ti − βi∂xi
+ ∂αi

) + xi(−αi∂xi
+ ∂βi

) + 2(ξiβi − ∆iαi)}
]

G
(n)
2d SGCA = 0 ,

[

n
∑

i=1

{ti(αi∂xi
− ∂βi

) − 2ξiαi}
]

G
(n)
2d SGCA = 0 . (4.1)

The above constraints follow from invariance under the generators L−1, M−1, L0, M0, L1,

M1, G− 1
2
, H− 1

2
, G 1

2
and H 1

2
respectively.

4.1 SGCA two point functions

We derive the two point functions between all components of two superfields

Φi(ti, xi, αi, βi) = φi1(ti, xi) + αi ψi1(ti, xi) + βi ψi2(ti, xi) + αiβi φi2(ti, xi) , (4.2)

with i = 1, 2. Here the lowest component fields φi1 are the primary fields (see the defini-

tion (3.3)) and are labelled by the eigenvalues (∆i, ξi).
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Here we consider the transformation rules for each component by comparing the coef-

ficients of αm βn ( where m,n = 0, 1 ) on both sides of (3.11).

One immediately finds that the field φ1(t, x) in (3.11) has the same transformation

properties under the bosonic SGCA generators as the primary fields of GCA (see eq. (4.5)

and eq. (4.6) of [24]). Hence the φi1 two point function will have the same form as derived

in [17], i.e.,

〈φ11(t1, x1)φ21(t2, x2)〉 = C12 δ∆1,∆2 δξ1,xi2 t
−2∆1
12 exp

(

2ξ1x12

t12

)

, (4.3)

where

tij = ti − tj , xij = xi − xj , (4.4)

and C12 is an arbitrary constant. We can take C12 = 1 by choosing the normalization of

the operators.

Starting from this expression, we apply the constraints coming from the fermionic

generators G± 1
2
,H± 1

2
of the global part of the SGCA to obtain all other two point functions

of the superfield components, as indicated below.

Using the fact that the two point function should be a function of products of the

fermionic coordinates which are Grassmann even, we immediately infer:

〈φ1a ψ2b〉 = 0 , 〈ψ1a φ2b〉 = 0 (where a, b = 1, 2) . (4.5)

Evaluating the trivial constraint δG
− 1

2

〈φ11 ψ21〉 = 0 , one gets the expression:

〈ψ11 ψ21〉 = ∂t12〈φ11 φ21〉 = − 2

t12

(

∆1 +
ξ1x12

t12

)

〈φ11 φ21〉 . (4.6)

The trivial constraint δH
− 1

2

〈φ11 ψ22〉 = 0 gives:

〈ψ12 ψ22〉 = 0 (4.7)

The trivial constraints δG
− 1

2

〈φ11 ψ22〉 = 0 and δG 1
2

〈ψ12 φ21〉 = 0, on using (4.7), give

the results:

〈φ12 φ21〉 = 0 , (4.8)

〈ψ11 ψ22〉 = ∂x12〈φ11 φ21〉 =
2ξ1
t12

〈φ11 φ21〉 . (4.9)

Using δG
− 1

2

〈ψ12 φ21〉 = 0 , we get:

〈ψ12 ψ21〉 = ∂x12〈φ11 φ21〉 =
2ξ1
t12

〈φ11 φ21〉 . (4.10)

Using δG 1
2

〈ψ12 φ21〉 = 0 along with (4.9) and (4.10), we get:

〈φ12 φ21〉 = 0 . (4.11)
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Lastly, δG 1
2

〈ψ11 φ22〉 = 0 , on using (4.8), (4.9) and (4.10), gives:

〈φ12 φ22〉 =
4ξ21
t212

〈φ11 φ21〉 . (4.12)

Hence we find that all non-vanishing two point functions of the components of the two

superfields are determined in terms of the two point function of their lowest components.

4.2 SGCA higher point functions

Using the fact that the lowest components φi1’s obey the same transformation rules as the

GCA primaries under the bosonic generators of the SGCA, we conclude that all correlation

functions involving these fields have the same form as one gets in the GCA case. In partic-

ular, the result derived for three point function in [17] is applicable here for 〈φ11φ21φ31〉.
For the four point function of the φi1’s, we can apply the same analysis as discussed in [24],

where one of the φi1’s have a descendant null state at some level.4 Then, as in the case of

the two point function, the fermionic generators of the global part will relate the n-point

function 〈φi1 φi+11 · · · φi+n1〉 to the n-point functions involving arbitrary component fields

of the relevant superfields {Φi,Φi+1, · · · ,Φi+n}.
We remind the reader that the above property follows from the fact that, in 2d CFTs

and GCAs, the descendant field correlators can be derived from the primary field correla-

tors. Here the component fields ψi1, ψi2, φi2 are descendants of the primary φi1, as shown

in (3.13). The global part of the SGCA, which closes by itself and hence forms a subgroup,

allows us to group these four fields into the superfield Φi (supermultiplet), which is nothing

but an irreducible representation of the global subalgebra.

4.3 SGCA correlation functions from 2d SCFT

We now show that the above expressions for the SGCA two point functions can also be

obtained by taking an appropriate scaling limit of the 2d SCFT answers. This limit requires

scaling the quantum numbers of the operators as (3.6), along with the nonrelativistic

limit (2.11) for the coordinates.

