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Menger algebras of n-place interior operations

WIESLAW A. DUDEK AND VALENTIN S. TROKHIMENKO

ABSTRACT. Algebraic properties of n-place interior operations on a fixed set are de-
scribed. Conditions under which a Menger algebra of rank n can be represented by
n-place interior operations are found.

1. Introduction

It is known [5] that on the topology on a set A one can talk in the language of
open sets, the language of closed sets, the language of interior operations (also
called opening operations), or the language of closure operations. Various
types of closure operations on algebraic systems and their applications are
well described (see for example [3]). So a natural question is about a similar
characterization of interior operations having applications in topology and
economics. Such operations were first studied from an algebraic point of view
by Vagner [7]. Kulik observed in [4] that the superposition of two interior
operations is not always an interior operation and found conditions under
which the composition of two interior operations of a given set A is also an
interior operation of this set. Moreover, he proved that a semigroup S is
isomorphic to a semigroup of interior operations of some set if and only if §
is idempotent and commutative.

Below, we introduce the concept of m-place interior operations and find
conditions under which a Menger algebra of rank n can be isomorphically
represented by n-place interior operations of some set.

2. Preliminaries

Let A be a nonempty set, J3(A) the family of all subsets of A, and 7,,(B(A4))
the set of all n-place transformations of JB(A), i.e., maps f: [["P(A) —
PB(A), where []"B(A) denotes the n-th Cartesian power of the set P(A).
For arbitrary f,g1,...,9n € Tn.(P(A)), we define the (n + 1)-ary composition

flg1 -+~ gn] by putting
flor- - gul (X1, .o, Xn) = f(g1( X1y, X)), oo gn( Xy oo, X))
for all Xq,..., X, € P(A).
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The (n + 1)-ary operation O: (f,g1,...,9n) — flg1---gn] is called the
Menger superposition of n-place functions (cf. [3, 6]). Then (7, (P(A)),O) is
a Menger algebra in the sense of [2] and [3], i.e., the operation O satisfies the
so-called superassociative law:

Flgr---gnllhy - ho] = flgrlhy - - hn] - - gnlhy - hn]], (2.1)

where f,g;, h; € T,(PB(A4)), fori=1,...,n.
We say that n-place transformation f € 7, (B(A4)) is

o contractive if for any X1,..., X,, € B(A), f(X1,...,X,) CTXiN---NXy;

e idempotent if f[f---f]=f;
o isotone if for any Xq,..., X, Y1,...,Y, € P(A),

X1 ng/\/\Xn Q Yn :>f(X1,,Xn) g f(Y1,7Yn),
o U-distributive if for all X,Y, Hy,...,H, € B(A) and i =1,...,n,
SHTLXOY HY ) = f(HT X H) U f(H Y, HY),

where H] means Hs,..., H, for s <r.
o N-distributive if for all X,Y, Hy,...,H, € B(4A) and i =1,...,n,

f(Hi_17X N KHZL+1) = f(Hi_l,Xa Hz'n—o—l) n f(Hi_l,Y; Hz'TL+1);
o full U-distributive if for any subsets (Xi)rex of A, all Hy, ..., H, € PB(A4),

andi=1,...,n,
f(Hi_l’ U Xk’Hin-Q-l) = U f(H{_lanaHzﬂ-&-l);
kEK kEK
o full N-distributive if for any subsets (Xx)rex of 4, all Hy, ..., H, € PB(A4),
andi=1,...,n,

f(Hf—l,kQK Xi, HlYy ) = kQKf(H{—l,Xk,H?H).

It is not difficult to see that the contractivity of an n-place transformation
f € T,(B(A)) is equivalent to the system of conditions

f(X17~-~7Xn) g Xi7 for i = 1,...771.
The isotonicity is equivalent to the system of n implications
XQY2f(Hi71’X7H?+1)gf(H;LL‘717 ) 12’:»1)5 fori:17"'7n7

where X, Y, X4,..., X, H1,..., H, € PB(A).