Let us first study the scaling limit of the two point correlator of two superfields (see [28])

given by the expression

G
(2)
2d SCFT = 〈Φ1(Z1, Z̄1)Φ2(Z2, Z̄2) 〉 = δh1, h2 δh̄1, h̄2

z̃−2h1
12

¯̃z−2h̄1
12 , (4.13)

where

zij = zi − zj , z̄ij = z̄i − z̄j ,

z̃ij = zij − θi θj , ¯̃zij = z̄ij − θ̄i θ̄j . (4.14)

4Note that here we can have half-integer level null states. In particular, we show in section 5 that the

first non-trivial null state is obtained at level 3
2

and one can derive the four point function with a primary

having such a descendant null state.
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On scaling the above expression according to (2.11) and taking the limit using (3.6), it

reduces to:

G
(2)
2d SGCA = lim

ǫ→0
δh1, h2 δh̄1, h̄2

{t12 − α1α2 + ǫ (x12 − α1β2 + α2β1) + ǫ2 β1β2}−2h1

×{t12 − α1α2 + ǫ (x12 − α1β2 + α2β1) + ǫ2 β1β2}−2h̄1

= lim
ǫ→0

δh1, h2 δh̄1, h̄2
(t12 − α1α2)

−2(h1+h̄1)

× exp

{

−2(h1 − h̄1)

(

ǫ
(x12 − α1β2 + α2β1)

(t12 − α1α2)
+ O(ǫ2)

)}

= δ∆1,∆2 δξ1, ξ2 t̃
−2∆1
12 exp

(

2ξ1x̃12

t̃12

)

, (4.15)

where

t̃ij = tij − αiαj , x̃ij = xij − αiβj + αjβi . (4.16)

Now expanding the l.h.s. G
(2)
2d SGCA ≡ 〈Φ1Φ2〉 using (3.10), and comparing the coeffi-

cients of αk
1β

l
1α

m
2 β

n
2 (for k, l,m, n = 0, 1) on both sides of (4.15), we get the values of all

possible two point functions of the component fields. One can check that these answers

exactly match with those obtained in (4.8)–(4.12). Also, working in superfield formal-

ism, one can check that (4.15) satisfies the constraints coming from the global part of the

SGCA using directly (4.1) (i.e., without considering the transformations of the component

fields separately).

Another interesting point to note is the following: Transforming the nonrelativistic

superspace coordinates {t1, x1, α1, β1} (using (2.12)) successively by t2 L−1, −x2M−1,

α2G− 1
2

and −β2H− 1
2
, we move to the point in the superspace labelled by {t̃12 , x̃12 , α1 −

α2 , β1 − β2}. The vacuum being invariant under these global transformations, one can

easily see that the two-point function should be a function of these combinations of the six

coordinates {ti, xi, αi, βi}.
A similar analysis yields the three point function of the SGCA from the relativistic

three point function. The relativistic three point function is written as:

G
(3)
2d CFT = 〈Φ1(Z1, Z̄1)Φ2(Z2, Z̄2)Φ3(Z3, Z̄3) 〉 (4.17)

= [ z̃ h3−h1−h2
12 z̃ h1−h2−h3

23 z̃ h2−h3−h1
31 × (antiholomorphic) ]

×[C123 +
C̃123

|z̃12z̃23z̃31|
{(θ1z̃23 + θ2z̃31 + θ3z̃12 + θ1θ2θ3) × (antiholomorphic)}].

One should note that there are two arbitrary constants C123 , C̃123 in G
(3)
2d CFT.

Taking the nonrelativistic limit, we obtain the SGCA three point function as:

G
(3)
2d SGCA = C123 t̃

∆3−∆1−∆2
12 t̃ ∆1−∆2−∆3

23 t̃ ∆2−∆3−∆1
31

× exp

{

(ξ1 + ξ2 − ξ3) x̃12

t̃12
+

(ξ2 + ξ3 − ξ1) x̃23

t̃23
+

(ξ1 + ξ3 − ξ2) x̃31

t̃31

}

. (4.18)

Again, one can check that (4.18) satisfies the differential equations (4.1). Comparing the

coefficients of the parts involving no fermionic coordinates {αi, βi} on both sides, we find

that 〈φ11φ21φ31〉 is exactly what was derived in [17], and this is what one should get

following the discussion in section 4.2.
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Here we note that the contribution from the part multiplying C̃123 in (4.17) is zero in

the nonrelativistic limit. However, it may so happen that C̃123 scales in a manner so as to

give a finite contribution in combination with the O(ǫ) terms. This cannot be ascertained

just from the relativistic answer. We need to examine whether the second part survives

in the nonrelativistic limit by verifying whether it is possible to satisfy (4.1) by keeping

the O(ǫ) terms. Examining the three point functions of the various component fields with

the extra terms, we find that (4.1) is not satisfied. Hence we conclude that G
(3)
2d SGCA is

completely specified by (4.18).

5 SGCA null vectors

Just as in the representation of the SuperVirasoro algebra, we will find that there are null

states in the SGCA tower built on a primary |∆, ξ〉 for special values of (∆, ξ). These are

states which are orthogonal to all states in the tower including itself.

We can find the null states at a given level by writing the most general state at that

level as a combination of the L−m,M−n, G− r
2
,H− s

2
’s and their products (for m,n, r, s > 0)

acting on the SGCA primary, and then imposing the condition that all the positive modes

Lm,Mn, G r
2
,H s

2
(with m,n, r, s > 0) annihilate this state. This will give conditions that

fix the relative coefficients in the linear combination as well as give a relation between ∆, ξ

and the central charges C1 , C2. This procedure will give us null states which are primaries

and descendants at the same time. These are called “singular vectors”.

In this context, we would like to mention that for C2 = 0 , since the vacuum state

satisfies (3.12), all states of the form M−n|0〉 and H−s|0〉 (for n, s > 0) are null states,

as their correlation functions with other primaries and secondaries will vanish. Similarly,

for C1 = C2 = 0 , L−m|0〉 and G−r|0〉 (for m, r > 0) will also be null states.5 Hence,

for these special cases, the correlation functions will satisfy much stronger constraints as

stated below:6

(a) For C2 = 0, the correlators are invariant under the generators M−n and H−s , result-

ing in the equations:

[

k
∑

i=1

{

− 1

tn−1
i

∂xi
− (n− 1) ξi

tni
+

(n− 1)αi

2 tni
∂βi

}

]

G
(k)
2d SGCA = 0 , (5.1)





k
∑

i=1







1

t
s− 1

2
i

(αi∂xi
− ∂βi

) + 2

(

s− 1

2

)

ξi αi

t
s+ 1

2
i









 G
(k)
2d SGCA = 0 . (5.2)

Acting on the two point function G
(2)
2d SGCA, these constraints give the condition