It is also easy to show that the Menger superposition of contractive (iso-
tone) n-place transformations of P(A) is again a contractive (isotone) n-place
transformation of PB(A).

An n-place transformation of P(A), which is contractive, idempotent, and
isotone, is called an n-place interior operation or an n-place interior operator
on the set A.

For n = 1, this definition coincides with the definition of interior operations
proposed by Vagner (see [7]).
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3. Properties of n-place interior operations

We start with the following characterization of n-place interior operations.

Theorem 3.1. For an n-place transformation f of B(A), the following con-
ditions are equivalent:

(a) f is an n-place interior operation on A;
(b) for all Xy,...,X,,Y1,...,Y, € B(A), we have

FX0 Vi, XaVY) € LX), -, SN FO) VAN 1Yo, (3.1)
Proof. (a) = (b): Suppose that f is an n-place interior operation on A. Then
by the contractivity of f, for X;,Y; € B(A), for i =1,...,n, we have
[Ny, X,nY,) C(XinY)n---N(X,NY,) CYiN---NY,. (3.2)
As X;NY; CY;,i=1,...,n, the isotonity of f implies
fXainy,..., X, nY,) C f(Y1,...,Y,) = f(Y]"). (3.3)
Similarly, X; NY; C X, for i =1,...,n implies
F(XiNYihe, XaNY) C F(X1s.n, X0) = FIXT).
Since f(X7) = f(f(XT),..., f(X])), from the above we obtain
[Ny, X nYs) C F(FXT), ..., f(XT)),
which together with (3.2) and (3.3) gives (3.1). Thus, (a) implies (b).
(b) = (a): If an n-place transformation f satisfies (3.1), then setting
X;=Y;fori=1,...,nin (3.1), we obtain
JXT) S FUAXT), - FEXT) N FXT)N X NN X (3.4)
So f(X1) C X;N---NX,, ie., [ is contractive. In addition, (3.4) implies
FXT) C f(f(XT),..., f(XT)). Since f is contractive, we have
FUXT), - FXT)) € FXT) 0N fXT) = FXT),
which together with the previous inclusion proves that f is idempotent.
If X; CY;, then obviously X; NY; = X;. Hence, by (3.1), for X; CY; for
i=1,...,n, we have
XD =f(XinYy,..., X, NnY,)
S (XD, fEXT)) N fY)NYiN---NY, C© f(Y),

which means that f is isotone. Thus, f is an n-place interior operation. So
(b) implies (a). O

Theorem 3.2. For an n-place transformation f of P(A), the following con-
ditions are equivalent:

(i) f is contractive and full U-distributive;
(i) f is contractive and U-distributive;
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(iii) for all X4,..., X, € PB(A4), we have
X)) =fA,...;,ANX1N---NX,. (3.5)
Proof. (i) = (ii): This is obvious.
(ii) = (iii): According to U-distributivity, for all subsets X, H1, ..., H, of
Aandi=1,...,n we have
f(HiiaXa Hin+1) u f(Hj’fiaX/a Hin+1) = f(HiilvAa Hin+1)a
where X’ = A\ X. Then clearly
(f(H{_laX7 Hin+1) N X) U (f(Hi_l,XI7H?+1) ﬂX) = f(Hi_17A7Hin+1) mX
(3.6)
Since f is contractive, we have f(H; ', X, H[,,) C X, which implies that
FOHTS X HP )N X = f(H]Y X, HY ). Similarly, f(H{ Y X HE) € X
and X' N X = @ imply f(H{ ', X’,Hl,)NX = @. Thus, (3.6) has the form
f(Hiilvxv ?’+1):f(H{71’A7H?’+1)ﬂX.
Using this identity, we obtain
f(X17X25X37"'7Xn) = f(A7X2aX37"'aXn) le
:f(A’A7X377Xn)mX2mX1 =
=f(AAA ... ANX,N---NXyNX = fA4,...,)NX NN X,
So (ii) implies (iii).
(iii) = (i): That (3.5) implies f(X1,...,X,) € X1N---NX,, is not difficult
to see. Thus, f is contractive. Moreover, in this case we also have

fA L ANHN--NHon( U Xk)NHig NN H,
keK

= kgKf(H{._l’ka Hin+1>

by (3.5). So f is distributive with respect to the union. Thus (iii) implies (i),
which completes the proof. O

Corollary 3.3. Fuvery n-place transformation f on P(A) satisfying (3.5) is
an n-place interior operation on A.

Proof. Any transformation satisfying (3.5) is clearly contractive. It is also
idempotent, because

FOUXT), - fXT)) = F(A, . A) N f(XT)
(A,...;, AN fA ..., AANXN---NX,
(A,...,ANXiNn---NX, = f(X)
for all X1,..., X, € P(A).

For X; CYq,...,X, CY,, we have X;N---NX, CY N---NY,. Thus,
flA,...;ANXiN---NX, Cf(4,...,A)NY1N---NY,. So f(X}) C f(YT").
Hence, f is isotone. O
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Corollary 3.4. FEvery (full) U-distributive n-place interior operation is (full)
N-distributive.

Proof. Indeed, by Theorem 3.2, any U-distributive n-place interior operation
f on the set A satisfies (3.5). Hence,
fHTLXNY, HEY )
= f(A, ANHiN---NH, 1 N(XNY)NH;;1N---NH,
= (f(A,...7A)mH1m---mHi,meHmm-ann)
N(f(A,...,A)NH N---NH_1NYNHi41N---NHy,)
= f(H X HE ) 0 f(HY Y HE )

for X,Y,Hy,...,H, € PB(A) and i = 1,...,n. Thus, f is N-distributive.
Analogously, we can show that f is full N-distributive. O

4. Compositions of n-place interior operations

On the set 7,,(P(A)) of n-place transformations of the set A we introduce
the binary relation < defined by

f2g = (VX1,.... X,) (F(XT) Co(XT)).

It is easy to see that < is a partial order, i.e., it is reflexive, transitive, and
antisymmetric.

Proposition 4.1. The relation = has the following properties:

(a) If f € T,(B(A)) is contractive, then flgr---gn] = gi fori =1,...,n

and all g1,--+,9n € ZL(SB(A)) :
(b) If f € T,(B(A)) is isotone, then

g1 =2 A Agn 2 hy = flgr-+gn] =X f[h1--ha)

forall gy, ..., gn 01, hy € To(P(A)).
(c) If f € T,(P(A)) is isotone and g € T, (P

flg---gl = 1.

Proof. (a): If f € T,(P(A)) is contractive, then for all Xq,..., X, € PB(A)
and i = 1,...,n, we have g1+ gl (XT) = F(g1 (XD, ., gu(XT)) € :(XT).
Hence, f[g1 - gn] =< gi- So the first property is proved.

(b): If f € T,,(P(A)) is isotone and g; = h; for all g;, h; € T,(P(A)) and all
i=1,...,n, then for all X;,..., X, € PB(A4), we have g;(X7") C h;(XT]) for all
i=1,...,n; consequently, f(g1(X7),...,9n(XT)) C f(hi(XT),..., hn(X])).
Therefore, flgr -+ gn)(XT) € flhr -+ ha)(XD). S0 flgr -+ gu] < flhr -+ ha,
which proves the second condition.