ξ = 0 , which removes the spatial and β dependence of the correlators.7

5Note that these null states are not highest-weight states, and hence not singular vectors. We thank the

referee for emphasizing this point.
6We would like to thank Ashoke Sen for pointing this out.
7This follows from the fact that all x and β dependence arises in combination with the ξ dependence so

as to survive the nonrelativistic limit.
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(b) For C1 = C2 = 0, the correlators are invariant under the generators L−m , G−r , M−n

and H−s , resulting in the equations:

[

k
∑

i=1

{

1

tm−1
i

∂ti −
(m− 1)xi

tmi
∂xi

− m− 1

tmi

(

∆i +
mξi xi

ti

)

−m− 1

2 tmi

(

αi ∂αi
+ βi ∂βi

− mxi αi

ti
∂βi

)

}]

G
(k)
2d SGCA = 0 ,(5.3)





k
∑

i=1







1

t
r− 1

2
i

(−αi∂ti − βi∂xi
+ ∂αi

) −
(

r − 1

2

)

xi

t
r+ 1

2
i

(−αi∂xi
+ ∂βi

)

−2

(

r − 1

2

)

1

t
r+ 1

2
i

(ξi βi − ∆i αi) + 2

(

r2 − 1

4

)

ξi xi αi

t
r+ 3

2
i









 G
(k)
2d SGCA = 0 ,(5.4)

in addition to (5.1) and (5.2). Acting on the two point function G
(2)
2d SGCA, these

constraints give the condition ξ = ∆ = 0 , which simply means that there is no

primary in the theory except the vacuum state.

Hence, these sectors are quite trivial, and in all discussions that follow, we will assume that

at least C2 6= 0 .

5.1 The intrinsic SGCA analysis

At level 1
2 , we can consider a general state (aG− 1

2
+ bH− 1

2
) |∆, ξ〉. One can check that we

get two linearly independent null states: G− 1
2
|∆ = 0, ξ = 0〉 and H− 1

2
|∆, ξ = 0〉 .

At level one, we have the general state (aL−1 + bM−1 + cG− 1
2
H− 1

2
) |∆, ξ〉 (note that

this is the most general linear combination of the lowering operators at this level, remem-

bering the relation {G− 1
2
,H− 1

2
} = 2M−1 ). It is easy to check that one has three linearly in-

dependent null states given by L−1|∆ = 0, ξ = 0〉 , M−1|∆, ξ = 0〉 and G− 1
2
H− 1

2
|∆, ξ = 0〉.

At level 3
2 , things are a little more non-trivial. Let us consider the most general level

3
2 state of the form

|χ〉 = (aG− 3
2
+ bL−1G− 1

2
+ cM−1G− 1

2
+ dH− 3

2
+ eL−1H− 1

2
+ f M−1H− 1

2
) |∆, ξ〉 . (5.5)

We now impose the conditions that G 1
2
, 3
2
,H 1

2
, 3
2
, L1,M1 annihilate this state,8 using (2.5).

This gives us the following set of conditions:

ξ [ 2a+ (1 + 2∆)b+ 2ξe ] = 0 ,

∆ [ 2a+ (1 + 2∆)b+ 2ξe ] + ξ [ (1 + 2∆)c+ 2d+ e+ 2ξf ] = 0 ,

ξ2 b = 0 ,

(2∆ + 1)ξb+ 2ξ(a+ ξc) = 0 ,

(∆ + 4C1)a+ 2∆b+ (ξ + 4C2)d+ 2(c + e)ξ = 0 ,

8This is sufficient as the annihilation condition for all the other higher level positive modes are then

automatically satisfied.
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(ξ + 4C2)a+ 2ξb = 0 ,

ξ [ 2a+ (1 + 2∆)b+ 2ξc ] = 0 ,

∆ [ 2a+ (1 + 2∆)b+ 2ξc ] + ξ [ c+ 2d+ (1 + 2∆)e+ 2ξf ] = 0 (5.6)

We will now separately consider the two cases where ξ 6= 0 and ξ = 0.

For the case ξ 6= 0, we get the conditions: b = 0 , c = e = −a
ξ , and f = (∆+1)a

ξ2 − d
ξ .

Now we have two further options: either a = 0 or a 6= 0 .

For a = 0 , to get a non-trivial solution, we must have ξ = −4C2 , and the null state is

of the form:

|χ(1)〉 =

(

H− 3
2
− 1

ξ
M−1H− 1

2

)

|∆, ξ〉 . (5.7)

For a 6= 0 , we are led to the following consistency conditions: ξ = −4C2 and ∆ =

4(1 − C1) . In this case, both a and d can be arbitrary and all other coefficients are

determined in terms of these. However, by taking a suitable linear combination with

|χ(1)〉 , we can choose d = 0, and then we get another null state of the form:

|χ(2)〉 =

[

G− 3
2
− 1

ξ
M−1G− 1

2
− 1

ξ
L−1H− 1

2
+

(∆ + 1)

ξ2
M−1H− 1

2

]

|∆, ξ〉 . (5.8)

For the case ξ = 0, since C2 6= 0, we must have a = 0 , ∆(2∆ + 1)b = 0, d = − ∆ b
2C2

,

and c , e , f are undetermined. For ∆ 6= −1
2 , 0 in general, we therefore get three null

states: G− 1
2
M−1 |∆, ξ = 0〉 , L−1H− 1

2
|∆, ξ = 0〉 and M−1H− 1

2
|∆, ξ = 0〉 . For ∆ = 0 ,

we also obtain d = 0 , and in this case b is also undetermined. Hence, by taking suitable

linear combinations with the three null states for b = 0 , we get a new null state of the

form L−1H− 1
2
|∆ = 0, ξ = 0〉. For ∆ = −1

2 , we also have d = b
4C2

, and again b is also

undetermined. Taking appropriate linear combinations with the three states for b = 0 , we

get a new null state of the form:

|χ(3)〉 =

(

L−1G− 1
2

+
1

4C2
H− 3

2

)

|∆ = −1

2
, ξ = 0〉 . (5.9)

Crucially, we note that all the above null states for ξ = 0, except |χ(3)〉 , are descendants

of the level 1
2 and level 1 null states.

5.2 SGCA null vectors from 2d SCFT

If we want to examine the SGCA null states at a general level, we would have to perform an

analysis similar to that in the SuperVirasoro representation theory. A cornerstone of this

analysis is the Kac determinant which gives the values of the weights of the SuperVirasoro

Primaries h (h̄) for which the matrix of inner products at a given level has a zero eigenvalue.

For the NS algebra, this determinant is given by (found by Kac [30]):

detM(l) = const.
∏

(h− hp,q(c))
PNS (l− p q

2
) , (5.10)

where the product runs over positive integers p, q with p q
2 ≤ l and |p−q| even. Here PNS(k)

is the number of states, arising from a ground state, at level k:

∞
∑

k=0

1 + tk−
1
2

1 − tk
.
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The functions hp,q(c) can be expressed in a variety of ways. One convenient represen-

tation is:

hp,q(c) = h0 +
1

4
(pα+ + q α−)2 , (5.11)

h0 =
1

16
(c− 1) , (5.12)

α± =

√
1 − c±

√
9 − c

4
. (5.13)

One can write a similar expression for the antiholomorphic sector. The values hp,q

are the ones for which we have zeroes of the determinant and hence null vectors (and

their descendants).

One could presumably generalise our analysis for SGCA null vectors at level 3
2 and

directly obtain the SGCA determinant at a general level. This would give us a relation

for ∆ and ξ in terms of C1, C2 for which there are null states, generalising the results

obtained at level 3
2 . However, instead of a direct analysis, here we will simply take the

non-relativistic limit of the Kac formula and see whether one obtains sensible expressions

for the ∆ and ξ on the SGCA side.

In taking the non-relativistic limit, C2 is chosen to be positive. Therefore (from (2.6))

we need to take c≪ −1 and c̄≫ 1 as ǫ→ 0 . We then find

hp,q =
C2

4ǫ
(p2 − 1) +

1

16
[−1 + 5p2 − 4pq − 4C1(p

2 − 1) ] + O(ǫ) , (5.14)

h̄p′,q′ = −C2

4ǫ
(p′

2 − 1) +
1

16
[−1 + 5p′2 − 4p′q′ − 4C1(p

′2 − 1) ] + O(ǫ) . (5.15)

Using (3.6) and taking p = p′9

∆p(q,q′) = lim
ǫ→0

(hp,q + h̄p,q′) = −1

2
C1 (p2 − 1) +

1

8
[ 5p2 − 2p(q + q′) − 1 ] , (5.16)

ξp(q,q′) = − lim
ǫ→0

ǫ (hp,q − h̄p,q′) = −1

2
C2 (p2 − 1) . (5.17)

However, we would like to caution the reader that this nonrelativistic limit of the Kac

formula does not give us all the null states of the SGCA (see the following subsection).

In the following discussion, we will focus on the null vectors at level 3
2 . The null vector

at level 3
2 in a SuperVirasoro tower is given by (see [28])

|χL〉 = (G− 3
2

+ ηL−1G− 1
2
) |h〉 ⊗ |h̄〉 , (5.18)

with

η = − 2

2h+ 1
,

h =
1

4

{

3 − c±
√

(1 − c)(9 − c)
}

, (5.19)

9Requiring that ∆ should not have a 1
ǫ

piece immediately implies that p = p′.
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where the positive and negative signs before the square root correspond to the primaries

of conformal weights h3,1 and h1,3 , respectively (see (5.11)). One has a similar null state

for the antiholomorphic SuperVirasoro obtained by replacing Ln → L̄n , Gr → Ḡr , h → h̄

and c→ c̄ .

For h = h3,1 and h̄ = h̄3,1, we get

ξ = −4C2 , ∆ = 4(1 − C1) . (5.20)

These are precisely the relations we obtained in the previous section if we require the

existence of both the SGCA null states |χ(1)〉, |χ(2)〉 at level 3
2 .

These states themselves can be obtained by taking the nonrelativistic limit on appro-

priate combinations of the relativistic null vectors |χL〉 and its antiholomorphic counterpart

|χR〉. Consider

|χ(1)〉 = lim
ǫ→0

ǫ (−|χL〉 + |χR〉 ) , |χ(2)〉 = lim
ǫ→0

( |χL〉 + |χR〉 ). (5.21)

From the expressions (3.6), we obtain η = 2ǫ
ξ (1 + (∆+1) ǫ

ξ ) and η̄ = −2ǫ
ξ (1 − (∆+1) ǫ

ξ ) upto

terms of order ǫ2 . Substituting this into (5.21) and using the relations (2.4), we obtain

|χ(1)〉 =

(

H− 3
2
− 1

ξ
M−1H− 1

2

)

|∆, ξ〉 ,

|χ(2)〉 =

{

G− 3
2
− 1

ξ
M−1G− 1

2
− 1

ξ
L−1H− 1

2
+

(∆ + 1)

ξ2
M−1H− 1

2

}

|∆, ξ〉 , (5.22)

which are exactly what we found from the intrinsic SGCA analysis in (5.7) and (5.8).

For the case h = h1,3 and h̄ = h̄1,3 , we find that ∆1(3,3) = −1 and ξ1(3,3) = 0 . This

is also easily seen to correspond to the null states constructed in section 5.1 for ξ = 0 and

∆ 6= −1
2 , 0 (which we have seen are descendants of level one null states).

A point to observe here is that the expansion of relativistic null state expressions (such

as (5.18)) in powers of ǫ gives us nonrelativistic null states when we consider only the

coefficients of the first two lowest powers of ǫ.10 Also, one should consistently expand h

and h̄ only upto O(1) (and not beyond) while considering any such expression, because of

the definition of the nonrelativistic generators in (2.4).

5.3 Discussion on SGCA null states not obtained from SCFT null states

We would like to point out that though we find the limiting process gives answers consistent

with the intrinsic SGCA analysis, working purely within SGCA, we get some null states

which are not obtained in the SCFT case. These extra null states are not initally null in

SCFT, but become null in the nonrelativistic scaling limit. We list such null states obtained

at level 3
2 :

(i) |χ(1)〉 in (5.7) has ξ = −4C2 but no restriction on ∆. On the other hand, |χ(1)〉
obtained in (5.22) from SCFT null states, has ∆ = 4(1−C1) in addition to ξ = −4C2.