(c): This is a consequence of (a) and (b). O

(A)) is contractive, then
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Theorem 4.2. The Menger superposition of given n-place interior operations

f,91,...,9n defined on the set A is an n-place interior operation on A if and
only if for each i =1,...,n, we have
gilf -+ fllgr -+~ gnl = flgr- - gnl- (4.1)

Proof. (=): Suppose that f,g1,...,9n and f[g1---gn] are n-place interior
operations on A. Since each g; is contractive, according to (2.1) and Proposi-
tion 4.1, we obtain

gilf -+ fllgr- - gnl = gilflgr---gnl - flgr -+~ gnll = flgr -+ gnl-
On the other hand, using (2.1) and the fact that f[g1 - - - g»] is an idempotent
n-place transformation, we get
Flgr---gnl = flor---gnllflgr---gnl -+~ flgr- -~ gl
= floalflgr---gnl-- flor---gnll - gnlflor---gnl--- flgr-- - gnll]

= 9ilflor---gnl - flgr---gnll = gilf -~ fllg1 - -~ gnl

which together with the previous inequality gives (4.1).

(<=): As mentioned above, Menger superposition preserves contractivity
and isotonicity. We show that f[g1 - - - g,] is idempotent. Indeed, according to
(2.1) and (4.1), we have

flor - gnllflgr---gnl - flgr - gnl]

= floilflgr---gnl-- flor - gnll - gnlflgr - gn] - flgr - gnll]
= floulf -+ fllgr---gnl--gnlf - fllgr - gnl]

= flflgr---gnl - flor- - gull = fIf -+ fllor - 9] = flo1- - gul-

Thus, f[g1 - gn) is an n-place interior operation. a
5. Algebras derived from their diagonal semigroups

Recall (cf. [2], [3]) that a Menger algebra (G, o) of rank n is a nonempty set
G with an (n + 1)-ary operation o: (f,g1,...,9n) — flg1 - gn] satisfying the
identity (2.1). On such algebra we can define a binary operation * by setting
xxy==rxly---y] for any x,y € G. Tt is easy to see that (G, *) is a semigroup.
It is called the diagonal semigroup of (G,0). In the case when

flgrgz---gnl = fx g1 g2 *gn,
we say that a Menger algebra (G, o) is derived from its diagonal semigroup
(G, ).
Proposition 5.1. For any n-place interior operations f,g on the set A, the
following three conditions are equivalent:

(a) fx*g is an n-place interior operation on A;
(b) fxg=gx*[fxg;
() frg=[fxgxf.
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Proof. (a) = (b): This implication follows from Theorem 4.2.

(b) = (c¢): By Proposition 4.1, we have flg---g] = f, ie., fxg =< f.
This together with (b) shows fxg =g+ fxg < g=*f. So f+xg < gx* f,
which in view of Proposition 4.1 (b), gives f * fxg < f x g * f. Hence,
frxg=fxfxg=fxgxf=[fx*g, and consequently, fxg= f*gx* f.

(¢) = (a): Since Menger superposition preserves contractivity and iso-
tonicity, then f % g is an isotone and contractive n-place transformation. We
show that it is idempotent. In fact,

(frxg)*x(fxg)=(frg*xflrxg=(f*g)xg=[f*(g*g)=[*g.

Thus, f * g is an n-place interior operation. ([l

6. Characterizations of algebras of n-place interior operations

An abstract characterization of Menger algebras of n-place interior opera-
tions is given in the following theorem.

Theorem 6.1. A Menger algebra (G, 0) of rank n is isomorphic to a Menger
algebra of n-place interior operations on some set if and only if it satisfies the
following three identities

x, (6.1)

wly -yl =ylz---al, (6.2)

wlyi - yal = 2yl [Yn o yal- (6.3)

Proof. Necessity: Let (®,0), where ® C 7,,(B(A)), be a Menger algebra of

n-place interior operations on the set A. Then obviously, f[f--- f] = f for all
f € ®. Thus, the condition (6.1) is satisfied.

If f,g € @, then also flg---g],9[f - f] € ®. Therefore, f * g and g * f
are n-place interior operations and by (b), (c) from Proposition 5.1, we have
fxg=gxf. Thus, flg---g] = g[f - f]. Hence, the condition (6.2) also is
satisfied.