This clearly shows that we have more null states for ξ = −4C2 from the intrinsic

SGCA analysis.

10In fact this is true for any expression/result of the relativistic theory, from which we want to extract

the corresponding nonrelativistic analogue. This directly follows from the fact that we have obtained the

nonrelativistic algebra by retaining only the O( 1
ǫ
) and O(1) terms of the relativistic algebra.
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(ii) |χ(3)〉 in (5.9) descends from a state

{

Ḡ−3/2−G− 3
2
+

1

2
(c̄−c)(L̄−1Ḡ− 1

2
+L−1G− 1

2
+L̄−1G− 1

2
+L−1Ḡ−1/2)

}

|h=−1

4
, h̄=−1

4
〉

on the SCFT side, which is not null. This is because, while analysing null state

conditions, we never take linear combinations of descendants having different L0 and

L̄0 eigenvalues. On the other hand, descendant states in SGCA are eigenstates of

L0 , but not necessarily of M0 . Hence we get a valid null state from the above state

in SCFT, after the limiting process.

Hence we conclude that within the SGCA framework, we get more constraints arising

from the differential equations involving the extra null states, over and above those resulting

from SCFT. This means we get new fusion rules involving the primaries corresponding to

these null states.11

6 Differential equations for SGCA correlators from null states

The presence of the null states gives additional relations between correlation functions

which is at the heart of the solvability of relativistic (rational) (super)conformal field the-

ories. To obtain these relations one starts with the differential operator realisations L̂−n

and Ĝ−r of L−n and G−r respectively (with n, r > 0). Thus one has

〈Φk(Zk, Z̄k) · · · Φ2(Z2, Z̄2){L−n Φ1(0, 0)}〉 = L̂−n〈Φk(Zk, Z̄k) · · · Φ2(Z2, Z̄2)Φ1(0, 0)〉,
〈Φk(Zk, Z̄k) · · · Φ2(Z2, Z̄2){G−r Φ1(0, 0)}〉 = Ĝ−r〈Φk(Zk, Z̄k) · · · Φ2(Z2, Z̄2)Φ1(0, 0)〉,

where

L̂−n =

k
∑

i=2

{

(n− 1)hi

zn
i

+
n− 1

2

θi

zn
i

∂θi
− 1

zn−1
i

∂zi

}

, (6.1)

Ĝ−r =

k
∑

i=2

signi







(2r − 1)hi

z
r+ 1

2
i

+
1

z
r− 1

2
i

( ∂θi
− θi ∂zi

)







, (6.2)

where signi is +1 and −1 for bosonic and fermionic superfields respectively. One can write

analogous expressions for the antiholomorphic sector.

For the SGCA also we can construct such operators. Firstly, we derive the expressions

entirely from the SGCA side.

Let us assume that we have a null state at a level l, which is a descendant

of (the lowest component of) the primary superfield Φ1(t1, x1, α1, β1), represented as

f({L−n,M−m, G−r,H−s})Φ1(0, 0, 0, 0) |0〉,12 where f is the appropriate linear combina-

tion of the products of the SGCA generators (with n,m, r, s > 0 and the level adding up

11We discuss these issues a bit more elaborately in the concluding remarks, where we also mention the

future directions we would like to follow to get a better understanding.
12Note that Φ1(0, 0, 0, 0) |0〉 = φ11(0, 0) |0〉 .
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to l) such that the null state conditions are satisfied. Since the null states are orthogonal

to all states, we have the condition:

〈0|Φk(tk, xk, αk, βk) · · ·Φ2(t2, x2, α2, β2)
[

f({L−n,M−m, G−r,H−s})Φ1(0, 0, 0, 0)
]

|0〉 = 0.

Using (3.11) and the fact that L−n , M−m , G−r , H−s annihilate 〈0|, we commute f past

all the Φi’s and obtain the expression:

f({L̂−n, M̂−m, Ĝ−r, Ĥ−s}) 〈0|Φk(tk, xk, αk, βk) · · · Φ2(t2, x2, α2, β2)Φ1(0, 0, 0, 0) |0〉 = 0 ,

where the differential operators acting on the correlation function are given by:

L̂−n = −
k

∑

i=2

{

1

tn−1
i

∂ti −
(n− 1)xi

tni
∂xi

− n− 1

tni

(

∆i +
n ξi xi

ti

)

−n− 1

2 tni

(

αi ∂αi
+ βi ∂βi

− nxi αi

ti
∂βi

)

}

,

M̂−m = −
k

∑

i=2

{

− 1

tm−1
i

∂xi
− (m− 1) ξi

tmi
+

(m− 1)αi

2 tmi
∂βi

}

,

Ĝ−r = −
k

∑

i=2

signi

{

1

t
r− 1

2
i

(−αi∂ti − βi∂xi
+ ∂αi

) −
(

r − 1

2

)

xi

t
r+ 1

2
i

(−αi∂xi
+ ∂βi

)

−2

(

r − 1

2

)

1

t
r+ 1

2
i

(ξi βi − ∆i αi) + 2

(

r2 − 1

4

)

ξi xi αi

t
r+ 3

2
i

}

,

Ĥ−s = −
k

∑

i=2

signi







1

t
s− 1

2
i

(αi∂xi
− ∂βi

) + 2

(

s− 1

2

)

ξi αi

t
s+ 1

2
i







, (6.3)

where once again we note that the factor signi is necessary to account for the minus sign

when commuting f through a fermionic superfield.13

It follows directly from (2.4) that expanding the operators L̂−n and Ĝ−r as

L̂−n = ǫ−1L̂(−1)
−n + L̂(0)

−n + O(ǫ) ,

Ĝ−r = ǫ−1Ĝ(−1)
−r + Ĝ(0)

−r + O(ǫ) ,

(and similarly for the antiholomorphic part), we get expressions for the differential oper-

ators M̂−n , L̂−n , Ĥ−r and Ĝ−r which match exactly with (6.3).

Therefore, correlation functions involving an SGCA descendant of a primary field are

given in terms of the correlators of the primaries by the action of the corresponding differ-

ential operators M̂−n , L̂−n , Ĥ−r and Ĝ−r.

Now we will study the consequences of having null states at level 3
2 . We will consider the

two null states |χ(1)〉 , |χ(2)〉 of section 5.1, or rather correlators involving the corresponding

fields χ(1,2)(t1, x1). Setting the null state and thus its correlators to zero gives rise to differ-

ential equations for the correlators involving the primary superfield Φ∆1,ξ1(t1, x1, α1, β1)
14

13However, the reader should note that, though not stated explicitly, we have assumed correlation func-

tions of bosonic superfields everywhere in this paper.
14Note that χ(1,2)(t1, x1) is the descendant of the lowest component of Φ∆1,ξ1 .
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with other fields. Using the forms (5.7) and (5.8), we find that the differential equations

take the form

(

Ĥ− 3
2
− 1

ξ
M̂−1Ĥ− 1

2

)

〈Φk(tk, xk, αk, βk) · · ·Φ2(t2, x2, α2, β2)Φ1(0, 0, 0, 0)〉 = 0, (6.4)

[

Ĝ− 3
2
− 1

ξ1
M̂−1Ĝ− 1

2
− 1

ξ1
L̂−1Ĥ− 1

2
+

(∆1 + 1)

ξ21
M̂−1Ĥ− 1

2

]

〈Φk(tk, xk, αk, βk) · · · Φ2(t2, x2, α2, β2)Φ1(0, 0, 0, 0) 〉 = 0 , (6.5)

with M̂−n , L̂−n , Ĥ−r and Ĝ−r as given in (6.3).

7 SGCA fusion rules

Analogous to the relativistic case (see [26] and [29]), we can derive “Fusion rules”,

[Φ1] × [Φ2] ≃
∑

f

[Φf ] , (7.1)

for the SGCA superconformal families, that determine which families [Φf ] have their pri-

maries and descendants occurring in an OPE of any two members of the families [Φ1] and

[Φ2]. Here we have denoted a family [Φi] by the corresponding primary superfield Φi.

We illustrate how the fusion rules can be obtained for the families [Φ∆1,ξ1] and [Φ∆2,ξ2 ],

where both fields are members of the the nonrelativistic limit of the Kac table as specified

by (5.14) and (5.15). As mentioned in footnote 9, we need to take p = p′. The resulting

(∆, ξ) are thus labelled by a triple {p(q, q′)}. In particular, we will consider below the case

of ∆1 = ∆3(1,1) and ξ1 = ξ3(1,1).

The fusion rules are derived from applying the condition that Φ∆1,ξ1 has a null descen-

dant at level 3
2 . For (∆2, ξ2), we will consider a general member Φp(q,q′).

15 Thus we have

from (5.20), (5.16) and (5.17):

∆1 = ∆3(1,1) = 4(1 − C1) , ξ1 = ξ3(1,1) = −4C2 ; (7.2)

∆2 = ∆p(q,q′) = −1

2
C1 (p2 − 1) +

1

8
[ 5p2 − 2p(q + q′) − 1 ] , (7.3)

ξ2 = ξp(q,q′) = −1

2
C2 (p2 − 1) . (7.4)

We need to consider the conditions (6.4) and (6.5) for the case of the three point

function. With

G
(3)
2d SGCA({ti, xi, αi, βi}) = 〈Φ∆3,ξ3(t3, x3, α1, β1)Φ∆2,ξ2(t2, x2, α2, β2)Φ∆1,ξ1(0, 0, 0, 0) 〉 ,

15Here we assume that Φp(q,q′) has no extra null descendant other than those obtained from the non-

relativistic limit of the (hp,q, h̄p,q′) null states. While this is seen to be true for the level 3
2
, one needs to

construct a formalism to verify this for any arbitrary level in the Kac table.
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these give the constraints:



−
3

∑

i=2

{

1

ti
(αi∂xi

− ∂βi
)+

2ξi
t2i
αi

}

+
1

ξ1

3
∑

i=2

∂xi

3
∑

j=2

(αj∂xj
− ∂βj

)



 G
(3)
2d SGCA = 0 ,

[

−
3

∑

i=2

{

1

ti
(−αi∂ti − βi∂xi

+ ∂αi
)− ξi

t2i
(−αi∂xi

+ ∂βi
)− 2

t2i
(ξiβi − ∆iαi)+

2ξi
t3i
xiαi

}

+
1

ξ1

3
∑

i=2

∂xi

3
∑

j=2

(−αi∂ti − βi∂xi
+ ∂αi

) − 1

ξ1

3
∑

i=2

∂ti

3
∑

j=2

(αi∂xj
− ∂βj

)

− ∆1 + 1

ξ21

3
∑

i=2

∂xi

3
∑

j=2

(αj∂xj
− ∂βj

)



 G
(3)
2d SGCA = 0 ,

respectively. Now by using (4.18), these translate into

ξ1 (ξ2 + ξ3) − (ξ2 − ξ3)
2 = 0 ,

(∆2 + ∆3 − 1) ξ21 − 2 (∆2 − ∆3) (ξ2 − ξ3) ξ1 + (∆1 + 1) (ξ2 − ξ3)
2 = 0 .

Solving the above equations, we get two simple sets of solutions:

ξ3 = −1

2
C2 {(p± 2)2−1} , ∆3 = −1

2
C1 {(p± 2)2−1}+

1

8
{5 (p ± 2)2−2(p± 2) (q + q′)−1} .

(7.5)

Comparing with (7.3) and (7.4), we see that

∆3 = ∆p± 2 (q,q′) , ξ3 = ξp± 2 (q,q′) , (7.6)

which is exactly what the relativistic fusion rules imply, namely

[Φ3(1,1)] × [Φp(q,q′)] = [Φp+2(q,q′)] + [Φp−2 (q,q′)] . (7.7)

Thus once again we see evidence for the consistency of the SGCA limit of the 2d SCFT.

However, we would like to remind the reader that in the SCFT case, two independent fusion

rules (dubbed “even” and “odd”) arise (for each of the holomorphic and antiholomorphic

sectors), as shown in [29], and their composition gives the full fusion rule. This is due to the

presence of two independent constants for the SCFT three point function in each sector.