Further, using (2.1) and Theorem 4.2, for f,g1,...,9, € ® and for each
i1 =1,...,n, we obtain

gixflorgnl = gilflor--gnl - flor - gnll = gilf -+ fllor- - gl = flor- - gnl.
Thus, g; * flg1 - gn] = flg1 -+ gn] for all i = 1,...,n. Consequently,

(frgr®--xg)* flgr---gn] = (f*g1 % *gi1)*(gi* flg1-- gnl])
=(fxgix-*gi-1)* flg1 - gn]

= fx*flgr---gnl = fIflgr---gul - flgr -+ gnl]
= flf-- fllgr---gn) = flgr -~ gul-
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Hence,
(f*g1x--%gi)* flgr--gn]l = flg1 - gnl (6.4)

for every i = 1,...,n. Since f[g1 - gn] = gn and

(f*gl*"'*gn—l)*f[gl"'gn] = (f*gl*"'*gn—l)*gnv

by Proposition 4.1, the equality (6.4) means that

By Proposition 4.1, we also have f gy *---%xg, = f*xgy *---*xg; =< g; for all

i=1,...,n. Therefore, f[(f* g1 *---*xgn)---(f*xgr* - *xgn)] = flg1-" Inls
ie, fx(f*grx--xgn) X flg1-"gn), whence by f * f = f, we obtain

frgrs-xgn = flgr--gnl

This, together with (6.5), gives f[g1 - - gn] = f*g1%- - -*gp. Thus, the condition
(6.3) is satisfied too.

Sufficiency: Let (G,0) be a Menger algebra of rank n satisfying all the
conditions of the theorem and let (G, *) be its diagonal semigroup. Consider
a binary relation w defined on the set G as follows: w = {(z,y) | z*y = y}.
Since the diagonal semigroup (G, ) is semilattice, the relation w is reflexive,
transitive, and antisymmetric. So the relation w is just the usual ordering on
a semilattice (treated as a join semilattice), and w(z) = {y € G | (z,y) € w}
is just the upset in this ordering.

We show that

wlzlyy - -yn]) = wlz) Nwlyy) 0 Nw(yn) (6.6)

for ,y1,...,yn € G.

Since the diagonal semigroup (G, *) is semilattice, the equation w{x * y) =
w(z) Nw(y) holds in (G, *).

Using this equation and (6.3) we obtain

w(alyr - ynl) = w(@*yr % xyn) = w(@ (Y1 % xyn))
= w(x) Nw(yr* (Yox - *yp)) = w(@) Nw(yr) Nwlys * - *yn)
ce=w(@) Nwly) N Nw(yn),

which proves (6.6).
Consider the set ® = {f; | g € G} C 7,,(B(G)) of all n-place operations f,
defined by

fo(XT) =w(g)nXin---NX, (6.7)

and the map P: g — f,.
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Clearly, f4(G,...,G) =w(g). Thus, fo(X7) = fo(G,....G)NXiN---NX,.
Hence, by Corollary 3.3, f, is an n-place interior operation on the set G. More-
over, for all g, g1,...,9, and X1,..., X,, € P(G), we have

fg[fgl fgn](X{l) = fg(fgl(X{L)v .- ‘Vfgn(X{L))
(9) N fou (XT) N0 fg, (XT)
(N (wlg)NX1iN---NX,) NN (wlgn) N X1 NN X,)

= (w<g> Nw(g1) ﬁ"-ﬂw<gn>) NX;n--—-nX,
(6.6)

= w
= w

w<g[gl v gnD N Xl n---N Xn = fg[gy--gn](X{l)'

Thus, P(glg1---gn]) = P(9)[P(g1) - - - P(gn)], i-e., P is a homomorphism of G
onto ®.