But we have seen in (4.18) that when we multiply the results for the two sectors and take

the limit, the contributions coming from the Grassmann odd terms of the corresponding

sectors do not survive. So in the context of SGCA, only the even fusion rules of SCFT

are relevant.

8 Concluding remarks

This concludes our present study of the supersymmetric extension of the GCA in two

dimensions. We found that 2d SGCFTs, with non-zero central charges C1 and C2 , can

be readily obtained by considering a somewhat unusual limit of a non-unitary 2d SCFT.
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While the resulting Hilbert space of the SGCFT is again non-unitary, the theory seems

to be otherwise well-defined. We found that many of the structures are parallel to those

in the SuperVirasoro algebra and indeed arise from them when we realise the SGCA by

means of the scaling limit. But in most cases we could also obtain many of the same results

autonomously from the definition of the SGCA itself, showing that these are features of

any realisation of this symmetry.

There are numerous avenues to explore in the study of nonrelativistic 2d theories,

whose algebra can be obtained by group contraction of the well-studied relativistic theories.

One of the immediate things one needs to understand better are the extra constraints

arising purely within the nonrelativistic sector (as we have explained in section 5.3), whose

analogues do not not exist in the parent relativistic theory.16 Our present understanding

of the above issue is the following: This means that what was an irreducible representation

(“irrep”) of the (Super)Virasoro algebra (i.e. modulo the original null states) is no longer

an irrep after taking the limit. This in itself is not surprising or unusual. The irreps of the

original group need not to go over into irreps of the contracted group. It is therefore not

too surprising that if we further choose to restrict to the irreps formed by modding out

by the additional null states, there would be additional relations. The physical translation

of these statements is that, if we choose to set the additional null states to zero, then the

correlation functions have some further selection properties. Another way to put it is that

the correlation functions of operators, which lie in the smaller vector space, may satisfy

additional relations which would not be true of the full vector space. This is because we are

choosing to work with a subclass of operators (states) which can close amongst themselves

consistently rather than the full set of operators (states). The main thing to check is that

the additional conditions are not incompatible. For all the specific cases we have dealt with

in the present work, we have not found any inconsistency. Similar checks must be done for

the higher levels, but at the moment we do not have a general way.

It is clear from the above discussion that it is not obvious to conclude that the (S)GCA

arises as a limit of the (S)CFT without further analysis. We would like to stress that, in

the present work as well as in [24], we have not established in any strong way the existence

of our limit of the (S)CFT. We have just performed a series of consistency checks. But one

can look at the possibility whether one can construct a consistent (S)GCA where the extra

relations do not play a role. The fusion rules found in GCA and SGCA indicate that one

can truncate to the states in the usual Kac table. In other words, can the primaries (with

the special values of ξ and ∆ corresponding to the extra null states) appear in the r.h.s. of

fusion rules of the other null state primaries? If they do not appear, then we think that we

can consider a truncation where these kinds of null states do not have to be considered. We

can then consider the family of primaries which have only the values in the nonrelativistic

limit of the usual Kac table and the OPEs will close in this sector. We have found this

to be true for the lowest level(s) where we get non-trivial null states. However, we have

not proven this for states at any arbitrary level and we would like to explore whether it is

possible to give a general proof that the fusion rules in the nonrelativistic theory always

give other members of the original Kac table (and not anything else).

16We would like to thank Rajesh Gopakumar and Ashoke Sen for valuable discussions on this point.
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We would like to emphasize that we have not been able to provide any strong evidence

of the presence of (S)GCA in possible field theories. This will also require proving our

assumption of the state-operator correspondence.

The present work has been done focussing on the Neveu-Schwarz sector of the N =

(1, 1) supersymmetric extension of GCFTs in 2d. One can try to work on the Ramond sector

and find the analogous results there, where one cannot use the superfield formalism. Also,

one can try to find out the consequences when we increase the number of supersymmetries.

All these studies can be easily done along the framework presented in this work.
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A Descendants and SGCA conformal blocks

A.1 SGCA descendants

By means of the differential operators M̂−n , L̂−n , Ĥ−r and Ĝ−r (with m,n, r, s > 0)

in (6.3), we may express the correlation function including a general SGCA descendant

with the correlation function of the corresponding primary superfield Φ∆ξ(t, x, α, β). We

have in fact already used this in section 6 as (6.4) and (6.5), for the simple cases of these

descendants corresponding to null states. The general expression can be written as

〈Φk(tk, xk, αk, βk) · · · Φ2(t2, x2, α2, β2)Φ
{~l,~q,~u,~v}
1 (0, 0, 0, 0) 〉

= L̂−li · · · L̂−l1 M̂−qj
· · · M̂−q1 Ĝ−ui′

· · · Ĝ−u1

Ĥ−vj′
· · · Ĥ−v1 〈Φk(tk, xk, αk, βk) · · · Φ2(t2, x2, α2, β2)Φ1(0, 0, 0, 0) 〉 ,

for Φ
{~l,~q,~u,~v}
1 (0, 0, 0, 0) |0〉

= L−li · · ·L−l1 M−qj
· · ·M−q1 G−ui′

· · ·G−u1 H−vj′
· · ·H−v1 Φ1(0, 0, 0, 0) |0〉 ,

where

~l = (l1, l2, · · · , li) , ~q = (q1, q2, · · · , qj) ,
~u = (u1, u2, · · · , ui′) and ~v = (v1, v2, · · · , vj′)

are sequences of positive integers such that l1 ≤ l2 · · · ≤ li and similarly for the q, u and

v’s. Also note that Φ
{0,0,0,0}
1 (t1, x1, α1, β1) denotes the primary Φ1(t1, x1, α1, β1) itself.

A.2 The OPE and SGCA blocks

Just as in the relativistic case, the OPE of two SGCA primary superfields can be expressed

in terms of the SGCA primary superfields and their descendants as

Φ1(t, x, α, β)Φ2(0, 0, 0, 0) =
∑

p

∑

{~l,~q,~u,~v}

C
p{~l,~q,~u,~v}
12 (t, x, α, β)Φ{~l,~q,~u,~v}

p (0, 0, 0, 0) . (A.1)
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We should mention that, unlike in the case of a 2d SCFT, such an expansion is not analytic

(see (A.7) below), as was also true for GCA in [24]. The form of the two and three point

functions clearly exhibit essential singularities. Nevertheless we will go ahead with the

expansion assuming it makes sense in individual segments such as x, t > 0. One can find

the first few coefficients C
p{~k,~q,~u,~v}
12 (t, x, α, β) by considering the three point function of the

primary superfields 〈Φ3Φ1Φ2〉. In such a situation one can replace Φ1Φ2 in the three point

function with the r.h.s. of (A.1), and obtain

〈Φ3(t
′, x′, α′, β′)Φ1(t, x, α, β)Φ2(0, 0, 0, 0) 〉
=

∑

p,{~l,~q,~u,~v}

C
p{~l,~q,~u,~v}
12 (t, x, α, β) 〈Φ3(t

′, x′, α′, β′)Φ{~l,~q,~u,~v}
p (0, 0, 0, 0) 〉 . (A.2)

We can find C
p{0,0,0,0}
12 , C

p{0,0,1,0}
12 , C

p{0,0,0,1}
12 , C

p{1,0,0,0}
12 , C

p{0,1,0,0}
12 and C

p{0,0,1,1}
12 by

expanding the l.h.s. of (A.2) in powers of the parameter t
t′ with x′

t′ ,
x
t ,

α′α
t′ , α′β

t′ and αβ′

t′ as

coefficients, and comparing the {t′, x′, α′, β′}-dependence of both the sides. To make the

final formulae simple, we concentrate on the case with ∆1 = ∆2 = ∆ and ξ1 = ξ2 = ξ.

The expansion of the l.h.s. is given as:

〈Φ3(t
′, x′, α′, β′)Φ1(t, x, α, β)Φ2(0, 0, 0, 0)〉

= C312(t
′ − t− α′α)−∆3t∆3−2∆(−t′)−∆3 exp

{

ξ3
x′ − x− α′β + αβ′

t′ − t− α′α
+(2ξ − ξ3)

x

t
+ξ3

x′

t′

}

= C ′
312 t

′−2∆3 e2ξ3
x′

t′ · t∆3−2∆ e(2ξ−ξ3)x
t

[

1 + ∆3
α′α

t′
+ ξ3

(

αβ′

t′
− α′β

t′
+
α′α

t′
x′

t′

)

+

{

∆3 + ξ3

(

x′

t′
− x

t

)

+ ∆3
α′α

t′
+ ξ3

(

αβ′

t′
− α′β

t′
+ 2

α′α

t′
x′

t′
− α′α

t′
x

t

)}

t

t′

+

{

∆3
α′α

t′
+ ξ3

(

αβ′

t′
− α′β

t′
+
α′α

t′
x′

t′

)}

×
{

∆3 + ξ3

(

x′

t′
− x

t

)

+ ξ3

(

αβ′

t′
− α′β

t′

)}

t

t′
+ O((t/t′)2)

]

, (A.3)

where C ′
312 = (−1)∆3 C312 .

The r.h.s. is given by

∑

p,{~l,~q,~u,~v}

C
p{~l,~q,~u,~v}
12 (t, x, α, β) 〈Φ3(t

′, x′, α′, β′)Φ{~l,~q,~u,~v}
p (0, 0, 0, 0) 〉 (A.4)

=
[

C
3{0,0,0,0}
12 (t, x, α, β) + C

3{0,0,1,0}
12 (t, x, α, β) Ĝ− 1

2
+ C

3{0,0,0,1}
12 (t, x, α, β) Ĥ− 1

2

+ C
3{1,0,0,0}
12 (t, x, α, β) L̂−1 + C

3{0,1,0,0}
12 (t, x, α, β) M̂−1

+C
3{0,0,1,1}
12 (t, x, α, β) Ĝ− 1

2
Ĥ− 1

2
+ . . .

]

t′
−2∆3 e2ξ3

x′

t′

= t′
−2∆3e2ξ3

x′

t′

[

C
3{0,0,0,0}
12 +2C

3{0,0,1,0}
12

(

−∆3α
′−ξ3

x′α′

t′
+ξ3β

′

)

1

t′
−2ξ3C

3{0,0,0,1}
12

α′

t′

+2C
3{1,0,0,0}
12

(

∆3+ξ3
x′

t′

)

1

t′
+2ξ3C

3{0,1,0,0}
12

1

t′
+2ξ3C

3{0,0,1,1}
12

(

1+2ξ3
α′β′

t′

)

1

t′
+· · ·

]

.
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One can easily read off the coefficients by comparing (A.3) and (A.4):17

C
3{0,0,0,0}
12 = C ′

312 t
∆3−2∆ e(2ξ−ξ3)x

t ,

C
3{0,0,1,0}
12 =

1

2
C ′

312 t
∆3−2∆ e(2ξ−ξ3)x

t α ,

C
3{0,0,0,1}
12 = −1

2
C ′

312 t
∆3−2∆ e(2ξ−ξ3)x

t β ,

C
3{1,0,0,0}
12 =

1

2
C ′

312 t
∆3−2∆+1 e(2ξ−ξ3)x

t , (A.5)

C
3{0,1,0,0}
12 = −1

2
C ′

312 x t
∆3−2∆ e(2ξ−ξ3)x

t ,

C
3{0,0,1,1}
12 = 0 .

So in this case, the SGCA OPE is

Φ1(t, x, α, β)Φ2(0, 0, 0, 0) (A.6)

=
∑

p

C ′
p12 t

∆p−2∆ e(2ξ−ξp)x
t

(

Φp(0, 0, 0, 0) +
α

2
Φ{0,0,1,0}

p (0, 0, 0, 0) − β

2
Φ{0,0,0,1}

p (0, 0, 0, 0)

+
t

2
Φ{1,0,0,0}

p (0, 0, 0, 0) − x

2
Φ{0,1,0,0}

p (0, 0, 0, 0) + . . .

)

.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution Noncommercial License which permits any noncommercial use, distribution,
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