Suppose now that P(g1) = P(g2), where g1,92 € G. Then f,, = f,,, ie.,
for (XT) = fg, (X7) for all Xq,.... X, € PB(G). Hence, w(g1)NX1N---NX,, =
w(ge) N X7 NN X, which for X1 = --- = X,, = G, gives w(g1) = w(ga).
Since w is an antisymmetric relation, from the above we conclude g1 = gs.
Thus, P is a bijection of G onto ®. This means that a Menger algebra (G, o)
of rank n is isomorphic to the constructed Menger algebra (®, Q) of n-place
interior operations. |

Corollary 6.2. A Menger algebra (G,0) of rank n is isomorphic to a Menger
algebra of n-place interior operations on some set if and only if it is derived
from an idempotent commutative semigroup.

The above corollary says that a Menger algebra isomorphic to a Menger
algebra of n-place interior operations is derived from an idempotent commu-
tative semigroup. Since a diagonal semigroup of a group-like Menger algebra
is a group (see [1] or [3]), a group-like Menger algebra isomorphic to a Menger
algebra of n-place interior operations has only one element. In view of Corol-
lary 6.2, it is obvious that two Menger algebras of n-place interior operations
are isomorphic if and only if their diagonal semigroups are isomorphic.

According to Theorem 3.2 and Corollary 3.4, each n-place interior operation
defined by (6.7) is (full) U-distributive and (full) N-distributive. Therefore, we
have the following corollary.

Corollary 6.3. For a Menger algebra (G, 0) of rank n the following conditions
are equivalent:

(G, 0) is derived from an idempotent commutative semigroup.

(G, 0) is isomorphic to a Menger algebra of contractive (full) U-distributive
n-place transformations on some set.

(G, 0) is isomorphic to a Menger algebra of (full) U-distributive n-place
interior operations on some set.

(G, 0) is isomorphic to a Menger algebra of (full) U-distributive and N-
distributive n-place interior operations on some set.
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7. Semigroups of interior operations

Menger algebras of rank n = 1 are (binary) semigroups. So, as a conse-
quence of our results, we obtain some useful facts for semigroups.

Recall that Vagner (cf. [7]) defined interior operations on the set A as
contractive, idempotent, and isotone transformations of J3(A). This definition
coincides with our definition for n = 1. So, as a consequence of Theorem 3.1,
we obtain the following corollary.

Corollary 7.1. A transformation f of B(A) is an interior operation on the
set A if and only if

fXNY)C f(fX)nfy)ny
is valid for all X,Y € P(A).
From Theorem 3.2 and Corollary 3.3, we obtain

Corollary 7.2. For a transformation f of B(A), the following conditions are
equivalent:

e f is contractive and full U-distributive;
e f is contractive and U-distributive;
o for every X € P(A), we have

f(X)=f(A)nX. (7.1)

Corollary 7.3. Any transformation f of P(A) satisfying (7.1) is an interior
operation on A.

As a consequence of Corollary 3.4, we obtain

Corollary 7.4. Every (full) U-distributive interior operation is (full) N-dis-
tributive.

Putting n = 1 in Theorem 4.2, we obtain one of the main results of the
paper [4]:

Corollary 7.5. The composition f o g of two interior operations defined on
the same set is an interior operation on this set if and only if fog= fogo f.

The other main result of [4] is a consequence of our Corollary 6.3, which for
n = 1 has the following form:

Corollary 7.6. For a semigroup (G,-), the following statements are equiva-
lent:

e (G,-) is an idempotent commutative semigroup;
e (G,) is isomorphic to a semigroup of contractive and (full) U-distributive
transformations on some set;
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e (G,") is isomorphic to a semigroup of (full) U-distributive interior oper-
ations on some set.

e (G,") is isomorphic to a semigroup of (full) U-distributive and N-distri-
butive interior operations on some set.

From this, we obtain the following:

Corollary 7.7 (Podluzhnyak and Kulik [4]). A semigroup (G,-) is isomorphic
to some semigroup of interior operations on some set A if and only if it is
idempotent and commutative.
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